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A FAST ALGORITHM TO COMPUTE L(1/2, f x x,)

PANKAJ VISHE

ABSTRACT. Let f be a fixed (holomorphic or Maass) modular cusp form. Let
Xq be a Dirichlet character mod g. We describe a fast algorithm that computes
the value L(1/2, f X xq) up to any specified precision. In the case when ¢ is
smooth or highly composite integer, the time complexity of the algorithm is
given by O(1 + |¢|?/6+e)),
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1. INTRODUCTION

Let T' = SL(2,Z). Let f be a fixed (holomorphic or Maass) cusp form on I'\H.
Let x4 be a Dirichlet character on Z/gZ. In this paper we consider the problem
of computing central values of L-function corresponding to f twisted by x,. The
main result can be summarized as:

Theorem 1. Let q, M, N be positive integers such that ¢ = M N, where M < N,
M = My My such that M1|N and (M2, N) = 1. Let f be a modular (holomorphic
or Maass) form on T\H, s € H and x4 a Dirichlet character on Z/qZ. Let ~y, ¢ be
any positive reals. Let

E =min{M® + N, q}.

Then we can compute L(s, f X xq4) up to an error of O(q~") in time O(E'€). The
constants involved in O are polynomial in (14 7y)/e.

This method gives us a positive time saving if ¢ has a factor less than ¢/5. The
maximum saving of size O(¢"/%) can be obtained if ¢ has a suitable factor of size
~ ¢'/%. In particular, we can get a saving of size O(¢'/%) for a “smooth” or “highly
composite” integer q. Note that for these choices of ¢, the algorithm is considerably
faster than the O(g'*°(")) complexity “approximate functional equation” based
algorithms.

The author is supported by the Géran Gustafsson Foundation (KVA)..
1


http://arxiv.org/abs/1202.6303v1

2 PANKAJ VISHE

1.1. Model of computation. We will use the real number (infinite precision)
model of computation that uses real numbers with error free arithmetic having
cost as unit cost per operation. An operation here means addition, subtraction,
division, multiplication, evaluation of logarithm (of a complex number z such that
|arg(z)| < m) and exponential of a complex number.

Our algorithm will work if we work with numbers specified by O(log ¢) bits. This
will at most add a power of log ¢ in the time complexity of the algorithm. We refer
the readers to [20, Chapter 8] and [2]] for more details about the real number model
of computation.

1.2. Historical background and applications. The problem of “computing”
values of the zeta function effectively goes as far back as Riemann. Riemann used
the Riemann Siegel formula to compute values of the zeta function and verify
the Riemann hypothesis for first few zeroes. The Riemann Siegel formula writes
¢(1/2+iT) as a main sum of length O(T/?) plus a small easily “computable” error.
Subsequent improvements for the rapid evaluation of zeta are considered in [13],
18], [9], [, [22], [2], [15] and[I] et al. The current fastest algorithm for evaluating
¢(1/2+4T) for a single value of T' is due to Hiary (time complexity O(T*/13+o(1)),
see []).

The next natural problem to consider is computing L(1/2 + T, x4), where x,
is a Dirichlet character modulo an integer g. A O(T'/3+t°(M)g1/3+e(1)) algorithm
for highly composite ¢, is given by Hiary in [I0]. In this algorithm, the rapid

computation of L(1/2, x,) is essentially reduced to the problem of fast computations

of character sums Z:S,;iw Xq(k), for any ko and for M, a small power of ¢. In case

of highly composite ¢, one exploits highly repetitive nature of x, to get a fast way
of computing these character sums. The problem of computing L(1/2,x,) for an
“almost prime” ¢ seems to be rather difficult.

In the case of higher rank L-functions, the analogue of the Riemann Siegel for-
mula is given by the approximate functional equation. A detailed description of
“the approximate functional equation” based algorithms is given by Rubinstein in
[15]. In the case of L-function associated to a modular (holomorphic or Maass)
form, these algorithms have O(T**+°(1)) time complexity. The algorithms for rapid
computation of the GL(1) L- functions unfortunately do not readily generalize to
the higher rank cases, due to the complicated main sum in the smooth approxi-
mate functional equation. A geometric way for computing L(f,1/2 4 4T) in time
O(T7/8+°M) for a modular form f is given in [25].

In this paper we consider the higher rank problem corresponding to [I0], i.e com-
puting L(1/2, f x x,). We give a O(¢*/*T°(1)) complexity algorithm for a “smooth”
or “highly composite” q. Our algorithm in theorem [ is the first known improve-
ment of the approximate functional equation based algorithms in in GL(2) x GL(1)
setting.

Computing values of L-functions on the critical line has various applications
in number theory. It can be used to verify the Generalized Riemann Hypothesis
numerically. It has also been used to connect the distribution of values of L-
functions on the critical line to the distributions of eigenvalues of unitary random
matrices via the recent random matrix theory conjectures.

The problem of computing L-functions is closely related to the problem of finding
subconvexity bounds for the L-functions. More generally, improving the “square
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root of analytic conductor bounds” coming from the approximate functional equa-
tion is of great interest to analytic number theorists.

In the present paper, we have only considered the GLo x GL; case. It will be
of great interest to generalize the method in this paper to higher rank L-functions.
Integral representations for GLy x GL; L-functions in the number field setting is
given by Sarnak in [23] section 11.4]. Our method thus could also generalize for L-
functions L(1/2, f X x), in the number field setting. A more interesting problem will
be to generalize our technique in the GL,, x GL,,_1 setting, where the subconvexity
bounds are also not known.

1.3. Outline of the proof. Our algorithm starts with writing L(1/2, f x xq)
essentially as a sum

qg—1

> FG/a+i/a)xq(d),

j=0
on the ¢ Hecke orbit of i. The results in this paper are closely related to the
work of Venkatesh [23] section 6], where he used the equidistribution of the points
{j/q+i/q:0<j<q—1}in T'\H, to get subconvexity bounds for the L-functions.
We however use the fact that for a composite ¢ = M N, we have the following
decomposition:

{jla+i/q:0<j<q—1}=U MG +EN)/g+i/q: 0< k<M —1}.

Each arithmetic progression {(j +kN)/q+i/q:0 <k < M — 1} can be viewed as
part of the M*'" Hecke orbit of the point v; = j/N +i/N.

Let us consider the case (M, N) = 1. We use “well behaved nature” of x4, on
these arithmetic progressions to convert the problem into the problem of computing
sums

S5 =3 ey £ 03 ().
k

Here, 0 < ¢; < M — 1 is such that j = ¢; mod M and v;(k) denote the k' point
in the M'" Hecke orbit of the point v;. Here {a;,0 < k,I < M — 1} are M?
precomputable constants.

We then “reduce” the points {v,;} to points {z;} in a fixed approximate fun-
damental domain. Let a; be in SL(2,Z) which maps v; to z;. Notice that even
though in I'\SL(2,R), the Hecke orbits of points v; and x; are the same sets, the
action of a; permutes them. This means that v;(k) = a;lxj(k) is not necessarily
equal to z; (k). However for each j, v;(k) = z;(0;(k)), for some permutation o; of
the Hecke orbit. The problem is now equivalent to computing

S =Y ane, F(@i (05 (k) = D,y ., (2 (k).
k k

Apriori, there can be M! different permutations of the Hecke orbit. However
lemma 5] shows that the total different number of permutations of the M*"* Hecke
orbit due to the right action of SL(2,Z) is at most O(M3). i.e. given M, there
exists a set of permutations {1, ..., B3 }, such that for any 0 < j < N—1, 0, = S
for some 0 < k < M3 — 1.

Let {ry, ...,y } be the functions defined on the M*" Hecke orbit by

Tj1 M3 452 = AB;, (k)51
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where 0 < j; < M —1 and 0 < j, < M3 —1. This implies that every j, there exists
an integer [; < M* such that ot ()5 = T (k).

We next use the fact that Hecke orbits of close enough points in the I'\SL(2, R)
remain close. We then sort the points {x;} into sets K7, K», .. such that the points
in each set are very close to one other. The number of such required sets is O(¢>¢).
We choose a fixed representative x,,; from each Kj.

Let us consider K for example. Let z;, € K; be any point. We now need to
evaluate S, for all jo € K;. We use a power series expansion around the point
Zn, (k) to compute f(xj,(k)) for each x;, € K1, to get

d
Sjo g Z CkﬁjOJ(kJ, leo 5 :Z?nl).
k=0

Here d = O(1), cx,j, are precomputable constants and J(k, 7, z,, ) can be computed
for each 0 <1 < M*—1 and for each k using O(M) steps. Thus, if we compute the
coefficients ¢y, j, and the sums J(k, 7, z,,) for all z;, € Ky, for all k < d and for all
0 <1< M*—1, then we can compute all the sums S; for all j € K; “in parallel”
in further O(1) time. We can therefore compute S; for all j in O((M?® + N)¢) time.

We thus get a fast way of numerically computing L(1/2, f x x4), up to any given
precision.

1.4. Outline of the paper. A brief account of the notations used in this paper is
given in section 2l The algorithm uses a type of “geometric approximate functional
equation”. It is discussed in detail in section [3l A detailed proof of theorem [ is
given in section @l Lemmas [£1] and deal with well behaved nature of Hecke
orbits of nearby points in H and well behaved nature of y, on the “arithmetic
progressions” respectively. They are proved in section

1.5. Acknowledgements. I would like to thank Akshay Venkatesh for suggesting
me this problem. This project would not have been possible without his support.
Majority of the work in the paper was carried out during my PhD at the Courant
Institute and Stanford University, and also during my stay EPFL and MPIM, Bonn.
I am very thankful to these institutions for allowing me to visit and carry out my
research

2. NOTATION AND PRELIMINARIES

Throughout, let I' = SL(2,Z). Let f be a holomorphic or Maass cusp form on
\H.

Let s be a fixed point in H. Throughout, let ¢ be a positive integer. Let x, be a
Dirichlet character on Z/qZ. Let ~y, ¢ be any given positive numbers, independent
of ¢. In practice, v will be taken to be O(1) and e will be a small positive number.

Given a Dirichlet character x4, The Gauss sum 7(xq) is defined by

q—1

(2.1) T(xe) = > xa(k)e(k/q).

k=0

We will denote the set of nonnegative integers by Z, and the set of nonnegative
real numbers by R .
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We will use the symbol < as is standard in analytic number theory: namely,
A < B means that there exists a positive constant ¢ such that A < ¢B. These
constants will always be independent of the choice of T

We will use the following special matrices in SL(2,R) throughout the paper:

e a=( g 1 Yaw= (0 Sn ) x-S0l o).

e(z) will be used to denote exp(2miz).

In this paper, for simplicity let us assume that f is either holomorphic or an even
Maass form. The algorithms will be analogous for the odd Maass cusp form case.
For an even Maass cusp form, we will use the following power series expansion :

(2.3) ()= 3 Fn)Wi(nz).

n>0
Here W,.(x + iy) = 2,/yK;»(27y) cos(2mz). The explicit Fourier expansion for the
holomorphic cusp forms is given by
(2.4) f(z) =Y f(n)e(nz).
n>0

For a cusp form of weight k (for the case of Maass forms k is assumed to be 0),
the corresponding twisted L- function is defined by:

Definition 2.1. L(s, f X xq) = > oo f(m)xa(n)

n=1 ps+E-1)/2*

Given a cusp (Maass or holomorphic) form of weight & on I'\H, we will define a
lift f of f to T'\SL(2,R) by f : T\SL(2,R) — C such that

(25) (8 n )=,

2.1. Real analytic functions on I'\SL(2,R). We will use the same notation as
[25] for real analytic functions on T'\SL(2, R).

Let x be an element of SL(2,R) and let g be a function on T'\SL(2,R), a priori
g(x) does not make sense but throughout we abuse the notation to define

g(z) = g(T'z).

i.e. g(z) simply denotes the value of g at the coset corresponding to x.
Let ¢ be the Iwasawa decomposition given by

o (t,y,0) e RxR xR — n(t)a(y)K(0).
Recall that ¢ restricted to the set R x R x (—m, 7| gives a bijection with SL(2,R).

Definition 2.2. Given n > 0, let 4, = (—n,n) x (=n,n) x (=n,n) and U, =
o(U,) C SL(2,R).

Let us define the following notion of “derivatives” for smooth functions on
\SL(2,R):
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Definition 2.3. Let g be a function on SL(2,R) and = any point in SL(2,R). We
define (wherever R.H.S. makes sense)

aixlg(x) = %h:og(wn(t));
% (z) = % li=0 g(wa(t));
9

75 (z) = % li=0 g(xK (1))

Sometimes, we will also use 0; to denote %.
Given B = (B4, Ba, B3), let us define 8%¢(x) by

b1 b2 HBbs
2.6 P -7 2 “
( ) g(:Z?) a’ﬂfl 8?552 81733 g(I

For 8 as above we will define

B! = p1!82! 85!
and
18] = |B1] + |B2| + B3]

We now define the notion of real analyticity as follows:

A function g on I'\SL(2,R) will be called real analytic, if given any point z in
I\SL(2,R), there exists a positive real number r, such that ¢ has a power series
expansion given by

APz
(2.7) gantamK@) = 3 %tﬁlyﬁze%
B=(B1,B2.83)EL3,. '

for every (t,y,0) € U, .
Let us use the following notation for the power series expansion.

Definition 2.4. Let y,z € SL(2,R) and t,y, 0 be such that y = zn(t)a(y) K (0) and
(ﬁlu 627ﬁ3) - B S Z?‘r deﬁne

(y _ :Z?)’B _ tﬂlyﬂQQB?’.

Hence we can rewrite the Equation ([27) as

= Y LD

|
B=(B1,B2,83),B€Z% A

Throughout, we will assume that for a cusp form f, all the derivatives of the
lift f are bounded uniformly on I'\SL(2,R) by 1. In general it can be proved that
given a cusp form f, there exists R such that ||8°f||cc < R!?l, see [24] section
8.2]. The case when R > 1 can be dealt with analogously. The assumption that all
derivatives are bounded by 1, allows the proofs to be marginally simpler.
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2.2. Hecke orbits. Let L be any positive integer and = € SL(2,R), let
T(L) = {(m, k) : m|L,0 <k < L/m}

and

1 m k
A(L,m,k)—m ( 0 L/m ) .

The L" Hecke orbit is given by left action of the cosets {TA(L,m,k) : (m,k) €
T(L)}. In particular, the L** Hecke orbit of x is given by {T'A(L,m, k)z, (m, k) €
T(L)}, considered as a subset of I'\SL(2, R). The Hecke orbits generalize the notion
of an “arithmetic progression” on SL(2,R).

It is well known that the right action of any element a in SL(2,7Z) permutes the
cosets {TA(L,m,k): (m,k) € T(L)}. i.e

{TA(L,m,k) : (m,k) e T(L)} = {TA(L,m,k)a: (m,k) € T(L)}
for any a € SL(2,Z). Let 04 : T(L) — T(L) be be the permutation defined by
TA(L,m,k)a =TA(L,04(m,k)).

Given any € > 0, using the fact that the number of divisors of M is at most
O(M¢®), we get that the cardinality of T'(M) is at most O(M'T€). A priori there
are M€l possible permutations on T'(L). However it is easy to prove the following
lemma (see section [B):

Lemma 2.5. Let a1 and ay are matrices in SL(2,7Z) such that a; = as mod L.
Then the corresponding permutations o4, and o4, are equal. In other words, for
every (m,k) € T(L), 0q, (M, k) = 04y (m, k).

Lemma implies that the number of possible permutations of the Hecke or-
bit {TA(L,m, k)|(m,k) € T(L)} due to the right action of SL(2,Z) are at most
ISL(2,Z/LZ)| < L3.

2.3. Specifying f and y,. We will follow the same assumptions for input of f
as in [25]. In particular, we will assume that each value of f (or f) or any of its
derivative can be computed exactly in time O(1).

We will also assume that given any integer n, x,4(n) can be computed in time
O(1). It can be easily be shown that for ¢ = M N, using and storing a precomputa-
tion of size O(M + N), one can compute any x,(n), in further O(log ¢) steps. The
time complexity O(M + N) in precomputation does not change the asymptotics of
the algorithm. Similarly, allowing log(q) time for each valuation of x, only adds a
multiple of logg to the time complexity of the algorithm, which can be absorbed
into the exponent e.

In practice, the Gauss sum 7(x,) can be computed rather rapidly. A very simple
O(M? + N) time complexity algorithm can be found in [24] section 8.6]. As in the
previous case, this does not change the asymptotic time complexity of the algorithm.
It is worth mentioning to the reader that the algorithm in [24] section 8.6] is similar
to the algorithm in the paper and can be helpful in better understanding of the
underlying idea behind it.

L 1t can be easily shown that given any x and any fixed -, one can compute 85];(90) up to
the error O(g~7) in O(¢°")) time. Here the constant involved in O is a polynomial in |3| and
~. In this algorithm we only compute values of 8° f(z) for |8] < 1. Allowing O(¢°") time for
each valuation of f does not change the time complexity of the algorithm. See [24] chapter 7] for
explicit details about it
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3. A GEOMETRIC APPROXIMATE FUNCTIONAL EQUATION FOR L(s, f X xq)

Our algorithm will start with proving a “geometric approximate functional equa-
tion” for L(s, f X x4), given by BI2) and BI3). The right hand side of (BI12)
and ([BI3)) consists of sums of ¢ integrals. Each of these integrals is an integral of a
‘nice’ function on a geodesic of (hyperbolic) length O(log q). Therefore, using [25]
proposition 8.1], we can write each of these integrals (up to an error of O(¢™7)), as
a sum of size O(¢°) terms. Adding all these sums together, the right hand sides of
(BI2) and BI3) can be written (up to an error of O(q~7)) a sum of size O(¢'*¢).
The constants involved in O are polynomial in (1 + v)/e and are independent of g.

Holomorphic case:

qu f(k/q+iy) = qu Z Je(nk/q)e(iny)

e’} qg—1
> fn)e(ing) > xq(k)e(nk/q)
n=1 k=0

(3.1)

HME%
é

After taking the Mellin transform of (Bﬂ]), we get

q—1 00
(3.2) qu(k)/ Fk/q+ iy)y T+ 2dy
k=0

v S fn / e(ing)y* /2 qy;

n=1 0

Z / exp(—2mny)y* T+ 2dy;
1 0

T

= mL(s,f X Xq)F(S + (k — 1)/2)

/\

Even Maass form case:

q—1
Xq(k) f(k/q+iy)
k=0
=9 Z Xq(k) Z Jg(n)\/n_ycos(27mk/q)KiT(27my)
k=0 ot
s -1
- Z (n)y/nyKir(2mny) Z (k)e(nk/q) +26(—nk/q)
n=1 =0
—9ol 4/ T 1 \AG) ( _ Z \/_KZT (27Tny)
(3.3) = 7(xXq) (1 + xq(— Z n)AGK s (270).

Taking Mellin transform of [B.3]), we get



A FAST ALCORITHM TO COMPUTE L(1/2, f X x4) 9

(3.4) i Xq(k) /OO Fk/q+iy)y* =3 dy
0 0

(Xq 1+Xq Z \/_Xq / KW 27”9) o 1dy,

_ T(Xq)H@xigs—l)L(S,f % xa)T (;) r ( _2”) .

T(Xq) is a complex number with absolute value q2. Therefore we can use (3.3)
to compute L(s, f X x4) in the holomorphic case.

For an even Maass form f however, if x4(—1) = —1, then the right hand side
of (B4 is zero. Therefore it needs slightly different treatment. Recall the Fourier
expansion for f given by

Zf n)2/y K, (2mny) cos(2mnz).

n>0
This implies that

2) = —2m Z nf(n)2y/yKir(27mny) sin(2mnz).

n>0

We use a similar method as before to get:

qu )0u f(k/q+iy)

q—1 0o
= 23 wo(k) S ny/igf(n) sin(2nnk /) Ky (27ny)
k=0 n=1

=2 Z f(n)n3/2\/§Kir(27rny) i Xq(k) e(nk/q) ;:(—nk/q)
k=0

oo

132 x ()Y Kir (2m0y)

= im(7(

n=1

(3.5) = im7(Xg) (1 = Xq(— n*x )y K (2mny).

HMS

Taking Mellin transform of (B3], we get

(3.6) i Xq(k) /OO 0uf (k/q +iy)y* '/ *dy
k=0

8

=1m7(xq) (1 — xq(— Z )n3/2/0 K (2mny)y°dy

= iWT(Xq)l(_#qs(fll)L(s,f X xq)T (S+ 12+ iT‘) r (S + 12— ir‘) .
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Notice that B6) is analogous to (BA). The algorithm to compute
ST xg (k) I5° 02 f(k/q + iy)y*~'/2dy is completely analogous to the algorithm
to compute Zz;é Xq(k) J5° f(k/q+iy)y*=>/2dy. Hence throughout the rest of the
paper, we will assume that x,(1) = x4(—1) = 1. Using the automorphy of f, we
get the following lemma (analogous to [25, Lemma 3.1]).

Note that a similar treatment will give us the corresponding “geometric approx-
imate functional equations” for odd Maass forms.

Lemma 3.1. Given any cusp form f (of weight k) on T\SL(2,R), positive integers
n,q such that n < q, s € H, a positive real v and for any ¢ > 2,

oo q°
(3.7) / fn/q+iy)y*dy = / f(n/a+iy)y*dy + O(g™).
0 q—¢°
The constant involved in O is independent of q and c.

Proof. We begin by noting that it is enough to prove the lemma when n is coprime
to q. Let us use the exponential decay of f at ioco, to get for y > 1,
(3.8) [f(n/q+iy)| < exp(—my).

This implies that we can choose a constant ¢, independent of n, ¢ such that for
every y > c¢1logq, we have

(3.9) [f(n/q+iy)| < g 1777272,
Let n’,n” such that 0 < n’ < ¢ and nn’ — gn” = 1. The the action of g =

I
( 7—lq Z ) on H maps n/q to infinity. Using the automorphy of f with respect
to the action of g, we get

n'(n/q+iy) —n")

(3.10) F(nfq+iy) = (—a(n/q+iy) +n)) " f( ST PR

)
1/q+in'y

— (—ain)F
= (—qiy) " f( i

)

= (—qiy) " F f(=n’ L
= (—qiy) " f( /q+q2y)

We use the exponential decay of f at infinity to get a constant co, independent
of n, g such that for every y < m , we have
(3.11) |f(n/q +iy)| < g7

The equations (33) and [BII]) give us the result.

Lemma [3I] implies that for any ¢ > 2,

(3.12) (%;S%L(s, fx xg)T(s + (k —1)/2)

q—1 q°
= qu(j)/ FG/a+iy)y D Pdy + 0(q™).
3=0 a°

and similarly we get that given any ¢,y > 0, a Maass cusp form f, and ¢ > 2,
we have
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(3.13) T(Xq)%;)(:l)fz(s,f X xg)T <s ZZT) . (5 —2w)

= xalk) /q f(k/q+iy)y*dy + O(g™).
k=0 a°

The equations (B12) and BI3]) denote “geometric approximate functional equa-
tions” to compute L(s, f X x4) in the holomorphic and Maass form case respectively.
Notice that the integrals on the right hand side of [B12]) and (313]) are over hyper-
bolic curves of length < log g, therefore they can be computed in O(¢g°™")) time. In
the following theorem, we discretize the integrals in these equations to convert the
problem of computing the sum on the right hand side of (B.12])/(3I3) to the problem
of computing the sum S = Zg;é Xq(1)%f(n(j/q)a(t)) for any t € [~clog g, ¢log q].
Here 0> denotes 8%2'

Lemma 3.2. Let f be a modular (holomorphic or Maass ) cusp form on T\H, and
Xq be a Dirichlet character modulo q, s be any complex number. Let v,e be any
positive reals, then there exists a positive integer N' = O((1+)/€) such that if for
any |t| < logq and for any 0 <1< N’, we can compute Zg;é Xq(N4F(n(j/q)a(t))
up to a mazimum error O(q~") in time D(q), then we can compute T(xq)L(s, f X Xq)
using O(D(q)q®) operations. The constants in O are polynomial in (1 + ) /€.

Proof. Let us start with the “geometric approximate functional equations”
BI2)/ BI3) for holomorphic/Maass case respectively. We use the lift f defined

in Z3) to get f(n(x)a(logy)) = y*/2f(x + iy) to rewite FI2) as:

(ZT;EF%L(S’JC X xg)T(s+ (k—1)/2)

= xq(j)/q f(n(j/@)alogy))y*~*2dy + O(q™").

Notice that the above equation will be valid for any ¢ > 2. Substitute logy =t in
the above equation to get that

(gﬁ;i%”sv Fx xg)T(s + (k= 1)/2)

q—1 clogqg _
=Y oal) [ Rl aale)e A at + 0.
=0 —clogq
Therefore we have
-1

_ q clogq
(3.14) T(Xq)L(S’{;)ﬁg(i)Z(k D/2) _ O’jgoxq(j) /_cloiqgj(t)dtJrO(q”).

_1
Here C' = qC‘RC(S 2l = SUP_clog g<t<clogq | exp(t(s - 1/2))|

(1) = 25 Fn [aa() exp((s —1/2).
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Notice that # |i=t, (f(n(j/q)a(t))) = 3= f(n(j/q)a(ts)). Here 2 denote the

612
derivative of f in the ¢ ‘geodesic direction”, defined in section
We have assumed that f has bounded derivatives (ref. section [Z). Therefore
using Leibnitz rule, for a fixed s € C and each ¢ in [—clogg,logq],

a’ﬂ

The constant involved is independent of q. Hence for each t in [—clogg, clogq],
g; is real analytic with radius of convergence at least 1/(]s — 1/2| 4 1). Therefore,
choosing a grid of O(¢®) equispaced points and using power series expansion at the
nearest grid point on the left to compute gi at any given point, we get that given
any v, e > 0,

clogqg
/ lg F(n(G/@)a(t)) exp(t(s — 1/2))dt
—cloggq

“(logq)—1 N’

(3.15) :C’ Z Z/ 82 gi(xq f)) dt+0( —1=)

r=—cq° logq =0

Here N’ = O((1 4 v)/e€). Notice that the above equation is true for any ¢ > 2.
Hence , given €, we can choose ¢ such that {cq“logq} = 0. Multiplying (I3 by
Xq(k) and summing over k, we get

cq®loggq—1

(3.16) L(s, f x xq) =C" Z Zdl qu (g (2q~¢)) +0(q77)

r=—cq¢log q =0 7=0

g gl . —e(l+1) . (Q,T)S+(k 1)/2
Here d; = [ frdt = L5 and C" = _F(s+(k71)/2)'r(xq)

(B16]), along with the definition of g,(¢) implies that the problem of computing
L(s, f x x) is equivalent to computing 7(x,) and Y 5=,  Xe(1)OL F(n(j/q)a(t)) for
any t € [—cloggq,clogq] and for 0 < < N’ faster than O(q). Here 02 denotes 8%2
Exactly same method will work for the even Maass forms, when x4(—1) = —1.

Note that for an even Maass form if x,(—1) = —1, then we need to compute

the sum 3970 xq(j) [ 021 (j/q + iy)y*~'/?dy. Notice that f(n(x)a(logy)) =
f(z +iy). Therefore, for any zg, an easy computation gives

0.5 w0+ i) =y 5= F(n(ao)allog )

Using this equation, we can follow exactly the same method before, to get lemma
when y,(-1) = —1. O

In the following sections, we prove that D(q) = (M5T¢ + N)I*t¢. We use this
result to finish the proof of theorem Il

4. PROOF OF THEOREM [

Let I' = SL(2,Z) and f be a (holomorphic or Maass) cusp form of weight & on
\H. Let ¢ = MN where M < N, M = M;Ms, where My = ged(M, N) and
(M3,N) = 1. Let x4 be a Dirichlet character on Z/qZ. Let 7, e be any given
positive numbers. The main goal of this section is to prove theorem [l



A FAST ALGORITHM TO COMPUTE L(1/2, f X xq) 13

Lemma B2 implies that the algorithm to compute L(s, f X x4) faster than O(q)
is equivalent to computing the Gauss sum 7(x4) and

(4.1) S XKL Fn(k/g)a(t))
k=0

for any ¢t € [—cloggq,cloggq] and for 0 <[ < N’| faster than O(q). Here 0y denotes
6%2, N'"=0((1+47)/¢) and ¢ > 2 is a suitable computable constant. Hence, in this
section we will consider the problem of computing the sum in (@I for any given

t EE[—C log g, clog q].

Computing 7(x,) can be done very rapidly. It is easy to see that given any
positive v, we can compute 7(x,) up to error O(¢~7), using at most O(M? + N)
operations.

We will deal with computing ([@1]) in the special cases: ¢ = M N where (M, N) =
1 and the case when M|N separately in the subsections Bl and [£4] respectively.
We use these results to complete the proof of theorem [ in section

4.1. Case ¢ = M N where (M,N) = 1. Let g be a real analytic function with
bounded derivatives on I'\SL(2,R). Let ¢ = M N where (M,N) = 1. Let t be a
real number in [—cloggq, clogq], t1 =t +logq. Let

o — a(tl).
In this section, we will consider the problem of computing the sum
1

Xq(k)g(n(k/q)a(t))

Q
|

S

Il
Qo
Il
=]

Xq(k)g(A(Q7 17 k)a(tl))

=0
=
0

0

<
Il
o
>
Il

Computing the sum of this type is equivalent to computing the sum [@I]). Recall
that A(q, 1, k) is defined in section 221 Use, A(q,1,j+ kN) = A(M,1,k)A(N, 1, )
to rewrite ([{2)) as

-1

7=0
Here, S; is defined as

2Note that for a Maass form f, for g = f, t = —logq and | = 0, (£]) takes a more familiar
form

q—1
> xa(k)f(k/a +i/q)-
k=0

In this section, we essentially give an algorithm to compute Zz;é xq(k)f(k/q+1i/q), faster than
O(q).
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M—1

(4'4) Sj = Z Xq(j + kN)g(A(M7 L k)vj)'
k=0

Here
Uj = A(N, 1,j)$0.
We now use x, = xmxn to get

M—

)_.

Xali + EN)g(A(M, 1, k)v;)
k=0
M—
(4.5) xar (G + kN)g(A(M, 1, k).
k:O

,_.

Let us “reduce” the points vq,...,v, to an approximate fundamental domain
using the algorithm in [24) Chapter 7]. Hence we have matrices {~;,z;} such that
vj =v;x5, v € SL(2,Z) and x; lies in the “approximate fundamental domain”.

X is a character on Z/MZ. Given j, let ¢; be defined by j = ¢; mod M and
0 <¢; < M. Hence rewrite (L0 as

M/m—1
(4.6) Sj=xn(j) Z Z he, (m, k)g(A(M, m, k)v;z;).
m|M k=0

Here for {0 <1< M — 1}, hy : T(M) — C* is defined as:
(4.7) hi((m, k) = d1(m)xar(l + kN).

Where, ¢; is the characteristic function of {1}. For example, for a prime M the
functions h; are given explicitly by: h;(1,k) = xm(j + kN) and h;(M,0) = 0.

The number of points in T(M) are at most M'T¢ ( using the fact that the
number of divisors of M are at most O(M¢)). The right action by a € T" permutes
the T (M) in T\SL(2,R). In other words, given any element a of T', there exists a
permutation o, on T(M) such that for each (m,k) € T(M), we have an o’ € T
such that

AM,m,k)a =a A(M,c,(m,k)).

Using lemma we get that if @ = b mod M, then o, = 0. This implies that
the total number of permutations of T'(M) due to the right action of T' is at most
M3. Using this, we rewrite (L8] as

(48) Sj = XN (.]) Z th (U'Yj (mv k))g(A(Ma m, k)xj)
(m,k) € T(M)

Lemma 25 implies that the number of distinct functions h., 0, is at most M 4. Let
us enumerate them as rq, ..., 7, (say) , where L < M*.

Notice that the Hecke orbits “preserve” the distance between the points. In other
words, let M be any positive integer , and x,y € SL(2,R) such that « € yV for some
open neighbourhood V' of the identity. Then A(M,m, k)x lies in A(M,m, k)yV, for
all (m, k) € T(M). Therefore, given any positive €, we “sort” the points {x;} into



A FAST ALGORITHM TO COMPUTE L(1/2, f X xq) 15

sets K1, ..., K¢ such that z,y € K; implies that 2~ 'y € U,-. Here Q = O(q3€)ﬁ
We choose a representative x,,, from each Kj.

Let us focus on K7. Let us use a power series expansion around the point
A(M,m, k)z,, to compute g(A(M,m,k)z) for all z € K;. We summarize the
result in the following lemma:

Lemma 4.1. Given any positive reals €,, positive integer M, x and y € K; for
some integer i. Let r be any complex valued function defined on the the set T'(M).
Then there are explicitly computable constants cg . and d such that,

d
(4.9) J(0,ry) = Z cwyd (B, x) +O(M?q™7).
|B81=0
Here d = O((1+7)/€) and J(B,r,z) is defined by
(4.10) J(B,rx) = Z r((m, k))0P g(A(M,m, k)x).
(m,k)eT (M)

The constant in O is independent of M, q and is a polynomial in (14 v)/e.

We will prove the lemma F.1] in section Bl Notice that for fixed 3,r and a fixed
x, we can compute J (3,7, x) in time O(M'€). This gives us an exact idea of the
algorithm. The exact algorithm is given by:

4.2. Explicit algorithm.

(1) Compute and store the functions r1, ..., 7.

(2) Reduction of points vy, ..., vy into points z1, ...,z and sorting of the points
into sets K1, ..., Ko and choose a representative x,, from each Kj.

(3) For each 0 <1 < N, compute 0 < ¢; < M — 1 be such that ¢; = mod M.

Find j; such that h¢, 04, = rj,.

) i+ 1.

) for all z; in K;, and for all |3] < d, compute and store CB 1, 1

) for all |5] < d, and for all 1 <t < L, compute and store J(B, 7, Tn,).

) for each x; in K, compute

(4
(5
(6
(7

d

Sy=xn() Z Cﬁ-lni-,zlj(ﬁvrjz’xm)'
[8]=0

(8) if i = Q compute S =51 + ...+ Sy else i + i+ 1 and go to step B

4.3. Time complexity. Let us compute the time complexity in the algorithm.
The O constants involved in this proof are polynomial in (1 + v)/n.

Computing and storing r; for all i takes at most (roughly) O(LM*€) time. But
recall that L < M*. Hence step [l takes O(M5*¢) time.

It is easy to see that “reducing” each v; to an approximate fundamental domain,
can be done in O(log ¢) time. There are many standard reduction algorithms avail-
able. We refer the readers to [20] for a form of the reduction algorithm. Cutting
the approximate fundamental domain into @ = O(¢>¢) “cubes” and sorting the
points z; in the sets Ky, ..., Kg, and choosing a representative z,, from each K;

3The approximate fundamental domain has form {n(t)a(y)k(®) : 0 € t € 1,1 < y <
logq,—m < 6 < w}. We divide it into @ “cubes” having sides O(q~¢) each. Every z; lies in
one of these @ cubes. For each j < Q, K consists of points x; is in the J* cube.
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takes O(N1T¢ + ¢3¢) time . Step [ also takes O(N) time. The whole “reducing”
and sorting process has also been discussed in detail in [24] chapter 7 ].

Notice that for each z; € S;, we need to compute cg 4, o, for || < 1. In
section [ it will be shown that each of these values can be computed in O(1) time.
Therefore, step Bl takes O(1) steps. Hence for all [, step Bl takes O(NN) steps. Notice
that for a fixed i, and fixed ¢, step [ takes O(M'1€) time.

Hence for fixed i, and for all ¢, step [f takes O(LM'*€) time. Recall that L <
M*. Therefore total time spent in computing J (3,7, z,,) for a fixed i and all ¢ is
O(M?>*¢). Therefore, for all 4, for all j, and for all ¢, the step [B] takes O(QM5*¢) ~
O(M>*4¢) time. Recall here that Q ~ M3¢ and d = O(1). Steps[and Bltake O(N)
steps.

Therefore, the total time spent is O(M®+7¢ + N).

4.4. Case ¢ = MN when M|N. Let ¢ = M N where M|N. Unless redefined in
this section, we borrow the notations from previous section.
We proceed as in previous section and rewrite [{2) as

N-1
(4.11) S = S;.
j=0
Here, S; is defined as
M-1
(412) Si = D Xalj +EN)g(A(M, 1, k)vy).
k=0

v; as in the previous section. For (j, N) # 1, S; = 0. Therefore, rewrite ({11 as

(4.13) s;= Y s,

Jj mod N

Let F(k) = xq(1+kN). Since F(k1 + k2) = F(k1)F(kz), there exists a constant
b such that F(k) = x4(1 + kN) = e(bk/M). Using this we have that for any j,
coprime to N,

M—1

(4.14) S =xq(4) Y _ e(bi " k/M)g(A(M,1,k)v;).
k=0

Notice that =1 denotes the multiplicative inverse of j mod m. Let ¢; be defined
by ¢; = j mod M, where 0 < ¢; < ¢ — 1. We rewrite (£.14) as

M/m—1
(4'15) Sj = Xq(j) Z th((mvk))g(A(Mvmv k)vj)'
(m,k)eT (M)
Here, for 0<I< M —1, hy: T(M) — C*
(4.16) hi((m, k) = 81 (m)e(bl " k/M).

The function h; only depends on the residue of [ mod M. Therefore, there are
M distinct functions h.,. We can proceed exactly similarly as in last section to get
the required algorithm.



A FAST ALGORITHM TO COMPUTE L(1/2, f X xq) 17

4.5. Proof of theorem [Il Let ¢ = M N. Let M = M;Ms such that (M, N) =1
and M;|N. We proceed as in previous sections and rewrite (£2) as

Here, S; is defined as

M—1
(4.18) 8= X +EN)g(AM, 1, k)v;).

k=0
v; as in the previous sections. Notice that x4 = X, Xar, v and that there exists b
such that xar, v(1 + EN) = e(kb/M;). Moreover, S; = 0, if j is not coprime to N.
Therefore for (j, N) = 1, rewrite ([{.I8) as

M171M271

Si= 3" XglG+ (k+IM)N)g(AM, 1, k + IMy)v;)

k=0 [=0
M;—1 Ms—1
> > Xg( +EN +IMN)g(A(M, 1, k + 1My)v))
k=0 [=0
M;—1 Ms—1
Z XN (J + kN) Z X, (F + EN +IMiN)g(A(M, 1,k + I My)vy)
k=0 =0

(4.19)
M;—1 b~k Ma—1

=xan () Y el ) > xan (i + kN + IMIN)g(A(M, 1, k + IMy)v;).
k=0 =0

Notice that for fixed k and [, the quantity e(bj~'k/M;) is uniquely determined for
j mod My and xar, (j + kN 4+ IM71N) is uniquely determined for j mod M. Hence
if j1 = jo mod M then for all 0 < k < M; — 1 and 0 <[ < M5 — 1 we have that,

1

—1
bk , b ’
e(hMl )><A42(31+/c1\f+zz\41N):e(J2M1 )X, (j2 + kN + IMiN).

Let ¢; be defined by ¢; = j mod M, where 0 < ¢; < M — 1. We can rewrite (€19
as

(4.20) Si=xmnG) D he,((myk)g(AM,m, k)v;).
(m,k)eT (M)
Here, for (I,N) =1, h; : T(M) — C* is defined by:
(4.21) hi((m, k) = 81 (m)e(bl ™ k/My)xar, (1 + koN + loMyN);
where,

k=ko+IloMy, 0<ky<M —1,0<ly< My —1.

The inverse in (£ZI) is modM;. Notice again that there are only at most M
distinct functions h., on T'(M). Therefore, the algorithm in f.I] can be easily used
to get an algorithm in the general case.
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5. PROOF OF LEMMAS [ 1] AND

In this section we will give a proof of lemmas [£.1] and

5.1. proof of lemma [Tl Let z,y € K; for some integer 7 and let 7 be a function
on the set T'(M). This implies that 2~ 'y € U,-.. This implies that

(A(M,m, k)x) " AM,m, k)yy =271y € Ug—-
for all (m,k) € T(M). Let
e~y = n(to)a(yo) K (o).

Here |0y| < 7. As g is a real analytic function on I'\SL(2,R), we can use the power
series expansion for g at points A(M,m, k)x to compute g(A(M, m, k)y) to get

Pg((A(M,m,k)x 1 BonBs
(51)  gAMm By = Y (A & )2) o g
B=(B1,B2,B3)€L%. ’

As n(to)a(yo)K (0o) € U<, we get that there exists a constant d = O((1 + 7)/e)
such that

P g((A(M,m, k)x _
g(( ( ) )tg1ygzegs+0(q ’y).

(5:2)  g(AM,m.k)y)= >

|
|8l<d A
Substituting in (L8], we get
d
(5.3) JO,1,y) = cgayt(B.r,x) +O02M ).
18]=0

Here cg 4,y = tglyg2 953 /B!. Notice that each cg ,, can be computed in unit time.

5.2. proof of lemma [2.5. Let (m, k) be a any element of T'(L). Let o4, (m, k) =
(m1, k1). This implies that TA(L, m, k)as = T'A(L, m1, k1). This implies that there
exist a matrix ¢ € SL(2,Z) such that

(5.4) cA(L,m, k)a; = A(L,my, ky).

The lemma is equivalent is proving that there exists a matrix d in SL(2,Z), such
that

(55) dA(L,m,k)ag = A(L,ml,kl)

( this would imply that o4, (m, k) = 04, (m, k)).
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We use (B4) to get

cA(L,m, k)asz

= cA(L,m, k)(a; + Lb)

= cA(L,m,k)ay; + cA(L,m,k)Lb

= A(L,m1, k1) + cA(L,m, k)Lb

= A(L,m1, k1) + cA(L,m, k) LbA(L, m1, k1) "L A(L,my, k1)
= (I + cA(L,m,k)LbA(L,m1, k1) AL, m1, k)

1 k 1 ( L —k
=(I+cL> ( N L/m )LbL : ( /g'” L/n}“ >)A(L,m1,k1)

o

(5.6) = (I+c< m Lfm >b< L/g“ L‘/’;}Ll >)A(L,m1,k1).

(G8) implies that d = (I + c< me K >b< Limy - =k >)1 will be in

0 L/m 0 L/my

SL(2,Z) and will satisfy condition in equation (B.H). (m,k) was any arbitrary
element of T'(L). This implies that o4, = 04,.
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