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Abstract: Nonlinear systems usually have complicated output frequencies in the
frequency domain. For the class of nonlinear Volterra systems, some interesting
properties for system output frequencies are studied in this paper. These properties
provide a novel insight into the output frequencies of Volterra systems, i.e., the
periodicity of the output frequencies. They also demonstrate several novel frequency
characteristics of system output spectrum such as the opposite property, and reveal
clearly the nonlinear effects on system output spectrum from different nonlinearities.
These new results have significance in the analysis and design of nonlinear systems and
nonlinear filters in order to achieve a specific output spectrum in a desired frequency
band by taking advantage of nonlinearities, and provide an important guidance to
applications of Volterra system theory in practices for analysis and design of nonlinear
systems. Examples and discussions are given to illustrate these new results.
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1 Introduction

The frequency domain analysis of non-linear systems has been studied for many years [1-
3]. For a class of nonlinear systems, the frequency domain analysis can be conducted by
using the Volterra series theory [3-4]. It is shown in [5-6] that a considerably large class
of nonlinear systems, referred to as Volterra systems, have a convergent Volterra series
expansion. Extensive studies also show that Volterra systems have large numbers of
applications for modelling, identification, control and signal processing in many systems
and engineering practices, for example, electrical systems, biological systems,
mechanical systems, communication systems, nonlinear filter, image processing,
materials engineering, chemical engineering and so on [3-12,18, 26-29]. Based on the
theory of Volterra series expansion, the study of nonlinear systems in the frequency
domain was initiated by the introduction of the concept of the generalized frequency
response functions (GFRFs) [13]. Thereafter, many results have been achieved for the
frequency domain analysis of nonlinear systems [3,12,14-19,21-23,27,28].

An important phenomenon for nonlinear systems in the frequency domain is that they
always have very complicated output frequencies, for example, super-harmonics, sub-
harmonics, inter-modulation, and so on. This usually makes it rather difficult to analyse



and design the output frequency response behaviour for nonlinear systems, compared
with linear systems. The output frequencies for Volterra systems have been studied by
several authors [18-23, 27] by using the frequency domain method above. These results
provide algorithms from different viewpoints for the computation and prediction of the
output frequencies for nonlinear systems. It can be seen from the previous researches that
Volterra systems can effectively be used to account for super-harmonics and inter-
modulation in the output spectrum of nonlinear systems.

In this study, some important properties for the output frequencies of Volterra systems
are established. They provide a straightforward and complete insight into the super-
harmonic and inter-modulation phenomena in the output frequencies of nonlinear systems,
especially when the effects from different system nonlinearities are considered. The new
properties demonstrate several novel frequency characteristics of the output spectrum for
nonlinear systems. They have significance in the analysis and design of nonlinear
systems and nonlinear filters in order to achieve a specific output spectrum in a desired
frequency band by taking advantage of nonlinearities. These new results can provide an
important guidance to modelling, identification, control and signal processing by using
the Volterra series theory in practices. Examples and discussions are provided to illustrate
the results.

2 Output frequencies for nonlinear Volterra systems

Consider nonlinear systems which has a Volterra series expansion up to order N as [3-5]

N - . n
v =2 [ Jue-7)dr, (1)
n=1 i=1
where h, (z,,---,7,)1s a real valued function of 7,,---,z, called the nth-order Volterra kernel.
The nth-order GFRF of system (1) is defined as [13]

H, (o jo,)= [ [ b @, exp=j(or, ++o,7,)dr, - dz, 2)

The GFRF for a practical system can be obtained by the probing method [3]. The output
spectrum of system (1) subject to a general input can be described as [16]

Y(jo) =Y Y,(jo)
" \ 3)
[ H.Gonjo)] [uGe)ds,

ot @, =0

1
Y (jo)y=——
,,(JCO) \/;(zﬂ)n—l o

where j(~)dow represents the integration on the super plane o, +--+w, =w . Y,(jo) is
referred to as the nth-order output spectrum. Similarly, when the system is subject to a
multi-tone input described by

4

u(t) = Z|Fi|cos(a)it +/F) 4)

i=1
(where K is a positive integer, F; is a complex number) the system output spectrum can be
written as:



Y(jo) =Y Y,(jo)

5
Lo == D H, (o o, )F @) F@,)
where F(w,) can be written explicitly as F(w,)=|F, T o ke e{il,m,ﬂ? }, and
1 a>0
sgnl(a) =<0 a=0.
-1a<0

As mentioned, nonlinear systems usually have complicated output frequencies, which are
quite different from linear systems which have output frequencies completely identical to
the input frequencies. From Equations (3) and (5), it can be seen that the output
frequencies corresponding to the nth-order output spectrum, denoted by W, and simply
referred to as the nth-order output frequencies, are completely determined by

O=0+0, ++0, T O=0, +0, ++0,

which produce super-harmonics and inter-modulation in system output frequencies.
Consider any continuous and bounded input function u(f) in ¢ > 0 with Fourier transform
U(jw) whose input domain is denoted by V, i.e., » € V. Note that V can be any closed set

in real. Let V =-V U V, whose meaning will be discussed later.
Therefore, for the general input U(jw) defined in V, the nth-order output frequencies are

w :{a):a),+a)2+--~+a)n|a)l.e\7,i:1,2,...,n} (6a)

n

or for the multi-tone input (4),
W, = {a) =0, + O+t 0o, |a)k( eV,i= 1,2,...,n} (6b)

n

This is an analytical expression for the super-harmonics and inter-modulations in the nth-
order output frequencies of nonlinear Volterra systems. Then the whole system output
frequencies, denoted by W, can be written as

W=W,uW, U---UW, (6¢)
In Equations (6abc), V represents the input frequency range corresponding to the nth-
order output spectrum, V is the original input frequency range corresponding to the first
order output spectrum and W, represents the output frequencies of linear part in the
system. For example, V may be a real set [a,b] U [c,d], thus V =[-d,-c] U [-b,-
alula,b]lulc,d], where d >c>b>a>0. Especially, when the system subjects to the multi-
tone input (4), then the nth-order input frequency range is V = {+ o, ,ia)z,m,ia)l?}, which is

obviously a special case of the former one.

3 Fundamental properties and the periodicity property

In this section, some fundamental properties for the output frequencies of system (1) with
assumption that V is any closed set of frequency points in real are developed. Especially,
the periodicity of the output frequencies is revealed under the general input case.
Although the computation of the system output frequencies for the case with V=[a,b] has
been studied in [18,19], and for the multi-tone case was also studied in [21, 23, 27], and



some of the properties discussed in this section have been partly demonstrated in the

previous results for the case V =[a,b] and multi-tone case V ={o,,@,, o}, all the

properties of this section are established in a uniform manner based on the analytical
expressions (6abc) for any input domain V. Let max(.) denote the maximum value of the
elements in (.), and min(.) the minimum value.

Property 1. Consider the nth-order output frequency W,
(a) Expansion, i.e., Wyoc Wy;
(b) Symmetry, i.e., vQeW,, then -QeW,;
(c) n-multiple, i.e., max(W,) =n-max(V) and min(W,,) =-n-max(V) .0

The proof is omitted. Property 1 shows that the output frequency range will expand larger
and larger with the increase of the nonlinear order, the expansion is symmetric to zero
and its rate is n-multiple of the input frequency range. Property 1(a) shows that, the (n-
2)th order output frequencies W,, are completely included in the nth order output
frequencies W,. This property can be used to facilitate the computation of output
frequencies for nonlinear systems. That is, only the highest order in odd number and the
highest order in even number, to which the corresponding GFRFs are not zero, are
needed to be considered in Equation (6¢). For example, supposing the system maximum
order N=10, only Wy and Wy are needed to be computed if H;o(.) and Hy(.) are not zero,
and the system output frequencies are W =W, uW,, ( in case that Hy(.) is zero, Wy should
be replaced by the output frequencies corresponding to the highest odd order of nonzero
GFRFs). For the case that V=[a,b], Property 1(a) has be shown in [19]. Here it is shown
to hold for any V.

Properties 1 provide some fundamental characteristics for the output frequencies of
system (1) subject to any input frequencies. The following proposition demonstrates a
novel property for the output frequencies of Volterra systems, and provides a new insight
into the system output frequency characteristics.

Proposition 1 (Periodicity property). The frequencies in W, can be generated
periodically as follows

w, =, (7a)

Hi(n)={a)=a)1+a)2+---+a)n o, e\7,a)j <Oforl<j<i-lo, >0f0rj2i} or (7b)

Hi(n):{w:a)kl+a)kz+---+a)k” w, €V,0, <0forl<j<i-l,m, >0f0rj2i} (7¢)

T, =n (7d)
The above process has the following properties
max(I1,(n)) = —(i = )min(V) + (n —i + 1)max(V) and (8a)
min(I1; (n)) = —(i —)max(V) + (n —i + ) min(V) (8b)
max(I1, ,(n)) — max(I1, (n)) = min(IT1, , (n)) — min(IT, (n)) = min(V') + max(V) (8¢)
A(n) = max(I1; (n)) — min(I1, (n)) = n- (max(V) — min(V)) (8d)



Especially, when the system subjects to a general input U(jw) defined in [a,b] or the
multi-tone input (4) with w,,, — @, = const > 0 for i=1,..., K -1,

,(n)=1, ,(n)-T fori=2,...,n+l (8e)
where I1,(n)-T 1is a set whose elements are the elements in IT,(n) minus 7, T
=min(V)+max(V) is referred to as the frequency generation period, and A(n) is referred to

as the frequency span in each period.
Proof. It is omitted. o

Property 2. Consider the ith frequency generation period IT,(n) in Wy,
(a) If the system input is the multi-tone function (4), then for any two frequencies Q
and Q' in I1,(n) and any two frequencies » and ' in V, min(Q -Q') =min(e - ).
(b) If A(n)>T, then max(T1(n)
between the successive periods of frequencies in W,. O

) > min(I1(n),) for i=1,...,T, . That is, there is overlap

i+l

The proof is omitted. Proposition 1 and Properties 2 explicitly demonstrate, for the first
time, an interesting and useful nature of the output frequencies ------ the periodicity of the
output frequencies. This property can not only be used to simplify the computation of the
output frequencies for some special cases as stated in Proposition 1 (where only one
period of output frequencies need to be computed) but also make light for the
computation of the output frequencies in general case. Especially, it reveals a new insight
into the output frequency characteristics of nonlinear systems for the understanding of the
nonlinear output frequency response behaviour for Volterra systems. Some important
issues will be discussed further in the following sections. From Proposition 1, the
following corollary is straightforward.

Corollary 1. All the conclusions in Proposition 1 and Properties 1-3 hold for the case that

the system subjects to a general input U(jw) defined in U[a+(i—1)g,b+(i—1)g] where
i=1

b>a,c>(b-a)and Z is a positive integer.

Note that when V does not satisfy the condition in Corollary 1, the property in Equation
(8e) can not hold. Example 1 is given to illustrate the results above.

Example 1.Consider a simple nonlinear system as follows
y =-0.01y +au’ + bu’

The input is a multi-tone function u(t)=sin(6t)+sin(7t)+sin(8t). The output spectra are
given in Figures 1-2 for different cases. Note that there are only input nonlinearities with
order 2 and 3 in the system, thus only the 1*, 2" and 3" order GFRFs are not zero and all
the other orders of the GFRFs are zero [15]. Hence, the nonlinear output frequencies of
the system are the same as the 2" and 3™ order output frequencies. That is, when a=1 and
b=0, then W=W,; when =0 and b=1, then W=Wj;; and when a=1 and b=I,
then W =W, uw, . Figures 1-2 demonstrate clearly the results in Properties 3-4 and
Proposition 1, and also show that the system output frequencies are simply the



accumulation of all the output frequencies corresponding to each order output spectrum
when the involved nonlinearities have no crossing effect and no overlap as stated in
Property 5. When and how there are crossing effects between different nonlinearities will
be discussed in the next section.

Output Spectrum

Output Spectrum

2Y|
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Figure 1. Output frequencies when a=1 and b=0 (left) and when a=0 and b=1 (right)
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Figure 2. Output frequencies when a=1 and b=1

4 Nonlinear effect in each frequency generation period

The periodicity of output frequencies is revealed and demonstrated in the last section. In
this section, the nonlinear effect on system output spectrum in each frequency generation
period, and especially the nonlinear interaction between different nonlinearities of the
same nonlinear degree and nonlinear type are studied.



From (3) and (5), it can be seen that the operators I(-)dow and 2() have an
important and fundamental role in the frequency characteristics of the nth order output
spectrum in each frequency generation period. The following property can be obtained.

Property 3. For o eIl,(n) (1<i<[(n+1)/2]), Zl reaches its maximum at the central

frequency (max(I1,(n))+min(I1,(n)))/2 or around the central frequency if the central
frequency is not available, and has its minimum value at frequencies max(I1,(n)) and
min(T1,(n)), i.e., min ( D)= > = D =C™'. Moreover,

o+t =0 o+, =max(I, () @, +-+o, =min(IT; (n))
Y1 o> > foreenm (2<i<[(n+D)/2])
O +tO, =0 o et =<o+T>
Especially, for the multi-tone input case with o,,, — @, = const > 0 for i=1,..., K -1,
1 = Zl for 0 <k'<T/const

@+t o, =max(IT1; (n))—k"-const @+t o, =min(I1, (n))+k"-const
where, [(n+1)/2] is the smallest integer which is not less than (n+1)/2, <w+T >is the
frequency in I1, ,(n) which is the most approximate to «+7 . The similar results also hold

for the general input case defined in Corollary 1 by replacing ZI as Ildaw .O

O+t =0 O+ 0, =0

The proof is omitted. Property 3 shows that in each frequency generation period, the
effect of the operator j ()do, and Z(-) on system output spectrum tends naturally

to be more complicated at the central frequency. That is, there is only one case for the
operator Z(-) at the two boundary frequency of each period, it reaches the maximum
at the central frequency of the same period and tends to be decreased in different period
with the frequency increasing. These can be regarded as the natural characteristics of the
output frequencies that can not be changed (This can be verified by Figure 3 in Example
2).

Note that different nonlinearities may have quite different effect on system output
spectrum. In order to study the nonlinear effect between different nonlinearities of the
same nonlinear degree and kind, consider the nonlinear Volterra systems which are
described by a nonlinear differential equation (NDE) model as follows:

ZZ z ¢, (ool M)Hd y(t)Hd u® _, )

m=1 p=01.1, ,=0 i=p+1

where

1
d xft) =x(t) , ptqg=m, Z() z -2(-) , M is the maximum degree of
1=0 L=0  1,,,=0
nonlinearity in terms of y(t) and u(t), and K is the maximum order of the derivative. In
this model, the parameters such as ¢ (.) and c;o(.) are referred to as linear parameters,

1 1
which correspond to the linear terms in the model, i.e., ddy l(t) and dd”ft) for k=0.,1,...,K,
t t




and ¢, () for p+g>1 are nonlinear parameters corresponding to nonlinear terms in the

d" y(t) 11 d"u(t)
dt" dt"

of the nonlinear parameterc, (-). Similar results discussed in this study can also be

model of the form ﬁ , e.8., y®)"u(t)?. p+q is called the nonlinear degree
i=1

i=p+l

established immediately for a discrete nonlinear model known as NARX model.

When different kinds and degrees of nonlinearities exist in the system, there will be much
crossing effects at the same frequency from different nonlinearities. This will make the
output spectrum at the interested frequency to be enhanced or suppressed. For example,
different nonlinearities of the same order and the same kind bring the same output
frequencies from [15]. However, the effect from different nonlinearities at the same
frequency generation period may counteract with each other such that the output
spectrum may be suppressed in some periods and others enhanced. Clearly, this property
is of great significance in the design of nonlinear systems for suppressing output
vibration [25].

In this study, consider there are only input nonlinearities in the NDE model above with
¢p,4(.)=0 for all p+g>1 and p>0. In this case, the GFRFs can be written as [17]

. . 1 L . I . !
H = l -1 (N n 10
o jo) = - (jw1+m+jwn)l;co,n(l, L))" - (jo,) (10)
where
L(jo++jo, )=—Z:c1’0(kl)(ja)1 +eet o) (11)
k=0

From (10-11) and (5), the nth-order output spectrum under the multi-tone input (4) can be
obtained

F kF " K , ) ;
AUCEED) [ (@) F&,) Zco,,l(ll,---,ln)<jwkl>*---uwk,,)"j

L,(jo, +-+jo, ) 5

@ oo, =0

(12)
l z (F(wkl)”'F(a)k”)Zco,n(lla"'aln)(jwk,)l' (Ja)k)l]

= n .
2 Ln (]a)) W+ H O, =0 1,1,=1

To reveal the nonlinear effect from input nonlinearities in each frequency generation
period, the following results can be obtained.

Definition 1 (Opposite property). Considering two input nonlinear terms of the same
degree with coefficients ¢,,(,,---,/,) and c,,(l/,--,1,), if there exist two positive real
number ¢ and c; satisfying c,,(/,,---,i,)= ¢1 and ¢,,(l},---,[,)= c2, such that at a given
frequency Q >0,

3 (F,)F@,)le.(jo,)" (o )" +e, (o, ) (o, )" ))=0

O+t o, =Q
with respect to a multi-tone input (4), then the two terms are referred to as opposite at
frequency Q, whose effects in frequency domain counteract with each other atQ .



Note that the concept of the opposite property can be defined similarly for the other kinds
of nonlinearities. The following result can be concluded for the opposite property of two
input nonlinear terms.

Proposition 2 (Opposite of input nonlinearity). Consider nonlinear systems with only
input nonlinearities subject to multi-tone input, in which there are two nonlinear terms
with coefficients ¢, (,---,.,) and ¢, (},---,I;) . If there exists a non-negative integer

m<[(n+1)/2]-1 such that for a real Q>0, sgn( F(e, ) F(e, )) is constant with respect to

all the combinations of o, ,---,0, €{*o,, - +og}satisfyingw, +---+o, €I1,,(n), and

sen| D (o, U 1)G@,) o)) | =—senl D e, U 1)@, (e ) )| (13)

@+ o+, =(n=2m)-Q O+t =(n=2m)-Q
@ o0, €(+Q,-Q} @y ey, §+Q,-Q)

1.e.,
senl(co, (- 1,)senl( D (@) (@, )" )sgn(j" ™)

@y, + o, =(n-2m)-Q
k1 kn
Oy 550, 4+ Q,=Q}

=—sgnl(c,, (1]~ )sgnl( D (@) (e, )" )sgn(j ")

oy, +to, =(n-2m)-Q
ki kn
O 50, E{+Q,—Q}

(14)

then the two nonlinear terms are opposite in the (m+1)th frequency generation period
I1,.,(n). That is, the frequency domain effects from the two nonlinear terms counteract

with each other in IT,,, (n) . Here, sgn(a + bj) = [sgnl(a),sgn1(b)]. O

The proof is omitted. From Equation (12), it can be seen that the magnitude of ¥, (jw) is

K
dependent on three terms: L,( jo) and F(a)k‘)---F(a)k”)Zcoyn(ll,---,ln)(ja)k])" ~~-(ja)k”)’" , and

I, =1

the function operator ~ »() . )'() represents the system natural effect which can

not be changed as mentioned. The first term L,( jo ) represents the effect from the linear

part of the system and the second term represents the nonlinear effect from input
nonlinearities. These two terms can be designed purposely in practices. Therefore, the
results in Proposition 2 provide guidance to the design of input nonlinearities to achieve a
specific output spectrum. Similar results can also be established for the other kinds of
nonlinearities. For paper limitation, this will be discussed in detail in a future publication.
The following example illustrates the result in Proposition 2.

Example 2. Consider a simple nonlinear system as follows

y=-0.01y +au’ +bu’i’
The input is a multi-tone function u(t)=0.8sin(7t)+0.8sin(8t)+sin(9t), which can be
written as u(t)=0.8cos(7t-90°)+0.8cos(8t-90%)+cos(9t-90°). Therefore, F( @, )= F 0.8],

F(w,,)=%0.8j and F(w.,)=7]. It can be verified that, sgn( F(@, )---F(e,,)) is constant in
each period I1,(5) (i= 1,..,6). This satisfies the condition in Proposition 2. The output
spectrum under different parameter values are provided in Figures 3-4. It can be verified

10



that the two nonlinear terms are opposite at the second frequency generation period. For
the nonlinear term au’,

sen Yool L)oo ) o) )| =senl Y@ |=sen] S |=00]

O+, =(n=2m)-Q @+, =(5-2)Q @+t =3Q
ORI e{+Q,-Q} [CARENS e{+Q,-Q} @ 0, e{+Q,-Q}

For the nonlinear term bu’i?,

sen (o, (G o) )| =se] Y (bGe)oy)

@, ++ @, =(n=2m)-Q @+t =(5-2)Q
@ o0 €(+Q,-Q} @ 0 E{+Q,-Q

=sgn| — Z(a)la)Q)

&y, + o, =3Q
k1 kn
@y 0, Q-0

Note that there are five combinations for @, +--+a, =3Q0, .--,0, €{+Q-Q},i.e.,
-0,0,0,0,0:0,-0,0,0,0:0.,0,-0,0,0;0,0,0,-0,0:0,0,0,Q,-Q;

Therefore sgn| - ) (w,) |=[-10]. Equation (13) or (14) is satisfied.

@+t =3Q
Oy O, €FQ,-Q}

From Figure 4 it can be seen that, the counteraction between the effects from the two
input nonlinear terms results in suppression of the output spectrum in the second period
and enhancement for the first and third periods, compared with the output spectrum under
single nonlinear term au’.

Output Spectrum Output Spectrum
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Figure 3. Output spectrum when a=1.3 b=0 (left) and a=0,b=0.1(right)
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Figure 4. Output spectrum when a=1.3 b=0.1

Moreover, it is obvious that given system model and input function, the system output
spectrum can be analytically determined from (3-5). Contrarily, given system model in
the multi-tone input case, the input function can be obtained from the output spectrum at
a specific frequency generation period for exampleI, (n) . Because each output frequency

in I1,(n) can be explicitly determined, thus a series of equations can be obtained in terms
of F(o,)-F(w, ), and then F(®),---,F(w,) can be solved. That is, the original input signal

can be recovered from the received signal in a specific frequency generation period. This
is another interesting property based on the periodicity and is under study now.

5 Parametric characteristic of the output frequencies

There are three kinds of nonlinearities in model (9): input nonlinearity with coefficient
coq(-) (g=1), output nonlinearity with coefficient cpo(.) (p>1), and input output cross
nonlinearity with coefficient c,4(.) (p+¢>1 and p>0) (where p and ¢ are integers).
Different kind and degree of nonlinearity in a system can bring different output
frequencies to the system. How a nonlinear term affects system output frequencies and
what the effect is for Volterra systems are a very interesting and important topic.
However, few results have been reported for this. This section provides some useful
results for this topic based on the properties developed above.

Consider nonlinear Volterra systems described by the NDE model in (9). What model
parameters contribute to a specific order GFRF and how model parameters affect the
GFRFs can be revealed by using the parametric characteristic analysis in [15]. From
Equations (3, 5), it can be seen that the nth-order output frequencies W, are also
determined by the nth order GFRF. If the nth order GFRF is zero, then W,=[]. It is known
that the nth order GFRF is dependent on its parametric characteristics [15], thus the nth-
order output frequencies are also determined by the parametric characteristics of the nth-
order GFRF. That is, Equations (6a-b) can be written as

12



W, =40= (@, +0, ++,) (- SCEH (0.0, V.i=12..nf (15)
and
W, = {a)z(a)kl + o, ++ ) (1= S(CE(H (@, 0, )|, €V, =1,2,...,n} (15b)
x=0orl
else

CE(H\(.)) can be recursively determined from the nonlinear parameters of model (9) [15].
In Equations (11ab), suppose W, is empty when 5(CE(H,(.)))=1.

where 5(x) = {:) , CE(.) is a coefficient extraction operator defined in [15], and

Equations (15a-b) demonstrate the parametric characteristics of the output frequencies for
Volterra systems described by (9) and (10), by which the effect on the system output
frequencies from different nonlinearities can be studied. Since negative output
frequencies are symmetrical with positive output frequencies with respect to zero
(Property 2(b)), thus for convenience only non-negative output frequencies are
considered in what follows.

Property 4. Regarding nonlinearities of odd and even degrees,

(a) when there are no nonlinearities of even degrees, the output frequencies brought
by the nonlinearities with odd degrees happen at central frequencies (2/+1)7/2 for
1=0,1,2,... with certain frequency span;

(b) when there are only input nonlinearities of even degrees, the output frequencies
happen at central frequencies /-7 for [=0,1,2,... with certain frequency span;

(c) in other cases, the output frequencies happen at central frequencies /-7 /2 for
[=0,1,2,... with certain frequency span.

The frequency span is A(n) corresponding to the nth order output frequencies if

applicable. o

The proof is omitted. Property 4 shows that odd degrees of nonlinearities bring quite
different output frequencies to the system from those brought by even degrees of
nonlinearities.

Property S. Regarding different kinds of nonlinearities,
(a) when there are only input nonlinearities of the largest nonlinear degree n, the non-
negative output frequencies are in the closed set [0, n-max(V) |;

(b) in other cases, the output frequencies span to infinity. O

The proof is omitted. Input nonlinearities of finite nonlinear degree can independently
bring output frequencies to the system in a finite band width.

Property 6. Regarding different kinds and degrees of nonlinearities,

(a) when there are only input nonlinearities, a nonlinear term of degree n can only
bring output frequencies W,, and there are no crossing effect on output
frequencies between different degrees of input nonlinearities;

(b) in other cases, a nonlinear term of degree n contributes to not only output
frequencies W, but also some high order output frequencies Wy, for m >n due to
crossing effect with other nonlinearities. o

13



The proof is omitted. From Property 6, the crossing effect happens easily between the
nonlinearities from output nonlinearities and input-output cross nonlinearities.

Properties 4-6 provide some novel and interesting results about the output frequencies for
nonlinear systems when the effects from different nonlinearities are considered, based on
the results from parametric characteristic analysis in [15]. Property 4 shows that odd
degrees of nonlinearities have quite different effect on system output frequencies from
even degrees of nonlinearities. Especially, it is shown from the properties above that
input nonlinearities have special effect on system output frequencies compared with the
other kinds of nonlinearities. That is, input nonlinearities can move the input frequencies
to higher frequency bands without interference between different frequency generation
periods. These properties may have significance in design of nonlinear systems for some
special purposes in practices. For example, some proper input nonlinearities can be used
to design a nonlinear filter such that input frequencies are moved to a place of higher
frequency or lower frequency as discussed in [24]. The results in this section have also
significance in modelling and identification of nonlinear systems. For example, if a
Volterra system has only output frequencies which are odd multiples of the input
frequency when subject to a sinusoidal input, the system may have only nonlinearities of
odd degree according to Property 4. Obviously, the results in this section provide a useful
guidance to the structure determination and parameter selection for the design of novel
nonlinear filters and also for system modelling or identification.

Example 3. Consider a simple nonlinear system as follows
y=-0.01y +au’ —by’ —cy*

The input is a multi-tone function u(t)=sin(6t)+sin(7t)+sin(8t). The output spectra under

different parameter values are given in Figures 5-7, which demonstrate the results in

Properties 4-6. For the input nonlinearity, the readers can also refer to Figures 1-2.

Output Spectrum Output Spectrum
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Figure 5. Output frequencies when a=0.1, b=0, ¢=0 (left) and a=0, b=5, ¢=0 (right)
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When there are only odd nonlinearities, the output frequencies happen at around central
frequencies 7*(2k+1). When there are even nonlinearities, the output frequencies appear
at around central frequencies 7*k. The input nonlinearities only bring independently a
finite band width of output frequencies to the system. The periodicity of the output
frequencies can also be seen clearly from these figures.

Especially, it is worthy pointing out from Figures 1, 2 and 5 that there can be no crossing
effects between proper chosen input nonlinearities as mentioned before, which can not be
realized by the other kinds of nonlinearities. Thus the input frequencies can be moved to
higher frequency periodically without interference between different periods and then
decoded by using some methods. This property may have significance when a system is
designed to achieve a special output spectrum at a desired frequency band in practices by
using nonlinearities.

6 Conclusions

The super-harmonics and inter-modulations in the output frequencies of Volterra systems,
especially of the nonlinear Volterra systems described by a NDE model, are
demonstrated clearly, and some interesting properties of the system output frequencies
are revealed explicitly for the first time in a uniform and analytical form. These
properties provide several novel insights into the nonlinear behaviour in output spectrum
of Volterra systems such as the periodicity and opposite property in the frequency
domain, and reveal clearly the nonlinear effects on system output spectrum from different
kind and degree of nonlinearities. These results can be used for the design of nonlinear
systems or nonlinear filters to achieve a special output spectrum in a desired frequency
band by taking advantage of nonlinearities, and provide an important and significant
guidance to the analysis and design of nonlinear systems in the frequency domain by
using the existing theory for Volterra systems. Further study will focus on the application
issues.
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