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In this paper we shall study the existence, uniqueness and stability

1., Introduction

of differential difference equations in a Banach space. The motivation for
this work is to provide precise results in the theory of multipass processes.
These are control processes defined over some region of space Q where the
control mechanism takes place successively over some time interval [D,T].

Each control strategy over © and time B);ﬂ is called a 'pass' of the

system and the measurements and controls on the ith pass depend on the

system states in the (i—l)th pass. (For more details on multipass processes,
see, for example, Owens, [@],[7]).

We shall be concerned here with systems defined by distributed nonlinear
equations and to give precise results it will be convenient to define the
process as a differential difference equation in a Banach space. In section
2 we shall define the notation, for the convenience of the reader and in
section 3 we shall discuss the general set-up of our system equations.

In section 4 the existence and uniqueness of solutions will be considered and
methods for obtaining a solution over the entire pass length developed.
Lyapunov methods will be discussed in section 5 and a frequency domain
criterion (circle theorem) developed in section 6. Finally in section 7 we
shall give two examplés to illustrate the theory.

2. Notation and Terminology

The notation used here will be standard Banach space notation; in
particular, X,%,%,V will denote Banach spaces and H will denote a Hilbert
space. An operator A defined on any of these spaces will have domain
(not necessarily equal to the whole space) denoted by D(A). The resolvent
operator R(A;A) is the operator

-8t

defined for ail A ¢ o(A) (the  spectrum of A)
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N+ will denote the set of natural numbers (without 0) and C will denote
the complek plane.
The standard LP spaces will be used (e.g. we shall write L2[0,1] or
L2[0,1] for the space of square integrable complex-valued functions). Also
LP[0,=;X]
will denote the space of maps f:[b,m)+x such that

F=U0 ]} de < e,

1/p P

with the norm of f defined as F ) Also, the spaces & of sequences
X=(Xi) which are pth power summable are used,
i.e.
=l = I Ix
oP .
1=1
and if the sequence has values in a Banach space X, we write EP(X) and

define the norm of x=(xi)€ RP(X) by

- v py1/p
CT Il 4

I<ll
b FR) i=1

3, Nonlinear Differential Difference Equations and Equilibri

A general nonlinear multipass process is described by the system of

differential difference equations

t) i>1, te[o,7].

X, = f(xi,xi_l,. "Xi—z’
(3.1)
x.(0) = x,
i io
with the data
X, , i>1 given elements of some Banach space X. Suppose that the given

10

states X ,X_ € Lp(O,T;X). We shall seek solutions of the system

LA Y

in the space Lp(O,T;X), and for this purpose we shall reformulate equations

(3.1) as a difference equation in this space. This can be done simply by
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rewriting (3.1) in the form
E
(3.2) Xi(t) =x, + J f(Xi(S)’ xi—l(s)""’ xi—E(S)’S)dS’
o

for EE[O,T].

Definition 3.1 By a (mild) solution of equation (3.1) we shall mean a function

x 1 N — 1P (0,1;%)
such that (3.2) is satisfied for almost every tGELTJ, where we denote
x(1)€LP(0,73X) by x,

Let us denote the direct sum of m copies of Lp(o,T;X) by Li(O,T;X); i.e.

m
LP(O,T;X) = D Lp(O,T;X). Then, defining the map K: P (0,1:;X) —
o i=1 1
LP(0,1;X) by
t
K(Zl""’iﬂ+l)(t) =X, + i f(il(s),...,E£+l(s),s)ds,

we can rewrite equation (3.2) in the form
(3.3) x(1) = K(x(1), x({-1),..., x({i-2)) ,
which is, of course, a difference equation defined on LP(O,T;X).
Having derived a simple difference equation representation of (3.1)
we can now define equilibrium points and Lyapunov stability in the usual way, hence

Definition 3.2 The point z€ LP(O,T;X) is called an equilibrium point of the

equation (3.3) (and also of (3.1)) if
Zz = K(z,...,2).
L-——\(—'———/

2+1 times

Definition 3.3 Let € Lp(O,T;X) be an equilibrium point of the equation (3.3).

Then £ is stable if, for any £ >0, 3 §>0 such that

(i) - = || s B, Al b
1P (0,1;%)

for all initial conditions X o X such that

S EETEEPE S
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The point ® is an asymptotically stable equilibrium point if & > 0

such that

o -0 C e
[]X(l) E||LP(O,T;X) as i
for all initial conditions X sX_joecesX such that

|| x.-2|| <& , 1-g<i<0.
YR, ;%)

Finally, we shall define an input-output stability for the system (3.1)

Definition 3.4 The system (3.1) is called (p,q) —input—-output stable if,

for any initial conditions xo,x_l,...xl_ﬁELp(O,r;X) and for any initial values
Xioe Eq(X) , we have for any solution
% :N+~+LP(O,T;X)
of (3.1) (or(3.3)), that
x € Qq(Lp(OET;X))
In this definition, the notation Eq(Y), for any Banach space Y,

+
denotes the space of maps y : N —Y under the norm

CT lly@lt e,
i=1

| vl|
23(v)

We note that (3.3) may be written directly in the form of an
equation in ﬂq(Lp(O,T;X)) by introducing the nonlinear map
(3.4) K : Eq(Lp(O,T;X))~+£q(Lp(O,T;X))
defined by
K(x) = {K(x(1),x(1i-1),...,x(i-2))}

1<i<ew

for x€ 21(@P(0,7;%)); x(-1),...,x(1-2) given in LP(0,7;X).
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Hence (3.1) is (p,q) -input-output stable if the map K in (3.4)
is well-defined and the solutions (if they exist) are given by
(3.5) x = K(x).
Next, consider the semilinear equation
(3.6) X, = Axi + g(xi’xi—l,""xifl’t)
where A is assumed to generate a strongly continuous semigroup on X.
Then, by the variation of constants formula,
t
(3.7) xi(t) = T(t)xio + i T(t-g) g(xi(s),..., xi_l(s),s)ds
_We could write this equation in the forms (3.3) or (3.5). However, it is
convenient to define the operator G on Rq(Lp(O,T;X) by the relation
6(), = gx(i),...,x({-0) , x € L1@P(0,1;%))
and the operator M on Qq(Lp(O,T;X)) by
{5
(M(Y))i(t) = J T(t-s)(y(i))(s)ds
)
for almost all te [Q,T] and all y ekq(Lp(O,T;X)). Then, if

hi(t) = T(t)xiO ,

h = {hi}1<i<me lq(Lp(O,T;K)) and so equation (3.7) may be written in the form
(3.8)  x=h+mox, xe 23@P,11).
Let us note finally that if g is linear in e SR FERERS and
independent of X., we can write
g(x(i-1),...,x(i-2)) = Ll ®(i=1) +....+L£x(i—2)
where each Lj is a linear operator on LP(O,T;X)D and (3.7) may be written in
the form

(3.9) A1) = LYE-1) + (i)

where



w: B =
A @) = xGE-14),..., x(1)) € 1P(0,73%)

L=/0 I 0.......0 € i(LE(O,T;X)) )

(I,0 represent the identity and zero operators on LP(O,T;X) respectively) and
F T
c(i)(t) = (0,550, TCEIE, ).
e e io
Q=1

Therefore, in the case where £(i) = 0 for all i (zero initial
conditions when t = 0), the equilibria of the system are given by elements
of Ker(I-L)C LE(O,T;X). Hence, for this system existence and stability
questions are easily answered. ?he solution of equation (3.9) is given by

; i i
L@ =1 + § 17 @)
j=1
and the solution is stable if the spectral radius r(L) satisfies
r{l) < 1 .

Having discussed the general forms of the system we shall now proceed
to obtain existence results in the next section. The method we shall use
will be a contraction mapping type argument applied for a small time TIE[b,j],
giving a local (iﬁ time) solution for each i. We can then use stability
arguments to extend the solution as far as possible. This, in general,will

mean a trade—off between the size of the initial conditions and the length of

time the solution can be shown to exist.
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4. Existence and Uniqueness of Solutionms

We shall consider first the general equation (3.1) which we have

written in the form of a difference equation on Lp(O,T;X);

1.e.
(4.1) x(1) = K(x(i), x(1-1),...,x(1-2)).
Theorem 4.1 Let K : Lg+1(0,?}X) -+ Lp(O,?}X) (for each ?ED);@) be a

(nonlinear) mapping such that

(i) IRGr,2),..2)) = K@w,2),..0,2 ) ||
<l lls lll s 12 s Uyl o)
+ 0+2

+ . -
for some function k : (IR) + R, where norms are taken in LP(O,T:X)J for

Tefo,1].

(ii) E| Tl€ [O,T] and a>o, such that
]fK(zl,.-.,22+1) “LP(O,Tl;X) iR
for
||211|LP(O,T1;X) fa 12144l
+
and k(ul,...,ul+2) & , for all aiE fR.  such that

m, <@, liicg+d,
Then the differenceeTuujnn (4.1) has a unique solution defined on

P . F e e
L (O,TI,X), provided the initial values Xo’x—l""’xl—ﬁ sariske the. nequaiiyiss

“Xi” Lp(o,Tl ;X) f_ a, 1-ﬂ.ili0
Proof. The proof is by induction. Consider the case i=1l. Then we have
the equation
(4.2) x(1) = K(x(1),x(0),...,x(1-2)).

With x(0),...,x(1-0) fixed (in B(o,a) = ball of radius a in

LP(O,Tl;X)), the mapping
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K(:, %(0),.e.,x(1-0)) : Lp(o,T15X)+ LP(O,Tl;X)
maps the ball B(0,a) into itself by (ii). Moreover, using (i) and (ii)
this map is clearly a contraction on B(o,a), and so there exists a unique
fixed point x(1) €& B(o,a); i.e. equation (4.2) is satisfied. Assuming now
t at t e result is true for i=n, this same argument shows that the result is
true for i=n+l. This completes the inductive argument. O

Im theorem 4.1 we have proved a local (in time) existence result for L

the difference equatiom (4.1). If T, can be taken to be T, then the conditions
of the theorem are satisfied on the whole interval [O,T] and so we then have a
global existence theorem. It is difficult, however, to obtain more precise
global results in the general case and so we shall now consider the semilinear
equation,
(4.3) % (0) = Ax, (0) + £(x;(0), x;_(6),....x,_ (B)).
where, for simplicity, we shall assume that f is independent of t. In order
to consider fairly general types of nonlinearities f it is necessary to assume
that the semigroup generated by A has some 'smoothing' properties. (For example,
the map £(x) = x2 does not map LZ(O,I) into itself. In fact,

£ ¥ L2, 19% Eh0,1) L)
Hence, following Pritchard and Ichikawa ([4]), we shall assume that, for some

Banach spaces £,V,% and some t.> O,

1
(a). A generates a semigroup TtEiiZ(Z,V)rwxﬁf,V) for t>o

and

Tzl < (o) (2]l 4

m
0

t>o, z &2, z
It =l , < &) [[=]l 5

where gpr[O,Tll, g€ LP[O,Tl—_[ s T4€ [O,T:I

+ ) .
(b) If Vg 1 denotes the direct sum of 2+1 copies of V, then

4 = # 3
£:v" % andir voe Lo,V L, l<d<as,
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with ||V.H < a , there exists b (=b(a), depending on a)
Yo, sv] T
1
such that
| £ Gyaeensv DI _ <b
1°[.g 58]
(e) | ECr i <o s, ¥ = v, 50 guivealt ) .
1= 2 2771 g LS[O,TI;Z]
<%(|] v, |l IRA IRA ki
— 1 " 2 X
LYEO,Tl;v] BT [O’Tl;v:l. s 1 Lr[O,Tl;V]
|l v, vl
Lz 1" [0,7,5V]
where X (R’-)2+2 s l‘P\+ .
@ i vl < a L llv,l <a
1 Lr[p,Tl;V] ’ & Lr[b,rl;vj
vl . < a , l<i<g then
S o,75V]
Il &ll X v, |l | v, |l
Lq[O,T1J . Lr[O,Tl;V] 5 2 LrEO,Tl;V] ’

I < 3

)
Lr[O,Tl;V_J

(In the above conditions, p,p,r,s,a,b are positive real numbers, and

s 1 . 1
p>r>1,p> q>1 , 821, and & = — + =

=i 1.)
We can now prove
Theorem 4.2 Let conditions (a)-(d) above be satisfied, and suppose that

the elements X belong to the set

(4.4) {2eZ: | g I=ll, + Ilell s Bgd
L'fo,r] 2 1o, ]

for i > 1, Then the equation
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O S |

(4.5) xi(t) = Ttx_ +

5 T . f(xi(s),...,xi_g(s))ds

t_

(the "mild' form of (4.3)), has a unique solution in Lr[b,Tl;Vj.

iProof First define
t
sk = s aG
KGp,eeen® )(0) = Tox, 4 g T g £(& (8)senesmy ,(s))ds

We shall show that with K so defined, the conditions of theorem 4.1 are
satisfied. For (i), we have

| RGvz o2 (0) = RG22 (0|

t
= | s T, (£ % ,000,%) —f(w,zl,...,zh))” -
o]
t —
< [ g(e-s)]|| £(v(s),%,(s),..,2 (s)) = £(w(s),% (s),.-.,‘zg(_s))H 7 ds
o]

Since the RHS is a conwvolution,

|| R(v,2 %)) “K(w,2 "’*n)”

l,.. ls'

LrlO!Tl;vl

<[ &l | £,z ,ee i) £33 ) |l

! 1[0, 7,57
and condition (i) of theorem 4.1 follows from (c) .

Condition (ii) of theorem 4.1 follows from (a),(b) and (d) in a
similar manner and so the result is a simple consequence of theorem 4.1.0

The following two corollaries follow as in Ickikawa and Pritchard ([4]).

Corollary 4.3 If we assume that Tte ;£ (2,2) for t>0, and

e 30l 5@ I3,

where E;DP[D,TIJ, j} = l-é , then the solution of equation (4.5) (which was

shown to exist in Lr[O,rl;V]) lies in C[O,TI;Z] .o
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Corollary 4.4. Let V_l": Z be a Banach space such that

@ 1,eL@D, o, vita | 1all5 < g ®II=ll,, o,

p
where gle L 1[5,11:[ N C[E:,‘rl] for some e>o, plil and Tt can be

extended to a strongly continuous semigroup on Z .

(ii) 1. €L @&V, tvo, with || Tzl 2,0zl 5. too,
Py
and gze L [O,le, Pzil'
Let s be as in theorem 4.2 and suppose that mipl, Wf_pz.
P
: 1 1. _ A L :
Then, if gli L [E,T]:[ and il + = 1 , the solution ® (+) of (4.5)

£l—=p9

lies in ]'_'.m[e,'rl;-ﬂ , for all n>1 , and if glE, C[s,T1] and + ;sl_ =1,
then in(') € C[E’Tl;vj for all n>1. IL

We can now consider the extension of the solution beyond Ty

Since Tt is a CO— semigroup on Z , 4 constants M, w such that

Izl < Mt
1.14%)
and so. ,if 0<A<l,
Nl <l Ty I, | | P
YrEn T O rew MmN rE e

| A

g((1-0) M e g (-1t )
2 2

= i (€Y 4 say .

Hence, from equation (4.5), we obtain

t
ioll o+ £ el ) _

| = ()] < |l 1) || =,
1 v £ (Z,V) Z o 1E, )

[l £y (Vs ] s
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t
<v@ | =, |l - ({ y(t=s) || £0x; (s) 50 nux,_ (D) ]| vds
Let Xiﬂt) = || x. || . Then

L Lo, e;3V]

(6.6) X.() < | vl = I+ vl 6 PRSI O P, T ) 47,0
i Lr[O,t] io LqJ_-O,t:] i i=-1 i-% .
where we have assumed that yve 14 n Lr and
Loc foc
f(O,wl,...,wE) = 0, ' ws e V.
Suppose now that X _qoeeeoX have been extended beyond the time T, say

to T2>11, and that

| =1l . <a o, i-gici-l,
1y [O,T Y]
2
Then by (4.6), if
4.7) ||Y|| ¥ (a,0,8,...,8) < u(t)<l
Lq[o,t]
we have
L@ < vl %, Il _ + X (©u(e), oOstsr
/(1 - Lr[O,t] 100 7 1 1
and so
ey < 1Al vl =, [I_ 1.
= T Tmu(o) L' o,] %
Hence, if
(4.8) Lty lx [_3<a, ostsr
Y ES) L'[o,£] *° % L

then the solution x,; can be extended beyond Tt The condition (4.8) shows

1 1°

the way that the maximum time interval of definition of a solution depends

on || v|| ,X, a and the initial value |/ x. || . 1In the case
q L
1o, t] 3
of a stable semigroup, we have w< 0, and so it may be that
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Il vl g =
1" [0,]
and so if a is small enough so that (4.7) is satisfied for t = =, then a

global solution exists if

-1
< a('l-K(,a,O,&,---aa)H 'Y” )|| Y”

= |l _
107" 3 .3[0,%] 190,

Note that if we estimate || T(t)xiOHv by g(t)|| Xio” . s

then we can replace condition (4.8) by the condition
(4.9) 1 _{] ell = Il 3 < a,

T=u(t) L lo,£] *° g
and a solution will exist for as long as (4.9) holds,

D Lyapunov Function Method

In the above local existence and extension results we have shown
that, under the conditions (4.8) or (4.9), the solution xi(t) which starts

in the ball of radius

-1
a_ = a(@-u(e))| vl
1 L [o,¢]
or a, = E:L(_l-u(t))||8;||_1

1" [o0,t]

will remain in the ball of radius a in Lr[O,t;Vj. If t can be taken to
be greater than or equal to t(the pass length) then we have a kind of stability
for each pass (cf. Owens, [6] ). Another approach to obtaining such a

stability along the pass is by the use of a Lyapunov function which will be

V(E) = <% (8), % (£)>y

where we shall now assume that all spaces Z,%,V etc under consideration are

Hilbert spaces . We assume that



DMA) EVE(B) CZCEC
where the injections are continuous and each space is dense in its successor,
and that for veD(A), 3 Bef(2), De{(V,2)
such that

2

<Av,v>z + <v,Av>E in DVHg - <BVJV>Z
Then, again following Ichikawa and Pritchard ([4]), we have
Theorem 5.1 Assume that the conditions of corollaries 4.3, 4.4 hold, with

o~ ' —%
m = 2, so that xie szﬁ,Tl;Vj, izl If xiE i [;,rl;z ] where
1/s + 1/s' =1, and s is as in theo¥em 4.2, then

1
5.0 x Gl -l @) %< -5 [lox ] 2 - <, () %, (5)>
7 Z £ Z Z

R ACHICHORMIOTE NGO RIS L

»
This result enables us to obtain estimates of |[xi(Tl)“ in terms of
[ by taking € small and noting that x, € C[D,E;Z]. By summing

oA
inequalities (5.1) over i, we obtain the following simple corollary.

[

Corollary 5.2 Under the assumptions of theorem 5.1, we have
2 2 3 2
.20 =, - llx@l?, < - x|,
27 (8) L7(2) € 27(2)

- <Bx(s),x(s)>

22(8)

]ds

—2<x(s),£(x(s))> , _ = o _
L7 (2%),8(2)

where x(t) = {Xi(t ﬂizl s and

diag {D,D,...}€f [0 2 ,
j=1 i=1

D

I & 8
(a2}
p

|
1l

diag {B,B,...}
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(5.3) .Etx(sﬁ = {f(xi(s), xi-l(s)""’xi—l(s))}izl . o
6. Frequency Domain Conditions — The Circle Theorem

Consider again the semilinear equation

(6.1) x, () = T(t)x, + f T(t =s)£(x;(8),...,x%,_,(s)ds
and write it in the form
(6.2) x(t) = I(e)x + JE T(t-s)f(x(s))ds |
where °
T(t) = diag{T(t),1(t),...}¢L[ @ H, o ],
i=1 =1

for each t»0, and f is defined by (5;3). (We are now restricting our systems
to be defined on a separable Hilbert space H. The introduciton of the spaces
Z,V,E-etc. above was necessary to account for a large class of nonlinear
systems. The cost of obtaining a circle theorem will be the considerable
restriction on the type of nonlinearity which can be handled.)

We shall consider the system (6.2) as being defined on the space
H=6 H and for the purposes of this discussion we shall let the pass
1en;;; T and search for conditions which guarantee that the solution of
(6.2) belongs to EZDJ,W;EJ for any X € H . How H is a separable Hilbert
space with inner prod%:t defined by

): . € H ,

1>1 —

Gy =L <nohy . b=

1=1 <

and T is a semigroup on H with generator
A= diag{a,A,...} : E D(AY'H
i=1
Clearly, ao(A) = 0(A) and so
R(s38) = R(s;A)
(where R denotes the resolvent operator.). We can therefore use the results
of ( @]; see also [i}, [8]). Let

Es :C/{s} —C
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be the complex—valued function defined by

g, () = 1, forall seC .

Consider the following two conditions:

The region traced out by the set valued map M+E(im (g(A)) does

)

(G1) not contain a curve which encircles or passes through the point

[—2 (a+b)—1 ,O:I i

The region traced out by the set valued map w+E(im) (o(A)) does
not intersect the region R(a)e € for -—w<y<w, where
(2) R(a) = disc of radius é(a—l—b_l) with centre
(c2) 1 -1
[-i(a "+b ),0] if a>0

half plane Resijb_l if a=0

o) R@
L () R(a)

exterior of the disc in (a) if a<0 A

We then have the following result:

Theorem 6.1  Suppose that the operator A satisfies conditions (Cl), and
(C2) and that f satisfies

{E@+ah , EW*hY, >0, Y heH

Then, for any solution x(t) of (6.2), we have
X € Lz[O,m;_Iﬂ . O

Corollary 6.2 If A satisfies (Cl), (C2) and function f satisfies

<f(hl,...,h£+1) +ah, , f(hy,.0,hp ) + bR >0,

1 1

Y hl""’hg+1€ H , then the solution x(t) of (6.1) satisfies

X € Lz[b,m;gj . H
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7. Examples
In this section we shall give some examples of the types of systems

to which our results apply. We shall consider first the case of a
diffusion equation which, for simplicity will be taken as the heat equation.
Example 7.1 (Heat diffusion equation).
Consider the equation
(7.1) zlogl gt
(where we have now denoted the pa§s number by a superscript), subject to the
boundary and initial conditions:

2,00 =2 (0, 20,0 =% 1,0 =0,
and we shall assume that the equation is defined on the spacial domain [b,l].
Then we take Z = Lz[h,lj and
the semigroup T(t) generated by the operator A defined by

Az =zxx , Z2€D(A) ,

D(A) = Hz[o,l]ﬂHi [0,1] .
We shall define V = L2“[0,1] , & =1%[0,1] , o21. From the Sobolev
embedding theorem [I]

H(S[O,l-_[ c L2oc[0’1] for 6> 1-4

we have the following inequalities for the semigroup

& 2 3 1
(T(t)z)(x) = Z g T k sin nrx [ sin (nnpZE(p)dp
n=1 o)
(1) | Tzl , < __¢ Nzll, = s@lz]
R v v B .
(ii) lTwally < _¢ Izl = sll=llg, 1<
t172—1?4a
155 - E@l3ly. w2,

= C
Fr@slly < 7773,

where C is a generic constant.
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We also have, for the nonlinearity, the inequalities

(iii) Ivzllz <llvilyllzlly

(iv) lvgvyzll 5 <llv=v,ll, 120,
and finally,

) lrwil, < ¢ lzlly = s©lzly . 1<

s
t1/4
il C||E“ 7z E?t)||§||§ § a>2.

The consitions (d) (before theorem 4.1) and (4.4) now become

(7.2) | gl -d o<1
Lq[o,le

and

(7.3) g | =1, + Il 2l 2P
tlorl ~ *° 10,7 ]

; 2
(since we may take b = a”)
Hence, we see that a solution exists for each finite'fl and sufficiently

small initial values.letting T.= T (pass length) we see from (7.2) that

: 1
||§'ULq[b,T] a®< a
and so if
) Hzi” , < (a- aZHE'HLq[b,T] )/ llg ||Lr o]
and
(7.5) 12l o] La 2 ﬂ_é%ﬂ__—_

190, 7]
then a solution exists for the whole pass length.

Note that (7.4) and (7.5) represent a trade—off between the initial time

conditions X and the difference equation initial conditions X.. Thus,
-1
if the x. are taken to have the largest value ” E” " then
J L"’L Eo aft]



= 19 =
the x. must be zero.
io

Thus, for example (choosing appropriate r,q,s etc.), we findi that,

under conditions (7.4), (7.5), a solution exists in
8-¢ 4 2 2

L ¢[o,r;1'[0,1]] n clo,7;17[0,1]],
where ¢ is arbitrarily small. One could also show that the solution lies
in other LP spaces by using interpolation results (cf.[ﬁl,A,j]).

In order to use the Lyapunov theory, note that

1 2 2
S, 2y (R)dx > 4|z || clo,1]

and so,by theorem 5.1 ,

5 il ity 2
I (4=l = (S)HE ) ds

- 2 t T
2 2
7.6) ="l 5, - =&, 1-2!”21(8) c[o,1]

If we assume that Hzo(t)HZ < 2 for all tyo, and that {|z;H % < 2, then it
follows by induction (letting e+0 in the above expression) that the solution is

defined for all t and i and we have

(7.7} | ;_i(t)|| 23 <2 , Y t>0, i>0.
Moreover, from (7.6), we obtain
5 2 ” i 2
=], -lzll; < -2 7 4llz6)] 7, -
1°(2) 2°(2) ¢ 25cfo,1])

co

i 2 i- 2
1 dle" @l g plle” Yoyl ) as
= -

But, if Hzo(t)”Z < 2 for all t>o, we obtain from (7.7) that

lzl? < llz@]?
22(§) 27(Z)

for all £>0. Hence, if ||E(O)|F2 = ) |1;il|2 <

25y i, © 0 F
then ]]i(t)’|22 < ® . We have therefore obtained the following input-
i 8 . . 2
output stability for this system; namely, if Hzo(t)HZ <2 ,Yto,
i i : iy s i
and the initial values E_ satisfy ]IZOH 2 = 2 , 9 i>o and {E0}1>1 belongs to

512(2), then 2z(t)= (:zit’«,))C L€ U(F), ’

z1
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Example 7.2 In this example we shall consider the parabolic system

- z . . i '
(7.8) Zi Ali -+ f(ii, i-1° ,1i_£) . 21€ H (Hilbert space}where A

generates an analytic semigroup, and the spectrum of A is contained in the

sector

sd,¢ ={A : 1= ¢ <|arg(r-d)|<m, A #d}.

We shall also assume that £ : HQ'+1 -+ H and satisfies

(7.9) <f(%,h ..,1—.2) + a%, f(z,h ..,hg) + bz}HiO

> R

i,hl,...,h2 H and for some b>a>o.

If we assume that f is Lipschitz then we can apply the existence and
uniqueness theory here as in example 7.1. We shall now show that the theory
of section 6 applies and that we can obtain frequency domain criteria for the
stability of (7.8). The map E(iw) in section 6 is easily shown to map the
sector Sﬂ‘)¢ into the circle of radius 1/2d dndcentre (1/2d,0). Hence
assumption (7.9) means that conditions (Cl),(C2) are trivially satisfied and
so by corollary (6.2), the solution & = (zi%zl of equation (7.8) belongs to

1.2 [0,=;H].

A specific example of an equation of the form (7.8) is the system

defined by
2
3z, (,%) = 7 (6,x) + pE (t,x) + Zi(t,x)|2i_l(t,x)|
ot sz
where p>0 and 9% =0 when x = 0,1.
90X

Then the operator A defined by

2
£ + p¥E

Q2

Ag =

@
"
[\

with domain

2 9 x
X

D(A) = {z€L,(0,1) 9%z e L,(0,1) , 3% =0 at x =0,

Q

generates an analytic semigroup and A has the spectrum

: 2 2 ;
)‘j=‘P =L3Ely T 5 12k
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Also, for any o<a<b ,
1
2
roEieo(r,_ |+ ([ _ )] +b) dx > 0
= i i-1 i

and so the general theory applies in this case.
8. Conclusions

In this paper, we have discussed the existence, uniqueness and
stability of nonlinear multipass processes which are modelled by partial
differential equations. We have shown that, under fairly mild conditions,

a local (in time) solution exists and by placing other restrictions on the
system we may extend the solution for a finite time. The length of the

time interval over which we are able to extend the solution is dependent on
the 'size' of the initial values - generally, the smaller we take the initial
values the longer the solution can be shown to exist.

The circle theorem has also been generalized to the case of nonlinear
differential difference equations in a Hilbert Space and we have given a
frequency domain criterion in terms of the spectrum of the linear part of the
system. However, as is the case with the circle criterion, one must impose
much stronger conditions on the nonlinearity than with the Lyapunov methods
of section 5.

Finally, we have given two examples to illustrate the theory. Both
examples are of the diffusion type, but it should be noted that the method
works for hyperbolic systems such as the wave equation,
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