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MULTIPASS PROCESSES [1] are a relatively new class of control system
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I INTRODUCTION

first introduced by Edwards in 1974 [2] to model processes which may be
considered as a repeated sequence of actions by a processing tool on

a material or workpiece. Examples of such systems include the longwall
cutting of coal, metal rolling, agricultural ploughing and image
processing.

The stability of such systems when governe& by linear equations has
been considered by Owens in 1977 [3], whilst the controllability of
linear multipass systems has been considered by Collins in 1980 [4].

This report is concerned with the optimal control of multipass
systems described by linear ordinary differential equations with constant
coefficients. We denote the state and control vectors on pass k by
xk(t) and uk(t) respectively, where k = 0, 1, 2, ... . Here xk(t)
is assumed to be an n~vector and uk(t) an r-vector. The variable t can
be taken as the distance along the pass or, if each pass is described
with constant velocity, time. The passes are assumed to have constant
length T, so that t ¢ [0, T]. The rate of change of the state vector X
at position t is assumed to be dependent only on the state and control
vectors on the current pass k at position t, i.e. xk(t) and uk(t), and
also on the state vector from the pass previous to the current one at
the same position t, i.e. xk_l(t). We then have the following system of
ordinary differential equations:

dxk(t) = Ax (t) + A (t) + Bu, (t) (1.1)
I - 2%Kk-1 b vl :
0<t=<T,k=1,2, 3, ... , where A1 and A2 are constant n x n matrices,
B a constant n x r matrix and T the fixed length of the pass.

To determine the system we require an initial pass profile, i.e. the

state on the zeroth pass:

(1.2)

In
t
I
=]

xo(t) = flt), 0




and boundary conditions at the beginning of each pass:
xk(O) = Cp> k= g 2o 3y is5ae ; (1.3)

In the following discussion we shall limit our attention to processes
involving a fixed finite number of passes only. Thus k will assume the
values k = 1, 2, ..., M where M is the total number of passes.

Our problem is to synthesize, if possible, a feedback controller of
the above system by suitable choice of quadratic performance criteria.

In general there are two main types of coﬁtroller required 1in
quadratic optimization problems, namely terminal controllers and regulators.
A terminal controller is designed to bring a system close to a desired
terminal condition (usually taken to be zero) while exhibiting "acceptable"
behaviour on the way. A regulator is designed to keep a stationary
system within "acceptable" deviation from a reference condition using
"acceptable" amounts of control. This report will be concerned with
finding terminal controllers for the system governed by (1.1), (1.2)
and (1.3),

Thus, given a system of the form of (1.1) we desire to bring it from
an initial state ck(=xk(0)) to a terminal state xk(T) = 0 on each pass
k, 1 £ k < m, using "acceptable'" levels of control uk(t) and not exceeding

"acceptable" levels of the state on the way, given also initial profile
f£(0).

The method we shall consider to do this is to minimize a quadratic
performance index made up of terms involving a quadratic form in the
terminal state added to an integral of quadratic forms in the state and

control over 0 to T for each pass k and then summed over all the passes

T~

i

Here G and Q are positive semidefinite matrices and R a positive

M
J = %bkzl {Xk'(T)ka(T) + J Xk'(T)QXk(T) + uk'(T)RUk(T)}dT } (1.4)

definite matrix, all constant and of conformable dimensions. Primes will



be used throughout this report to denote the transpose of a vector or

matrix. Of course, an appropriate choice of these matrices is now required

in order to obtain the desired "acceptable" levels of xk(T), xk(t) and
uk(t)’ k=1, 2, ...,M. When dealing with a real process one might,

for example, choose them to be diagonal with

1/(C)ii = maximum acceptable value of [(Xk(T))i]
]/(Q)ii = T x maximum acceptable value of [(xk(t))i]
1/(R)ii = T x maximum acceptable value of [(uk(t))i]
for k =1, 2, ..., M. Clearly (1.4) could be generalized to contain

'cross' terms in the control and state, for example, or by allowing Q and
R to vary with t and all three matrices to be dependent on k. For
simplicity, however, we shall deal only with performance criteria of

the form (1.4).

The choice of G and Q to be positive semidefinite and R positive
definite is motivated on the grounds that we would like the performance
index to have a non-negative value for all xk(t) and uk(t), I <k <m.

In particular we choose R positive definite so that any use of the
control is penalized. The weaker condition is applied to G and Q since
we may wish to neglect some of the system states.

More information on the use of quadratic performance criteria in
optimal regulator and terminal controller problems with regard to other
types of linear systems is available in the standard texts on optimal
control (see e.g. [51]).

We now wish to investigate conditions to be satisfied by the control
uk(t), 0 <t 2T, 1 £k £ M for the performance criterion (1.4) to be
minimized.

It is worth noting here that this type of system bears considerable
resemblance to the quadratic optimization problem for differential delay

systems where the delay occurs explicitly in the system equation as in
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T
b § =L
min —2

x'(Tf)Gx(Tf) + %-J [x'(t)Qx(t) + u'(t)Ru(t):ldt

0

subject to

dx(t) = AIX(t) + Azx(t_T) + Bu(t), 0 <t < Tf
dt
x(6) = ¢(8) - t<0<0 .

Here AI’ A2, B, G, Q and R are constant matrices similar to those
in (1.1) and (1.4), Tf is the fixed terminal time of the process and
T the fixed length of the delay. The multipass problem we are considering
reduces to the above form if we set ¢ = % (D, 1 <k <M In this
case our delay length T becomes T and the final time Tf becomes M x T,

A solution to the above problem was determined by Chang and Lee [7].

Section 2 of this report will deal with basic concepts and
preliminaries and will consider relevant aspects of causality in these
processes. A "non-causal' controller for the system will be derived in
section 3 of linear feedback form. The existence of causal linear
feedback controllers will be demonstrated in section 4 and the main
results concerning the conditions satisfied by two such controllers
stated and discussed in sections 5 and 8. Section 5 also contains the
conditions satisfied by another form of non-causal controller. Sections
6 and 7 contain computational and implementation considerations for the
controllers derived.

Z; BASIC DEFINITIONS, ADMISSIBLE CONTROLS AND CAUSALITY CONCEPTS

Let us first introduce some notation:
c, = c(Lo, T1, @P) will denote the Banach space of continuous functions
with domain [0, T] and range'@?. The norm of this space is defined

as ||f]l = sup |£(t) |, where |.| denotes the usualEuclidean norm of
O<t<T

R
; i : .
The fuclidean norm on R gives rise to the spectral matrix norm:
T i . i
HAJ& = (p(A"A))* where A is an n x n real valued square matrix and

p(ATA) denotes the maximum eigenvalue of ATA.
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let CF = CF([O, T] x [0, T], An) denote the Banach space of real
valued n x n matrix functions of two variables with domain [0, T] x [0, T].
These functions are piecewise continuous with finite discontinuity along

the diagonal of the domain such that

A(t, t+) - A(t, t=) = F(t), 0 <t < T for all A ¢ E:F

where F(t) is a real valued continuous n x n matrix function defined on

[0, T]. The norm of this space is defined as:

Al = sup  {||ACt, )|}, AecC
i t,68e[0,T] B F
t#p
where ||.||n denotes the spectral matrix norm defined above.

Finally, weintrodwe the hibert spaces  H, = H([0, T], Ep) and
H2 = H([O0, T], @F) of Lebesgue integrale vecor functions defined on [0, T] with

. n r . .
ranges in R and R respectively. The inner products for these spaces

are

T
J x"(£)Qy(t)dt for x, v e Hl

<X’ Y>] 0

T
( x'"(t)Ry(t)dt for %, y ¢ H
)0

and <x, y>2

2

where Q is an n x n positive definite constant matrix and R an r x r

positive definite matrix.

These inner products give rise to the following norms:

T 1
J x'(£)Qx(t)dt

=l =
1 0
T 14
and ]|y|\2 = J y'(t)Ry(t)dtJ
0

We are now in a position to define an admissible control for system

(1.0

DEFINITION 2.1. An admissible control for system (1,1) is to satisfy the

requirement that it is a continuous time-dependent functional of the

system states, i.e. u(t) = u(t, x) where



X = [xo(e)xl(e) xM(e)]T, 0<0 <T.

The control is otherwise unconstrained.

It is useful here to introduce the concept of causality with regard
to multipass systems.

In the multipass systems considered here the passes are regarded as
being described in sequence: xl(t) first, xz(t) second and so on. Thus
if we are on pass k at position t all passes xg(t) for which £ > k,
0 £t £T are considered as being in the "future'", i.e. they have yet to
be described. Similarly Xk(T) for t < v € T is considered as "future"
information. The following diagram may help to illustrate the position.

P S e A A . e —==a me—e Information

aheud of =z, (1), ie.
in the future.”

H“z - et - e - - o e e mm e Ane G mm G ey e " Gy S M S - -
l 5 Tnformation
; 1 behind o (6), i.e.
o ’_______________________________: in the past’
! & e .
b —*K Current state at
a K- sikbion E,i.e. o, (¢),
a . Po ’ K
i
L]
- .
I
o
© POS\TION —> T

This idea leads to the following definitions:

DEFINITION 2.2. A controller uk(t), 1< k<M 0<t<Tis said to be

causal if it feeds back the state only from the following set:

‘[Xk('t): 0BT 5 t}U{xQ(t): 0<t<T,0<28 <k} = C» It need not,
of course, feed back the whole of this set to be causal as a part of it
may suffice, but it may not feed back any state information not contained
in G Ck will be known as the causal data set for controller uk(t).

k

We thus see that a causal controller may feedback only 'past"



information in the sense described above.

DEFINITION 2.3,

A  controller uk(t), L <k<M 0St<Tis said to
be non-causal if at least some part of its feedback is from the set
Nk = {Xk(T): S T}U{xl(t): 0=t<T, k<28 <M, Itmay also
feedback information from Ck' Nk will be known as the non-causal data
set for controller uk(t).

Finally we remark that in the following discussion we shall be
searching for linear controllers of (1.1). A gontroller is said to be

linear if:

uk(t, oy + pz) = ou (t, y) + u (£, 2) I

o

IN 1A

[al

A 1A
=

for all

Yy, Z € Cku'Nk for all scalars o, B.

3. A NON-CAUSAL SOLUTION

We shall now obtain a solution to this problem of non-causal type.

Write:
’xl(t)' B (I T 2. SR
=, () By Ay W 500 0 B B aiins
%x(t) = ! . A= 0 A A ....0|, B=
_xM(t)ﬂ I 0 0°a, AIJ LO .. 0
”ul(t)" o 0o ...... 0] B O v,
u, (£) N D A ssswes O N 0 R .o,
u(t) = W Q= * . 3 R = " .
L] “‘.

u,, () 0 .....0 *q 0 ......0
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r - B - r b
A2 G 0 ..v... O ¢,
- 0 - 0 G AR ) c2
D= . , G= , e =
0 0 sisia @ @
. - - _J ‘CMJ

Here x(t) will be an n.m vector, u(t) an m.r vector, ¢ an n.m vector,

~ ~

an n.m x n,m matrix, B an m.r x m.r matrix, D an n.m x n matrix,

=1

@2

definite matrix.
In terms of these new quantities our problem now becomes:

T

and Q n?x n? positive semidefinite matrices and R an r2 x r2 positive

. ~ 1 ~ ~
min J = %-x'(T)Gx(T) t 5 J x'(t)Qx(t) + u'"(r)Ru(r)] dr (3.1)
0
subject to
dx(0) o Ex(r) + Bu(t) + BEC(E), 0t 2T, x(0) = c.  (3.2)
dt
From the calculus of variations we know that this prdblem has solution
=l
u(t) = - R B p(t) (3.3)
where p(t) is a solution of the two point boundary value problem :
PO ) -, 0s=t=T,pM = Gx(D
dt
(3.4)
ax(t)  _ Rx(e) + Bu(e) + DE(t), 0<ts<T, x(0)=C¢C
dt

Here p(t) is a differentiable, time-dependent m.n vector. This result is

obtained by augmenting the functional (3.1) with the differential equation

(3.2) in the usual way. The derivation can be found in the standard texts

on optimal control, see, for example [5].
In the absence of the term Bf(t) in (3.4) this two point boundary
value problem has the well known solution
p(t) = K(uv)x(t) - {3:5)
where the n.m x m.n differentiable time-dependent matrix K(t) satisfies

the equation



dr(t)
dt

+ K(E)A + A'R(t) + Q - K(£)BR B K(t) = 0, K(T) = & (3.6)

This type of equation is known as a Riccati since it contains a
quadratic term in K. For derivation see again [5].
As can be seen, this yields a linear feedback control law given by:

3 R (e)x(t) . (3.7)

u(t) = = R
As we also seek a linear feedback control for (3.2) in the presence |
of the Bf(t) term we shall try a solution Df'(3.4) of the form of (3.5)
but with an added "tracking" vector in order to take into account the
Bf(t) term.
We thus make a trial solution of (3.4) of the form
p(t) = K()x(t) + g(t) (3.8)

where K(t) is an n.m x n.m differentiable time-dependent matrix aund g(t)

a differentiable time-dependent n.m vector.

Then
P8 o & rieinee) + gie)) = O orey o wppy BB, dgle)
dt dt dt dt dt ‘
- 48 (o) + Ree)[Ex(t) + BuCe) + DE(e)T + 2B (uaing (3.2))
dt dt

|
SO w0y + k() Ex(D) = ROFX T ®(o)x(e) + g(6)) + x(e)Be(e) + 8L
dt a
i

1

(using (3.3) & (3.8))

_ {d_K(t_> + KO - K(t)%’ﬁ"’ﬁ"K(t)}x(t) + 3808w )FRTIE  g(e) + R(0)BE(D)
dt dt (3.9)

From (3.4) we also have

dp(8) - _ Fp(r) - Qu(t) = - A'R(£)x(t) - X'g(t) - Ox(t) (3.10)

Equating the R.H.S's of (3.9) and (3.10) and collecting terms yields

[ dRO) L ko)A + B'K(e) - KOFE B R(e) + 5]"(':)
dt

+ [i.g_(.*il + (X - KROFR B Hge) + K(t)Bf(t):l =0, 0<t<T. (3.11)
dt
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We can thus satisfy (3.11) identically if we set both brackets to
zero. We also require that p(T) = EX(T)

i.e. Gx(T) = K (T)x(T) + g(T)
Hence we choose K(T) = E, g(T) = 0.

To summarize, for a solution of the form (3.8) the matrix K and vector

g must satisfy

K & ko)X ¢ Treeey - K(e)BE 1B"R(e) + § = 0, 0<ts<T L
dt
K(T) = G
(3.12)
dg(t) LAY - K(t)ﬁﬁhlg')g(t) + K(t)DE(t) =0, O<t<T
dt
g(T) =0
This is the standard Riccati solution of (3.1), (3.2) with tracking
vector g,
Now, partition K(t), g(t) and p(t) so that
i~ -1 . - r T
I KEY B CE) sommoena RypellE) (g, (t) p,(t)
21(8) . :
K(t) = . , g(t) = : » p(t) = -
i Mj(t) § 5 BRI 6 E MM(t)_ _gM(t)J _pM(t)_
where each Kij(t) is an n x n matrix and gi(t), pi(t) are n—-vectors.,
Then we have
M
pi(t) = .Zl Kij(t)xj(t) + gi(t), l<€d.2 M 0 2 &ig'T (3.13)

and hence from (3.3)

1

M
= — 71 'pt .
ug (8) = R B 'z! Kij(t)xj(t) +g(t)|, 1<i<M0<tscT. (3.14)

Since in general Kij(t) 70, 1<1i, j<M, 0<t < T, our controller
at position t on pass i feedsback the state vector at the corresponding
position t from all passes, 1, 2, ..., M, It is thus a non-causal controller
in the sense of (2.3). It is, however, linear and thus, raises the following

question:
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Is there a causal linear feedback solution of (1.1) - (1.4)7
We answer this in the next section.

4, EXISTENCE OF A CAUSAL LINEAR FEEDBACK SOLUTION

In this section we reformulate the problem in an abstract Hilbert
space setting in order to demonstrate the existence of a linear feedback
solution which is causal. We shall also indicate the existence of a
further non-causal solution of a different form from (3:.14) ;

Let H] snd HZ be the Hilbert spaces as defined in section 2. 1In

this setting our problem now becomes
M

. 1
win 3 = 3 1 {ll2 + o2 )
k=1
subject to
(4.1)
X T Axk + Buk, I <k =M,
x, € H u, € H2, l £k = M

k 1° "k

Here A and B are specified bounded linear operators.

We now quote the following theorem:
THEOREM 4,2 There exist bounded linear operators Lk and El for which
e S 3

the choices

I~
=
IA
=

or u =L x 1

g k Kk

kT ke
both minimize J of (4.1).

The proof relies on the ideas of dynamic programming and is contained
in Appendix 1.

The control law w, = kak—l of the ahove theorem is clearly causal
since it only feeds back information from the pass previous to the current
one. The second controller W = kak may not, however, be causal since
it could feedback information from the current pass "ahead" of the
current position (i.e. uk(t) might depend on xk(T) for T > t).

We have, thus, answered the question of the existence of a causal

linear feedback solution which was posed in the previous section.

It is also worth noting at this point that we have determined the
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existence in the form of u = kak a (possibly) non-causal solution of

a different type to (3.14), i.e. non-causal solutions to this problem are
not necessarily unique. This suggests that a causal linear feedback
solution to this problem may also be non-unique, as indeed is the case

as will be seen later in this report.

While the theorem answers the question of existence of a linear
causal feedback controller for (1.1) it does not indicate the conditions |
to be satisfied by such a solution. It is to ghe end of finding such
conditions that we now turn.

5% MAIN RESULTS PART 1

The theorem to follow is a summary of the first main result of
this report; it is a statement of sufficient conditions for a causal
linear feedback control law of the form of theorem (4.2) (i.e. w = kak—l)
to be optimal for criterion (1.4).

THEOREM 5.1 The linear control law

T
uk(t) = —R_IB'” [Ho(t)X(k,t,G)H[](k,t,e)]xk_](8)d8+ﬂo(t)pk(t)+ck(t)},

0
0<t<T, 1=sks<M

provides the absolute minimum of performance criterion (1.4) for the
dynamic system (1.1), (1.2) and (1.3) provided the n x n symmetric
matrix, Ho(t), of functions defined on [0, T] together with the n x n
matrices, Hl(k,t,e), X(k,t,0), of functions of two variables having
domain [0, T] x [0, T] and k-vectors, Pk(t) and Ck(t) defined on [0, T]

satisfy the relations:

dn
o] 1 s ""1 T -
— (t) + IIO(t)A1 + Alno(t) +Q Ho(t)BR B Ho(t) 0, 0<t«<T,

dt

I(T) = G
o]

L5l

la)
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3Tl (T
-1
- (k,t,e)+(A1'—n0(t)BR, B')Hl(k,t,e)+A2'| [H](k+1,t,s)+ﬁo(t)X(k+l,t,s)]
ot J0
X(k,s,0)ds = 0,
p2t, 0<st,e=<T, 1 <k<M
Il(k,t,t+) = H](k,t,t—) = I[D(t)Az, O<ts<sT, 1<k<M
I](k,T,e)=O, 0<6<T, 1 <k<M
{
I!(M+l,t,e) =0, 0=<z66, t=T
(5.1b)
X - -
L (k,t,8) = (AI—BR 1B‘Ho(t))x(k,t,e)—BR IB'HE(k,t,e), 0 = t, Ost,A<T,
)t '
l <« k < M
(k,t,t=) = X(k,t,t+) = A2’ 0<t<T, |l k<M
((k,0,8) =0, 0<p<T, ]l k<M
((M+1,t,8) = 0, 0<t, 5 <T J
.,Q.k | s . rT
i) ) - 7 ] N _
- (£)+(a,'-1_(£)BR 'B )8, (£) +A, [_.v,kﬂ(t)mo(t,pkﬂ 't)+J0{n1(k+l’t'S)+
+ \
m(£)X(k T,t,S)}pk(S)dSJ )
0<t<T, 1 <ks<s M
(D =0, 1<ks<N ,
M+I(t)50, 0<tx<T
(5.1¢)
P -1 -1
—(t) = (A]—BR B'no(t))pkit) - BR B'Q,k(t), 0<t<T, 1 <kscM
It
k(0)=ck, l<k<M™
_Vi+1(t) =0, D=k T
Here Hl(k,t,t+) denotes lim Hl(k,t,e). Similarly H](k,t,t—)
6+t+
1wotes  lim Hl(k,t,e) . The proof of the above theorem is contained

g>t-
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(8)
on X 7, 0 <8 <T.

previous to the current omeand is thus causal and of the form u, = kak—l

This control thus feeds back the whole of the pass

from theorem 4.2.

2) H](k,t,e) and X(k,t,p) are piecewise continuous functions with

discontinuity along the g = t diagonal of their domain of definition.

3) no(t), which is independent of pass number, is just the standard

time dependent Riccati matrix indicated in section 3. i

4) We may write (see Appendix 2)

£l
x,k(t) =J X(k,t,e)xk_l(e)de + pk(t), 0<t=<T, | <k . (5.2)
0

IA
=

Using this we may eliminate X(k,t,8) and p, (t) from (5.1) to obtain
& k

t

T
w(® = '8 On 0 + [ 1 Gc0x_ 0 + (0} 50 ‘

10 ]

IAIA
IA A

5) Putting AZ = 0 results in n](k,t,e) and Qk(t) vanishing for 0 < £, sT
and 1 < k < M, (5.3) then becomes
w (6) = = KB (D% (1) . (5.4)
This is just the standard Riccati feedback on each pass which is
the expected result of setting A, =0 since this removes the "interpass"
coupling. Note also under these conditions (5.2) ceases to be valid.
6) Setting ¢, = 0, 1 < k < M results in (5.1c) collapsing to zero for

k

1 < k < M which is a considerable simplification. We shall make use of
this fact for computation purposes.

We see, then, that to characterize the feedback kernels in (5.1)
requires the solution of the standard time-dependent Riccati matrix
equation (5.la) together with the pair of two point boundary value problems
(5.1b) and (5.1c).

We now indicate a solution of the type i, = ikxk which, as has
already been stated, may not be causal. We thus derive a less general
solution than (5.1) for ease of derivation since such a solution is of

less practical value.

The extra restrictions we require are that G = 0 in (1.4) and
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that xk(O) = 0, 1 <k <Min (1.3). We thus have

M
1 ;
J =5 ) [xk'(T)ka(r) + uk‘(r)Ruk(r)]dr (5.5)
k=170
with dynamical system
dxk
7;?-(t) = Alxk(t) % Azxk_l(t) +Bu (t), 0<t<T,
l <k <M
(5.6)
xk(O) =0, 1l <k <M
x (£) = f(£), 0 <t < T
THEOREM 5.7 The linear control law
T :
uk(t) = - R ]B‘J Fk(t,e)xk(e)da, 0<t<T, 1l <k <M
0

provides the absolute minimum of performance criterion (5.5) for the

dynamic system (5.6) provided the n x n matrix function of two variables,
Fk(t,e), with domain [0, T] x [0, T]together with the n x n matrix

function of two variables, Yk(t’e)’ also with domain [0, T] x [0, TJ] satisfy

the relations:

oF T

K i { _
—;—(t,e)ﬂl Fk(t,e)*“AzJOFkH(t,s)YkH(s,e)ds =D, O0O=2t,8=sT,
Fk(t,t+) - Fk(t,t—) = Q, O0st<T, 1sksM l <k M, g=2¢t

Fk(T,e) =0, 0zp9p=2T,1csksM

FM+1(t,9) =0, 0<t, pscT

oY, 1 (T r o (5.7a)
—— (t,0) = A, Y, (t,8)-BR 'B'| F (t,s)Y (s,8)ds,
3t 1"k 0 k k

o
In

-+
™
jar]
IA
o |
-

Yk(t,t-) - Yk(t,t+) = AZ’ D tel, |l sk M

Yk(O,e) = 0, 0<p<T, 1l k=M

YM+1(t’e) = 0, 0<t, T

The proof of this theorem is contained in Appendix 2.
Remarks:
1) The control law (5.7) may be non-causal since it is an integral control

over xk(e), 0<p<Ton pass k, i.e. it may feed back information from

"ahead" of the current position on the current pass.
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2)  As with Theorem 5.1, the feedback kernels F (t,0) and Y, (t,8)
are discontinuous along the § = t diagonal of their domain.

3) We may write (see Appendix 2)
T

xk(t) = JO Yk(t, e)xk_j(e)de, 0<t<T, 1< k<M, (5.8)
We now state an existence theorem giving sufficient conditions for

a unique solution to the two point boundary value problems (5.1b) and

(5.1c). As existence and uniqueness of solutions of the Riccati

equation (5.la) are already well known this theorem will show a control

of the form (5.1) exists and is unique under appropriate conditioms.

THEOREM 5.9 The two point boundary value problems (5.1b) and (5.lc)

have unique solution for 0 < t, 8 < T, 1 < k < M provided Hikk+l, t, s)

and X(k+1, t, s) exist for each k and that

-1
T3 (sup|| ¢(t,7T)|| )% ||BR B'|| .|| A || . sup || M, (k+1,t,8)+T (t)
T,te[O,Tj t " z'm tyse[ 0,0 ! &
tzs
X(k+l,t,s)1[n % 1 (5.9a)

where]

ln is a matrix norm as described in section 2 and ¢(t,r) is the
transition matrix associated with the solution of the linear system

EE-(t, 8) = (A] = BR_]B'HO(t))C(t,G) + D(t,8), O0=<t, B<T

ot

where C and D are n x n matrix functions of two variables having domain
[0; T = [0 T,

REMARK This theorem gives a condition for the existence of a unique
solution to (5.1b) and (5.1c) for pass k provided (5.1b) has solution

on pass k+1, Now for k = M, X(M+1, t, s) and H](M+], t, s) are
identically zero and thus (5.1b) and (5.1c) are guaranteed to have unique
solutions. Once Hl(M, t, s) and X(M, t, s) are determined we may then

test the condition for k = M-1 and so on solving the system in reverse

order,
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Remarks:

1)  While the theorem is able to give sufficient conditions for unique
solutions to (5.1b) and (5.1c) the expression obtained in (5.9a)

is difficult to evaluate since the transition matrix,

¢(t, 1), is, in practice, very difficult to compute. TFor this reason

no attempt is made to evaluate it.

2) The theorem indicates certain qualitative conditions for a
solution, for example if T and A, are "small" or R is '"large" then
(5.9a) will be satisfied.

6. NUMERICAL SOLUTIONS

In this section we consider the numerical solution of systems
(5.1b) and (5.1c), the solution of (5.la) being already known and well
documented. The ideas discussed are then applied to scalar examples.

The computation of these control kernels for implementation in a
real process may require considerable effort. Since they are independent
of the system state, however, this may be achieved off line prior to the
commencement of the process and the kernels then stored in the system's
control unit. The control itself is then calculated on line by the
control unit using the system state from the previous pass, which
must also be stored.

The proof of theorem 5.9 relies on the contraction mapping principle,
(5.9a) being the condition under which an integrated version of (5.1b)
is a contraction., Hence, if (5.9a) holds we may take any function
satisfying the boundary and discontinuity conditions and iterate using
the contraction and obtain convergence to the unique solution of (5.1b).

This idea suggests the following successive approximation method
for the numerical solution of (5.1b).

Since HI(M+1,t,6) = X(M+1,t,9) = 0 we have, for k = M
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o1l
L (M,t,8) + (A -1 (£)BR ]B')HI(M,t,e) =0, 6=t,xt,gcsT (6.1)
at

H](M:t,t"') = H1 (M5tst'_) = HO(t)AZ, 0<t<T (6-2)
HI(M,T,e) =0, 0<p8<cT (6.3)
ax -1, -1_,
— (M,t,0) = (A]-BR B Ho(t))X(M,t,e) - BR B n](M,t,e), 0<st, g T
ot
g = t (6.4)
X(M,t,t-) - X(M,t,t+) = A), 0 <t <T (6.5)
X(M,0,8) =0, O0<6<T (6.6)

We notice that in this instance equation (6.1) is no longer coupled
to equation (6.4). We may, thus, integrate (6.1) (with appropriate
boundary conditions (6.1) and (6.2)) numerically without difficulty
(it is assumed here, of course, that no(t) has already been found
from equation (5.1a)) and obtain HI(M,t,e). Once Hl(M,t,B) is known
we may then integrate (6.4) with boundary conditions (6.5) and (6.6)
to give X(M,t,0).

Now for k = M=1 we have

oI 7 T
— (M—l,t,e)+(A]’-HO(t)BR B’)HI(M—I,t,e)+A2'[

[H](M,t,s>+n0(t)X(M,t,s)]
ot Yo

X(M-1,t,s)ds = 0, 0<t<T,pgz t

T (6.8)

IA

HI(M—],t,t+) - HI(M—l,t,t—) = Ho(t)AZ’ 0<t

H](M—I,T,G) =0, 0=<8<T (6.9)

1 ]

8X a1, p5) = (AI—BR" B'Ho(t))X(M—l,t,e)—BR— B'm, (M-1,t,6), g = t

at
O0O<pg, t T (6.10)
X(M-1,t,t=) = X(M-1,t,t+) = A2= 0<tc<T (6.11)
X(M-1,0,8) =0, 0<o < T (6.12)

Since HI(M,t,B) and X(M,t,0) are known we make an initial guess

at X(M-1,t,0) which satisfies the boundary conditions, A suitable

(6.7)
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choice is say
A B < t

1
XEMil £,8) > D<t, 8T,
2 ]
o
(1) - , B 5% sz 3 .
(M-1,t,0) into equation (6.7) and integrate it

(1)
1(M-1,t,8) "

We then substitute X

numerically to obtain the corresponding function I say T We

] H]

. 1 . . :
now substitute H( ) into (6.10) and integrate to obtain
1 (M-1,t,8)
2 : i 3 ; ; .
XEMEI £.g)° which is in turn substituted into (6.7) and so on until ‘

the iterations converge.

It is noted that a similar method can be used to obtain a solution
of (5.1c) for 1 < k < M once the X's and II's have been found.

We now look at some scalar examples of the computation of the E]
and X matrices and the corresponding optimal control and state trajectories.
The dynamical systems for which we shall choose to do this will all have
zero initial conditions since, as was remarked in section 5, this
results in (5.1c) collapsing to zero thus reducing the amount of
computation.

For comparison, the trajectories obtained using a numerical
optimization technique developed by Jones and Owens [6] will be shown
although in this case the control is not in feedback form. The corresponding

open loop trajectories will also be displayed.

7 IMPLEMENTATION CONSIDERATTIONS

We now consider the storage problems involved in implementing the

control law (5.1) and develop the idea of a minimal data storage

controller,

Once HO, ., X etc. have been calculated for all passes off line

] 3

we then implement the following integral feedback control

(T ‘ o N
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or pk(t)-
Our dataset for such a feedback is thus the current state plus

the whole of the pass previous to the current one, as illustrated in

the diagram.

]
J I

el
2, 08) — ===~ Dakuset for
K 3¢ Uétl
T ——— -
:, Pass  Position —» T

Hence, as we traverse pass k we need to store all of pass k-1 to
determine u and also pass k as we go along since we shall need it to
determine Ul We thus need storage space for two whole passes, whilst
our feedback dataset is only one pass in length,

This gives rise to the following question: can we find a causal
feedback control for our system which has less storage requirements?

In view of the analogy between our system and the differential
delay system it seems likely that our feedback dataset for a causal
controller will be not less than one pass long (this is not true for
a non-causal controller of course, e.g. (3.14)).

Suppose we could find a controller for our system whose dataset

was {xﬁii : t <7< T} U {xk(r) : 0=s1 2 t} for uk(t).

This clearly has a dataset of one passlength as illustrated below.

k]!
X (&) ———= Datuget {or
T . PO
x, (€) .
S L -
| Pass Position —» I
O T

We see, however, that this type of controller would require only one

passlength of data storage since as we traverse pass k we overwrite the
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storage area containing xk_l(T) for 0 = 1 £ t, where t is the current
position, with xk(T), 0 <1 <t.

The desirability of reducing storage leads us to find a control of

this form in the next section.

8. MAIN RESULTS PART 2

We begin by recapping the problem:
i [T |
min J = E-kEI{X£(T)GXk(T) + jo[ué(T)Ruk(T) + XQ(T)QXk(T)]dT} (8.1)

subject to

4

—d—-t-— (k) = Alxk(t) + AZKk—l(t) + Buk(t), 0O<t<T, k=1, 2,..., M (8.2)
with
Xk(o) = s 1l £k <M (8.3)
and
Xo(t) = flt), O=EET (8.4)

Henceforth in this section we shall consider only system with zero
initial conditions on each pass for reasons of simplicity, so that we
have

x(0) =0, IsksM . (8.5)

A more general version of the following result is contained in
Appendix 3.

The following theorem is a summary of the second main result of this
report; namely it is a statement of sufficient conditions to be satisfied
by a causal linear feedback controller requiring minimum data storage
to be optimal for criterion (8.1).

THEOREM 8.6 The linear control law

T r
__1 .
uk(t) = -R B [:Ko(k,t)}{k(t)+JtK](k,t,@)xk_l(9)d6+JOK2(k,t,e)xk(e)de:] R

0< t<sT, 1< k<M

provides the absolute minimum of performance criterion (8.1) for the
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dynamical system (8.2), (8.4) and (8.5) provided the n x n symmetric
matrix, Ko(k,t), of function defined on [0, T] together with the n x n
matrices, Kl(k,t,e) and Kz(k,t,e), of functions of two variables defined

<Tand 0 <t < T, 0 <@g < t respectively

in the regions 0 < t < T, t < 9§

and the three n x n matrices, K3(k,t,e,g), Ka(k,t,e,g) and Ks(k,t,e,g),

of functions in three variables with domains of definition 0 < t < T,
t<H,o0< T;0<t=<T, 0<p<ct<g=<TandO<t<T, 0<op,g <t
satisfy the relations:
dK0 | "
— (k,t)+Q+A K (k,t)+K (k,t)A -K (k,t)BR B'K (k,t)+K, (k,t,t)+K!(k,t,t) = 0,
A » 170 o) 1 o o 2 2
l1<k<M,0<t<T (8.6a)
Ko(k,T) = G, l <k <M (8.6b)
BKI i
———(k,t,8)+{A;—Ko(k,t)BR B'}Kl(k,t,e)+K4(k,t,t,e) =0, 1 <k <M,
ot
0<t<pa<T (8.6c)
K (k,t,t) =K (k,t)A , l «k <M (8.6d)
1 3 ] fo) 2
2K, f .
i (k,t,e)+lA;—Ko(k,t)BR B'}Kz(k,t,e)ﬂ«:s(k,t,t,e) =0, I <kz<M,
9t
0<p<t< T (8.6e)
Kz(k,T,e) = 0, 0z <T, 1 <k<M (8.6£f)
K i
it it o g) = K;(k,t,e)BR B'Kl(k,t,o), 0O<t<e,o<T, | <k<M, (8.6g)
ot
K3(k,t,t,e) = AéK](k,t,e), l < k<M, 0 t<cpcT (8.6h)
K3(k,t,e,o) = Ké(k,t,e,g), l<k<M,0<t<cg,ogx<TT (8.61)
BK4 -1
— (k,t,0,0) = Ké(k,t,e)BR, B'K[(k,t,g), l< k<M, 0cpg<ctcgsc T (8.67)
3
K4(k,t,e;t) e Ké(k,t,e)Az, l<k<M,0<p9=<t<T (8.6k)
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3K _
#_é.(k,t,e,g) = Ké(k,t,e)BR ]B'Kz(k,t,o), lskasM;, 0xb, §5t&t [BED

ot

T (8.6m)

1A
@
-
Q
A

K (k,T,0,0) = Ky(k+1,0,8,0), 1<k <M1, 0

0, 0<6,0c=<T (8.6n)

Ky (M,T,6,0)
The proof of this theorem is contained in Appendix 3.
Remarks:
1) The linear control law stated in (8¥6) ig an integral operation on
xéfz, t £6 T and xk(e), 0 <6 <t at position t and is thus of the

form desired for minimal data storage, as discussed in the previous

section.

2) Unlike the control of theorem (5.1), all the feedback kernels in

this instance are continuous.

3) The system of equations obtained in (5.1) for the control kernels

bears considerable resemblance to the system obtained for the corresponding
optimal solution for the differential delay system with quadratic performance

index. See for example [7].

4) Putting AZ = 0 results in all the kernels except u vanishing. ko
itself then becomes pass independent and reduces to the standard Riccati
matrix. (8.6) then becomes
- - L
u () = -R 'B K (0% (t) (8.7)

where Ko satisfies the standard Riccati equation and boundary condition

as in (5.1a). This is the expected result, c.f. remark 5 to (5.1).
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APPENDIX 1
In this appendix we provide the proof of theorem 4.2. The proof
will rely on the principle of optimality as used in dynamic programming.
THE PRINCIPLE OF OPTIMALITY states that, if an optimal path from

the initial stage t, to the final stage t, of a process exists and

N

at an intermediate stage ty it passes through the state x , then the
a

optimal path from Xa at stage t, to stage t coincides with the overall

N
optimal path.
The proof of (4.2) is as follows:

In the Hilbert space setting our problem becomes

] M
wn =g | {_kaH% +||ukug} (Al.1a)

subject to
= -_ 1
X mi-+hm+V 0 <k < M= (A1.1b)
where X, € H1 and up € H2 for 1 £ k £ M, A and B are specified
bounded linear operators. Hl and H, are the Hilbert spaces defined

in Section 2.

We define Jk by

M

R Ty, (a1.2

j=M-k+l

=
Ni-—t

i.e, Jk is the value of the performance index for the process (Al.lb) restricted
to the last k-1 passes.
We now make the following induction hypothesis:
min I = <%, KXy | (A1.3)
where Kk is a self-adjoint positive definite linear operator for
k=1, 2, 3, ..., M.
Since our process has only M passes
K =0 . (A1.4)

Now assume (Al.3) holds for some value of k > 0. Then, using the
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principle of optimality:

) .1 I 2 4 ]
min Jk+] = Tﬂln{'i" “ﬁ—k”% * 2 “uM—kHE * -2_<xM—k’ KkXM-k> 1}

Using (Al.1b) this becomes

. . I ! L
MR ey = mm{"z‘ 1A%t By 15+ 7 oy 13+ 7<% #Buy

Ko (g ¥Buy 0 > }

4] 1.
mln{5<A"M—k—1+B“M—k’ B e e T B N VI

i
t g A By K (A B O 1}

Now, for simplicity, write Kyek=1 = %50 U

o® "M~k " Ko ™ s

Then

; . )1 1
min J ., = mln{g <AxO+Bu, (I+K) (Ax0+Bu) >] + §<u, u > }

1 - 1 I *
Now EH\AXO+Bu, (I+K)(AxO+Bu)>>1 + §~<u, Lf}z 7 (¥, A (I+K)Ax0:?r

I I 1, * :
+ 5 {ax, (I+4K)Bu >, + 5<Bu, (I+K)Ax > + 7 U, (I+B (I+K)B)u >,

1 * % ) ] %
= 3<x0, AT+ AX N +{B (T+)Ax , u> + §<u, (I+B (I+K)B)ud, . (Al.5)

* .
Now, since X is not determined by u, %4<xo, A (I+K)Axoj>1 is fixed.
Writing u = u 6u it is easily verified that a necessary condition
... .1 L +<¢p 9 g _
for a minimum of mln-jaau, u>>2 «Da u/;z 1s that Lu + b = 0.

Thus, for a minimum of (Al.5) we require

* *
(I+B (I+K)B)u + B (I+K)Ax0 =0 (A1.6)
% ) X

i.e. u = —(I+B (1+K)B) B’ (T+K) Ax_ (Al.72)
or

UMk T Dok Gl 100
where

L = =+ (141 B) T IB¥ (14K ) A it 5

M-k 1S WAl c7e)

* * * %
Notice: B (I+K)(I+BB (I+K)) = (I+B (I+K)B)B (I+K)
* "
Thus, premultiplying each side of the above by (I+B (I+K)B) l and post

; : * =1 .
multiplying by (I+BB (IL+K)) we obtain
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% * -1 % -1_%
B (I+K) (I+BB (I+K)) = (I+B (I+K)B) "B (I+K)
Thus
% * -1
u=-B (I+K) (I+BB (I+K)) Axo

Substituting into (Al.1b) gives

X = Ax + Bu
o]

* * -1
[I - BB (I+K) (I+BB (I+K)) ]AXD

% % * -1
(I+BB (I+K) = BB (I+K)) (I+BB (I+K)) Axo

(I+BB*(I+K))_1AXO . (A1.8)

We thus have

*
u=-38 (I+K)x . (A1.9)
Now
min J = min —1-<x X, + -]—<u uy, + L Kx > |
K+]1 7S 1 N B T g 1
Substituting for u using (A1.9) gives
. 1 1, % * ,
min g,y =5 & (IHK)x >+ <B (I+K)x, B (I+K) %,
1 % i
=§<x,(DKMLmB(DKDx>1
Now substituting (Al.8) gives
' = 2 (1488 (14k)) ! T+K § 5 -1
min J, =5 BB ( ) Ax_, (I+K)(I+BB (I+K)) (I+BB (I+K)) m%>1
= 2 (148" (1)) T Ax , (1K) Ax >
2 o’ o”1
1 * % -1
= §-<XO, A (I+BB (I+K)) (1+K)Ax0>I
Thus

K, = A*(I+BB*(I+KR))_1(I+Kk)A (A1.10)

and the proof is complete by induction.

Notice

L
n

~ *
and L, = - B (I+K, ) (A1.12)

- (I+B*(I+KM_k)B)"]B*(1+1<M_R)A (A1.11)

in the statement of theorem 4.2.



- 27 -

The K's satisfy the recurrence relation
% * -1
5H1=A(Lm3(hgg) GWQA, 0 < k<M (A1.13)
with

K =0 . (A1.14)

APPENDIX 2 | |

In this appendix we give the proofs of theorems (5.1), (5.7) and
(5.9). We begin with theorem (5.1).

Proof of theorem 5.1

A
=

By writing (3.4) and (3.3) in terms of xk(t) and Ak(t), 1 <« k <

we obtain

k
—— (t) = =A" A () - A0 x () - Qx (£), X (T) = Gx (T) l oscer
1 ? k
" 1 Mk 2 "k Kk *x | a1}
M (0 20 | Tskcwu
J
dxk iy \
— (t) = Alxk(t) + Azxk_l(t) - BR B')\k(t), xk(O) = ¢ l 0 t<T
dt 3 (A2.2)
xo(t) = £(t) J 1 < k<M
From (A]1.8) we know that there exists a linear relationship between %
|
and . In our trial solution we shall thus write |
*k k-1
T
Xk(t) = JOX(k,t,e)xk_l(e)de + pk(t), la kg ¥, 0t T (A2.3)

and attempt to find equations for X and p.
We also know there exists a linear relationship between u (and

hence Ak) and X from theorem 4.2, We make the trial solution of

T
A (B) = no(t)xk(t)+fon1(k,t,e)xk_l(e)de+zk<t), l < k<m (A2.4)
0<ts<T
In view of (A2.3) this is clearly a linear feedback of X This

form of contrecl is chosen since it is a perturbation of the standard
terminal controller with added tracking vector and integral feedback

to account for the interpass coupling of our system.
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From (A2.3) we have

d T dp
& (£) = {X(k,t,t-)—X(k,t,t+)}xk_l(t)+( Gt (k,t,0)x _ (6)de +—=(6) . (A2.5)
dt /0 ot dt

Now, substituting (A2.3) into (A2.2) yields
d T
dt

X(kyt,0)x . (p)de + Ax . (t) + A p (E)
5 k-1 2%¥k-1 1Pk 1. &5

. .
—BR_IB'GE[HI(k,t,e)+no(t)X(k,t,e)]xk_l(e)de+no(t)pk(t)+zk(t)} ’

Equating (A2.5) and (A2.6) gives

'1‘ :
A -1_, -1_,
[ [;-(k,t,8)-{AI—BR B no(t)}X(k,t,e)+BR B nl(k,t, ) xk_l(e)de

0 3t
doy -1, -1_,
+ — (t) - AI-BR B no(t) pk(t) + BR B zk(t)
dt
# {X(t,t—) = Kl b te) = Az}xk_l(t) =0 . (A2.7)

This equation is satisfied identically if we choose X and p to
satisfy (5.1b)zand (5.]c)2.
Similarly, by differentiating (A2.4) and equating it with (A2.1)

we obtain

dn o

{ -—2-(t)+HO(t)A1+AI'Ho(t)+Q—H0(t)BR 'B'no(t) X,
dt

e iy G e e (08, b 0

dg -
+ —E (0)+(a) T _(OBR B ()44 ¢, (£)4A, T (£)p, , | (£)

de (A2.8)

+

T
AZ'Jo[nl(k+1,t,s)+Ho(t)X(k+l,t,Sﬂpk(S)ds

Tal, =]
+ J {——— (k,t,e)+[AI'—n (t)BR B'}n (k,t,0)
o] 1

0\at

(T
A 'J [H](k+l,t,s)+n0(t)X(k+I,t,s)JXk(s,e)dsxk_l(s)de = 0,
0

+

2
This equation is satisfied identically by choosing My» T and ¢ to

satisfy equations (5.la), (5.1b)]and (5.1c)f

This completes the proof.
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Theorem (5.7) is obtained in similar fashion using the trial solution

IA
3
-
1A
=
IA

T
xk(t) ='[O Yk(t,fﬁxk_l(s)de, 0< ¢ M

(A2.9)

IA
rt
IA
UH
IA
-
IA
=

T
A (£) =J0Fk&,mxb4(wdm 0

Finally in this section, we indicate a proof of theorem (5.9).

Write
1

- o
Ai BR B Ho(t)

BR™ B

Ao(t),

BO,

Hl(k+l,t,s)+HO(t)X(k+],t,s) = g(k,t,s),

H}(k,t,t+)—ﬂl(k,t,t-) = f(t) (=I%(t)A2).

Then we have, for 6 # t and some k with 1 < k < M-I

)
X (k,t,08) = A (£)X(k,t,8) - B I, (k,t,0),
0 o 1
at
X(k,t,t=) - X(k,t,t+) = AZ, X(k,0,6) =0
il T (A2.10)
——J-(k,t,e) = —AO'(t)Hl(k,t,e) = A; J g(k,t,s)X(k,s,q)ds
ot 0

H](k,t,t+) - H](k,t,t—) = f(t), nl(k,T,e) = 0.

Now X(k,t,0) ¢ éA and T (k,t,6) « c
2

£(t)
Our proof relies on the contraction mapping

CONTRACTION MAPPING PRINCIPLE: Let V be a complete normed vector
space (i.e. a Banach space) and let f: V > V be such that for all
Xy % € ¥

-l = A [[x-yll ,

where A < 1. Then the mapping f has a unique fixed point, i.e. there
exists a unique x' € V such that f(x) = x.

The proof of this theorem tells us how %o find this fixed point.
Simply take any element of V and reapply f to it where upon convergence

to the fixed point will be obtained.

This is how we shall demonstrate the existence of a unique solution
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of (A2.10), i.e. by showing that under condition (5.9a), (A2.10) is a
contraction. The unique fixed point of the theorem will then be the

solution we seek.

Now, integrating (A2.10) we have

t
X(k,t,0) = J @(t,T)Boﬂl(k,T,e)dT + a(t,8)
0
boo(a2.11)
T (T
H](k,t,e) = ;[ @'(T,t)Az' JJ g(k,1,5)X(k,s;08)dsdt + 8(t,0)
t 0
where
J 0 t >0
a(t,0) =
( A2 t <8
J 0 t < 8
g(t,8) =
l £(t) t > 8
and ¢(t,r) is the transition matrix associated with Ao(t)l
Now, take any X(l) € 6A . Then we have, on application of (A2.11)
2
t
1
x®D e e,0) = | o(t,mB 18" (k,7,0)dc + k(t,0) (A2.12a)
Jo
(1 T . (1
I (k,t,0) =J @'(T,t)AZ'J g(k,7,8)X" " (k,s,8)dsdt + g(t,8) . (A2.12b)
t 0

Substituting (A2.12b) into (A2.12a) gives

t {T T
P (k,t,0) = J o(t,7)B {| @'(u,T)Az'[ g(k,u,6)X 1 (k,s,6)dsdu
0 °U¢ Jo
+B(T,9)}dT # f(t.e)
wx (k,e,0)) say. (A2.13)

We shall now find a sufficient condition for which w is a contraction

and the proof will be complete.

Let X, X' ¢ CA and let Y = w(X), Y' = w(X'). Then
2
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t E ) T
|Y-=x'|], = sup ”J @(t,T)BO[ @'(U,T)AZ'[ g(k,u,s){X(s,6)-X"(s,0)}dsdudr ||
2 t,0e[0,T] 0 J 10 B
tzp8
s s ote,nd | [T B A sw || acee,n ]
Lt:TE[O:T] J tpe L0, T n
f=t
SUF || X(t,0)=X" (t,0) ||
t,eg O,T:I i
tz8
b
(using J f(x)dx < sup ||f(x)” . (b-a))
a X—E[asb]

2
T3 t B |Al ) sy
[t,jupo J|¢( ,T)I[DJ I O||n | 2||n sup I[g(k,t,g)f\m X=X N

, t,0¢[0,T] 2
Azt
= Af|X-x"]]
%

neve ) = 12 | leCedll )" - B, - Nyl st

where ) = sup o} s T - . . sup g +E£.8) (|
lt,7e[0,T) 2 olln 21n t,pel0, !ln
tz6

Thus, if ) < 1, wis a contraction and this completes the proof.

The proof that (5.9a) is also a sufficient condition for a unique solution

to (5.1c) follows similar lines.

APPENDIX 3

In this final appendix we supply the proof of theorem (8.6). Consider
the following

&

T
d 1 1 1
g; {xk (t)KO(k,t)xk(t)+xk (t)JtK](k,t,e)xk_l(e)demk (t)JO

Kz(kstse)xk(e)de
T t
+ J Xg_](e)K,'(k,t,e)dexk(t)+[ % (0K, (k,t,0)dex (t)
t 0
+ J J X (8R4 (k,t,0,0)% _, (o)dedo + J J X' (8K, (k,t,8,0)%, _ (0)dodg
t/t 0 7

Tt t[t \
¥ (-1 (0K, (k,t,0,0)% (0)d de*j %, (K (k,t,8,0)% (o)dod

Jt{oxk—l 4 @ 8/ %y haldg 00 k 5 a)x (o o |
+ xk'(t)ka(t) + Uk'(t)Ruk(t)

dxk' dK dx
= = (OK_(K,0% (£)+x ' (1) —(k,£)x, (£)+x ' ()X (k,t) —% (&)
dt o n dt ? k xk fo) i
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dxk T t
+ — (t) [J Kl(k’t’a)xk-l(e)de+J Kz(k,t,e)xk(e)de]
dt t 0

Ay m{

- xg(t)Kl(k,t,t)xk_](t)+X£(t)J —-——-(k,t,e)xk 1 (8)de+xy (DK, (k,t,t)x (t)
t ot

t EKZ - T t dxk
+ J —= (k,t,0)x (p)do+ J xk (8)K! (k,t,e)de+J xk(e)K (k, t,e)de}-~ (t)
0 at L) ¢ dt

T K !
1

= Xy (OK (kb 00, ()4 txk-1<9>*;} (,£,0)dgw) (0K} (£, 05, (8)

t T

) |
Oxﬁ(e)-—{k,t,9)dexk(t) =3 (t)JtK3(k,t,t,o)xk_l<g)do—th§_l(e)KB(k,t,e,t)dexégg

T,T T
J J (e)—"— (k,t)esﬂ)xk ](U)dU"'Xk(t)J K (k tst,G)xk ](O)dd
t t

t

t,T BK4 t
+ IOthi(e)“u—-(k,t,e,c)xk_l(c)dcde A Xﬂ—l(t)J K) (kytyo, )% (0)do

at 0
T
I RIOT RN
t
Trt aK' t
+ (0)— (k,t,0,1)x (r)dgdo+ (t)J Ky (k,t,t,0)%, (0)d
JtJoxk " X Xy s o) ¥ (o) do

t
* | m Ok e, 005, (0
0

(Substituting in (1.1) and rearranging gives )

T t t
= [uk(t)+R7'B'[K0(k,t)xk(t)+JtKl(k,t,e)xk_](e)de+JOK2(k,t,e)xk(e)deJJ R

T t
[uk(t)+R_lB'[Ko(k’t)xk(t)fJ Kl(k,t,e)xk_i(e)de+J Kz(k,t,e)xk(e)deJ J
£ 0
dKO -1
+ xﬂ(t) :;T (k,t)+Q+A]K0(k,t)+Ko(k,t)A1—KO(k,t)ER B Kl(k,t)

+ Kz(k,t,t)+Ké(k,t,t)1xk(t)

J
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)

T | 9K _
+ xk(t)J -t (k,t,e)+{A;~KO(k,t)BR 1B'}K](k,t,e)+1<4(1<,t,t,e) x _;(8)do

t| ot

oK! _
_I(e){__i.(k,t,e)+Ki(k,t,e)[A1-BR 1B'Ko(k,t)]+KL(k,t,t,e) dexk(t)

K ot
{
t aKz 1

1 L - ]
+ xk(t)JO __at (k,t,e)+EA] Ko(k,t)BR B ]Kz(k,t,e)ﬂ(S(k,t,t,S) xk(e)de

t . BK'2 -
o ELE) -;—t— (k,t,8)+K) (k,t,6)[A -BR B'Ko(kl,t)]+K5(k,t,e,t) dex, (t)

T T BKZ ]
+ Xf{ (e) P (k,t,e,U)-K' (kat:B)BR B‘K (k,tgo) xk (U)dedg

-1 1 1 -1

tht ot ¢ )

T aKZI- , -1
+ R A8 == (k,t,8,0)-K;(k,t,0)BR B'K, (k,t,0) 1% _,(c)dodo

Jolt St J

Tt 8K, -1
+ J xp_,(8)4 — (k,t,0,68)-K](k,t,8)BR B'K, (k,t,0) rx, (0)dods

t’0 at

rErE j aKr 2
+ J xﬁ(e) —-3-(k,t,e,c)—Ké(k,t,e)BR B'Kz(k,t,c) xk(o)dedo

J0lo it J

+

+

-+

Choose K

xi{Ko(k,t)Az—Kl(k,t,t)}xk_l(t) + xé_](t){AéKO(k,t)—K;(k,t,t)}xk(t)

dl

T
xi—l(t)J IAéK](k,t,e)-K3(k,t,t,e)}xk_1(e)de+J X _1(0) Kj(k,t,8)4,

el .

- KB(k,t,e,t>}dexk_](t>

t

t
X (E)JO{AﬁKz(k’t’e)'Ki(k’t’8’t)}"k(e)de+JOxﬁ(e){K§(k’t’B)Az

- K4(k,t,e,t)}dexk_1(t) .

K, and K. to satisfy 8.6a,c,d,e,g,h,i,j,k, and 1.

Ki» K 4 5

a* =1* =27 K3’

Then we have
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T t
j% {XQ(t)KO(k,t)xk(t)+xﬁ(t)[J K](k,t,e)xk_l(8)de+JOK2(k,t,e)xk(e)de}

&

t

T

t

LT t, T
+ J Jt Xi-](G)KA(k’t’e’U)xk—l(O)dedU+JOJtxﬂ(e)K4(k’t’e’O)xk—l(G)dgde

t Lt
JO Xﬁ_](e)KA(k,t,U,e)xn(c)dcde+JOJOxﬁ(e)KS(k,t,e,g)xk(g)dode} &

+
—
t =

* xi(t)ka(t) ¥ uﬁ(t)Ruk(t)

T t
= [uk(t)+R718'[K0(k,t)xk(t)+JtK1(k,t,e)xk_l(e)de+JOK2(k,t,e)xk(e)de]J R

T
[uk(T)+R7‘B'[K0(k,t)xk(t)+jtkl(k,t,e)xk_](e)de

E
+ JOKz(k,t,e)xk(e)de] } .

Integrating with respect to t over O to T and summing over k

from 1 to M we get
M

] {1 Ky, D2 (D (1)
k=1

T T

OKz(k,T,e)xn(s)de+JOxﬁ(e)Ké(k,T,e)dexk(T)

LT T/T
+ J [ Xﬁ(@)Ks(k,T,e,U)Xk(d)dedU'J J x'k—l(e)Ka(k’O’e’U)xk—i(G)dedo}
0/0 0/0

M T
DI O T OO O
k=170
M. T | t T "
= ) J {uk(t)+R7 B'[Ko(k,t)xk(t)+J chk,t,e)xk(e)de+J K](k,t,e)xk_](e)de]J R
=170 0 t

t I
[ (0 ]B'[Ko(k,t)xk(t)+JOKz(k,t,e)xk(e)de+JtK](k,t,e)xk_l(e)de}Jdt :
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Choose 8.6 b, f, m and n to be satisfied. Then we have

T

M
-7 1 (s mex m+f [ 51 (00m, (02 (R o) Joc

0

ik t 1

Kz(k,t,e)xk(e)de] ] R

Kl(k,t,e)xk_l(e)de+J

M T ~
% ZIJO [uk(t)+RletLKO(k,t)xk(t)+Jt

k 0

T T t
[uk(t)+R IB'[KO<k,t)xk(t)+JtKl(k,t,e)xk_l(e)de+JOK2(k,t,e)xk(e>deIJ dt

|
T.T

(
3 J J f'(e)KB(l,O,G,U)f(o)dBdo
0/0

1
2

Choose ;k(t) and Ek(t) so that

" -1 r* T
T (6 = R lB'LKo(k’t>xk(t)+JOKz(k=t’@)Xk(ﬂ)d9+JtK1(k=t’9)xk-1(0)d9] . (a3.1)

Then

N L (4T
Ji] = E’J J f'(e)KB(I,O,e,o)f(o)dedg
0/0

For any other xk(t) and uk(t)

T T

) = g [ | @K 0,0,0,0 80084
0/0
1 M i — r T
y i-kzljo[uk(t)+R B'LKO(k,t)Xk(t)+JtK](k,t,e)xk_](e)de

(t ( )x (8)
+ K, (k,t,p f)de R
Jo 2 *x J ]

i

t
tKl(k,t,e)xk_l(e)de+J

{uk(t)+Rf]B'[K0(k,t)xk(t)+J Kz(k,t,e)xk(e)dej Jdt .

0
Thus

JLul- J[u]

1 m T -1 =
MCE I NULINGE

t i
OKz(k,t,e)xk(e)de+JtK](k,t,e)xk_l(e)de] ] R

2 k=1JO

t T
[uk(t)+Rlev[Ko(k,t)xk(t)+IOK2(k,t,a)xk(e)de+JtK1(k,t,e)xk_](e)de] )dt

> 0 Since R is positive definite.
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