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INTRODUCTION

Multipass processes (1) are a new class of
system which were introduced by Edwards (2)
to represent processes which can be charac-
terised by repetitive action. Such systems
are illustrated by consideration of machining
operations where the material, or workpiece,
involved is processed by a sequence of passes
of the processing tool and exhibit the
property that the state of the system
generated on the (n-1)-th pass acts as a
forcing term on the n-th pass and, hence,
contributes to the dynamics of this pass.

The rolling of metal strip, the ploughing of
agricultural land and the longwall cutting

of coal are all examples of multipass pro-
cesses (2) .-

Until recently, there has been no available
control theory for multipass processes and
work to date (2-3) has emphasised frequency
domain considerations of stability and
control. In this paper, the linear gquadratic
problem for differential multipass processes
is considered.

Linear differential multipass processes are
modelled by state equations of the form

xk(t) = Axk(t) + Buk(t) + ka_l(t}
t€ [0 7] k=1, 2 s::0 N, (1)
with boundary conditions
x (t) = £(t), te fe. ] x (o) = x .
k2l, 2, weme N (2)

where A, B and C are real nxn, nx{¢ and nxn
matrices, respectively (& < n). The quad-
ratic optimisation problem for such systems
takes the form

T
N
min J =% J J {x; (£)Qx, (t)
k=1 15
+ ul(t) Ru, (t)}at (3)
k k

subject to the constraints (1) and (2), where
0 and R are real, positive definite nxn and
Lx% matrices, respectively. Although casual,
feedback solutions to this problem have
recently been found (4), they present severe
numerical problems.

This paper presents an iterative technique
for computing the optimal state and control
trajectories xk(-), uk(-), k=1, 2, ..., N,

solving problem (1) - (3). The computed

" control is semi-closed loop in nature and the

algorithm is based on recently developed
ideas (5) for the solution of linearly con-

= 3 ) R N . i
“''strained minimum norm problems in Hilbert

Theorem 1
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space. The approach is related to currant
work on quadratic optimisation of large

scale systems and the underlying concepts frave
previously found successful application in the
linear guadratic problem for time delay |
systems (5).

LINEARLY CONSTRAINED QUADRATIC OPTIMISATION

Linearly constrained quadratic optimization
problems take the general form

min {[|x|P : Ly x =b,., lsismt (4)

where x is regarded as a point in a real

Hilbert space H(with inner product <., .> ard
1

induced norm || +|| = <., .»>?) and L

1l £ 1 & m, are bounded linear operators

mapping H into real Hilbert spaces H_,

1 £ i £ m, respectively. A recent pazer (&)
extends an algorithm (6) for the calculation
of feasible solutions of constrained dif-
ferential-algebraic systems to give a
systematic computational procedure for the
solution of problem (4).

Defining the closed and convex linear
varieties

Di = {x € H : Lix-= biz 1l sigm.

then the following theorem (5) provides an
iterative solution of problem (4) as the weak
limit of a sequence of optimisation problems.

Suppose that DlnDzn...an is

nonempty and define the sequence of linear
varieties

k 1.

i = PG-lmed(m-1) + 2 3 2
A (i) (i)
Then the sequences Ti frl ¢ Ty .

i =1, 2, defined by the relations

(1) (2) ;
) D.; ., K., 1
B B B Sy

!Erl(l}[|2 =min {||c]|? : re D, }

2 )2 L 1),2 ]
|ir2( ) ri(*)\l = m;nt]{r—ré HL rre K i3l
2
[|'s; = ri(z) [§2= min{ || s-r (2%|ﬁ s€ D izl
1) 2, * 2 1.2 %
sy, %, = e e WPl
Iigh o Ay wu
(1) . (1) S 1



are well-defined and converge weakly to the

unique point r_g DlnDZn a8 an solving

problem (4). Moreover, if L, 1s compact,

{L_r_(l}} converges strongly to b, and,
ivj is i

if H is finite-dimensional, both Tl and T2

converge strongly to r_. Finally, for all

PR

i z Dl solves the minimum norm

problem
(1)

S 02, 2
= min{||xi|“:xe D L% Lirj ;

% )

251 g m}

In practical terms (5) the result generates a

sequence T1 = {rj(l)} < Dl converging weakly

to the unique solution of (4). The flexi-
bility in the choice of Ai' i z 1 inherent in

the algorithm is of great practical signifi-
cance in that Al can be regarded as an

accelerating extrapolation factor (5,6) if

A, = x*i > > 1. Alternatively, the choice of

13 Ay & < h*i will present the growth of
numerical errors if they are a problem.

Consider, now, the linear quadratic problem
(5)

M )
mm{Hzﬂzq tz=z +L z+ fﬂiy(ﬂ+a.w}
H (o] Q . 170 I
o] i=1
(5)
where HO, Hl, S Hrn are real Hilbert spaces
with inner products <-,->ICI s 0O £ 1 g m,
i
%
inducing the norms IIxiiL = <x.,x.>°%,
H. 1 X I:]
i

©sf1isgm and L :H -+ H ,
o -0 o

L.tH., - H , A, :H -+ H., 1 $ 1 ¢ m, are linear
1 i o i o i
(

and bounded. The vectors ¥, l% Hi' 1 5 1ism,

are taken to be fixed and it is assumed that
<y(l),a‘2>.:0forallzeﬂ,
o i i o

l 24 ¢m (6)
The following theorem (5) indicates that this

problem has an equivalent formulation in
terms of problem (4).

Theorem 2 Let T, > o, l £ 1 ¢ m, be chosen
m
such that | y_ || a%a.|| <1 and define the
ok it

i=1 i
product space Y = H x Hl X...Xx H
Then

<{z.yl. vEiy ¥ ),(é,yl, R ym)> =

is a non-degenerate inner product or ¥
inducing the norm

sz,yl. - ﬂn”|y=<(z’y1""EEJ“Z‘YI' el

Moreover, Y is a Hilbert space and rroblem (35)
1s equivalent to the well defined Mirnimem norm
problem on Y,

min {J(z,yl, s i YW)HY i7)
subject to
- m ~
= T i
z zD + Loz ) iyl gl
i=1 |
and
V., =y (1) + Az, 1 2 1izm 13)
i o] i b

Theorem 2 provides a decompositio
(5) in terms of (7) - (9), which
the general class of linear gquacdrat
(4), and can therefore be solv=d
iterative scheme defined in Theorem - .
concepts have previously keen used tc dzv iop
numerical algorithms for quadratic oo
sation of linear differential-celavy
(5). In this paper, their applicat
extended to the numerical optimisat
differential multipass procezsas.

OO

o
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QUADRATIC OPTIMISATION OF MULTIPASS SRS S8ES

Consider the Hilbert spaces

f n L
By =1L, [0.1] x1, [0.7] x ... of
2 N-tuples {xl,ul, seer X uN). anc Hl = x
ne, -» - Y w1 Eh
-ee % L5010, 7], of N-tuples (Xl' see X)) owith
inner products
N fu n ]
<bgeun, .. xN,uN),(xl,ul, xl\..uNbé =
o}
L ! T " T
1 : 3 a
57 J b ()ox (t) + u (t)RU (t)}&t  ang
k=1
N Y
<(vy . vN),(vl. " vN)>h =
H
1
N T i
=%] J v, (£) ¥, (t)at
k X
k=l g
and associated norms i[(xl,ul. e &Juv)ﬂ{ =
2 6
i .
<(xl,ul, I xN,uN),(xl,ul, awEg XN'uN))» anrc
H
i v sy
ifvl, B vN),i_ Vi V) (Ve ens \x)bl
Hl nl
respectively. Defining z(t) = (xl(t},ul(t).
xN(t),uN(t)), zo(t) = {xlo,O, s X 00),
L : B -% b

yo(t) = (£(t),0,




ng(t) = Lb(xl(t),ul(t). e xN(t), uN(t)) =

ft

(JOfo1[5}+Bul(5)}dS.ul(t), R

t
(
J {AxN{s)+BuN(S)}ds, uN(t)).

o

A : Hy » Hy by az(t) = A(xl(t},ul(t), e

xN(t), uth)) = (O,xl(t). I (t)) and

*n-1

Ll : Hl - HO by
E
(J Cvl(s)ds,o, anie

[s]

& (vy (),

1 cees vN(t)) =

J CVN(s)ds,O), then, with this abstract

Q
setting, the linear quadratic optimisation
problem (1) - (3) is
: 2
min || z || (10)
0 H
zZ & EE) (o)
subject to
- r - wiz']
z =2 + Loz + LlLyo + bz (11)
Note that

. A ~ = iy amag ‘ . B mes >
u ” Z>H <(f,0 o), (o %y xn—l)

1 =
By
= 0, for all z ¢ HO,
and hence the results of the previous section
apply to this problem.
Applying Theorem 2, then (10) - (11) has an
equivalent representation on the product
Hilbert space Y = ﬁo x él of pairs (z,y) with
inner product
<(z,y),(5.?}>y = <z, [T_-va"8]%> + v<y.¥>,
HO Hy
where y > O is chosen such that v|| a*a]| < 1.
Defining |](z,y)|lY = c(z,y),{z,Y)>Y%, then
problem (10) - (11) is equivalent to
minll(z,y)Ff2 (12)
Y .
subject to
z =z + Loz + Lly (13)
and
Yy =y _ + Az (14)

For the problem considered here, it is clear
that || 4*:2]] = 1 and a choice of v, 0 <y < 1

will suffice.
The norm on Y is just

Iz 12 = izl - yllazll 2+ vilyll 2
H H H
o] 1 1

N ,T -
=% 7 iixk(t)Qx}ft) * u;(t)Rukf:> dt
k=1 ‘o ' h
N-1 T . NoT
-] J rAO)0x (that + - 5 ) | oy (elQy, (D
B by K i by k
k= k=1
N-1 T T
=1(l-y) ] | x (t)ox (thar -4 x_ie)ox (thdt
k=1 ‘o o =
N T N T
Lo | Ty ] : - ,
o | . o
+ 5 jo uk t,Ruk\,‘c_ + 5 z Iy at
k=1 k=1 °
and the constraints (13) ard (14) are
ik(t) = Axkft) + Bu {t) + Cyk’t), ¥ (0] = X
i k=1, 2, ..., N, {2z
and
k=2, 3 ;N

¥, (E) = £(8), y, (6) = x__ (&),

respectively.
problem (1) - (3)

The linear guadrat:c rmultipass
is therefor= equivalent to

the linearly constrainea optimisatiorn problen

x ! H? T
mnJ=% ; | x (t) (1-v)ox, ic)dt
- Jo K C
k=1
(T T
v | aglEomlis:
o
N -
! tlRy, (t) + v, 7, (t}d
+4 7 Jo£uk( (€ ((tJ Qv d
k=1
subject to (15) and (l16). Ncte that the
modified state equations (15) and, irdeed
the algebraic constraints (16! are now

decoupled.

Defining the closed and convex lirear
varieties

D, = {{x

1 1 MYy e By e Yy

+ [

Jo(Axk(s) + Buk(s) +:;%l5))ﬁ5

t € [0, 7]}

By {(xl,ul,yl. - xN,uN,yN) €Y : yl€t)

f(t).Yk(t)= Xk‘l(t}, K =2 B sone N b€ 0

then problem (15) - (17} 1s ;just

; 2 ;
min {[Iz.y),iy : {z,v!

the algcrithm

case = =D., 1 :
B ; 5 ]

which can be solved by
Theorem 1 where, in this



o (1) _ (i) (1) (i)
Defining )= (xl(i)' U gy Yy ceeeee H

xNEi;. uNEi}, yNEt}). =1, 2, £ 2 1, then, in
computational terms r{n solves

N1 T
ks I [ F® aonex (a
k=1 ‘o

& T
+ L (t) (t)dt
£ JO B

N T

+% ] J { T(t)R () + yT(tvay (t) rat
ot b k k

subject to the state equations (15), which
separates into N-1 independent, identical
subproblems for (xl,ul,y1), % sl

(x
fo

YN-l) with a further subproblem

N-1' “N-1’
r ( ¥

Xyr Yyt Yy
K-th subproblem (K=1, 2, 3, ..., N-1):

T
min % JOIXE(t)(l—T)ka(t) + uE(t)Ruk(t)

+ yE(t)YQYk(t) ldt

subject to
iﬂﬂ =m%&)+mmm)+q%&L:&M)=ﬁm.

This has solution

(1) i (1)
(t) = - R BK(t t
e B
(18)
(1) 1 -1T (1)
t) = T CK(t t
Y oafe = ¥ CEIAO

where K(t) solves the matrix Riccati equation

1

k(t) = - K(t)A - ATk(t) + K(t)BR™ BTK{t)

1

+ 3wk - Qe K@ = o (19)

N-th subproblem:

min ! JT{XT(t)Q (t) + ug (BIRu (8) + yo (£)4Qy, ())at
i i
’ o N W UN ! !

subject to

:?N(t) = A (t) + Bug(t) + Cyy (). xy(0) = %

This has solution

w ey = - R TR (6
N(1) N(1)
. (20)
y D ey = -2 Tl x ) (o)
N(1) b N(1)

where R(t} solves the matrix Riccati equation

Y

(t) = - R(t)A - AR(t) + o) R)

e

1
= - R(jeg ek (k) -, R(Ti = © (519
1

The iterates r;Z), £ > 1, solve

Bl 2 (L T W
minl; } J b (B)x ()] (1-+i3]x_te)-x “(v)]ee
k=l 'O e Tk )T
T
iy | [ 08 x(l%t);ﬂgf ® - xea
L - e - Pt
Jo N N(z) : " 5i)
N T 1 =
) J [uk(t} —u( %t)E‘R:hk(t} - u(l%c)jdt
k=1 ‘0 k(2) k(z)
NT S - S
+5 1 I -y w]%el -y (ol
k=1 © k(2) k k()
subjeét to the algebraic constraints
vy, {t) = £(8), vy, () = x (t), k=2, 3, ..., N
1 k el
t €& 2.7
This has solution
(2) (1)
u () = u (t), k=1, 2, ..., N,
k() k(%)
(2) (1) (1)
x () = (I-v)x (t)+vy (2,51, 2, ..., N=L
k() k() k+1.0)
(2) (1)
X (£) = x (t) (22}
N(e) N(2)
(2) (2) (2)
y (t) = £(t), vy = x (e, k=2, 3
1(2) k(1) k-1(x}
Finally, the iterates s =(XT(L) ui{ﬂ) )i( )
=3 S S
- 3 »u . Y )

N(2) N(2) N(e)"

N-1 1 (20 T B} (2
mnl [ | [x (0-x (©)] @-nofc (©)-x (©)]de
k=l ‘B k(z) - k()

il (22 7 (2)

+ !‘EJ B (8) -x  (B)] ofx (&) -x (&)jat
- il N(2) N N(i)
N T
t (2 T . @
v 1| [u @ -u W]RUu (& -u  (8) "4
=l ‘o Kk k() K k(i)
N T (2 .t 2
) J v ) -~y (®] vy ) -y () 4
ok k() k k()



subject to the state equations (15). Again
this separates into N-1 similar subproblems

for (xl. uy yl), o (XN—l' Ug_qe mel)'
with a further subproblem for (xN, u

k-th subproblem (k=1, 2, ..., N-1):

N yN).

JT G ? 01 [x. ( oy )]
min % | {|x (t) - x t 1-v)o t) - x £
o Lk k(L) "k k(2)

(2)

a0 - 0 ©] %[ ]
+ t) - u )] Rlu (t) —u  (t)
“x k(z) k )

k(2

(2) b (2)
+r® -y Wl'valy ® -y ®]1ae
k k() k k(1)

subject to

xk(t) = Axk(t) + Buk(t) + Cyk(t), xk(o) = xkn.

This has solution

s =T s (2)
u(t)= - R B[KM)x () -g @®)]+u (t)
k(2) k(2) k(2) k(2)
s 1 B 3 =
y(e) =-3Q c[Kit)x (£) ~g ()] +y (t)
k(2) k(z) kz) k(2)
where K(t) solves eguation (19) and gl(t)
solves the tracking equation kL)
o ) -1
g. (] =e= ATg (t) + K(t)BR BTg (£) + %K(t)C'Q ch (t)
k(z) k(L) k(2) k(&)
(2) (2)
+ K(£)Bu (£) + K(t)cy () + (1—?)(:-:({2(%)
k(z) k(z) k(2)"
g () =0 (24)
k(2)

N-th subproblem:
Wl

i J { [, (£ (2)(t)]TQ[ (O )]
min X L(t)—x =X
o 3 N(%) N N(2) g
(2) P (2)
+lu (k) —u ()] Rlu () —u ()
EN N(2) ] [ay N(L) -

i (2) T (2)
g -y Il -y @] a
N(2) N N(L)
subject to

xN(t) = AxN(t) + BuN(t) + CyN(t), xN(o) = XND'

This has solution

s <1 T s . (2)
uft) =-RBKMLx (8) - ()] +u (t)
N(2) N{z) N(2) N(2)
(25)
s — " s - 2
y (t) = -%-o lCTfK(t)x (£) - g (£)] + y( )(t)
N(2) N(e) N(g) N(2)

where ﬁ(t) solves equation (21) and g Et%
N(2

solves the tracking equation

. T - ~1 7. 1 - -1 .

g (t) = -Ag (L)+K(L)BR Bg (t)+ T K()® C§ (+)

N(2) N(2) N(2) N(:)

% (2) i (2) (2)
+ K(t)Bu (t) + K(t)cy (t) - ox (t) (25)

N(z) N(z) N(2)
g (M =o
N(z)

An iterative method for solving the linear |

quadratic multipass problem (1) - (3) has
been developed which simply involves a single
integration of the 2 Riccati equations (19)
and (21) plus sequential application of the
algebraic relations (22), together with
integration of the N state equations (15) and
N tracking vector equations (24) and (26).

APPLICATION TO A SELF-STEERED TRACTOR

The iterative algorithm developed in the
previous section is now illustrated with an
application to a linear differential multipass
process model of a self-steered tractor (2).
The state equation is

o} o'l [ o]
% (£) = (t) + (t)
% -1600 -4 _Xk Llsoo_luk
J’o )
+ x (t), te [0,1] (27)
(1600 0 k-1

corresponding to a system in which the damping
ratio and undamped natural frequency of the
single pass loop (2) are 0.5 and 40, respec-
tively, and the pass length, i.e. length of
the furrow, is unity. The optimisaticn
problem is concerned with minimising the
quadratic cost functional

1o ;1 5
T
Jg=% J {x (£)x (£) + u (t)}dt
DR IRCCENC

where x, (t), k=1, 2, ..., 10, t ¢ [0,17,

satisfies the state equation (27) with
boundary conditions

1
x (t) = £(t) = [ ] te [0,1], and
0

]
xk€o) = [J k=L, 2, esp TO.

The solution obtained is that of the
approximating discrete time system and a
discretisation step of h=0.01 is employed.

With a choice of y = 0.5 and

l l.o, i=15, 10, 15, ...

A, = * , i.e. full
= [ A i otherwise

extrapolation except at every 5th iteration
where the extrapolation factor is set to zero



to prevent the growth of numerical errors, the 5.
algorithm converged with respect to J in 9

iterations, resulting in an optimal value of

J* = 0.416. The optimal state and control
trajectories are presented in Figures 1-3 and

Table 1 displays the rate of convergence and
variation in Ai with iteration.

i 3 A .
1 0.4291 2.32

2 0.3179 1.17
3 0.4098 287
4 Q.3970 1:.23
5 0.4037 1.0
[ ©.4180 c4.74
7 0.4154 3.18
8 0.4159 1. 22
9 0.4158 2.94

10 0.4159 1.0

TABLE 1

It is worth notihg that when no extrapolation
was employed (i.e. Ai = 1.0 throughout) the

algorithm required 26 iterations for conver-
gence. Finally, the choice of y = 0.5 was
found to be optimal in the sense that for

¥ > 0.5 the algorithm converged more slowly,
whereas choices of y < 0.5 resulted in
increased values of A*i at each iteration and

had the effect of introducing numerical errors
into the computation. This necessitated the
resetting of Ai to unity more frequently than

at every 5 iterations with a corresponding
decrease in the convergence rate.

CONLUSIONS

This paper presents a systematic computational
procedure for the solution of the quadratic
optimisation problem for linear differential
multipass processes. The algorithm is
iterative in nature and is based on recently
developed ideas for the solution of linearly
constrained minimum norm problems in Hilbert
Space. The computational scheme has
guaranteed convergence and the resulting
solution is of the semi-closed loop variety
Finally, the iterative technique is
illustrated with an application to a linear
differential multipass process model of a
self-steered tractor and it is demonstrated
that convergence to the optimal solution can
be obtained in a small number of iterations.
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