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ANALYTICAL ESTIMATION OF THE MINIMUM AND MAXIMUM INDUCTANCES OF A DOUBLE-SALIENT MOTOR

J Corda and J M Stephenson

Department of Electrical and Electronic Engineering
University of Leeds

1. INTRODUCTION

The minimum and maximum inductances correspond‘inﬁ
to the two extreme rotor positions, when the axis of
excited pole is aligned with the rotor interpolar axis
and when it is aligned with the rotor pole axis, are
very important parameters in determining the behaviour
of doubly-salient motors. This paper presents a
simple method for calculating these parameters in
terms of the geometric proportions of the machine
including the effects of the distribution of the excit-
ing coils. The magnetic configuration of a doubly-
salient motor of typical dimensional proportions is
considered and the results obtained by this method are
compared with those found by numerical field solution
and experimentally. An allowance for fringe flux at
the ends of the core is made.

2.  GENERAL APPROACH

A great deal of work has been done on analytic-
ally determining the magnetic permeance and force bet-
ween toothed structures of stepping motors. Much of
this springs from the work of F W (‘.ar'ter'1 based on the
Schwarz-Christoffel transformation. Some of Carter's
unpublished work has been modified and used as a basis
for a very comprehensive numerical analysis of ident-
ically double-slotted structures by Mukherji and
Nevﬂ]ez. This approach has been recently adapted
for convenient application to stepping motors by Ward
and Laurenson3. Jcmes'4 Schwarz-Christoffel trans-
formation, to evaluate permeance and forces,
was applicable to identical double-toothed structures
where the gap is small compared to the tooth dimen-
sions. Chai5 has developed permeance formulae based
on the assumption of the simple pattern of the field
between toothed structures which consists of straight
lines segments and concentric circular arcs. It is
important to note that Jones' and Chai's results for
the permeance are in very good agreement when the air-
gap length is small compared to the other dimensions.

However, all the methods above are based on the
analysis of rectangular teeth and slots on the stator
and rotor and neglect the distribution of the exciting
coils on the teeth or assume them to he remote from
the teeth. These assumptions may not be justifiable
in a doubly-salient motor having excitation coils on

the stator poles (teeth) and where profiles of the
stator and rotor poles and interpolar spaces are not
rectangular.

The agreement of Jones' and Chai's results sug-
ggsts that the assumption that field lines consist of
straight line segments and circular arcs might be
used even in the presence of distributed coils where
the air-gap length is small compared with the other
dimensions. Thus in the method for estimating the
minimum inductance described helow it is assumed that
the field lines conform to this assumption and that
the magnetic permeability of the iron is infinite
with the flux lines entering the iron surface
perpendicularly. The assumption of
infinite permeability of the iron is realistic in
this position, because the air paths of the field
lines are very long and the mmf drop in the iron is
small compared to that in the air. However, in the
maximum inductance position the air-gap is small and
the iron becomes highly saturated. A classical mag-
netic circuit analysis is therefore used in this
position.

3. ESTIMATION OF THE MINIMUM INDUCTANCE

Fig 1 shows a sketch of the field pattern of the

Fig. 1 Sketch of the field pattern in minimum
inductance position




magnetic configuration corresponding to the minimum
inductance position for a motor of typical dimensional
proportions. It is assumed that the field inside the
machine is plane-parallel with respect to the plane of
the figure and can therefore be considered in two dim-
ensions. The field effects at the ends of the
machine (in the third dimension) are considered sep-
arately. Since it is assumed that the magnetic
permeability of iron is infinite, the magnetic poten-
tial of the iron except for the poles of the excited
phase are zero. The field lines may be devided into
two groups: those which pass to the rotor and those
which do not. This latter group consists of the
lines which lead from the excited stator pole side to
the stator back of core (path 12) and lines which lead
from the stator pole side to the adjacent pole (path
28). The first group consists of the lines which
lead from the stator pole side to the rotor pole sur-
face (path 3r), lines which lead from the stator pole
side to the rotor pole side (path 4), lines which lead
from the stator pole face to the rotor pole side (path
5) and lines which lead from the stator pole face to
the rotor interpolar surface (path 6).

It should be noted that each of the field lines
in the paths 12, 2% and 3r is linked with a different
number of turns. (Such partial linkages have not
been treated in the previously published methods for
determination of inductances of doubly-salient
machines.) The lines of path 4, 5 and 6 are approx-
imately linked with all the turns and are assumed to
link perfectly.

In order to allow an analytical solution it is
assumed that the conductors are uniformly distributed
over the coil cross-section and the field lines are
approximated as follows: It is clear from the path
length and linked amp-turns that the flux-linkage of
the path 2 is very small in comparison with the flux-
linkage of the paths 4, 5 and 6. This also applies
to the flux-Tlinkages of the path 1 and the outer
region of the path 3r, which are small compared with
the flux-linkages of the paths 4, 5, 6 and the inner
region of the path 3r, either because of the amount of
amp-turns or because of the length of the field lines.
Therefore, in calculating the total inductance, a
large error will not be incurred even if a gross
approximation is made to the mapping of the lines of
path 28, Thus the path 2% may be associated with
paths 1 and 3r forming together paths 1 and 3
(Fig 2). The analytical determination of the posi-
tion of the point 0, is based on the condition that
the ratio of the lengths of the lines from the point
0y is equal to the ratio of amp-turns linked by them.
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Fig. 2 Approximated flux paths

The results which are obtained by such rather exten-
sive calculations show that point 0,‘ lies very near
to the mid-point of the pole side. On the basis of
this argument and the explanations given above about
the values of the flux-linkages in the outer regions
of the paths 1 and 3, the simple assumption that the
point 0£ is at the mid-point of the coil side is
justified. Obviously, these approximations are
valid for calculating the total inductance whereas
for calculating separately the leakage inductance and
the inductance between the stator and the rotor, it
would not be justified. Fig 2 shows the simplified
field map inside the machine in which it is assumed
that:

i) field lines of the path 1 consist of con-
centric circular arcs with the centre at
the point C}.

ii) field lines of the path 3 consist of the con-
centric circular arcs with the centre at the
point C3

iii) the field lines of path 4 are as given below,

iv) field lines of path 5 consist of concentric
circular arcs with the centre at the point
Cs. and

v) field lines of path 6 consist of parallel
straight 1ine segments.

Points C!. 53. C5 are chosen on the basis that’




approximated field lines are perpendicular or near to
perpendicular at the iron surface and that this field
form is preserved when the dimensions of the magnetic
configuration are changed. The position of the
transition point ﬂr is determined similarly to that of
the transition point 0. (This is shown below.)

Since the magnetic configuration in the minimum
inductance position is symmetrical with respect to the
pole axis and with respect to the axis perpendicular
to it, then flux-linkage of one pole coil is

V= 2(¢]+¢3+$4+*5+'¢'6)

where w], ws. HJ‘, ws. q:ﬁ are flux-linkages of the
paths 1, 3, 4, 5, 6 respectively. The total induct-
ance of one phase is

because there are two poles per phase each of which
has a coil with N/Z turns, where N is number of turns
per phase.

4
Lo =7 (¥y + V3 + ¥+ Vg + ¥g)
=4(L1+L3+L4+L5+L6)
I i@
=N uDEF(P]+P3+P4+P5+P6) (1)
-
=N u LP, (2)
where,

By o
P.=Ljf[|-lo¢'1,- (E] ]I (=1, 3, 4, 5, 6)

-

is the effective core length (see below),

Py = zF I PJ is the total normalised equivalent

J minimum permeance.

3.1 Parameters of the Magnetic Configuration

The magnetic configuration is described by the
following set of parameters

number of stator poles Ns'

number of rotor poles “r'

stator pole arc s,

rotor pole arc r,

air-gap length g,

air-gap length of rotor interpolar space g .
rotor diameter d,

stator outside diameter d

back iron width c,
core length £,
number of turns per phase N.

Let upper case letters represent normalised
dimensional parameters, ie

95 d [ £
G=dGi=g D= C=Fy L=
g; 1 a; a;' D, a:
The other angles and dimensions represented in

Fig 3 can be represented in terms of the above para-
meters as follows

4
¢ =2t

=
-
-

s -

y = ang H, CTEH;-%

D s

Peb=(z+0)sing
0

u=!d‘-n(g+s} tan 5 - P
iz g

V= ‘H'C'z—531—a
o cos 3 €oOs 3
D D ¢-r
Y = =5+ 06 - % COS
Goptingonty
hegrngsniy e
B=%—n(-2+G]cos%-g-cos%I
(s
q v
n=a;~=-2-
T e 18
do tan Y
M= =U+0Q
(]
N=-:'[;-=Y+Q

3.2 Caleulation of Minimum Inductance Components

a) Component L

Fig 4 shows detail of the magnetic configuration
for flux-path 1 where the broken line represents the
approximated back of core surface. The flux-linkage
of path 1 is small in comparison with the flux-
linkages of paths 3, 4, 5 and 6, because the Tinked
amp-turns become smaller as the field .lines are
nearer to the corner between the back of core and the
pole. This is taken to justify the approximation
that in calculating this particular inductance the
small empty space between the pole winding and the
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Fig. 3 Dimensional description of magnetic configuration
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Fig. 4 Detail with flux path 1

back of core may be considered filled with pole wind-

ing turns.

The elementary flux-path 1'1" is linked with

area C,1'1"¢ ;
1 1N ¥ X Ni
area CyH,H,D (Z) * gy 1w (7)) emp-turns

The field on the elementary flux-path 1'1" is

e " % s )

X YX'WwFiwu
The elementary flux-linkage is

TX X

N
dipy * G T () ug My dptx

Hence, L. is

¢y T

4 W:(ZV +u)
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Fig. 5 Detail with flux path 3

or in the form of normalised equivalent permeance
LU. L Y H“ (4)

e Z
o te) a(2v + V)

For the machine with proportions shown in Fig 3,

P, = 0.04 = 0.0185 } P;j-

1

b)  Component Ly

Fig 5 shows details of the magnetic configuration
for flux-path 3. The amp-turns linked by field lines
decrease and the length of the lines increases the
further they are from line BB1. Thus the greater the
radius of the line, the smaller the contribution of
flux-line to the value of inductance component L3.
This reasoning supports the approximation that the
rotor pole surface may be represented by a straight
line at right angle to the stator pole side through
the point C;.  The elementary flux-path is 1inked with

wv-area D3"3" D .

Wy (7
wviarea D3'"3IC3D'3T33 633.3'(:3 Ni
= Wy (7
WY + Xy - xz'"
- —W——I (%i) amp-turns

Using the procedure shown in Section 3.2(a)

L.
3 2 N . 2(N-H)Y
flyg o ey g {‘"H*—{W‘L

bt )
08D gy gy e
aw)? 6(WV)
L (- 112} (5)
64(WY)

For the machine with proportions shown in Fig 3,
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Fig. 6 Detail with flux path 4

P,= 0.51 = 0.246 ] P;.

c) Component Ly

Fig 6 shows details of the magnetic configur=-
ation for flux-path 4 between the semi-broken 1ines
818 and M]' However, the field lines B]B and M]
are not concentric circular arcs with centres Ca and
Cg and therefore Tines between them cannot be simply
represented by concentric circular arcs with centres

C3 and Ce- Therefore path 4 is approximated by the
lines which consist of concentric circular arcs with

centres A and B and parallel straight line segments
which are perpendicular to the diagonal C4Cg and of
length

f = 2 cos(Cy AA') = 2b -
The radius
e = AB' = A'B = f/tan(B'AB) = f/tan(¢-r)

Since area DB1D1D (Fig 3) is small in comparison with
area DEH,H,D, then it may be assumed that all field
lines are linked with all amp-turns.

L
4 o S8y 2tan(g¢-r) + 7 - (é-r)
P4 & N Z ¢-r W Ztan(¢-r) + m - Z(¢-r) (6)

b (7)

For the machine with proportions shown in Fig 3,
P4 L 0.51 - 0-235 z PJ.

d) Components Lg and L

Fig 7 shows the magnetic configuration of flux-
paths 5 and 6. If the field lines of path 5 consist
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Fig. 7 Detail with flux paths 5 and 6

of concentric circular arcs with centre Cs, and the
field lines of path 6 consist of parallel straight
1ine segments, then the transition point Dr, on the
stator pole surface, is determined from the condition
mentioned above, ie the length of the circular arc
(field line) DrU.[ is equal to length of straight line
segment 0201,. The angle which corresponds to the
circular arc may be approximately taken to be /2 -
(¢-r)/2. Therefore, the condition that cr{l] = ozor
is
- 50 =g t=ﬂfg‘_r

The field Tines of paths 5 and 6 are linked with all
amp-turns.  Hence

L 26
ppr————L2 _wm—1__— (9
N2 T (¢r)  H[m - (¢-r)]
Ho*r(7)
L
6 P+ H 2
P L e = (8)
Mo (7)

For the machine with proportions shown in Fig 3,

P5 = 0,55 = 0,255 ] Pj and

P6 = 0.55 = 0.255 ] Pi'

3.3 Fringe Flux at the Ends of Core
Effective Core Length

The inductance component due to field at the ends
of core of the machine has not been considered in any
previous publication on doubly-salient motors. The
mathematical treatment of the fringe flux at the ends
of core is extremely complicated, particularly for
doubly-salient machines, and would require a
3-dimensional numerical field solution for a rigorous
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Fig. 8 Axial model of magnetic configuration with
fictitious air-gap
treatment. This problem is the subject of continu-
, ing investigation but a simple method for making a
very rough estimation of the contribution to the min-
imum inductance by the fringing flux is given below.
In Fig 8 the stator and rotor are represented by
a pair of opposing faces with flanks extending to
infinity and with a fictitious uniform air-gap, 9
the length of which is chosen to be equal to the mean
length of the lines (i), (ii), (iii), (iv) and (v)
(Fig 3) (where the fringing is the most pronounced).

o =3 [%“*;Tz"‘” (7 -4 + g4 *91] &)

It is assumed that the flux in the gap is uniform
(ie fits the 2-dimensional field solution) to the end
of the core and that the fringe flux at the ends of
core is linked with all the turns.

The model in Fig 8 is symmetrical about the axis
ss and therefore, the permeance of that model is equal
to one half of the permeance of the model shown in
Fig 9.

In the model in Fig 9 the fringing field is
unlimited, ie the problem involves an infinite fringe.
t:ar-‘c.erI uses the Schwarz-Christoffel transformation to
obtain an expression for fringeflux (effective core
length) emphasizing that it is a matter of judgement
how much of the computed fringe flux should be taken
as effective. However, Carter's expressions for
this case are very complex and are not suitable for
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Fig. 9 'Half'-equivament of model with
fictitious air-gap
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Fig. 10 Approximation of model shown in Fig. B

simple analytical solution.

If the field line which leads from the point 0,
(Fig 3) on the stator pole end to the rotor end is
approximated by a semi-circle with the radius equal
to n (see above), then the model in Fig 9 may be
approximated by the model shown in Fig 10.

Then the effective core length which takes into
account fringe flux for this model is -

Le = (4 + 2n)o - 2n = 2 + 2n(1-0) (10)
where o is Carter's coefficient
2
2 2n, _ SF 2n
o -?{ arc tan(Zl) - 71 10 [1 * ]} an

For the machine with proportions shown in Fig 3
and ratio !.;‘do equal to unity LFU. = 1.17 which means
that the flux-linkage at the ends of core at the min-
imum inductance position is 14.5% of the total flux-

linkage.

3.4 Comparison Between Computed and Measured
Results

The value of the minimum inductance on actual
machine with typical proportions was computed using
the method presented above and by the 2-dimensional
boundary integral numerical method developed by
Trowbridge and Simkin at the SRC Rutherford Laboratory,

When the fringe flux at the ends of core is
excluded, the difference between the estimated value
of inductance using the above method and that computed
by 2-dimensional numerical field solution is only + 3%.
Such excellent agreement indicates that the value of
minimum inductance, when the fringe flux at the ends
of core is excluded, may be very accurately estimated
using the simple analytical method.

The comparison of the estimated value of minimum
inductance which includes fringe flux at the ends of
core with that obtained by measurement shows a dif-
ference of -14%. The reason for this discrepancy is
the very rough approximation for fringe flux at the
ends of core. (If, for example, the value of n in
Fig 10is doubled then the difference is reduced to
-9%.) If this difference is expressed as a percent-
age of the inductance component due to the fringe
flux* it is 50%,ie the estimated value of inductance
component due to fringe flux is half the measured
value. Using this empirically obtained factor the
cnrrected value of minimum inductance is

N *
Lo = Lop * 2y = Lyp + 25 Lyp = Lyp)

= Lyp (2 ;E -1) (12)

where Lap is the estimated value of minimum induc-
tance when the fringe flux is excluded and
LF is the estimated value of inductance compon-
ent due to fringe flux.

Work is continuing on this problem of estimating
the contribution of the fringing field and it is
hoped to have available soon results of a
3-dimensional numerical field solution.

4. ESTIMATION OF THE MAXIMUM INDUCTANCE USING
B-H CURVE

In the maximum inductance position the mmf drop
in the iron is considerable, even in the case when
the iron is not saturated, in comparison with mmf
drop in the air-gap (the air-gap length is small
compared with the rotor diameter). When the iron
becomes saturated the mmf drop in the iron increases
nonlinearly and may exceed the mmf drop in the air-
gap. Therefore the mmf drop in the iron and the non-
linearity of B-H curve of iron must be taken into
account for the estimation of the maximum inductance.

To estimate the maximum inductance Ly by a
simple analytical method the following assumptions
are made:

i) MWhen a phase winding is excited the magnetic
circuit is treated as a simple '2-pole’
pattern (Fig 11);

* The inductance component due to fringe flux can be
obtained as the difference between the measured
value of inductance and the one obtained by
2-dimensional numerical field solution
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Fig. 11  Simple '2-pole' pattern

ii) There is no flux leakage, ie all flux
passes from the stator to the rotor and back;

iii) The flux is linked with all the turns;

iv) The flux is uniformly distributed in the
cross-section normal to the field lines.

In the maximum inductance position the field
pattern is symmetrical about the axis of the excited
phase and therefore only one half of the magnetic
circuit, which carries one half of the total flux,
need be considered. Further simplification is to
split this half of the magnetic circuit into the fol-
lowing parts connected in the series:

two stator poles (sugscript 's') with
4 s
cross-section: a =3 {zin 2-)!.

length :l.s=2[79—c-%‘9)

two air-gaps (subscript 'g') with
cross-section*: ag = [} (-g +g)s + (1~ 0)1]1
where i1 =iy (r-s)
2 i
o =% [arc t.\n[i} g
—%1 In (1 + (%) )]
Tength - !'g = 29
* Due to fringing effects the effective cross-section
in the air-gap is bigger than the stator pole
cross-section. To make some allowance for this °
the air-gap cross-section is increased by intro-
ducing Carter's coefficient

two rotor poles (subscript 'r') with
cross-section**: o= ag
length PR = 29,

rotor body (subscript 'b') with
3 d
cross-section : a, = (.2 - g;)t

length P4 = é(% - g;)m

stator yoke (subscript 'y') with
cross-section : a, = cl
length : E.y = 3(d) - c)7

{The numerical results are related to the machine with
the parameters given above.)

The mmf equation is

Ni = %i F.g + Hsls-ﬂ-lrkr +Hp by + Hyf.y

Having given the value of flux-linkage, the values of
flux densities Bg. Bs' Br" Bb and By can be calculated
(B = %E) and using the B-H curve of the appropriate
steel the values for Hs’ Hr' Hb and Hy can be found.
Using the mmf equation the value of current corres-
ponding to a given value of flux-linkage can be
found and hence the maximum inductance if L; = T'b
The normalised equivalent maximum permeance is given

by

Bearing in mind that the above simple analytical
method treats a very simplified field pattern, the
error which is within 5% in the highly saturated
region of y-i curve (in terms of inductance) is very
good (Fig 12). In the nonsaturated region the esti-
mated and measured results are very close.

Extremely good agreement between the measured {-i
curve of the maximum inductance position and the one
obtained by using 2-dimensional numerical field
solution shows that the fringe flux at the ends of
core is negligible compared with the flux within
machine. It is very interesting to note that the
fringe flux at the ends of core in the maximum induc-
tance position is smaller (in absolute value) than the
one in the minimum inductance position.

** It is assumed that the rotor pole cross-section is
constant along the rotor pole and equal to effect-
ive cross-section in the air-gap (ag)
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Fig. 12 B-H curve and y-i curve in maximum inductance position

measured

— — — — computed by numerical field solution
—.— estimated by simple analytical method

5. CONCLUSIONS

A method for the analytical estimation of the
minimum and maximum inductances has been given which
is valid for realistic saturation in the iron. The
method is sufficiently simple to allow it to be
programmed on a programmable calculator.

The estimation of the minimum inductance is
based on the assumption that the field lines comsist
of circular arcs and straight line segments. The
distribution of the winding is allowed for. The
estimated value of minimum inductance, when the fringe
£lux at the ends of core is excluded, agrees very well
(within 3%) with the result obtained by 2-dimensional
numerical field solution. An allowance based on a
rough approximation for fringe flux at the ends of
core has been made. The estimated value of total
minimum inductance is 14% lower than measured value.
An empirical formula for the corrected value of min-
jmum inductance has been suggested.

In the maximum inductance position the machine is
treated as a simple 2-pole pattern and it is assumed
that the flux is linked with a1l turns and there is no

flux leakage. The B-H curve of the iron is used in
calculating the maximum inductance. The difference
between measured and estimated values of the maximum
inductance is within 5% in the saturated region of

the y-i curve and is insignificant in the nonsaturated
region.
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