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Abstract

Let H,, H> be Hilbert spaces, T' a bounded linear operator on H; into Hs such
that the range of T, R(T), is closed. Let T* denote the adjoint of 7. In
this paper, we review the generalised solution, and method of steepest descent,
for the linear operator equation, Tx = b,b € Hs. Further, we establish the
convergence of the method of steepest descent to the unique solution (T*T +
A)~1T*b,b € H, of the operator equation of the second kind, (T*T + M)z =
T*b, if ¢ is in the range of T*. This new result is shown to have immediate
application to the iterative solution of the Tikhonov regularisation method for
the original operator equation, Tz = b,b € Ho.



1 Introduction

Following the discussions in (Kammerer and Nashed 1972; Nashed 1970), let
H, and H, be Hilbert spaces over the same scalars (real or complex). For any
subspace, S, of H; or H,, the orthogonal complement and closure of S are
denoted by S+ and S respectively. We consider a bounded linear operator, T,
on Hy into Hs. Then T* denotes the adjoint of T, i.e. for all x € Hy,be Hy !,

(Tz,b) = (x, TD).

Let R(T) and N (T) denote, respectively, the range and null spaces of T'. The
following relations are then well known (Nashed 1970)

H = NT)eNT)*, 1)

Hy, = NT)eN(T)*, (2)

RO =NT,  RT=ND*, 3)
R(T) is closed <& R(T*) is closed , 4)
N(T*T) = N(T), R(T) = R(TT™). (5)

Definition 1.1 A vector u € H; is called o least squares solution of the linear
operator equation
Tx=b, b€ Hs, (6)

if inf{||Tz —b|| : 2 € H1} = ||Tw— ||

It can be shown that u is a least squares solution of (6) if, and only if, u is
a solution of the “normal” equation

T*Tx = T*b. (7
The following theorem summarises this.

Theorem 1.1 (Groetsch, 1977) Suppose T : Hy — Hs has closed range and
b € H,, then the following conditions on x € Hy are equivalent:

(i) Tz = Pb;
(i) ||Tu—0|| < ||Tx —b|| for any x € Hy; and
(iii) T*Tx = T*b.
where P denotes the projection of b onto N'(T*)+ = R(T).

In the case that H; is finite dimensional (7) always has at least one solution
since R(T*) = R(I*T). However, when H; is infinite dimensional and the
range, R(T), is not closed this equation may have no solutions. We therefore
assume that R(T") is closed. Then there always exists at least one least squares

n expressing inner products, (-,-), it is assumed the Hilbert space to which the inner
product belongs is obvious.



solution for each b € Hy. For N (T') # {0} there will be infinitely many solutions
since if u is a least squares solution so is u + w for any w € N(T).

By the continuity and linearity of T" and T™*, the set, S, of all least squares
solutions of (6) is a nonempty closed, convex set. Hence it contains a unique
element, v, of minimal norm, i.e.,

[|[Tv=0b|| <||Tx —0b|| forall z € Hy,

and
[|lv]| < [lul]] forallu €S, u #w.

We then define the generalised inverse of T as the operator Tt : Hy — H; such
that TTh = v, i.e. that operator which assigns, to each b € H,, the unique least
squares solution of minimal norm of (6). T is linear and bounded. Note that
if T' is invertible we have Tt = T—1. The associated least squares solution of
minimal norm is the generalised solution, denoted 2 (= v). It can also be shown
that T'1b is the unique least squares solution in R(T*) (Nashed 1970).

We will need the following lemma in Section 4.

Lemma 1.1 (Petryshyn, 1967) Suppose T is as described above and R(T')
is closed. Then the restriction of T to N(T)* = R(T*) has a bounded inverse.
Equivalently, there exists a number m > 0 such that ||Tz| > m||z| for all
z € N(T)*+ = R(T™).

For a detailed introduction to the theory of generalised inverses of linear
operators with closed and arbitrary range, see (Groetsch 1977). Additional
useful references include (Ben-Israel and Charnes 1963) which describes, specif-
ically, the Euclidean case, (Desoer and Whalen 1963; Nashed 1971) and the
volume (Nashed 1976). In the next section a particular class of linear operator
equations, those of the second kind, is described. Under certain, shown, condi-
tions such equations are uniquely invertible and therefore the generalised inverse
is the true inverse. The method of steepest descent for the iterative solution of
linear operator equations is summarised in Section 3 (Nashed 1970; McCormick
and Rodrigue 1975). For the class of equations of the second kind considered
an alternative method of steepest descent is presented in Section 4. It is shown,
using an extension of the proof in (Nashed 1970), that the steepest descent it-
eration converges to the unique solution. In Section 5 the operator equation of
the second kind is applied to the Tikhonov regularisation of the original linear
operator equation. A natural corollary of the new steepest descent method is
therefore an iterative solution to the Tikhonov regularisation method.

2 Operator Equations of the Second Kind
Consider now the linear operator equation

Az — Az =y (8)



where z,y € Hy, A is a linear operator on H; into Hy, A is a (complex) num-
ber and I is the identity operator on H;. This equation is called an operator
equation of the second kind, by analogy with integral equations (in contrast we
call (6) an operator equation of the first kind) (Kammerer and Nashed 1972;
Kantorovich and Akilov 1964).

We assume now that the operator A = T*T where T is as in Section 1,
i.e. linear and bounded. A is then itself bounded and also self-adjoint and
nonnegative (often simply referred to as positive), the latter since

(Az,z) = (T*Tz,z) = (Tz,Tz) = ||Tz| > 0. 9)
Theorem 2.1 Assume that A > 0, then the equation
(IT*T+X)x=y
is uniquely solvable for all y € Hy, i.e. the inverse (T*T + XI)~! always ezists.

Proof. We require that T*T + AI is one-to-one for every A > 0. Let T*Tx +
Az = 0. Multiplication by z gives (T*Tx,z) + {(Az,z) = 0. By the definition of
the adjoint (Tx, Tz) + A{z,z) = 0 and therefore we must have z = 0. O
Suppose, further, that y = T*b,b € Hs, then we have

Corollary 2.1 For every b € Hy and X > 0, the equation
(T*T + D)z = T*b

is uniquely solvable. The solution can be written in the form x = (T*T +
A)~1T*b.

Theorem 2.2 For every b € Hy and A > 0, the solution of the equation
(T*T + M)z =T"b

can be written, equivalently, in the form x = T*(TT* + XI)~'b and therefore we
must have x € R(T*).

Proof. Consider the operator T*TT* 4+ AT*, which gives rise to the following
equation
TY(TT* + \I) = (T*T + \[)T*

where it is assumed that the appropriate identity operator, I, is used on each
side. Premultiplying by (T*T + )~ !,

(T*T + XI) *T*(TT* + \I) =T*
and subsequently postmultiplying by (TT* + X\I)~1,
(T*T + XI)'T* = T*(TT* + A\I)~~.

But we already have z = (T*T + M )~!T*b (Corollary 2.1) and therefore the
unique solution must also be expressible as x = T*(TT* + A\I)~'b. Tt is then
obvious that z € R(T*). O



3 The Method of Steepest Descent

Let T be a bounded linear operator on H; into Hs and assume that R(T) is
closed. Suppose that J : H; — R is the non-negative functional

7(@) = STz - . (10)
We seek a point z* € H; such that
J(z*) =inf{J(z): z € Hi}.
The method of steepest descent for minimising the functional, J(z), for b € Ha is

defined, for a given initial approximation, o, by the following sequence (Nashed
1970; McCormick and Rodrigue 1975)

Tn+1 =$n_7an; TLZO,].,... (11)
where
R, =TTz, — T*b=T*(Tz, —b) (12)
and IR
n = n . 13
™ = TR, (13)

Theorem 3.1 (Nashed, 1970) Let H; and H, be Hilbert spaces and T be
a bounded linear operator on Hy into Ha such that its range, R(T), is closed.
The sequence of steepest descent defined by (11)-(13) converges to a least squares

solution of Tx = b for any xy € Hy. The sequence {x,} converges to the unique
element T1b if, and only if, xo € R(T*).

4 Steepest Descent for Equations of the Second
Kind

Again, let T be a bounded linear operator on H; into Hy and assume that R(T")
is closed. Suppose now that instead of J(z) we have the non-negative functional

1 A
T'(@) = ITw = bl + Sl (14)
We then seek a point z* € H; such that
J'(z*) =inf{J'(z) : . € Hi}. (15)

Assuming that J' is Fréchet differentiable at each point of H;, and given an
initial approximation, xq, the method of steepest descent for minimising J'(x)
is now given by

Tpt1 = T — @y, VJ' (2) (16)



where VJ'(x,,) is the gradient of J' at x, and the a, are chosen to minimise
J'(zn+1) at each step.
The gradient is given by
VJ'(z) =T*Tz —T*b+ Mz = R (17)
and therefore the steepest descent algorithm becomes
Tpt1 = Tn — R, (18)
Choosing o, to minimise J'(Zn+1)

1 A
J' (Tny1) = §||T$n+1 — >+ §||33n+1||2

but 2,41 = z, — a, R}, therefore
! 1 /! 2 A ! 12
I (Tpt1) = §||T(-77n —anky) = b° + §||$n —anRy |

Substituting r, = Tz, — b and expanding

1
J (Tny1) = §<Tn —a,TR),rn — a,TR)) + %(a:n —anpRl,xy —anR))
]' ! a’l2’l, ! ! A
= §<7‘n;7“n) — anp(rn,TR,) + 7<TRn7TRn) + 5(:[3”,:8”)
o2
_an)‘<z.na R;;) + 7n<R;w Rln)
This is minimised for
0J' (Tn41)
FL It~ .
Oay,

Therefore
_<'rn7TR;1) + an<TR;uTRIn) - ’\<$n7 RZ) + an<RIn: R;) =0
from which

(rn, TR;) + Mzn, Ry,)
a, = .
(TR, TR},) + MRy, Ry,)

But

(rn,TRL) ={T*rn,R.) = (R, —Azn,R.)
= <R;w R;) - )‘<xna R;l,)
and therefore, finally,
_ mE
ITRLII? + AllR 12

Qn



As a check we have
62JI (l’n+1)

Zwt) (TR, TR + AR, RY)

ITRLI + MR, |1* > 0

for A > 0, therefore the particular choice of a,, (19), does, in fact, minimise
J'(@nt1)-

The method of steepest descent for minimising the functional J'(z) for b €
H, is defined, for a given initial approximation, xg, by the following sequence

Tnt1 = Tp —anRL, n=0,... (20)
where
Rl =T*Tx, — T*b+ Az, (21)
and o
. 18, o)

A RESY AR

Theorem 4.1 Let H, and H, be Hilbert spaces and T be a bounded linear
operator on Hy into Hs such that its range, R(T), is closed. The sequence of
steepest descent defined by (20)-(22) converges to the unique solution, (T*T +
A)7IT*b, of (T*T + X)x = T*b for any zo € R(T*) = R(T*T).

Proof.

1
J(py1) = §(Twn -b—a,TR,,, Tz, — b— a,TR))
A
+§<$n - O‘nRInaxn - anR;,)
Expanding
' 1 2 ' O‘i iz A 2
T (@nt1) = SlITzn = bl = an(Ton = b, TRy) + ST R + 5 llanll

/ ai /12
But J'(zn) = %”Txn - bl]> + %”-7771.“27 thus
! ! /! az /12
J(@nt1) = J'(2n) — an(Tzn — b,TR,) + THHTRn” -
/ % /(12
anM(@n, By) + ARy |
which can also be written as

2
' @ns1) = J'(on) = an(T*Ta, = T*b+ Ao, — Azn, By) + 2T, |

a2
— M, o) + AR,



Now, T*Tz,, — T*b + Az, = R),, and thus

2 2
T @n1) = T (@n) = (B = A, i)+ 2 [T Ry 12 =M, By + SN R

Therefore
2
J@ns1) = J'(5n) = anll Byl + Aan(@a, By) + S IT R, 2
012 .
A (@n, By) + SNIR, |
and finally

/ o 12 ai 12 ai 2
T (@nt1) = J'(@n) = anl|Boll” + SFIT R + AR

Substituting for a,, (19),

, , IRy 1Ry -
Famen) = Ten) = g Nim e 2 QTR+ AR e el
! |14
3 R AT
RI 4
= e - T
* (||TR;|||lR+I”QT|R;L||2)2 (I B3+ AR 1)

and finally

O L

2||ITRL|1? + All R 12

Therefore J'(2n41) < J'(zy) for all n, with equality holding when R} = 0.
Recursively

Jl(xn—i-l) = Jl(xn) -

' (Tny1) = J'(x0) — li I
m V2 L TRYP + N[RP

Since J'(z) (= L||Tz — b||?> + 2||z[|?) is bounded below by zero

i (LAY < oo. (23)
2 [TR]P + AR

Moreover, by Schwarz’s inequality, [|[TR}||? < ||T'||?||R||> and therefore

ITR|I* + | R;|I*

A

ITIPIR® + AlLRE
IR ATI* + X



From which

> IRy I
2 [TPIRIP + NIRIP ~ & IRIPATIE + )

L& e IR
112 < ¢ . 24
s 2V < 2 e S @)

Combining (23) and (24)

o0
SR < o0
i=0

and therefore R}, = T*T'z, — T*b + Az, — 0 as n — oo.
All that remains is to show strong convergence of {z,}. By recursion

n
Tpy1l = Tg — Z a;R; (25)
i=0
Hence, for m > n,
m—1
T — Ty, = — Z a; R} (26)

Now
R =T*Tz; — T*b+ Az; = (T*T + I)z; — T*b

Therefore, if o € R(T*) we must have R} € R(T*) for all i and therefore
Tm — T, € R(T*) for all m,n. Then, by Lemma 1.1

52||37m - $n||2 < T (zm — mn)”2 =(T"T(xm — Tn), Tm — Tn)- (27)
But
(T*T (%, — T), Ty — Tp)
= (T*T(xm —Zn) =T*b+T*b— A&y + ATy, — ATp + ATy Ty — Tyy)
= (T*Txp — T+ Aoy, T — Tn) — (T*Txp, — T*b+ ATy, Ty — Tp) —
/\<$m —Tp, Tm — mn)
and therefore
52||$m _-'1371,”2 S <T*T-'L'm —T*b+)\$m,$m _-rn) -
(T*Txp — T*b + ATy Ty — ) — AT — 20|
Since A > 0 we have 2 + A > 0 and therefore
(0% + N|zm — znl®
(T*Tx, —T*b+ Xtpy, Ty, — ) — (T*Tyy — T*0 + AT, Ty — T
{T*Txp — T+ ATy, Ty — T )| + {T* T2 — T+ A2y, Ty — T )|
IT*Tzm — T*b + Azm||[|[Zm — Tall + [T T2n — T*b + Azn||[|2m — nl|

IANIN A



But, ||zm — zs|| < 1/6||T(m — zn)||, and therefore

(52 + /\)”wm - anZ S
1/ T*Txm — T*b + Ay || + || T* Txp, — Tb 4+ Azn DT (@m — z0)||-

{T (2 — x,)} is bounded, say ||T(zm — zp)|| < M and hence

(@ + Nllzm — zall?
M
0

IN

(IT*Txpm — T*b + Az || + | T* T2y, — T*b + Azy||)
M
)

Thus {z,} is a Cauchy sequence and therefore converges to an element, u € Hj,
and

(R), + R;)) — 0 as m,n — co.

lim J'(z,) = J'(u) =inf{J'(z) : x € H} (28)
Since
T*Tz, —T*b+ Az, =R, - 0 (29)
then
(T*T +XDu=T"b (30)
or
u= (T*T + \I)~'T*b (31)

i.e. u is the unique solution (Corollary 2.1).
Now, we have already required that zg € R(T*) (to ensure R} € R(T*)) and
therefore

Tpt1 = To — Z a;R; € R(T™) (32)
=0
since R, € R(T*) for all 3. Since R(T™) is closed then u € R(T*). Now
(T*T + XI)~1T*b is the unique solution (in R(7*)) and therefore we must have
that {z,} converges to u = (T*T + A\I) " 1T*b. O

5 Application to Tikhonov Regularisation

The problem of solving (6) is said to be well posed if a unique solution exists
which depends continuously on b. Following (de Mol 1992) we adopt a less
restrictive definition since we know that a unique generalised solution exists.
The following statements are equivalent:

(i) the problem of solving T'z = b is well posed;

(ii) z! exists for any b € Hy;

(iii) T is continuous (equivalently bounded);
)

(iv) R(T) is closed; and



(v) A =0 is not an accumulation point of the spectrum of T*T'.

Otherwise, the problem is said to be ill-posed, i.e. the generalised inverse, T,
is unbounded. In order to obtain estimates of z' which are stable to variations
in b we must seek regularised solutions of the ill-posed problem.

We have restricted our attention to the case where R(T) is closed (and
hence Tt bounded), for which the problem of solving (6) is always well posed.
However, this does not ensure that the generalised solution will be numerically
stable. The relative error in the generalised solution corresponding to variations
in b is bounded as follows:

19|
[l |l

< C(T)% (33)

where C(T) is the condition number of the operator T', given by

o) = T = /372, (34)
min
Amin and Ap,qq are, respectively, the lower and upper limits of the positive part
of the spectrum of TT*. For a large condition number, the amplification of b
may cause the generalised solution, 2, to be unstable. The problem is then
said to be ill-conditioned and, even though well-posed, we still need to apply
regularisation to achieve a stable solution. This is the reason for discussing
regularisation of the linear operator equation, (6), even though R(T) is closed.
We now describe the particular case of the Tikhonov regularisation method (Groetsch

1984). Consider the problem of minimising the functional (c.f. (14))

1 A
@5() = 5Tz — bl + 5[] (35)
The quadratic functional @, (z) has a unique minimum, denoted by x, which
is a solution of
(T*T + M)z =T*b (36)

where I denotes the appropriate identity operator. We have already seen that
the operator (T*T + AI) is invertible for A > 0 and hence

xy = Lyb, where Ly = (T*T + \I)~'T* (37)

is known as the Tikhonov regularisation operator. We can also write the regu-
lariser as follows
Ly =T*(TT*+ \I)™! (38)

from which it is clear that zy € R(T*) C N(T)* and hence (37) defines a
regularisation method (for a proof see (Groetsch 1984; Kirsch 1996)).

The following is therefore a natural corollary of the method of steepest de-
scent, Theorem 4.1, which provides an iterative solution to the Tikhonov regu-
larisation method.

10



Corollary 5.1 Let H; and H> be Hilbert spaces and T be a bounded linear
operator on Hy into Ha such that its range, R(T), is closed. Assume, further,
that the problem of solving the linear operator equation, Tx = b,b € Hy for
x € Hy is ill-conditioned. The sequence of steepest descent defined by (20)-(22)
converges to the unique Tikhonov regularised solution, (T*T + XI)~'T*b for any
9 € R(T*) = R(T*T).
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