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❛♥❞✱ ❤❡♥❝❡✱ ✐ts ❡✣❝✐❡♥❝②✳

❚❤❡r❡ ❛r❡ ♠❛♥② ❡♠♣✐r✐❝❛❧ ❛rt✐❝❧❡s st✉❞②✐♥❣ t❤❡ t✇♦✲✇❛② r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡❝♦♥♦♠✐❝

❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②✱ ❧✐❦❡ ●♦❧❞✐♥ ✭✶✾✾✵✮✱ ❍✐❧❧ ❛♥❞ ❑✐♥❣ ✭✶✾✾✺✮✱ ❉♦❧❧❛r ❛♥❞ ●❛tt✐

✭✶✾✾✾✮✱ ❚③❛♥♥❛t♦s ✭✶✾✾✾✮✱ ❑❧❛s❡♥ ✭✷✵✵✷✮✱ ♦r ❑❧❛s❡♥ ❛♥❞ ▲❛♠❛♥♥❛ ✭✷✵✵✾✮✳ ❚❤✐s ❧✐t❡r❛t✉r❡ ❤❛s

r❡❛❝❤❡❞ s♦♠❡ ❝♦♥s❡♥s✉s ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦❢ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ♦♥ ❣❡♥❞❡r

❡q✉❛❧✐t② ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ♦♥ ❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥t✳✶ ❲✐t❤ r❡s♣❡❝t

♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡✱ s❡✈❡r❛❧ st✉❞✐❡s ❤❛✈❡ ❢♦❝✉s❡❞ ♦♥ ❡①♣❧❛✐♥✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❡❝♦♥♦♠✐❝

❣r♦✇t❤ ♦♥ t❤❡ ❣❡♥❞❡r ❣❛♣✱ ❧✐❦❡ ●❛❧♦r ❛♥❞ ❲❡✐❧ ✭✶✾✾✻✮✱ ❋❡r♥❛♥❞❡③ ✭✷✵✵✾✮✱ ♦r ❉✉✢♦ ✭✷✵✶✵✮✳

❖t❤❡r t❤❡♦r❡t✐❝❛❧ ❛rt✐❝❧❡s ❛♥❛❧②③❡ t❤❡ r❡✈❡rs❡ ❡✛❡❝t✱ ✐✳❡✳ t❤❡ ✐♠♣❛❝t ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ♦♥

❞❡✈❡❧♦♣♠❡♥t✳ ❚❤❡s❡ t❤❡♦r✐❡s ❛r❡✱ ✐♥ ♠♦st ❝❛s❡s✱ ❜❛s❡❞ ♦♥ t❤❡ ❢❡rt✐❧✐t② ❛♥❞ ❝❤✐❧❞r❡♥✬s ❤✉♠❛♥

✶❖♥❡ r❡♠❛r❦❛❜❧❡ ❡①❝❡♣t✐♦♥ ✐s t❤❡ ♣✐♦♥❡❡r st✉❞② ♦❢ ❇❛rr♦ ❛♥❞ ▲❡❡ ✭✶✾✾✹✮✳ ■♥ t❤✐s ♣❛♣❡r ❛♥❞ ✐♥ ❞✐✛❡r❡♥t
st✉❞✐❡s t❤❛t ❢♦❧❧♦✇❡❞ ✭❇❛rr♦ ❛♥❞ ▲❡❡ ✶✾✾✻✱ ❇❛rr♦ ❛♥❞ ❙❛❧❛✲✐✲▼❛rt✐♥ ✷✵✵✸✮ t❤❡ ❛✉t❤♦rs ✜♥❞ t❤❛t ✇❤❡♥ t❤❡②
✐♥❝❧✉❞❡ ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ ♣r✐♠❛r② ❛♥❞ s❡❝♦♥❞❛r② s❝❤♦♦❧✐♥❣ ✐♥ t❤❡✐r r❡❣r❡ss✐♦♥s t❤❡ ❝♦❡✣❝✐❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤
❢❡♠❛❧❡ s❝❤♦♦❧✐♥❣ ✐s ♥❡❣❛t✐✈❡✳ ❚❤❡② ✐♥t❡r♣r❡t t❤✐s ♥❡❣❛t✐✈❡ s✐❣♥ ❛s ❛ r❡✢❡❝t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ❣❛♣ ✐♥ s❝❤♦♦❧✐♥❣
❜❡t✇❡❡♥ ❣❡♥❞❡rs ✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❛ ♣r♦①② ❢♦r ❜❛❝❦✇❛r❞♥❡ss✳

✷



❝❛♣✐t❛❧ ❝❤❛♥♥❡❧s✱ ❧✐❦❡ ●❛❧♦r ❛♥❞ ❲❡✐❧ ✭✶✾✾✻✮✱ ❉♦❡♣❦❡ ❛♥❞ ❚❡rt✐❧t ✭✷✵✵✾✮✱ ▲❛❣❡r❧♦❢ ✭✷✵✵✸✮ ♦r

❇❧❛❝❦❞❡♥ ❡t ❛❧✳ ✭✷✵✵✻✮✳✷ ●❛❧♦r ❛♥❞ ❲❡✐❧ ✭✶✾✾✻✮✱ ❢♦r ✐♥st❛♥❝❡✱ ❛r❣✉❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✇♦♠❡♥✬s

r❡❧❛t✐✈❡ ✇❛❣❡ ✐♥❝r❡❛s❡s t❤❡ ❝♦st ♦❢ r❛✐s✐♥❣ ❝❤✐❧❞r❡♥✱ ✇❤✐❝❤ ❧♦✇❡rs ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✱ ✐♥❝r❡❛s❡s

❡❞✉❝❛t✐♦♥ ❧❡✈❡❧s ❛♥❞ ❧❡❛❞s t♦ ❤✐❣❤❡r ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ❤✐❣❤❡r ❢✉t✉r❡ ❣r♦✇t❤✳

❚❤❡r❡ ❤❛s ❜❡❡♥✱ ❤♦✇❡✈❡r✱ ✈❡r② ❧✐tt❧❡ t❤❡♦r❡t✐❝❛❧ ✇♦r❦ ♦♥ t❤❡ ❢❡♠❛❧❡ ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②

❝❤❛♥♥❡❧✱ ✐✳❡✳ ♦♥ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ♦♥ ❝✉rr❡♥t ❛❣❣r❡✲

❣❛t❡ ♣r♦❞✉❝t✐✈✐t②✳ ■♥t✉✐t✐✈❡❧②✱ ❛ss✉♠✐♥❣ t❤❛t ♣❡♦♣❧❡✬s ❛❜✐❧✐t② ✐s ❞✐str✐❜✉t❡❞ r❛♥❞♦♠❧②✱ ❣❡♥❞❡r

✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✐s ❡①♣❡❝t❡❞ t♦ ❞✐st♦rt t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈❡ r❡s♦✉r❝❡s ❛♥❞

✐♠♣❛❝t ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t② ♥❡❣❛t✐✈❡❧②✳ ❊st❡✈❡✲❱♦❧❛rt ✭✷✵✵✾✮ ✐s✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♦♥❧②

♣❛♣❡r t❤❛t ❤✐❣❤❧✐❣❤ts t❤✐s ❝❤❛♥♥❡❧✳ ❙❤❡ ♣r❡s❡♥ts ❛ ♠♦❞❡❧ ♦❢ ♦❝❝✉♣❛t✐♦♥❛❧ ❝❤♦✐❝❡ ❛♥❞ t❛❧❡♥t ❤❡t✲

❡r♦❣❡♥❡✐t②✱ ❛♥❞ ✜♥❞s t❤❛t ❧❛❜♦r ♠❛r❦❡t ❞✐s❝r✐♠✐♥❛t✐♦♥ ❧❡❛❞s t♦ ❧♦✇❡r ❛✈❡r❛❣❡ ❡♥tr❡♣r❡♥❡✉r✐❛❧

t❛❧❡♥t✱ ❧♦✇❡r ❢❡♠❛❧❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❚❤✐s✱ ✐♥ t✉r♥✱ ❤❛s ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❡❝❤✲

♥♦❧♦❣② ❛❞♦♣t✐♦♥ ❛♥❞ ✐♥♥♦✈❛t✐♦♥ ❛♥❞✱ s♦✱ ✐t r❡❞✉❝❡s ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ❚❤❡ ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ ✐s

♦♥❧② ✉s❡❞ t♦ ❞❡r✐✈❡ q✉❛❧✐t❛t✐✈❡ r❡s✉❧ts ❜✉t ♥♦t t♦ ♣❡r❢♦r♠ ♥✉♠❡r✐❝❛❧ ❡①❡r❝✐s❡s✳

❋✐♥❛❧❧②✱ ♦♥ t❤❡ q✉❛♥t✐t❛t✐✈❡ s✐❞❡✱ ❍s✐❡❤ ❡t ❛❧✳ ✭✷✵✵✶✮ ❡st✐♠❛t❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ ❯✳❙✳

❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ❢r♦♠ t❤❡ ❝❤❛♥❣✐♥❣ ♦❝❝✉♣❛t✐♦♥❛❧ ❛❧❧♦❝❛t✐♦♥ ♦❢ ✇❤✐t❡ ✇♦♠❡♥✱ ❜❧❛❝❦ ♠❡♥✱ ❛♥❞

❜❧❛❝❦ ✇♦♠❡♥ ❜❡t✇❡❡♥ ✶✾✻✵ ❛♥❞ ✷✵✵✽✳ ❚❤❡ ♣❛♣❡r ✜♥❞s t❤❛t t❤❡ ✐♠♣r♦✈❡❞ ❛❧❧♦❝❛t✐♦♥ ♦❢ t❛❧❡♥t

✇✐t❤✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ❛❝❝♦✉♥ts ❢♦r ✶✼ t♦ ✷✵ ♣❡r❝❡♥t ♦❢ ❣r♦✇t❤ ♦✈❡r t❤✐s ♣❡r✐♦❞✳ ✸

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✈❡❧♦♣ ❛♥❞ ❝❛❧✐❜r❛t❡ ❛ s✐♠♣❧❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✐❧❧✉str❛t✐♥❣ t❤❡ ♣♦s✐t✐✈❡

✐♠♣❛❝t ♦❢ ❣❡♥❞❡r ❡q✉❛❧✐t② ♦♥ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❛❣❣r❡❣❛t❡ ❧❛❜♦r ♣r♦❞✉❝t✐✈✐t②✳ ❚❤❡ ♠♦❞❡❧

✐s t❤❡♥ ✉s❡❞ t♦ q✉❛♥t✐❢② t❤❡ ❝♦sts ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡①✐st✐♥❣ ❣❡♥❞❡r

❣❛♣s ❛❝r♦ss ❝♦✉♥tr✐❡s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥t♦ ❛ s♣❛♥✲♦❢✲❝♦♥tr♦❧ ❢r❛♠❡✇♦r❦ ❜❛s❡❞

♦♥ ▲✉❝❛s ✭✶✾✼✽✮✱ ✐♥ ✇❤✐❝❤ ❛❣❡♥ts ❛r❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❡♥tr❡♣r❡♥❡✉r✐❛❧ t❛❧❡♥t ❞r❛✇♥ ❢r♦♠ ❛ ✜①❡❞

❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ♠♦st t❛❧❡♥t❡❞ ♦♥❡s ❝❤♦♦s❡ t♦ ❜❡❝♦♠❡ ❡♥tr❡♣r❡♥❡✉rs✳ ●❡♥❞❡r ✐♥❡q✉❛❧✐t②

✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❛s ❛♥ ❡①♦❣❡♥♦✉s r❡str✐❝t✐♦♥ ♦♥ ✇♦♠❡♥✬s ❛❝❝❡ss t♦ ❡♥tr❡♣r❡♥❡✉rs❤✐♣

❛♥❞ ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ t❤❡ ✇♦r❦❢♦r❝❡✳ ❲❤❡♥ ✇♦♠❡♥ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ❛ ❧❛r❣❡r

❢r❛❝t✐♦♥ ♦❢ ♠❡♥ ❜❡❝♦♠❡ ❡♥tr❡♣r❡♥❡✉rs ❛♥❞✱ ❛s ❛ r❡s✉❧t✱ t❤❡ ❛✈❡r❛❣❡ t❛❧❡♥t ♦❢ ❡♥tr❡♣r❡♥❡✉rs

❞❡❝r❡❛s❡s✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ❛❧❧ ✇♦♠❡♥ ❛r❡ ❢♦r❝❡❞ t♦ ✇♦r❦ ❛s ❡♠♣❧♦②❡❡s✱ t❤❡ s✉♣♣❧② ♦❢ ❧❛❜♦r

✐♥❝r❡❛s❡s ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ r❛t❡ ❞❡❝r❡❛s❡s ❡✈❡♥ ❢✉rt❤❡r✳

❲❡ ♣❛r❛♠❡tr✐③❡ ❛♥❞ s✐♠✉❧❛t❡ t❤❡ ♠♦❞❡❧ t♦ q✉❛♥t✐❢② t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②

✷❙❡❡ ❈✉❜❡r❡s ❛♥❞ ❚❡✐❣♥✐❡r ✭✷✵✶✶✱ ✷✵✶✷✮ ❢♦r ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡
♦♥ t❤✐s t♦♣✐❝✳

✸❘♦❞r✐❣✉❡③ ▼♦r❛ ✭✷✵✵✾✮✱ P✐❝❛ ❛♥❞ ❘♦❞r✐❣✉❡③ ▼♦r❛ ✭✷✵✶✶✮ ❛❧s♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ t❛❧❡♥t ♠✐s❛❧❧♦❝❛t✐♦♥ ✐♥
❞✐✛❡r❡♥t ❝♦♥t❡①ts✳

✸



♦♥ ✜r♠s s✐③❡✱ ❛✈❡r❛❣❡ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛✳ ❲❡ ✜♥❞ t❤❛t ✐❢ ❛❧❧ ✇♦♠❡♥ ❛r❡

❡①❝❧✉❞❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ❛✈❡r❛❣❡ ♦✉t♣✉t ♣❡r ✇♦r❦❡r ❞r♦♣s ❜② ♠♦r❡ t❤❛♥ ✶✵✪ ❛♥❞

✇❛❣❡s ❢❛❧❧ ❜② ❡✈❡♥ ♠♦r❡✱ ✇❤✐❧❡ ✐❢ ❛❧❧ ✇♦♠❡♥ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❧❛❜♦r ❢♦r❝❡✱ ✐♥❝♦♠❡ ♣❡r

❝❛♣✐t❛ ❢❛❧❧s ❜② ❛❧♠♦st ✹✵✪✳ ■♥ t❤❡ ❝r♦ss✲❝♦✉♥tr② ❛♥❛❧②s✐s✱ ✇❡ ✜♥❞ t❤❛t ❣❡♥❞❡r ❣❛♣s ❛♥❞ t❤❡✐r

✐♠♣❧✐❡❞ ✐♥❝♦♠❡ ❧♦ss❡s ❛r❡ q✉✐t❡ s✐♠✐❧❛r ❛❝r♦ss ✐♥❝♦♠❡ ❣r♦✉♣s ❜✉t ❞✐✛❡r ✐♠♣♦rt❛♥t❧② ❛❝r♦ss

❣❡♦❣r❛♣❤✐❝❛❧ r❡❣✐♦♥s✱ ✇✐t❤ ❛ ✷✼✪ ❧♦ss ✐♥ t❤❡ ▼✐❞❞❧❡ ❊❛st ❛♥❞ ◆♦rt❤ ❆❢r✐❝❛✱ ❛ ✷✸✪ ❧♦ss ✐♥

❙♦✉t❤ ❆s✐❛✱ ❛♥❞ ❛ ❧♦ss ❛r♦✉♥❞ ✶✺✪ ✐♥ t❤❡ ♦t❤❡r r❡❣✐♦♥s✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧❀

❙❡❝t✐♦♥ ✸ ❡①♣❧❛✐♥s t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts❀ ❙❡❝t✐♦♥ ✹ ❞✐s❝✉ss❡s t❤❡ q✉❛♥t✐t❛t✐✈❡

✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r ♠♦❞❡❧ ❢♦r ❛ ❧❛r❣❡ s❡t ♦❢ ❝♦✉♥tr✐❡s✱ ❛♥❞✱ ✜♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s✳

✷ ▼♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ s✐♠♣❧❡ st❛t✐❝ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ♦❢ ❛❣❡♥ts ✇✐t❤ ❤❡t❡r♦✲

❣❡♥❡♦✉s ❡♥tr❡♣r❡♥❡✉r✐❛❧ s❦✐❧❧s✱ ❛s ✐♥ ▲✉❝❛s ✭✶✾✼✽✮✳ ❆❣❡♥ts ❛r❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ s♣❡❝✐✜❝ t❛❧❡♥t

❢♦r ♠❛♥❛❣✐♥❣✱ ❜❛s❡❞ ♦♥ ✇❤✐❝❤ t❤❡② ❞❡❝✐❞❡ t♦ ✇♦r❦ ❛s ❡✐t❤❡r ❡♥tr❡♣r❡♥❡✉rs ♦r ❡♠♣❧♦②❡❡s✳ ❚❤❡

♠♦❞❡❧ ❛ss✉♠❡s ❛♥ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥tr❡♣r❡♥❡✉r✐❛❧ t❛❧❡♥t ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❛♥❞

st✉❞✐❡s t❤❡ r❡s✉❧t✐♥❣ ❛❧❧♦❝❛t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈❡ ❢❛❝t♦rs ❛❝r♦ss ❡♥tr❡♣r❡♥❡✉rs ❛s ✇❡❧❧ ❛s t❤❡ s✐③❡

❞✐str✐❜✉t✐♦♥ ♦❢ ✜r♠s✳

✷✳✶ ▼♦❞❡❧ ❙❡t✉♣

❚❤❡ ❡❝♦♥♦♠② ✇❡ ❝♦♥s✐❞❡r ❤❛s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❛❣❡♥ts ✐♥❞❡①❡❞ ❜② t❤❡✐r ❡♥tr❡♣r❡♥❡✉r✐❛❧ t❛❧❡♥t

x✱ ❞r❛✇♥ ❢r♦♠ ❛ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ Γ t❤❛t t❛❦❡s ✈❛❧✉❡s ❜❡t✇❡❡♥ z ❛♥❞ z̄✳✹ ■t ✐s ❛ ❝❧♦s❡❞

❡❝♦♥♦♠② ✇✐t❤ ❛ ✇♦r❦❢♦r❝❡ ♦❢ s✐③❡ N ❛♥❞ ✇✐t❤ K ✉♥✐ts ♦❢ ❝❛♣✐t❛❧✳ t❤❡s❡ t✇♦ ✐♥♣✉ts ❛r❡

✐♥❡❧❛st✐❝❛❧❧② s✉♣♣❧✐❡❞ ✐♥ t❤❡ ♠❛r❦❡t ❜② ❝♦♥s✉♠❡rs ❛♥❞ t❤❡♥ ❝♦♠❜✐♥❡❞ ❜② ✜r♠s t♦ ♣r♦❞✉❝❡ ❛♥

❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞✳

❆t ❡❛❝❤ ♣❡r✐♦❞✱ ❛❣❡♥ts r❡♥t t❤❡ ❝❛♣✐t❛❧ st♦❝❦ t❤❡② ♦✇♥ t♦ ✜r♠s ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡ r❡♥t❛❧

r❛t❡ r✱ ❛♥❞ ❞❡❝✐❞❡ t♦ ❜❡❝♦♠❡ ❡✐t❤❡r ✜r♠ ✇♦r❦❡rs✱ ✇❤♦ ❡❛r♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ r❛t❡ w✱ ♦r

❡♥tr❡♣r❡♥❡✉rs✱ ✇❤♦ ❡❛r♥ t❤❡ ♣r♦✜ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✜r♠ t❤❡② ♠❛♥❛❣❡✳

❆♥ ❛❣❡♥t ✇✐t❤ ❡♥tr❡♣r❡♥❡✉r✐❛❧ t❛❧❡♥t ❧❡✈❡❧ x ✇❤♦ ♠❛♥❛❣❡s n ✉♥✐ts ♦❢ ❧❛❜♦r ❛♥❞ k ✉♥✐ts ♦❢

❝❛♣✐t❛❧ ♣r♦❞✉❝❡s y ✉♥✐ts ♦❢ ♦✉t♣✉t ❛♥❞ ❡❛r♥s ♣r♦✜ts π (x) = y (x)− rk (x)−wn (x)✱ ✇❤❡r❡ t❤❡

✹■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ❥✉st✐❢② ✇❤② ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ✐♥ t❤❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥✳

✹



♣r✐❝❡ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞ ✐s ♥♦r♠❛❧✐③❡❞ t♦ ♦♥❡✳ ❆s ✐♥ ▲✉❝❛s ✭✶✾✼✽✮ ❛♥❞ ❇✉❡r❛ ❛♥❞ ❙❤✐♥

✭✷✵✶✶✮✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

y (x) = x
(
kαn1−α

)η
, ✭✶✮

✇❤❡r❡ α ∈ (0, 1) ❛♥❞ η ∈ (0, 1)✳ ❚❤❡ ❧❛tt❡r ♣❛r❛♠❡t❡r✱ η✱ ♠❡❛s✉r❡s t❤❡ ✏s♣❛♥ ♦❢ ❝♦♥tr♦❧✑

♦❢ ❡♥tr❡♣r❡♥❡✉rs ❛♥❞✱ s✐♥❝❡ ✐t ✐s ❧♦✇❡r t❤❛♥ ♦♥❡✱ t❤❡ ❡♥tr❡♣r❡♥❡✉r✐❛❧ t❡❝❤♥♦❧♦❣② ✐♥✈♦❧✈❡s ❛♥

❡❧❡♠❡♥t ♦❢ ❞✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s✳

✷✳✷ ❆❣❡♥ts✬ ♦♣t✐♠✐③❛t✐♦♥

❊♥tr❡♣r❡♥❡✉rs ❝❤♦♦s❡ t❤❡ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ t❤❡② ❤✐r❡ ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡ t❤❡✐r ❝✉rr❡♥t ♣r♦✜ts

π✳ ❚❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡✐r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛r❡ ❣✐✈❡♥ ❜②

(1− α) ηxk(x)αηn(x)η(1−α)−1 = w ✭✷✮

αηxk(x)αη−1n(x)η(1−α) = r. ✭✸✮

❍❡♥❝❡✱ ❛t t❤❡ ♦♣t✐♠✉♠✱ ❛❧❧ ✜r♠s ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❝❛♣✐t❛❧✲❧❛❜♦r r❛t✐♦ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✹✮✿

k(x)

n(x)
=

α

1− α

w

r
✭✹✮

✇❤❡r❡ k (x) ❛♥❞ n (x) ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r ❧❡✈❡❧s ❢♦r ❛♥ ❡♥tr❡♣r❡♥❡✉r ✇✐t❤

t❛❧❡♥t ❧❡✈❡❧ x✳ ■♥t✉✐t✐✈❡❧②✱ ❛ ❤✐❣❤❡r w
r
r❛t✐♦ ✐♠♣❧✐❡s ❛ ♠♦r❡ ✐♥t❡♥s✐✈❡ ✉s❡ ♦❢ ❝❛♣✐t❛❧ r❡❧❛t✐✈❡

t♦ ❧❛❜♦r✳ ❚❤❡ s♦❧✉t✐♦♥ ✈❛❧✉❡s ❢♦r n(x) ❛♥❞ k(x) ❢♦r ❛ ❣✐✈❡♥ ✜r♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❝♦♠❜✐♥✐♥❣

❡q✉❛t✐♦♥s ✭✷✮ ❛♥❞ ✭✹✮✳ ❇♦t❤ n(x) ❛♥❞ k(x) ❞❡♣❡♥❞ ♣♦s✐t✐✈❡❧② ♦♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❧❡✈❡❧ x✱ ❛s

❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ s❤♦✇✿

n (x) =

[
xη(1− α)

(
α

1− α

)αη
wαη−1

rαη

]1/(1−η)

✭✺✮

k (x) =

[
xηα

(
1− α

α

)η(1−α)
rη(1−α)−1

wη(1−α)

]1/(1−η)

✭✻✮

●✐✈❡♥ t❤✐s ❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥✱ ❛❣❡♥ts ❝❤♦♦s❡ t❤❡✐r ♦❝❝✉♣❛t✐♦♥ t♦ ♠❛①✐♠✐③❡ t❤❡✐r ❡❛r♥✐♥❣s✳

✺



❚❤✉s✱ t❤❡r❡ ✐s ❛ ❝✉t♦✛ t❛❧❡♥t ❧❡✈❡❧ z > 0 s✉❝❤ t❤❛t ✐❢ x ≤ z ❛❣❡♥ts ❝❤♦♦s❡ t♦ ✇♦r❦ ❛s ❡♠♣❧♦②❡❡s✱

❛♥❞ ✐❢ x > z ❛❣❡♥ts ❛❣❡♥ts ❜❡❝♦♠❡ ❡♥tr❡♣r❡♥❡✉rs✳ ❆t t❤❡ ❝✉t♦✛ ❧❡✈❡❧ z✱ t❤❡ ❛❣❡♥t ✐s ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ t❤❡ t✇♦ ♦❝❝✉♣❛t✐♦♥s✱ s♦ t❤❛t π (z) ≡ y (z)− wn (z)− rk (z) = w✱ t❤❛t ✐s✱

z
(
k (z)α n (z)1−α)η − wn (z)− rk (z) = w. ✭✼✮

■❢ t❤❡② ❜❡❝♦♠❡ ❡♠♣❧♦②❡❡s t❤❡② ♦❜✈✐♦✉s❧② ❞♦ ♥♦t ❤✐r❡ ❛♥② ❝❛♣✐t❛❧ ♦r ❧❛❜♦r ✐♥♣✉t✱ ✐✳❡✳ k (x) =

n (x) = 0 ∀x < z.

✷✳✸ ❊q✉✐❧✐❜r✐✉♠ ❛♥❞ ❆❣❣r❡❣❛t✐♦♥

■♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ♦❢ ❝❛♣✐t❛❧ ❜② ❡♥tr❡♣r❡♥❡✉rs ♠✉st ❜❡ ❡q✉❛❧ t♦ t❤❡ ❡①♦❣❡♥♦✉s❧②

❣✐✈❡♥ ❛❣❣r❡❣❛t❡ ❝❛♣✐t❛❧ ❡♥❞♦✇♠❡♥t K✱ ❛♥❞✱ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✱ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ♦❢ ✇♦r❦❡rs

♠✉st ❛❧s♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ ♥♦♥✲❡♥tr❡♣r❡♥❡✉rs ✇♦r❦❢♦r❝❡✿

z̄
ˆ

z

k(x)dΓ(x) =
K

N
✭✽✮

z̄
ˆ

z

n(x)dΓ(x) = Γ(z), ✭✾✮

✇❤❡r❡ N ❞❡♥♦t❡s t♦t❛❧ ✇♦r❦ ❢♦r❝❡✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t♦t❛❧ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡✳

❆❣❣r❡❣❛t❡ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ✐s ❡q✉❛❧ t♦ t♦t❛❧ ♣r♦❞✉❝t✐♦♥ ♣❡r ❝❛♣✐t❛✱

Y

N
=

z̄
ˆ

z

x
(
k(x)αn(x)1−α

)η
dΓ(x) ✭✶✵✮

✇❤❡r❡ Y ❞❡♥♦t❡s t♦t❛❧ ♦✉t♣✉t✳

P❧✉❣❣✐♥❣ ✭✺✮ ❛♥❞ ✭✻✮ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✶✵✮ ✇❡ ❣❡t t♦t❛❧ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ Γ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥❦♥♦✇♥s (z, w, r)✿

Y

N
=

[
η
αα (1− α)1−α

rαw1−α

] η
1−η

z̄
ˆ

z

x
1

1−η dΓ(x) ✭✶✶✮

❆ ❝♦♠♣❡t✐t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤✐s ❡❝♦♥♦♠② ✐s ❛ ❝✉t♦✛ ❧❡✈❡❧ z✱ ❛ s❡t ♦❢ q✉❛♥t✐t✐❡s [n (x) , k (x)]x>z

✻



w

0),( wzG

0),( wzH

z

❋✐❣✉r❡ ✶✿ ●r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❛♥❞ ♣r✐❝❡s (w, r) s✉❝❤ t❤❛t ❡q✉❛t✐♦♥s ✭✹✮ ✲ ✭✾✮ ❛r❡ s❛t✐s✜❡❞✱ t❤❛t ✐s ❛❣❡♥ts ❝❤♦♦s❡ t❤❡✐r ♦❝✲

❝✉♣❛t✐♦♥ ♦♣t✐♠❛❧❧②✱ ❡♥tr❡♣r❡♥❡✉rs ❝❤♦♦s❡ t❤❡ ❛♠♦✉♥t ♦❢ ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r t♦ ♠❛①✐♠✐③❡ t❤❡✐r

♣r♦✜ts✱ ❛♥❞ ❛❧❧ ♠❛r❦❡ts ❝❧❡❛r✳

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✱ t❤❡ t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ✐♥ ❡q✉❛t✐♦♥s ✭✼✮✱ ✭✽✮ ❛♥❞

✭✾✮ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ t✇♦ ❡q✉❛t✐♦♥s G(z, w) = 0 ❛♥❞ H(z, w) = 0✿

H(z, w) = Γ (z)
1−η(1−α)

1−η −

[
η (1− α)

kαη

w

] 1
1−η

z̄
ˆ

z

x
1

1−η dΓ(x) = 0, ✭✶✷✮

G(z, w) = w
1

1−η − Φz
1

1−η

(
α

1− α

Γ (z)

k

)−αη
1−η

w
−η
1−η = 0. ✭✶✸✮

✇❤❡r❡ Φ ✐s ❛ ❝♦♥st❛♥t✳

❆♣♣❡♥❞✐① ❆ ❛❧s♦ s❤♦✇s t❤❛t✱ ❢♦r ✈❛❧✉❡s ♦❢ z ❤✐❣❤ ❡♥♦✉❣❤✱ t❤❡ ❢✉♥❝t✐♦♥ H(z, w) ❤❛s ❛

♥❡❣❛t✐✈❡ s❧♦♣❡ ✐♥ t❤❡ (z, w) ❞✐❛❣r❛♠✱ dw
dz

|H(z,w)=0< 0✱ ✇❤✐❧❡ t❤❡ ❢✉♥❝t✐♦♥ G (z, w) ❤❛s ❛ ♣♦s✐t✐✈❡

s❧♦♣❡✱ dw
dz

|G(z,w)=0> 0 ✳ ■♥t✉✐t✐✈❡❧②✱ H (z, w) = 0 ✐s ❞♦✇♥✇❛r❞ s❧♦♣✐♥❣ ❜❡❝❛✉s❡ ❛ ❧❛r❣❡r z ✐♠♣❧✐❡s

❛ ❧♦✇❡r ♥✉♠❜❡r ♦❢ ❡♥tr❡♣r❡♥❡✉rs ❛♥❞ ♠♦r❡ ✇♦r❦❡rs ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛ ❧♦✇❡r ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ t♦

❝❧❡❛r t❤❡ ✇♦r❦❡r✬s ♠❛r❦❡t✳ G (z, w) = 0✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐s ✉♣✇❛r❞ s❧♦♣✐♥❣ ❜❡❝❛✉s❡ ❧❛r❣❡r

z ✐♠♣❧✐❡s ❛ ❧❛r❣❡r ♣r♦✜t π (z) ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛ ❧❛r❣❡r w ✐s ♥❡❡❞❡❞ t♦ ❣❡t t❤❡ ♦❝❝✉♣❛t✐♦♥❛❧

✐♥❞✐✛❡r❡♥❝❡ ❛t z✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❡q✉❛t✐♦♥s ❞❡✜♥❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛s ✜❣✉r❡ ✭✶✮

s❤♦✇s✳

✼



✷✳✹ ❊q✉✐❧✐❜r✐✉♠ ✇✐t❤ ●❡♥❞❡r ●❛♣s

✷✳✹✳✶ ●❡♥❞❡r ●❛♣s ✐♥ ❊♥tr❡♣r❡♥❡✉rs❤✐♣

❲❡ ✐♥tr♦❞✉❝❡ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ✐♥ ♦✉r s❡t✉♣ ❜② ✐♠♣♦s✐♥❣ t❤❛t ♦♥❧② ❛

r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ❢r❛❝t✐♦♥ θ ∈ (0, 1) ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❡❧✐❣✐❜❧❡ t♦ ❜❡ ❡♥tr❡♣r❡♥❡✉r✳ ❚❤❛t

✐s✱ ❛ss✉♠✐♥❣ t❤❛t ♠❡♥ ❛♥❞ ✇♦♠❡♥ ❤❛✈❡ t❤❡ ❡①❛❝t s❛♠❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❣✐✈❡♥ t❤❛t

t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✇♦♠❡♥ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❛r♦✉♥❞ ✺✵✪✱ ✐❢ ❛❧❧ ✇♦♠❡♥ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠

❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ t❤❡ ♣❛r❛♠❡t❡r θ t❛❦❡s ❛ ✈❛❧✉❡ ❡q✉❛❧ t♦ 1/2✳ ❲❤❡♥ ❛ r❛♥❞♦♠❧② s❧❡❝t❡❞

❢r❛❝t✐♦♥ 1 − θ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ♣♦♦❧ ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉rs✱ t❤❡

t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ ❜❡❝♦♠❡s

Γ̃ = θΓ, ✭✶✹✮

❛♥❞ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s

z̄
ˆ

z

n(x)dΓ̃(x) = (1− θ) + Γ̃(z). ✭✶✺✮

■♥ ✇♦r❞s✱ t❤❡ s✉♣♣❧② ♦❢ ✇♦r❦❡rs ❤❛s ♥♦✇ t✇♦ ❝♦♠♣♦♥❡♥ts✿ t❤♦s❡ ✇✐t❤ s❦✐❧❧ ❜❡❧♦✇ z✱ Γ (z)✱ ❛♥❞

t❤♦s❡ ✇✐t❤ s❦✐❧❧ ❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥ z ✇❤♦ ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ ❜❡ ❡♥tr❡♣r❡♥❡✉rs✱ (1− θ) (1− Γ (z))✳

❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ❧❛❜♦r ❧❛❜♦r s✉♣♣❧② ✐s ❡q✉❛❧ t♦

Γ (z) + (1− θ) (1− Γ (z)) = 1− θ + θΓ (z) = (1− θ) + Γ̃(z).

❚❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✱ ❡①❝❡♣t ❢♦r t❤❡ t❛❧❡♥t ❞✐str✐❜✉✲

t✐♦♥ ♦❢ ❡♥tr❡♣r❡♥❡✉rs✱ ✇❤✐❝❤ ✐s ♥♦✇ Γ̃ = θΓ✿

z̄
ˆ

z

k(x)dΓ̃(x) =
K

N
. ✭✶✻✮

❆s ❜❡❢♦r❡✱ t❤❡ t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ✐♥ ❡q✉❛t✐♦♥s ✭✼✮✱ ✭✶✺✮ ❛♥❞ ✭✶✻✮ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞

✐♥ t❤❡ t✇♦ ❡q✉❛t✐♦♥s G̃(z, w) = 0 ❛♥❞ H̃(z, w) = 0✿

H̃ (z, w) = 1− θ + Γ̃ (z)−

(
η (1− α)

w

) 1
1−η

(
1− θ + Γ̃ (z)

k

)−αη
1−η

z̄
ˆ

z

x
1

1−η dΓ̃(x) = 0, ✭✶✼✮

✽



w

0),(
~

wzG

0),(
~ wzH



),(

z

❋✐❣✉r❡ ✷✿ ●r❛♣❤✐❝❛❧ ❡✛❡❝ts ♦❢ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ✐♥❡q✉❛❧✐t②

G̃ (z, w) = w
1

1−η − Φz
1

1−η

(
α

1− α

1− θ + Γ̃ (z)

k

)−αη
1−η

= 0. ✭✶✽✮

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✱ H̃ (z, w) ✐s ❞♦✇♥✇❛r❞ s❧♦♣✐♥❣ ✐♥ t❤❡ (z, w) ❞✐❛❣r❛♠ ❛♥❞

G̃ (z, w) ✐s ✉♣✇❛r❞ s❧♦♣✐♥❣ ✇❤❡♥ z ✐s ♥♦t t♦♦ s♠❛❧❧✳

❊✛❡❝ts ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❣❡♥❞❡r ❣❛♣✳ ●r❛♣❤✐❝❛❧❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②✱

✐✳❡✳ ❛ ❞❡❝r❡❛s❡ ✐♥ θ✱ ❧❡❛❞s t♦ ❛ ❞♦✇♥✇❛r❞ s❤✐❢t ♦❢ ❜♦t❤ G̃ (z, w) = 0 ❛♥❞ H̃ (z, w) = 0✳ ❆s

❛ r❡s✉❧t✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ w ✇✐❧❧ ❜❡ ❛❧✇❛②s ❧♦✇❡r ✉♥❞❡r ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②✱ ❛s ✇❡❧❧ ❛s t❤❡

t❤r❡s❤♦❧❞ ❧❡✈❡❧ z ❣✐✈❡♥ t❤❛t t❤❡ s❤✐❢t ✐♥ H̃ (z, w) = 0 ✐s ❧❛r❣❡r t❤❛♥ t❤❡ s❤✐❢t ✐♥ G̃ (z, w) =

0✳✺ ❋✐❣✉r❡ ✭✷✮ s❤♦✇s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❤❛♥❣❡ ✐♥ t❤✐s ❝❛s❡✳ ■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❣❡♥❞❡r

✐♥❡q✉❛❧✐t② r❡❞✉❝❡s t❤❡ ♣♦♦❧ ♦❢ ✇♦r❦❡rs ❡❧✐❣✐❜❧❡ ❢♦r ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ✇❤✐❝❤ ❛✛❡❝ts ♥❡❣❛t✐✈❡❧②

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡♥tr❡♣r❡♥❡✉rs✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❧♦✇❡r t❤r❡s❤♦❧❞ ❧❡✈❡❧ z ❛♥❞ t♦

❧♦✇❡r ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t② ✇❤✐❝❤ ❝❧❡❛r❧② ❛✛❡❝ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ r❛t❡ ♥❡❣❛t✐✈❡❧②✳

✷✳✹✳✷ ●❡♥❞❡r ■♥❡q✉❛❧✐t② ✐♥ ▲❛❜♦r ❋♦r❝❡ P❛rt✐❝✐♣❛t✐♦♥

❆♥♦t❤❡r t②♣❡ ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② t❤❛t ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ✐s t❤❡ ❡①❝❧✉s✐♦♥ ♦❢

✇♦♠❡♥ ❢r♦♠ t❤❡ ✇♦r❦ ❢♦r❝❡✱ ❜♦t❤ ❛s ❡♥tr❡♣r❡♥❡✉rs ❛♥❞ ❡♠♣❧♦②❡❡s✱ ❛s ✐♥ ❊st❡✈❡✲❱♦❧❛rt ✭✷✵✶✶✮✳

■❢ ✇❡ ❦❡❡♣ t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ✜①❡❞✱ ✇❤❡♥ ❛ ❢r❛❝t✐♦♥ ♦❢ ✇♦♠❡♥ ❞♦❡s ♥♦t s✉♣♣❧② ❧❛❜♦r t♦ t❤❡

♠❛r❦❡t✱ ♦✉t♣✉t ♣❡r ✇♦r❦❡r ♠❡❝❤❛♥✐❝❛❧❧② ✐♥❝r❡❛s❡s✳ ■♥❝♦♠❡ ♣❡r ❝❛♣✐t❛✱ ❤♦✇❡✈❡r✱ ❞❡❝r❡❛s❡s✳

❋♦r♠❛❧❧②✱ r❡❝❛❧❧✐♥❣ t❤❛t N ❞❡♥♦t❡s t❤❡ t♦t❛❧ ❧❛❜♦r ❢♦r❝❡ ❛♥❞ ❞❡✜♥✐♥❣ P ❛s t♦t❛❧ ♣♦♣✉❧❛t✐♦♥✱

✺❙❡❡ ❆♣♣❡♥❞✐① ❇ ❢♦r ❛ ❢♦r♠❛❧ ♣r♦♦❢✳

✾



✇❡ ❤❛✈❡

Y

P
=

N

P

z̄
ˆ

z

x
(
k(x)αn(x)1−α

)η
dΓ(x).

❲✐t❤ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ✐t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ r❡❞✉❝✐♥❣ t❤❡ ❡♠♣❧♦②♠❡♥t✲

t♦✲♣♦♣✉❧❛t✐♦♥ r❛t✐♦ n = N/P ❜❡❧♦✇ ✶✳

✸ ▼♦❞❡❧ ❙✐♠✉❧❛t✐♦♥

✸✳✶ ❙❦✐❧❧ ❉✐str✐❜✉t✐♦♥

❚♦ s✐♠✉❧❛t❡ t❤❡ ♠♦❞❡❧✱ ✇❡ ✉s❡ ❛ P❛r❡t♦ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥✱ ❛s ✐♥ ▲✉❝❛s ✭✶✾✼✽✮

❛♥❞ ❇✉❡r❛✱ ❑❛❜♦s❦✐ ❛♥❞ ❙❤✐♥ ✭✷✵✶✶✮✳✻ ❲❡ ❛ss✉♠❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ z̄ ♦♥ t❛❧❡♥t t♦ ❣✉❛r❛♥t❡❡

t❤❛t t❤❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ ✐s ❜♦✉♥❞❡❞✳✼ ❍❡♥❝❡✱ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❛❧❡♥t ✐s

Γ (x) =
1− Bρx−ρ

1− Bρz̄−ρ
, 0 ≤ x ≤ z̄ ✭✶✾✮

✇❤❡r❡ ρ,B > 0✱ ❛♥❞ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❛❧❡♥t ✐s

γ (x) =
ρBρx−ρ−1

1− Bρz̄−ρ
, , 0 ≤ x ≤ z̄. ✭✷✵✮

❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✷✵✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜r♠s✬ s✐③❡✱

s (n) = γ
(
n−1 (x)

)
= γ

(
n1−η

η(1− α)

(
α

1− α

)
−αη

w−αη+1

r−αη

)

=
ρBρ

1− Bρz̄−ρ
n−(1−η)(1+ρ)

(
η(1− α)

(
α

1− α

)αη
wαη−1

rαη

)1+ρ

, ✭✷✶✮

✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✜r♠s s✐③❡ ✐s ❛❧s♦ P❛r❡t♦ ❛♥❞✱ ✐❢ (1− η) (1 + ρ) = 1✱ ✐t

s❛t✐s✜❡s ❩✐♣❢✬s ❧❛✇✳✽

✻❙❡❡ ●❛❜❛✐① ✭✷✵✵✽✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ s✉♠♠❛r② ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥✳
✼ ■❢ ✇❡ ✇❛♥t t♦ ✉s❡ ❛♥ ✉♥❜♦✉♥❞❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥✱ ✐✳❡✳ z̄ → ∞✱ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ t❤❛t ρ > 1

1−η
s♦

t❤❛t t❤❡ ✐♥t❡❣r❛❧
´ z̄

z
x

1

1−η dΓ(x) ✐s ❞❡✜♥❡❞✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✳ ◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t t❤✐s ✇♦✉❧❞ ✐♠♣❧②

(1 + ρ) > 1
(1−η) ✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❩✐♣❢✬s ▲❛✇ ❢♦r t❤❡ ❞✐str✉❜✉t✐♦♥ ♦❢ ✜r♠s✬ s✐③❡✳

✽❆s ●❛❜❛✐① ✭✷✵✵✽✮ ❡①♣❧❛✐♥s✱ ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤ ❤❛s ❡st❛❜❧✐s❤❡❞ t❤❛t✱ t♦ ❛ ❣♦♦❞ ❞❡❣r❡❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥✱
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✜r♠s✬ s✐③❡ ❢♦❧❧♦✇s ❩✐♣❢✬s ▲❛✇✱ ❛t ❧❡❛st ✐♥ t❤❡ ❯❙✳ ❙❡❡ ❛❧s♦ ❆①t❡❧❧ ✭✷✵✵✶✮✳

✶✵



❚❛❜❧❡ ✶✿ P❛r❛♠❡t❡r ✈❛❧✉❡s

P❛r❛♠❡t❡r ❱❛❧✉❡ ❊①♣❧❛♥❛t✐♦♥
B ✶ ◆♦r♠❛❧✐③❛t✐♦♥

η ✵✳✽ ❇✉❡r❛ ❛♥❞ ❙❤✐♥ ✭✷✵✶✶✮

ρ ✹
❚♦ s❛t✐s❢② ❩✐♣❢✬s ▲❛✇ ❢♦r ✜r♠s ❞✐str✐❜t✉✐♦♥✱

− (1− η) (−1− ρ) ≈ 1

α ✵✳✸✼✺ ❚♦ ♠❛t❝❤ ❝❛♣✐t❛❧ s❤❛r❡✱ αη❂✵✳✸

z̄ 7.8 ∗B
❚♦ ♠❛t❝❤ ❛✈❡r❛❣❡ ❢r❛❝t✐♦♥ ♦❢ ❡♥tr❡♣r❡♥❡✉rs

✐♥ t❤❡ ❞❛t❛✱ ✇❤✐❝❤ ✐s 3.55%

✸✳✷ P❛r❛♠❡t❡r ❱❛❧✉❡s

❚❛❜❧❡ ✭✶✮ s❤♦✇s t❤❡ ✈❛❧✉❡s ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✳

❚❤❡ ♣❛r❛♠❡t❡r B ♦❢ t❤❡ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦r♠❛❧✐③❡❞ t♦ ✶✳ ❚❤❡ s♣❛♥✲♦❢✲❝♦♥tr♦❧ ♣❛r❛♠❡t❡r

η ✐s ❝❤♦s❡♥ ❡q✉❛❧ t♦ 0.8✱ ❢♦❧❧♦✇✐♥❣ ❇✉❡r❛ ❛♥❞ ❙❤✐♥ ✭✷✵✶✶✮✳✾ ❚❤❡ ✈❛❧✉❡ ✉s❡❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡r

ρ ✐s s❡t ❡q✉❛❧ t♦ ✹ s♦ t❤❛t t❤❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s ❩✐♣❢✬s ▲❛✇✳✶✵ ❚❤❡ ❝❛♣✐t❛❧ ❡①♣♦♥❡♥t

♣❛r❛♠❡t❡r α ✐s s❡t t♦ 0.375 ✐♥ ♦r❞❡r t♦ ♠❛❦❡ αη ❡q✉❛❧ t♦ 30%, ❛s ✐♥ ❇✉❡r❛ ❛♥❞ ❙❤✐♥ ✭✷✵✶✶✮✱

s✐♥❝❡ ✸✵✪ ✐s t❤❡ ✈❛❧✉❡ t②♣✐❝❛❧❧② ✉s❡❞ ❢♦r t❤❡ ❛❣❣r❡❣❛t❡ ✐♥❝♦♠❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ❛♥❞ ✇❡ ❛r❡

❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡♥tr❡♣r❡♥❡✉rs✬ ❡❛r♥✐♥❣s ❛s ❧❛❜♦r ✐♥❝♦♠❡✳ ❋✐♥❛❧❧②✱ t❤❡ t❛❧❡♥t ✉♣♣❡r ❜♦✉♥❞ z̄ ✐s

❝❤♦s❡♥ ❡q✉❛❧ t♦ ✼✳✷ t✐♠❡s B✱ t♦ ♠❛❦❡ t❤❡ ✇♦r❧❞✲❛✈❡r❛❣❡ s❤❛r❡ ♦❢ ❡♥tr❡♣r❡♥❡✉rs ♣r❡❞✐❝t❡❞ ❜②

t❤❡ ♠♦❞❡❧ ♠❛t❝❤ t❤❡ ♦♥❡ ♦❜s❡r✈❡❞ ✐♥ ♦✉r ❞❛t❛ s❡t✳✶✶

✸✳✸ ◗✉❛♥t✐t❛t✐✈❡ ❡✛❡❝ts ♦❢ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❣❛♣s

❚♦ s❤♦✇ t❤❡ ❡✛❡❝ts ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ✇❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ t❛❧❡♥t

❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ✜r♠s s✐③❡ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②✱ θ = 1✱ ✇✐t❤ t❤❡

♦♥❡ ✐♥ ✇❤✐❝❤ ❛❧❧ ✇♦♠❡♥ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ θ = 0.5✳ ❋✐❣✉r❡ ✭✸✮ s❤♦✇s t❤❛t

✇❤❡♥ ✺✵✪ ♦❢ t❤❡ ✇♦r❦❢♦r❝❡ ❛r❡ ♥♦t ❡❧✐❣✐❜❧❡ ❛s ❡♥tr❡♣r❡♥❡✉rs✱ t❤❡ t❛❧❡♥t t❤r❡s❤♦❧❞ z ❞❡❝r❡❛s❡s

❛♥❞ t❤❡ ❡♥t✐r❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ s❤✐❢ts t♦ t❤❡ ❧❡❢t✳ ❋✐❣✉r❡ ✭✹✮ s❤♦✇s t❤❛t ✇❤❡♥ t❤❡r❡ ✐s ❛

✾❇✉❡r❛ ❛♥❞ ❙❤✐♥ ✭✷✵✶✶✮ ❝❛❧✐❜r❛t❡ η ❢r♦♠ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t♦t❛❧ ✐♥❝♦♠❡ ♦❢ t❤❡ t♦♣ ✜✈❡ ♣❡r ❝❡♥t ♦❢ ❡❛r♥❡rs ✐♥
t❤❡ ❯❙ ♣♦♣✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✸✵✪✱ ❣✐✈❡♥ t❤❛t t♦♣ ❡❛r♥❡rs ❛r❡ ♠♦st❧② ❡♥tr❡♣r❡♥❡✉rs ❜♦t❤ ✐♥ t❤❡ ❞❛t❛ ❛♥❞ ✐♥ t❤❡
♠♦❞❡❧✳

✶✵❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ✈❛❧✉❡ ✉s❡❞ ❜② ❇✉❡r❛✱ ❑❛❜♦s❦✐ ❛♥❞ ❙❤✐♥ ✭✷✵✶✶✮✱ ✹✳✽✹✱ ✇❤✐❝❤ ✐s ❝❤♦s❡♥ t♦ ♠❛t❝❤ t❤❡
❡♠♣❧♦②♠❡♥t s❤❛r❡ ♦❢ t❤❡ ❧❛r❣❡st ✶✵ ♣❡r❝❡♥t ♦❢ ❡st❛❜❧✐s❤♠❡♥ts ✐♥ t❤❡ ❯❙✳✳

✶✶❚❤❡ ✇♦r❧❞✲❛✈❡r❛❣❡ ❢r❛❝t✐♦♥ ♦❢ ❡♥tr❡♣r❡♥❡✉rs ✐♥ t❤❡ ❞❛t❛ ✐s ❡st✐♠❛t❡❞ ✉s✐♥❣ ❞❛t❛ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ ❊♠♣❧♦②❡rs

❢r♦♠ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ▲❛❜♦r ❖r❣❛♥✐③❛t✐♦♥✱ ❚❛❜❧❡ ✸ ✲ ❙t❛t✉s ✐♥ ❊♠♣❧♦②♠❡♥t ✭❜② s❡①✮✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts ♦❢
❡❛❝❤ ❝♦✉♥tr② ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❝♦✉♥tr②✬s ❡♠♣❧♦②♠❡♥t ♦✈❡r t♦t❛❧ ❡♠♣❧♦②♠❡♥t✳
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No gender gap: θ=1

Maximum gap gender: θ=0.5

❋✐❣✉r❡ ✸✿ ❚❛❧❡♥t ❞✐str✐❜✉t✐♦♥

❣❡♥❞❡r ❣❛♣ ✐♥ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❛❝❝❡ss✱ t❤❡ ❡♥t✐r❡ ✜r♠ s✐③❡ ❞✐str✐❜✉t✐♦♥ s❤✐❢ts t♦ t❤❡ ❧❡❢t ❛♥❞✱ ❛t

❛❧❧ t❛❧❡♥t ❧❡✈❡❧s✱ ✜r♠s ❛r❡ ♥♦✇ ❧❛r❣❡r ✇❤✐❧❡ t❤❡ ❞❡♥s✐t② ✐s ♥♦✇ ❧♦✇❡r✳

❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✭✺✮ s❤♦✇s t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ♦♥ ❛✈❡r❛❣❡ ♣r♦❞✉❝t✐✈✐t②

❛♥❞ ✇♦r❦❡rs✬ ✇❛❣❡s✳ ❚❤❡ ❤✐❣❤❡r ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❡①❝❧✉❞❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉r✲

s❤✐♣✱ t❤❡ ❧❛r❣❡r t❤❡ ❧♦ss ✐♥ ✐♥❝♦♠❡ ♣❡r ✇♦r❦❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦✲❣❡♥❞❡r✲✐♥❡q✉❛❧✐t② ❝❛s❡✳

❲❡ ❝❛♥ s❡❡ t❤❛t ✇❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❛❣❡♥ts ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ✇♦r❦❢♦r❝❡ ✐s ✺✵✪✱ ♦✉t♣✉t ♣❡r

✇♦r❦❡r ✐s ✽✽✪ ♦❢ t❤❡ ♦♥❡ ✇✐t❤ ♥♦ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❣❡♥❞❡r ❣❛♣ ❡✛❡❝t ♦♥ ♣r♦✲

❞✉❝t✐✈✐t②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ t❤❡ ❣❡♥❞❡r ❣❛♣ ✐s t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♦♥❡✱ t❤❡ ❧♦ss ✐♥ ♦✉t♣✉t ♣❡r

✇♦r❦❡r ✐s s❧✐❣❤t❧② ❛❜♦✈❡ ✶✵✪✳ ❚❤❡ ❧♦ss ✐♥ ✇♦r❦❡r ✇❛❣❡s✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐s s❧✐❣❤t❧② ❤✐❣❤❡r

s✐♥❝❡ t❤❡r❡ ✐s ❛ ✇♦r❦❡rs✬ s✉♣♣❧② ✐♥❝r❡❛s❡ ❡✛❡❝t ♦♥ t♦♣ ♦❢ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t✳

❲❤❡♥ ✐♥t❡r♣r❡t✐♥❣ t❤❡ r❡s✉❧ts✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t

♠❡♥ ❛♥❞ ✇♦♠❡♥ ❤❛✈❡ ❡①❛❝t❧② t❤❡ s❛♠❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♠❛② ♥♦t ❜❡ ✈❡r②

❛❝❝✉r❛t❡ ❢♦r s♦♠❡ ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s ✐♥ ✇❤✐❝❤ ✇♦♠❡♥ ❤❛✈❡ ❧❡ss ❡❞✉❝❛t✐♦♥ t❤❛♥ ♠❡♥ ❛♥❞✱

❛s ❛ r❡s✉❧t✱ t❤❡② ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ❧❡ss s❦✐❧❧❡❞✳ ❚❤❡s❡ r❡s✉❧ts✱ t❤✉s✱ ❛r❡ ❝❛♣t✉r✐♥❣ t❤❡ ❡✛❡❝ts ♦❢

❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❛❝❝❡ss t♦ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ❛s ✇❡❧❧ ❛s ❛❝❝❡ss t♦ t❤♦s❡ ❡❞✉❝❛t✐♦♥ ♣r♦❣r❛♠s

t❤❛t ❣✐✈❡ t❤❡ ♥❡❝❡ss❛r② s❦✐❧❧s t♦ ❜❡❝♦♠❡ ❡♥tr❡♣r❡♥❡✉rs✳

❆❧s♦✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ ✇❡ ❛r❡ ♠♦❞❡❧✐♥❣ t❤❡ ❡❝♦♥♦♠② ❛s ✐❢ t❤❡r❡ ✇❛s ♦♥❧② ♦♥❡ ♣r♦❞✉❝✲

t✐♦♥ s❡❝t♦r✱ ✇❤✐❧❡ ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞ t❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t s❡❝t♦rs✱ ♣r♦❜❛❜❧② ✇✐t❤ ❞✐✛❡r❡♥t
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❋✐❣✉r❡ ✻✿ ❊✛❡❝ts ♦❢ ❣❡♥❞❡r ❣❛♣s ✐♥ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥

r❡t✉r♥s t♦ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❛❜✐❧✐t②✳ ❚♦ t❤❡ ❡①t❡♥t t❤❛t ❣❡♥❞❡r ❣❛♣s ✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ❛r❡

str♦♥❣❡r ✐♥ s♦♠❡ s❡❝t♦rs t❤❛♥ ♦t❤❡rs✱ t❤❡ ❡❝♦♥♦♠✐❝ ❧♦ss❡s ❞✉❡ t♦ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❣❛♣s ♠❛② ❜❡

❧❛r❣❡r ♦r s♠❛❧❧❡r t❤❛♥ ❝♦♠♣✉t❡❞ ❤❡r❡✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ✐♥❡q✉❛❧✐t② ✐s ❤✐❣❤❡r ✐♥

s❡❝t♦rs ✇✐t❤ ❧❛r❣❡r s♣❛♥ ♦❢ ❝♦♥tr♦❧ ♦❢ ❡♥tr❡♣r❡♥❡✉rs✱ ✇❡ ✇♦✉❧❞ ❜❡ ✉♥❞❡r❡st✐♠❛t✐♥❣ t❤❡ tr✉❡

❡✛❡❝ts ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t②✳

✸✳✹ ◗✉❛♥t✐t❛t✐✈❡ ❡✛❡❝ts ♦❢ ❧❛❜♦r ❢♦r❝❡ ❣❛♣s

■❢ ✇❡ s✐♠✉❧❛t❡ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ✇♦r❦♣❧❛❝❡✱ ✇❡

❣❡t t❤❛t ♦✉t♣✉t ♣❡r ✇♦r❦❡r ✐♥❝r❡❛s❡s ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ❞✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ t♦ ❧❛❜♦r

❦❡❡♣✐♥❣ t❤❡ st♦❝❦ ♦❢ ❝❛♣✐t❛❧ ❝♦♥st❛♥t✳ ❍♦✇❡✈❡r✱ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ♦❜✈✐♦✉s❧② ❞❡❝r❡❛s❡s s✐♥❝❡

❢❡✇❡r ♣❡♦♣❧❡ ❛❝t✉❛❧❧② ✇♦r❦✳ ❆s ❋✐❣✉r❡ ✭✻✮ s❤♦✇s✱ t❤❡ ❧❛r❣❡r t❤❡ ❣❡♥❞❡r ❣❛♣ ✐♥ t❤❡ ❧❛❜♦r ❢♦r❝❡ ✲

✐✳❡✳ t❤❡ ❢✉rt❤❡r ✇❡ ♠♦✈❡ t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✱ t❤❡ ❤✐❣❤❡r ✐s t❤❡ ✐♥❝♦♠❡ ❧♦ss✳ ❲❤❡♥

✺✵✪ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❧❛❜♦r ❢♦r❝❡✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛

❧♦ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦✲❡①❝❧✉s✐♦♥ ❝❛s❡ ✐s ❛❧♠♦st ✹✵✪✳
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■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s t♦ ♦t❤❡r

✈❛❧✉❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✐♥ ♦r❞❡r ❛♥❛❧②③❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♦✉r r❡s✉❧ts t♦ ♦t❤❡r

♣♦ss✐❜❧❡ s♣❡❝✐✜❝❛t✐♦♥s✳ ❚❛❜❧❡ ✭✷✮ ❜❡❧♦✇ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts✳

❙♣❛♥✲♦❢✲❝♦♥tr♦❧ ♣❛r❛♠❡t❡r η✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❇♦❤❛❝❡❦ ❛♥❞ ❘♦❞r✐❣✉❡③✲▼❡♥❞✐③❛❜❛❧

✭✷✵✶✶✮ ❛♥❞ ❇❤❛tt❛❝❤❛r②❛ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛r❡ t❤❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ st✉❞✐❡s ♣r♦✈✐❞✐♥❣ ❞✐✛❡r❡♥t ❡s✲

t✐♠❛t❡s ❢♦r t❤❡ s♣❛♥✲♦❢✲❝♦♥tr♦❧ ♣❛r❛♠❡t❡r✳ ❇♦❤❛❝❡❦ ❛♥❞ ❘♦❞r✐❣✉❡③✲▼❡♥❞✐③❛❜❛❧ ✭✷✵✶✶✮ ✉s❡ ❛

✈❛❧✉❡ ♦❢ η = 0.912 ❢♦r t❤❡ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r s✐♥❝❡ t❤✐s ✐s t❤❡ ✈❛❧✉❡ ❡st✐♠❛t❡❞

❜② ❇✉r♥s✐❞❡ ✭✶✾✾✻✮ ✉s✐♥❣ ♦✉t♣✉t ❞❛t❛✳ ■♥ ♦✉r s❡tt✐♥❣✱ ✇❡ ❝❛♥ ✉s❡ η = 0.912 ✐❢ ✇❡ s❡t ρ = 10.36

❛♥❞ z̄ = 2 ∗ B✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❣❡t t❤❛t t❤❡ ❧♦ss ✐♥ ♦✉t♣✉t ♣❡r ✇♦r❦❡r ❞✉❡ t♦ ❣❡♥❞❡r ❣❛♣s ✐♥

❡♥tr❡♣r❡♥❡✉rs❤✐♣ ✐s ♦♥❧② ❛r♦✉♥❞ ✹✪✱ ✇❤✐❧❡ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ❧♦ss

❞✉❡ t♦ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥✳ ❇❤❛tt❛❝❤❛r②❛ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✉s❡ η = 0.76✱ ✇❤✐❝❤ ✐♠♣❧② ρ = 3.17 ❛♥❞ z̄ = 14∗B ✐♥ ♦✉r s❡tt✐♥❣✳ ❚❤✐s ♣❛r❛♠❡tr✐③❛t✐♦♥

❧❡❛❞s t♦ ❛ ❧♦ss ✐♥ ♦✉t♣✉t ♣❡r ✇♦r❦❡r ❞✉❡ t♦ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❣❡♥❞❡r ❣❛♣s ♦❢ ❛❧♠♦st ✶✺✪✳

❈❛♣✐t❛❧ s❤❛r❡ ✐♥ ✈❛r✐❛❜❧❡ ❢❛❝t♦rs ♣❛r❛♠❡t❡r✱ α✳ ❙❡tt✐♥❣ α ❡q✉❛❧ t♦ 0.375 ✐♥ ♦r❞❡r t♦

♠❛❦❡ αη ❡q✉❛❧ t♦ 30% ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡s t❤❛t t❤❡ ✐♥❝♦♠❡ ♦❢ ❡♥tr❡♣r❡♥❡✉rs✬ ✐♥❝♦♠❡ ✐s ♣❛rt ♦❢

t❤❡ ❧❛❜♦r ✐♥❝♦♠❡ ✐♥ t❤❡ ♥❛t✐♦♥❛❧ ❛❝❝♦✉♥ts✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t❤❛t ✐t ✐s ❝♦♥s✐❞❡r❡❞ ♣❛rt ♦❢

t❤❡ ❝❛♣✐t❛❧ ✐♥❝♦♠❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ♠❛❦✐♥❣ αη + (1 − η) = 0.3 ❛♥❞ α = 0.125✳ ❯s✐♥❣ η = 0.8✱

ρ = 4 ❛♥❞ z̄ = 7.2 ∗B✱ ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ s✐♠✉❧❛t✐♦♥✱ ❛♥❞ α = 0.125 ✇❡ ❣❡t t❤❡ ❧♦ss ✐♥ ✐♥❝♦♠❡

♣❡r ❝❛♣✐t❛ ❞✉❡ t♦ ❣❡♥❞❡r ❣❛♣s ✐♥ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥✱ ❛♥❞ ❛ s❧✐❣❤t❧② s♠❛❧❧❡r ❧♦ss ✐♥ ♦✉t♣✉t

♣❡r ✇♦r❦❡r ❞✉❡ t♦ ❣❡♥❞❡r ❣❛♣s ✐♥ ❡♥tr❡♣r❡♥❡✉rs✱ ✶✶✪ ✐♥st❡❛❞ ♦❢ ✶✷✪✳

✹ ❈r♦ss✲❝♦✉♥tr② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ ❞❛t❛ ♦♥ ❡♠♣❧♦②❡rs ❛♥❞ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❜② ❣❡♥❞❡r t♦ ❡st✐♠❛t❡

t❤❡ ❡✛❡❝ts ♦❢ ❧❛❜♦r ♠❛r❦❡t ❣❡♥❞❡r ❣❛♣s ♦♥ t❤❡ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ♦❢ ✽✽ ❝♦✉♥tr✐❡s ❢♦r t❤❡

❧❛t❡st ❛✈❛✐❧❛❜❧❡ ②❡❛r✳✶✷ ❚❤❡ ❞❛t❛ ✉s❡❞ ✐s ❢r♦♠ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ▲❛❜♦r ❖r❣❛♥✐③❛t✐♦♥ ✭❚❛❜❧❡ ✸

✲ ❙t❛t✉s ✐♥ ❊♠♣❧♦②♠❡♥t✱ ❜② s❡①✮ ❢♦r t❤❡ ❧❛t❡st ❛✈❛✐❧❛❜❧❡ ②❡❛r✱ ❛♥❞ ✐t ✐♥❝❧✉❞❡s ❜♦t❤ ❞❡✈❡❧♦♣❡❞

❛♥❞ ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s ❛♥❞ t❤❡ ❲♦r❧❞ ❇❛♥❦ ❲♦r❧❞ ❉❡✈❡❧♦♣♠❡♥t ■♥❞✐❝❛t♦rs✳ ■t ✐s ✐♠♣♦rt❛♥t

✶✷❆♣♣❡♥❞✐① ❉ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥ ❜② ❝♦✉♥tr②✳

✶✺



❚❛❜❧❡ ✷✿ ❘♦❜✉st♥❡ss ❛♥❛❧②s✐s

❇❛s❡❧✐♥❡

s✐♠✉❧❛t✐♦♥

η❢r♦♠
❇♦❤❛❝❡❦✱

❘♦❞r✐❣✉❡③

✭✷✵✶✶✮

η❢r♦♠
❇❛tt❛❝❤❛r②❛

❡t ❛❧✳

✭✷✵✶✶✮

❈❛♣✐t❛❧ s❤❛r❡

αη + (1− η) = 0.3

ρ ✹ ✶✵✳✹ ✸✳✶✼ ✹

η ✵✳✽ ✵✳✾✶✷ ✵✳✼✻ ✵✳✽

z̄/B ✼✳✽ ✶✳✾✹ ✶✹ ✼✳✷

Pr♦❞✉❝t✐✈✐t②

❧♦ss ❞✉❡ t♦

❡♥tr❡♣r❡♥❡✉rs✬

❣❡♥❞❡r ❣❛♣s

✵✳✶✷ ✵✳✵✹✺ ✵✳✶✹✺ ✵✳✶✶

■♥❝♦♠❡

❧♦ss ❞✉❡ t♦

❧❛❜♦r ❢♦r❝❡

❣❡♥❞❡r ❣❛♣s

✵✳✸✽ ✵✳✸✽ ✵✳✸✽ ✵✳✹✻

t♦ ♥♦t❡ t❤❛t ❢r♦♠ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣❡♥❞❡r ❣❛♣ ✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ❜② t❛❦✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥

t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❡♥tr❡♣r❡♥❡✉rs ❛♠♦♥❣ ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡s ❛♥❞ ♥♦r♠❛❧✐③✐♥❣ ✐t ✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡

✐♥ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❜❡t✇❡❡♥ ♠❛❧❡s ❛♥❞ ❢❡♠❛❧❡s✳✶✸ ■❢ ♠❡♥ ❛♥❞ ✇♦♠❡♥ ✇❡r❡ ✐❞❡♥t✐❝❛❧ ✐♥

❛❧❧ ❞✐♠❡♥s✐♦♥s✱ t❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s ❝♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✇♦♠❡♥ ✇❤♦ ❛r❡

❞✐s❝r✐♠✐♥❛t❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ❛♥❞ t❤❡ ❧❛❜♦r ❢♦r❝❡ r❡s♣❡❝t✐✈❡❧②✱ ❜✉t t❤❡r❡ ♠❛② ❜❡ r❡❛s♦♥s

♦t❤❡r t❤❛♥ ❞✐s❝r✐♠✐♥❛t✐♦♥ t❤❛t ❡①♣❧❛✐♥ t❤✐s ❣❛♣ ♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠❡♥ ❛♥❞ ✇♦♠❡♥✳✶✹

■♥ ✜❣✉r❡ ✭✼✮✱ ✇❡ ❝❛♥ s❡❡ t❤❡ t♦t❛❧ ✐♥❝♦♠❡ ❧♦ss ❝❛✉s❡❞ ❜② t❤❡ t✇♦ ❣❡♥❞❡r ❣❛♣s ❛♥❞ t❤❡

r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❣❡♥❞❡r ❣❛♣s ❢♦r ❛❧❧ ❝♦✉♥tr✐❡s ✐♥ ♦✉r s❛♠♣❧❡✳ ❚❤❡ ✜rst ♣❧♦t s❤♦✇s t❤❛t

t❤❡ t♦t❛❧ ❧♦ss ✐♥ ✐♥❝♦♠❡ ❣♦❡s ❢r♦♠ ♠♦r❡ t❤❛♥ ✹✵✪ ✐♥ s♦♠❡ ❝♦✉♥tr✐❡s t♦ ❧❡ss t❤❛♥ ✺✪ ✐♥ s♦♠❡

♦t❤❡rs✱ ❛♥❞ ✐t ❤❛s ❛ s❧✐❣❤t❧② ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ❧❡✈❡❧✳ ❚❤❡ s❡❝♦♥❞

♣❧♦t s❤♦✇s t❤❛t t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧♦ss ❝❛✉s❡❞ ❜② t❤❡ ♠❛♥❣❡r✐❛❧ ❣❡♥❞❡r ❣❛♣ ❛♥❞ t❤❡ ❧♦ss

❝❛✉s❡❞ ❜② t❤❡ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❣❛♣ ✐s ♣♦s✐t✐✈❡✳

❚❛❜❧❡s ✭✸✮ ❛♥❞ ✭✹✮ ❜❡❧♦✇ s❤♦✇ t❤❡ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t ❣r♦✉♣s ♦❢ ❝♦✉♥tr✐❡s✳ ❚❤❡ ✈❛r✐❛❜❧❡

❊♥tr❡♣r❡♥❡✉rs✬ ❣❡♥❞❡r ❣❛♣ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ♠❛❧❡s ❛♥❞ ❢❡♠❛❧❡s ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢

✶✸❙♦♠❡♦♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t t❤❡ r❛t✐♦ ♦❢ ♠❛❧❡ ❛♥❞ ❢❡♠❛❧❡ ❡♥tr❡♣r❡♥❡✉rs s❤♦✉❧❞ ❜❡ ❝♦♠♣❛r❡❞ ❞✐r❡❝t❧② ✐✳❡✳
✇✐t❤♦✉t ♥♦r♠❛❧✐③✐♥❣ ✐t✱ ❜✉t ✐♥ ♦✉r ♠♦❞❡❧✱ ❛❣❡♥ts ✜rst ❡♥t❡r t❤❡ ❧❛❜♦r ❢♦r❝❡ ❛♥❞ t❤❡♥ ❞❡❝✐❞❡ t♦ ❜❡❝♦♠❡ ❡♥✲
tr❡♣r❡♥❡✉rs✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✇❛② ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❣❡♥❞❡r ❣❛♣s ✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ✇❡ ❝♦✉❧❞ t❤❡♥ ❤❛✈❡ ♥❡❣❛t✐✈❡
❣❡♥❞❡r ❣❛♣s ✭✐✳❡✳ ❧❛r❣❡r ❢r❛❝t✐♦♥ ♦❢ ✇♦r❦✐♥❣ ✇♦♠❡♥ ✐♥ ❡♠♣❧♦②❡r ♣♦s✐t✐♦♥s✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ❥✉st ♣r♦❝❡❡❞ ❛s ✐❢
t❤❡r❡ ✇❛s ♥♦ ❣❛♣ ❛t ❛❧❧✳

✶✹❚♦ ♠❛❦❡ t❤❡ r❡❛❞✐♥❣ ❡❛s✐❡r✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ♥✉♠❜❡rs ✐♥ t❤❡s❡ ✈❛r✐❛❜❧❡s ❛s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✇♦♠❡♥
❡①❝❧✉❞❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ♦r ❢r♦♠ t❤❡ ❧❛❜♦r ❢♦r❝❡✱ ❜✉t ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤✐s ❡①❝❧✉s✐♦♥ ✐s ✈♦❧✉♥t❛r②
♦r ♥♦t✳
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✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ✇❤✐❧❡ t❤❡ ✈❛r✐❛❜❧❡ ■♥❝♦♠❡ ❧♦ss ✭❧❢♣✮ ❣✐✈❡s t❤❡ ♣❡r❝❡♥t❛❣❡ ❧♦ss ✐♥ ✐♥❝♦♠❡

♣❡r ❝❛♣✐t❛ ❞✉❡ t♦ t❤❡ ❣❡♥❞❡r ❣❛♣ ✐♥ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥✱ s♦ ✐t ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

t❤❡ ♦t❤❡r t✇♦✳

❚❛❜❧❡ ✭✸✮ ❣✐✈❡s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡s❡ ✜✈❡ ✈❛r✐❛❜❧❡s ❢♦r ❢♦✉r ❣r♦✉♣s ♦❢ ❝♦✉♥tr✐❡s✱ ❛❝❝♦r❞✐♥❣

t♦ t❤❡✐r ✐♥❝♦♠❡ ❧❡✈❡❧✳ ■♥ ❧♦✇ ✐♥❝♦♠❡ ❝♦✉♥tr✐❡s✱ ❢♦r ❡①❛♠♣❧❡✱ ♠♦r❡ t❤❛♥ ✺✵✪ ♦❢ ✇♦♠❡♥ ❛r❡

❡①❝❧✉❞❡❞ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱ ✇❤✐❝❤ ✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s✱ ❝r❡❛t❡s ❛♥ ❛✈❡r❛❣❡

✐♥❝♦♠❡ ❧♦ss ♦❢ ✺✪❀ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✇♦♠❡♥ t❤❛t ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❧❛❜♦r ❢♦r❝❡✱ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ✐s ✷✽✪ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♥ ♦✉t♣✉t ❧♦ss ♦❢ ✶✵✪✳ ❚❤❡ s✉♠ ♦❢ t❤❡s❡ t✇♦ ♦✉t♣✉t

❧♦ss❡s ❣✐✈❡s t❤❡ t♦t❛❧ ✐♥❝♦♠❡ ❧♦ss ❞✉❡ t♦ ❣❡♥❞❡r ❣❛♣s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳ P❡r❤❛♣s s♦♠❡✇❤❛t

s✉r♣r✐s✐♥❣❧②✱ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♦t❤❡r t❤r❡❡ ✐♥❝♦♠❡ ❣r♦✉♣s ❛r❡ q✉✐t❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ❥✉st

❞❡s❝r✐❜❡❞✳ ❍✐❣❤✲✐♥❝♦♠❡ ❝♦✉♥tr✐❡s✱ ❢♦r ✐♥st❛♥❝❡✱ ❤❛✈❡ ❛ ❧❛r❣❡r ❣❡♥❞❡r ❣❛♣ ✐♥ ❡♥tr❡♣r❡♥❡✉rs❤✐♣✱

✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ t♦t❛❧ ♦✉t♣✉t ❧♦ss ♦❢ ✶✺✪✳
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❊✉r♦♣❡ ❛♥❞ ❈❡♥tr❛❧ ❆s✐❛✱ ▲❛t✐♥ ❆♠❡r✐❝❛ ❛♥❞ t❤❡ ❈❛r✐❜❜❡❛♥✱ ▼✐❞❞❧❡ ❊❛st ❛♥❞ ◆♦rt❤ ❆❢r✐❝❛✱

❙♦✉t❤ ❆s✐❛✱ ❛♥❞ ❙✉❜✲❙❛❤❛r❛♥ ❆❢r✐❝❛✮✳ ❲❡ ✜♥❞ s♦♠❡ ✐♥t❡r❡st✐♥❣ ❞✐✛❡r❡♥❝❡s ✐♥ ❣❡♥❞❡r ❣❛♣s✱

✇❤✐❝❤ ❧❡❛❞ t♦ s♦♠❡ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ✐♠♣❧✐❡❞ ✐♥❝♦♠❡ ❧♦ss❡s✳ ❚❤❡ r❡❣✐♦♥ ✇✐t❤ ❧❛r❣❡r

✐♥❝♦♠❡ ❧♦ss❡s ❞✉❡ t♦ ❣❡♥❞❡r ❣❛♣s ▼✐❞❞❧❡ ❊❛st ❛♥❞ ◆♦rt❤ ❆❢r✐❝❛ ✇❤❡r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r
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❣❡♦❣r❛♣❤✐❝❛❧ ❧❡✈❡❧s✳ ■t ✐s ❝❧❡❛r t❤❛t ♦✉r ♠❡❛s✉r❡ ♦❢ ❡♥tr❡♣r❡♥❡✉rs ❛♥❞ t♦t❛❧ ❧❛❜♦r ❣❛♣s ♠❛②

r❡✢❡❝t ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✭❞✉❡ t♦ ❜♦t❤ ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② ❢❛❝t♦rs✮ ❛s ✇❡❧❧ ❛s

❝✉❧t✉r❛❧ ❢❛❝t♦rs✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ❡①❡r❝✐s❡ ✐s t♦ ♣r♦✈✐❞❡ s♦♠❡ q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡s ♦❢ t❤❡

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡s❡ ❣❛♣s ❛♥❞ ♦❢ t❤❡✐r ✐♠♣❛❝t ♦♥ t❤❡ ❛❣❣r❡❣❛t❡ ❡❝♦♥♦♠②✳

✺ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r q✉❛♥t✐✜❡s t❤❡ ❡✛❡❝ts ♦❢ ❣❡♥❞❡r ❣❛♣s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ♦♥ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t②

❛♥❞ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛✳ ❖✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❣❡♥❞❡r ❣❛♣ ✐♥ ❡♥tr❡♣r❡♥❡✉rs

❤❛s s✐❣♥✐✜❝❛♥t ❡✛❡❝ts ♦♥ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t②✱ ✇❤✐❧❡ t❤❡ ❣❛♣ ❢r♦♠

❢♦r♠❛❧ ❡♠♣❧♦②♠❡♥t ❞♦❡s ♥♦t ❛✛❡❝t ♣r♦❞✉❝t✐✈✐t② ❜✉t ❤❛s ❧❛r❣❡ ❡✛❡❝ts ♦♥ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛✳

❙♣❡❝✐✜❝❛❧❧②✱ ✐❢ ♥♦ ✇♦♠❡♥ ✇♦r❦s ❛s ❛♥ ❡♥tr❡♣r❡♥❡✉r✱ ♦✉t♣✉t ♣❡r ✇♦r❦❡r ✇♦✉❧❞ ❞r♦♣ ❜② ♠♦r❡

t❤❛♥ ✶✵✪✱ ✇❤✐❧❡ ✐❢ t❤❡ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ ✇♦♠❡♥ ✇❛s ③❡r♦✱ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ✇♦✉❧❞

❞❡❝r❡❛s❡ ❜② ❛❧♠♦st ✹✵✪✳

❲❤❡♥ ✇❡ ❞♦ t❤❡ ❝♦✉♥tr②✲❜②✲❝♦✉♥tr② ❛♥❛❧②s✐s✱ ✇❡ ✜♥❞ t❤❛t ❣❡♥❞❡r ❣❛♣s ❞♦ ♥♦t ❞✐✛❡r ♠✉❝❤

❛❝r♦ss ✐♥❝♦♠❡ ❣r♦✉♣s✱ ❜✉t t❤❡r❡ ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ❛❝r♦ss ❣❡♦❣r❛♣❤✐❝❛❧ r❡❣✐♦♥s✳

❆❝❝♦r❞✐♥❣ t♦ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s✱ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❧♦✇ ✐♥❝♦♠❡ ❝♦✉♥tr✐❡s ❝r❡❛t❡s ❛♥ ❛✈❡r❛❣❡

❧♦ss ♦❢ ✶✺✪ ✐♥ ●❉P ♣❡r ❝❛♣✐t❛✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ ❜♦t❤ ❣❛♣s ✐♥ ❡♥tr❡♣r❡♥❡✉rs ✭✺✪✮ ❛♥❞ ✐♥ ❧❛❜♦r

❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥ ✭✶✵✪✮✳ ❚❤❡ r❡❣✐♦♥ ✇✐t❤ t❤❡ ❧❛r❣❡st ✐♥❝♦♠❡ ❧♦ss ❞✉❡ t♦ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐s

▼✐❞❞❧❡ ❊❛st ❛♥❞ ◆♦rt❤ ❆❢r✐❝❛✱ ✇✐t❤ ❛ t♦t❛❧ ✐♥❝♦♠❡ ❧♦ss ♦❢ ✷✼✪✱ ✼✪ ❝♦♠✐♥❣ ❢r♦♠ ❡♥tr❡♣r❡♥❡✉rs✬

❣❛♣s ❛♥❞ ✷✵✪ ❢r♦♠ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥✳ ❙♦✉t❤ ❆s✐❛ ❡①♣❡r✐❡♥❝❡s t❤❡ s❡❝♦♥❞ ❧❛r❣❡st ✐♥❝♦♠❡

❧♦ss ❞✉❡ t♦ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✭✷✸✪✮ ❛♥❞ ❊✉r♦♣❡ ❛♥❞ ❈❡♥tr❛❧ ❆s✐❛ ❞✐s♣❧❛② t❤❡ s❡❝♦♥❞ ❧❛r❣❡st

❣❛♣ ✐♥ ❡♥tr❡♣r❡♥❡✉rs ✭✻✸✪✮✳

✶✾



■♥ t❡r♠s ♦❢ ❢✉t✉r❡ r❡s❡❛r❝❤✱ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ t♦ ❡①t❡♥❞ t❤✐s ❢r❛♠❡✇♦r❦ ✐♥ t✇♦ ❞✐✛❡r❡♥t

❞✐r❡❝t✐♦♥s✳ ❋✐rst✱ ✐♥tr♦❞✉❝✐♥❣ ❛ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ s❡❝t♦r ❧❡❛❞✐♥❣ t♦ ❛ ❞✐✈✐s✐♦♥ ♦❢ ❧❛❜♦r

❜❡t✇❡❡♥ ❤✉s❜❛♥❞s ❛♥❞ ✇✐✈❡s✱ ❛s ✐♥ ❇❡❝❦❡r ✭✶✾✽✶✮✱ ✇❤✐❝❤ ❝♦✉❧❞ ❡①♣❧❛✐♥ s♦♠❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞

❞✐✛❡r❡♥❝❡s ✐♥ ❧❛❜♦r ♣❛rt✐❝✐♣❛t✐♦♥ ❛♥❞ ❛❝❝❡ss t♦ ❡♥tr❡♣r❡♥❡✉rs❤✐♣ ❜❡t✇❡❡♥ ♠❛❧❡s ❛♥❞ ❢❡♠❛❧❡s

✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ ❛ss✉♠❡ ❣❡♥❞❡r ❞✐s❝r✐♠✐♥❛t✐♦♥✳ ❙❡❝♦♥❞✱ ✇❡ ♣❧❛♥ t♦ ♠❛❦❡ ❛ ❞②♥❛♠✐❝

✈❡rs✐♦♥ ♦❢ t❤❡ s♣❛♥✲♦❢✲❝♦♥tr♦❧ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✭s❡❡ ❢♦r ✐♥st❛♥❝❡✱ ❈❛s❡❧❧✐ ❛♥❞

●❡♥♥❛✐♦❧✐ ✷✵✶✷✮✱ ✇❤✐❝❤ ✇♦✉❧❞ ♠❛❦❡ ♣♦ss✐❜❧❡ t♦ q✉❛♥t✐❢② t❤❡ ❡✛❡❝ts ♦❢ ❣❡♥❞❡r ❣❛♣s ♦♥ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳

❘❡❢❡r❡♥❝❡s

❆①t❡❧❧✱ ❘✳ ✭✷✵✵✶✮✱ ✏❩✐♣❢ ❉✐str✐❜✉t✐♦♥ ♦❢ ❯✳❙✳ ❋✐r♠ ❙✐③❡✱✑ ❙❝✐❡♥❝❡✱ ✷✾✸✱ ♣♣✳ ✶✽✾✲✶✾✹✳

❇❛rr♦✱ ❘✳ ❏✳✱ ❛♥❞ ▲❡❡✱ ❏✳❲✳ ✭✶✾✾✹✮✱ ✏❙♦✉r❝❡s ♦❢ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✱✑ ❈❛r♥❡❣✐❡ ❈♦♥❢❡r❡♥❝❡

❙❡r✐❡s ♦♥ P✉❜❧✐❝ P♦❧✐❝②✱ ✹✵✿ ✶✳

❇❛rr♦✱ ❘✳ ❏✳✱ ❛♥❞ ▲❡❡✱ ❏✳ ❲✳ ✭✶✾✾✻✮✱ ✏■♥t❡r♥❛t✐♦♥❛❧ ♠❡❛s✉r❡s ♦❢ s❝❤♦♦❧✐♥❣ ②❡❛rs ❛♥❞ s❝❤♦♦❧✲

✐♥❣ q✉❛❧✐t②✱✏ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✽✻✱ ♣♣✳ ✷✶✽✲✷✸✳

❇❛rr♦✱ ❘✳ ❏✳✱ ❛♥❞ ❙❛❧❛✲✐✲▼❛rt✐♥✱ ❳✳ ✭✷✵✵✸✮✱ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✱ ✷♥❞ ❡❞✐t✐♦♥✳ ❚❤❡ ▼■❚

Pr❡ss✳ ❈❛♠❜r✐❞❣❡✳

❇❡❝❦❡r✱ ●✳ ❙✳ ✭✶✾✽✶✮✱ ✏❆ ❚r❡❛t✐s❡ ♦♥ t❤❡ ❋❛♠✐❧②✑✱ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱

▼❆✳

❇❤❛tt❛❝❤❛r②❛✱ ❉✳✱ ●✉♥❡r✱ ◆✳✱ ❛♥❞ ❱❡♥t✉r❛✱ ●✳ ✭✷✵✶✶✮✱ ✏❉✐st♦rt✐♦♥s✱ ❊♥❞♦❣❡♥♦✉s ▼❛♥❛❣❡✲

r✐❛❧ ❙❦✐❧❧s ❛♥❞ Pr♦❞✉❝t✐✈✐t② ❉✐✛❡r❡♥❝❡s✑✱ ✇♦r❦✐♥❣ ♣❛♣❡r✳

❇❧❛❝❦❞❡♥✱ ▼✳✱ ❈❛♥❛❣❛r❛❥❛❤✱ ❙✳✱ ❑❧❛s❡♥✱ ❙✳✱ ❛♥❞ ▲❛✇s♦♥✱ ❉✳ ✭✷✵✵✻✮✱ ✏●❡♥❞❡r ❛♥❞ ❣r♦✇t❤

✐♥ ❙✉❜✲❙❛❤❛r❛♥ ❆❢r✐❝❛✑✱ ❯◆❯✲❲■❉❊❘ ❘❡s❡❛r❝❤ P❛♣❡r ◆♦✳ ✷✵✵✻✴✸✼✳

❇♦❤❛❝❡❦✱ ❘✳✱ ❛♥❞ ❍✳ ❘♦❞r✐❣✉❡③ ▼❡♥❞✐③❛❜❛❧ ✭✷✵✶✶✮✱ ✏▼✐s❛❧❧♦❝❛t✐♦♥ ♦❢ ❈❛♣✐t❛❧ ✐♥ ❛ ▼♦❞❡❧

♦❢ ❊♥❞♦❣❡♥♦✉s ❋✐♥❛♥❝✐❛❧ ■♥t❡r♠❡❞✐❛t✐♦♥ ❛♥❞ ■♥s✉r❛♥❝❡✑✱ ❲♦r❦✐♥❣ P❛♣❡r✳

❇✉❡r❛✱ ❋✳ ❏✳✱ ❏✳ P✳ ❑❛❜♦s❦✐✱ ❛♥❞ ❨✳ ❙❤✐♥ ✭✷✵✶✶✮✱ ✏❋✐♥❛♥❝❡ ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t✿ ❆ ❚❛❧❡ ♦❢

❚✇♦ ❙❡❝t♦rs✑✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✶ ✭✺✮✱ ♣♣✳ ✶✾✻✹✕✷✵✵✷✳

❇✉❡r❛✱ ❋✳ ❏✳✱ ❛♥❞ ❨✳ ❙❤✐♥ ✭✷✵✶✶✮✱ ✏❙❡❧❢✲✐♥s✉r❛♥❝❡ ✈s✳ s❡❧❢✲✜♥❛♥❝✐♥❣✿ ❆ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s ♦❢

t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ s❤♦❝❦s✑✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✹✻✱ ♣♣✳ ✽✹✺✕✽✻✷✳

❇✉r♥s✐❞❡✱ ❈✳ ✭✶✾✾✻✮✱ ✏Pr♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ r❡❣r❡ss✐♦♥s✱ r❡t✉r♥s t♦ s❝❛❧❡✱ ❛♥❞ ❡①t❡r♥❛❧✐t✐❡s✑✱

❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✸✼ ✭✷✮✱ ♣♣✳ ✶✼✼✲✷✵✶✳

✷✵



❈❛s❡❧❧✐✱ ❋✳✱ ❛♥❞ ◆✳ ●❡♥♥❛✐♦❧✐ ✭✷✵✶✷✮✱ ✏❉②♥❛st✐❝ ▼❛♥❛❣❡♠❡♥t✑✱ ❊❝♦♥♦♠✐❝ ■♥q✉✐r②✱ ❢♦rt❤✲

❝♦♠✐♥❣✳

❈✉❜❡r❡s✱ ❉✳✱ ❛♥❞ ❚❡✐❣♥✐❡r✱ ▼✳ ✭✷✵✶✶✮✱ ✏❉♦❡s ●❡♥❞❡r ■♥❡q✉❛❧✐t② ❍✐♥❞❡r ●r♦✇t❤❄ ❚❤❡ ❡✈✐✲

❞❡♥❝❡ ❛♥❞ ✐ts P♦❧✐❝② ■♠♣❧✐❝❛t✐♦♥s✑✱ ❇❛❝❦❣r♦✉♥❞ ♣❛♣❡r ❢♦r t❤❡❲♦r❧❞ ❇❛♥❦ ❲♦r❧❞ ❉❡✈❡❧♦♣♠❡♥t

❘❡♣♦rt ✷✵✶✷✿ ●❡♥❞❡r ❊q✉❛❧✐t② ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t✳

❈✉❜❡r❡s✱ ❉✳✱ ❛♥❞ ❚❡✐❣♥✐❡r✱ ▼✳ ✭✷✵✶✷✮✱ ✏▼❛❝r♦❡❝♦♥♦♠✐❝ ▼♦❞❡❧s ♦❢ ●❡♥❞❡r ■♥❡q✉❛❧✐t② ❛♥❞

❊❝♦♥♦♠✐❝ ❉❡✈❡❧♦♣♠❡♥t✿ ❆ ❈r✐t✐❝❛❧ ❘❡✈✐❡✇✑ ✱ ✇♦r❦✐♥❣ ♣❛♣❡r✳

❉♦❡♣❦❡✱ ▼✳ ❛♥❞ ❚❡rt✐❧t✱ ▼✳ ✭✷✵✵✾✮✱ ✏❲♦♠❡♥✬s ❧✐❜❡r❛t✐♦♥✿ ❲❤❛t✬s ✐♥ ✐t ❢♦r ♠❡♥❄✑✱ ◗✉❛rt❡r❧②

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✈♦❧✳ ✶✷✹✭✹✮✱ ♣♣✳ ✶✺✹✶✲✶✺✾✶✳

❉♦❧❧❛r✱ ❉✳ ❛♥❞ ●❛tt✐✱ ❘✳ ✭✶✾✾✾✮✱ ✏●❡♥❞❡r ✐♥❡q✉❛❧✐t②✱ ✐♥❝♦♠❡ ❛♥❞ ❣r♦✇t❤✿ ❆r❡ ❣♦♦❞ t✐♠❡s

❣♦♦❞ ❢♦r ✇♦♠❡♥❄✑ ▼✐♠❡♦❣r❛♣❤✱ ❲♦r❧❞ ❇❛♥❦✱ ❲❛s❤✐♥❣t♦♥✱ ❉❈✳

❉✉✢♦✱ ❊✳ ✭✷✵✶✵✮✱ ✏●❡♥❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t❄✑ ❆❇❈❉❊ ❈♦♥❢❡r❡♥❝❡✱ ❙t♦❝❦❤♦❧♠✱

▼❛②✳

❊st❡✈❡✲❱♦❧❛rt✱ ❇✳ ✭✷✵✵✾✮✱ ✏●❡♥❞❡r ❞✐s❝r✐♠✐♥❛t✐♦♥ ❛♥❞ ❣r♦✇t❤✿ ❚❤❡♦r② ❛♥❞ ❡✈✐❞❡♥❝❡ ❢r♦♠

■♥❞✐❛✱✑ ♠✐♠❡♦✳

❋❡r♥❛♥❞❡③✱ ❘✳ ✭✷✵✵✾✮✱ ✏❲♦♠❡♥✬s r✐❣❤ts ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t✱✑ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡r ◆♦✳

✶✺✸✺✺✳

●❛❜❛✐①✱ ❳✳ ✭✷✵✵✽✮✱ ✏P♦✇❡r ▲❛✇s ✐♥ ❊❝♦♥♦♠✐❝s ❛♥❞ ❋✐♥❛♥❝❡✑✱ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡r ✶✹✷✾✾✳

●❛❜❛✐①✱ ❳✳✱ ❛♥❞ ❆✳ ▲❛♥❞✐❡r ✭✷✵✵✽✮✱ ✏❲❤② ❤❛s ❈❊❖ ♣❛② ✐♥❝r❡❛s❡❞ s♦ ♠✉❝❤✑✱ ◗✉❛rt❡r❧②

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❋❡❜r✉❛r② ✷✵✵✽✱ ♣♣✳ ✹✾✲✶✵✵✳

●❛❧♦r✱ ❖✳ ❛♥❞ ❲❡✐❧✱ ❉✳ ◆✳ ✭✶✾✾✻✮✱ ✏❚❤❡ ❣❡♥❞❡r ❣❛♣✱ ❢❡rt✐❧✐t②✱ ❛♥❞ ❣r♦✇t❤✱✑ ❆♠❡r✐❝❛♥

❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✽✺✭✸✮✱ ♣♣✳ ✸✼✹✕✸✽✼✳

●♦❧❞✐♥✱ ❈✳ ✭✶✾✾✵✮✱ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ❣❡♥❞❡r ❣❛♣✿ ❆♥ ❡❝♦♥♦♠✐❝ ❤✐st♦r② ♦❢ ❆♠❡r✐❝❛♥

✇♦♠❡♥✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✳

❍✐❧❧✱ ❆✳ ▼✳✱ ❛♥❞ ❑✐♥❣✱ ❊✳ ▼✳✱ ✭✶✾✾✺✮✱ ✏❲♦♠❡♥✬s ❊❞✉❝❛t✐♦♥ ❛♥❞ ❊❝♦♥♦♠✐❝ ❲❡❧❧✲❇❡✐♥❣✳✑

❋❡♠✐♥✐st ❊❝♦♥♦♠✐❝s ✶✭✷✮✱ ♣♣✳ ✶✕✷✻✳

❍s✐❡❤✱ ❈✳✱ ❍✉rst✱ ❊✳✱ ❏♦♥❡s✱ ❈✳✱ ❛♥❞ P✳ ❑❧❡♥♦✇ ✭✷✵✶✶✮ ✏❚❤❡ ❆❧❧♦❝❛t✐♦♥ ♦❢ ❚❛❧❡♥t ❛♥❞ ❯✳❙✳

❊❝♦♥♦♠✐❝ ●r♦✇t❤✑✱ ♠✐♠❡♦✳

❑❧❛s❡♥✱ ❙✳ ✭✷✵✵✷✮✱ ✏▲♦✇ s❝❤♦♦❧✐♥❣ ❢♦r ❣✐r❧s✱ s❧♦✇❡r ❣r♦✇t❤ ❢♦r ❛❧❧❄ ❈r♦ss✲❝♦✉♥tr② ❡✈✐❞❡♥❝❡ ♦♥

t❤❡ ❡✛❡❝t ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❡❞✉❝❛t✐♦♥ ♦♥ ❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥t✱✑ ❲♦r❧❞ ❇❛♥❦ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇ ✶✻✭✸✮✱ ♣♣✳ ✸✹✺✕✼✸✳

❑❧❛s❡♥✱ ❙✳ ❛♥❞ ▲❛♠❛♥♥❛✱ ❋✳ ✭✷✵✵✾✮✱ ✏❚❤❡ ✐♠♣❛❝t ♦❢ ❣❡♥❞❡r ✐♥❡q✉❛❧✐t② ✐♥ ❡❞✉❝❛t✐♦♥ ❛♥❞

❡♠♣❧♦②♠❡♥t ♦♥ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✿ ◆❡✇ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ♣❛♥❡❧ ♦❢ ❝♦✉♥tr✐❡s✱✑ ❋❡♠✐♥✐st ❊❝♦♥♦♠✐❝s✱
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✶✺✿ ✸✱ ♣♣✳ ✾✶✲✶✸✷✳

▲❛❣❡r❧♦❢✱ ◆ ✭✷✵✵✸✮✱ ✏●❡♥❞❡r ❡q✉❛❧✐t② ❛♥❞ ❧♦♥❣ r✉♥ ❣r♦✇t❤✑✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✱

✈♦❧✳ ✽✱ ♣♣✳ ✹✵✸✲✹✷✻✳

▲✉❝❛s ❏r✳✱ ❘✳❊✳ ✭✶✾✼✽✮✱ ✏❖♥ t❤❡ s✐③❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜✉s✐♥❡ss ✜r♠s✑✱ ❚❤❡ ❇❡❧❧ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s✱ ✈♦❧✳ ✾✭✷✮✱ ♣♣✳ ✺✵✽✲✺✷✸✳

▲✉t③✱ ❲✳✱ ●♦✉❥♦♥✱ ❆✳✱ ❙✳ ❑✳ ❈✳✱ ❛♥❞ ❙❛♥❞❡rs♦♥✱ ❲✳ ✭✷✵✵✼✮✱ ✏❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ♣♦♣✉❧❛✲

t✐♦♥ ❜② ❛❣❡✱ s❡① ❛♥❞ ❧❡✈❡❧ ♦❢ ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ♦❢ ✶✷✵ ❝♦✉♥tr✐❡s ❢♦r ✶✾✼✵✲✷✵✵✵✱✑ ❱✐❡♥♥❛

❨❡❛r❜♦♦❦ ♦❢ P♦♣✉❧❛t✐♦♥ ❘❡s❡❛r❝❤✱ ♣♣✳ ✶✾✸✲✷✸✺✳

▼♦rr✐ss♦♥✱ ❈✱ ❛♥❞ ▼✉rt✐♥✱ ❋✳ ✭✷✵✵✾✮✱ ✏❚❤❡ ❝❡♥t✉r② ♦❢ ❡❞✉❝❛t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥

❈❛♣✐t❛❧✱ ✈♦❧✳✸✭✶✮ ♣♣✳✶✲✹✷✳

▼✉❧❧✐❣❛♥✱ ❈✳ ❇✳ ❛♥❞ ❘✉❜✐♥st❡✐♥✱ ❨✳ ✭✷✵✵✽✮✱ ✏❙❡❧❡❝t✐♦♥✱ ■♥✈❡st♠❡♥t✱ ❛♥❞ ❲♦♠❡♥✬s ❘❡❧❛t✐✈❡

❲❛❣❡s ❖✈❡r ❚✐♠❡✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ▼■❚ Pr❡ss✱ ✈♦❧✳ ✶✷✸✭✸✮✱ ♣♣✳ ✶✵✻✶✲

✶✶✶✵✱ ❆✉❣✉st✳

▼✉rt❤✐✱ ▼✳✱ ●✉✐♦✱ ❆✳ ❈✳ ❛♥❞ ❉rè③❡✱ ❏✳ ✭✶✾✾✺✮✱ ✏▼♦rt❛❧✐t②✱ ❢❡rt✐❧✐t②✱ ❛♥❞ ❣❡♥❞❡r ❜✐❛s ✐♥

■♥❞✐❛✿ ❆ ❞✐str✐❝t✲❧❡✈❡❧ ❛♥❛❧②s✐s✱✑ P♦♣✉❧❛t✐♦♥ ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t ❘❡✈✐❡✇✱ ✷✶✭✹✮✱ ♣♣✳ ✼✹✺✲✼✽✷✳

P✐❝❛✱ ●✳✱ ❘♦❞r✐❣✉❡③ ▼♦r❛✱ ❏✳❱✳ ✭✷✵✶✶✮✱ ✏❲❤♦ ✐s ❛❢r❛✐❞ ♦❢ ❛ ❣❧♦❜❛❧✐③❡❞ ✇♦r❧❞❄ ❋♦r❡✐❣♥ ❞✐r❡❝t

✐♥✈❡st♠❡♥ts✱ s♦❝✐❛❧ ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❛❧❧♦❝❛t✐♦♥ ♦❢ t❛❧❡♥t✱✑ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✱

❢♦rt❤❝♦♠✐♥❣✳

Pr✐t❝❤❡tt✱ ▲✳ ✭✷✵✵✵✮✱ ✏❯♥❞❡rst❛♥❞✐♥❣ ♣❛tt❡r♥s ♦❢ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✿ s❡❛r❝❤✐♥❣ ❢♦r ❤✐❧❧s

❛♠♦♥❣ ♣❧❛t❡❛✉s✱ ♠♦✉♥t❛✐♥s✱ ❛♥❞ ♣❧❛✐♥s✱✑ ❚❤❡ ❲♦r❧❞ ❇❛♥❦ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✈♦❧✳ ✶✹✭✷✮✱ ♣♣✳

✷✷✶✲✺✵✳

◗✐❛♥✱ ◆✳ ✭✷✵✵✽✮✱ ✏▼✐ss✐♥❣ ✇♦♠❡♥ ❛♥❞ t❤❡ ♣r✐❝❡ ♦❢ t❡❛ ✐♥ ❈❤✐♥❛✿ ❚❤❡ ❡✛❡❝t ♦❢ s❡①✲s♣❡❝✐✜❝

✐♥❝♦♠❡ ♦♥ s❡① ✐♠❜❛❧❛♥❝❡✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✸✭✸✮✱ ❆✉❣✉st✳

❘♦❞r✐❣✉❡③ ▼♦r❛✱ ❏✳❱✳ ✭✷✵✵✾✮✱ ✏❚❤❡ ♠✐s❛❧❧♦❝❛t✐♦♥ ♦❢ t❛❧❡♥t✱✑✱ ❊❧s ❖♣✉s❝❧❡s ❞❡❧ ❈❘❊■ ◆♦✳

✷✷✳

❙❛❧❛✲✐✲▼❛rt✐♥✱ ❳✳✱ ❉♦♣♣❡❧❤♦❢❡r✱ ●✳✱ ❛♥❞ ▼✐❧❧❡r✱ ❘✳ ■✳ ✭✷✵✵✹✮✱ ✏❉❡t❡r♠✐♥❛♥ts ♦❢ ❧♦♥❣✲t❡r♠

❣r♦✇t❤✿ ❆ ❇❛②❡s✐❛♥ ❛✈❡r❛❣✐♥❣ ♦❢ ❝❧❛ss✐❝❛❧ ❡st✐♠❛t❡s ✭❇❆❈❊✮ ❛♣♣r♦❛❝❤✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇ ✾✹✭✹✮✱ ♣♣✳ ✽✶✸✲✽✸✺✱ ❙❡♣t❡♠❜❡r✳

❙❝❤✉❧t③✱ ❚✳ P✳ ✭✶✾✾✹✮✱ ✏❍✉♠❛♥ ❝❛♣✐t❛❧✱ ❢❛♠✐❧② ♣❧❛♥♥✐♥❣✱ ❛♥❞ t❤❡✐r ❡✛❡❝ts ♦♥ ♣♦♣✉❧❛t✐♦♥

❣r♦✇t❤✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✽✹✭✷✮✱ ♣♣✳ ✷✺✺✲✷✻✵✳

❙❡❣✉✐♥♦✱ ❙✳ ✭✷✵✵✵❛✮✱ ✏❆❝❝♦✉♥t✐♥❣ ❢♦r ❣❡♥❞❡r ✐♥ ❆s✐❛♥ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✱✑ ❋❡♠✐♥✐st ❊❝♦✲

♥♦♠✐❝s ✻✭✸✮✱ ♣♣✳ ✷✼✕✺✽✳

❙❡❣✉✐♥♦✱ ❙✳ ✭✷✵✵✵❜✮✱ ✏●❡♥❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✿ ❆ ❝r♦ss✲❝♦✉♥tr② ❛♥❛❧②s✐s✳✑

✷✷



❲♦r❧❞ ❉❡✈❡❧♦♣♠❡♥t ✷✽✭✼✮✿ ♣♣✳ ✶✷✶✶✕✸✵✳

❙t♦❦❡②✱ ◆✳ ✭✶✾✾✹✮✱ ✏❈♦♠♠❡♥ts ♦♥ ❇❛rr♦ ❛♥❞ ▲❡❡✱✑ ❈❛r♥❡❣✐❡✲❘♦❝❤❡st❡r ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s

♦♥ P✉❜❧✐❝ P♦❧✐❝②✱ ✹✵✱ ♣♣✳ ✹✼✲✺✼✳

❙t♦ts❦②✱ ❏✳ ●✳ ✭✷✵✵✻✮✱ ✏●❡♥❞❡r ❛♥❞ ■ts ❘❡❧❡✈❛♥❝❡ t♦ ▼❛❝r♦❡❝♦♥♦♠✐❝ P♦❧✐❝②✿ ❆ ❙✉r✈❡②✑✱

■▼❋ ❲♦r❦✐♥❣ P❛♣❡r ❲P✴✵✻✴✷✸✸✳

❚r❡✐♠❛♥✱ ❉✳ ❏✳ ❛♥❞ ❍❛rt♠❛♥✱ ❍✳ ✭✶✾✽✶✮✱ ❲♦♠❡♥✱ ❲♦r❦✱ ❛♥❞ ❲❛❣❡s✿ ❊q✉❛❧ P❛② ❢♦r ❏♦❜s

♦❢ ❊q✉❛❧ ❱❛❧✉❡✳ ❲❛s❤✐♥❣t♦♥✿ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② Pr❡ss✳

❚③❛♥♥❛t♦s✱ ❩✳ ✭✶✾✾✾✮✱ ✏❲♦♠❡♥ ❛♥❞ ❧❛❜♦r ♠❛r❦❡t ❝❤❛♥❣❡s ✐♥ t❤❡ ❣❧♦❜❛❧ ❡❝♦♥♦♠②✿ ●r♦✇t❤

❤❡❧♣s✱ ✐♥❡q✉❛❧✐t✐❡s ❤✉rt ❛♥❞ ♣✉❜❧✐❝ ♣♦❧✐❝② ♠❛tt❡rs✱✑ ❲♦r❧❞ ❉❡✈❡❧♦♣♠❡♥t ❱♦❧✳ ✷✼✱ ◆♦✳ ✸✱ ♣♣✳

✺✺✶✲✺✻✾✳

❲♦r❧❞ ❇❛♥❦✳ ✭✷✵✵✶✮✳ ❊♥❣❡♥❞❡r✐♥❣ ❉❡✈❡❧♦♣♠❡♥t✳ ❲❛s❤✐♥❣t♦♥✱ ❉❈✿ ❲♦r❧❞ ❇❛♥❦✳

❲♦r❧❞ ❇❛♥❦✳ ✭✷✵✵✷✮✳ ■♥t❡❣r❛t✐♥❣ ●❡♥❞❡r ✐♥t♦ t❤❡ ❲♦r❧❞ ❇❛♥❦✬s ❲♦r❦✿ ❆ ❙tr❛t❡❣② ❢♦r

❆❝t✐♦♥✳ ❲❛s❤✐♥❣t♦♥✱ ❉❈✿ ❲♦r❧❞ ❇❛♥❦✳

❲♦r❧❞ ❇❛♥❦✳ ✭✷✵✵✸✮ ●❡♥❞❡r ❊q✉❛❧✐t② ❛♥❞ t❤❡ ▼✐❧❧❡♥✐✉♠ ❉❡✈❡❧♦♣♠❡♥t ●♦❛❧s✳ ❲❛s❤✐♥❣t♦♥✱

❉❈✿ ❲♦r❧❞ ❇❛♥❦✳

❲♦r❧❞ ❇❛♥❦✳ ✭✷✵✵✹✮ ■♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❇❛♥❦✬s ●❡♥❞❡r ▼❛✐♥str❡❛♠✐♥❣ ❙tr❛t❡❣②✿ ❙❡❝♦♥❞

❆♥♥✉❛❧ ▼♦♥✐t♦r✐♥❣ ❘❡♣♦rt✱ ❋❨✵✸✳ ❲❛s❤✐♥❣t♦♥✱ ❉❈✿ ❲♦r❧❞ ❇❛♥❦✳

❲♦r❧❞ ❇❛♥❦ ✭✷✵✶✷✮✱ ✏❲♦r❧❞ ❉❡✈❡❧♦♣♠❡♥t ❘❡♣♦rt✿ ●❡♥❞❡r ❊q✉❛❧✐t② ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t✱✑

❲❛s❤✐♥❣t♦♥✱ ❉❈✿ ❲♦r❧❞ ❇❛♥❦✳

❨❛♠❛r✐❦✱ ❙✳ ❛♥❞ ●❤♦s❤✱ ❙✳ ✭✷✵✵✸✮✱ ✏■s ❢❡♠❛❧❡ ❡❞✉❝❛t✐♦♥ ♣r♦❞✉❝t✐✈❡❄ ❆ r❡❛ss❡ss♠❡♥t✱✑

▼✐♠❡♦❣r❛♣❤✱ ❚✉❢ts ❯♥✐✈❡rs✐t②✱ ▼❡❞❢♦r❞✱ ▼❆✳

✷✸



❆ ❉❡r✐✈❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s H (z, w) ❛♥❞ G (z, w)

❆✳✶ ❚❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ✐♥ ✉♥❦♥♦✇♥s (z, w, r)

■❢ ✇❡ s✉❜st✐t✉t❡ ❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ ✐♥t♦ ❡q✉❛t✐♦♥s ✭✼✮✱ ✭✽✮ ❛♥❞ ✭✾✮✱ ✇❡ ❣❡t t❤❡ t❤r❡❡ ❡q✉✐✲

❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ t❤r❡❡ ✉♥❦♥♦✇♥s (z, w, r)✳ ❋✐rst✱ ✇❤❡♥ ✇❡ r❡♣❧❛❝❡ ✭✺✮

❛♥❞ ✭✻✮ ✐♥t♦ ✭✼✮✱

z



[
zηα

(
1− α

α

)η(1−α)
rη(1−α)−1

wη(1−α)

] α
1−η [

zη(1− α)

(
α

1− α

)αη
wαη−1

rαη

] 1−α
1−η




η

−w

[
zη(1− α)

(
α

1− α

)αη
wαη−1

rαη

] 1
1−η

− r

[
zηα

(
1− α

α

)η(1−α)
rη(1−α)−1

wη(1−α)

] 1
1−η

= w

⇔

[
z

(
rαw1−α

ηαα (1− α)1−α

)
−η
] 1

1−η

−

[
zαη

((
α

1−α

)1−α
rαw1−α

)
−η
] 1

1−η

−
[
z (1− α) η

((
1−α
α

)α
rαw1−α

)
−η
] 1

1−η

= w

⇔

z
1

1−η

(
rαw1−α

)
−

η
1−η Φ = w ✭✷✷✮

✇❤❡r❡ Φ ✐s ❞❡✜♥❡❞ ❛s

Φ ≡
(
ηαα (1− α)1−α) η

1−η −

(
η(1− α)

(
α

1− α

)αη) 1
1−η

−

(
ηα

(
1− α

α

)η(1−α)
) 1

1−η

.

❙❡❝♦♥❞✱ ✇❤❡♥ ✇❡ s✉❜st✐t✉t❡ ✭✻✮ ✐♥t♦ ✭✽✮✱

z̄
ˆ

z

[
xηα

(
1− α

α

)η(1−α)
rη(1−α)−1

wη(1−α)

] 1
1−η

dΓ(x) =
K

N

⇔ (
rη(1−α)−1

wη(1−α)

) 1
1−η

Ω

z̄
ˆ

z

x
1

1−η dΓ(x) =
K

N
✭✷✸✮

✷✹



✇❤❡r❡ Ω ✐s ❞❡✜♥❡❞ ❛s

Ω ≡

(
ηα

(
1− α

α

)η(1−α)
) 1

1−η

.

❚❤✐r❞✱ ✇❤❡♥ ✇❡ s✉❜st✐t✉t❡ ✭✺✮ ✐♥t♦ ✭✾✮✱

z̄
ˆ

z

[
xη(1− α)

(
α

1− α

)αη
wαη−1

rαη

] 1
1−η

dΓ(x) = Γ(z)

⇔ (
wαη−1

rαη

) 1
1−η

Ψ

z̄
ˆ

z

x
1

1−η dΓ(x) = Γ(z) ✭✷✹✮

✇❤❡r❡ Ψ✐s ❞❡✜♥❡❞ ❛s

Ψ ≡

(
η (1− α)

(
α

1− α

)αη) 1
1−η

.

❆✳✷ ❋✉♥❝t✐♦♥s H (z, w) ❛♥❞ G (z, w)

❯s✐♥❣ t❤❡♥ ❡q✉❛t✐♦♥s ✭✷✸✮ ❛♥❞ ✭✷✹✮ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥t❡r❡st r❛t❡ r ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ t❤❡ ♦t❤❡r t✇♦ ✉♥❦♥♦✇♥s✿

r =
α

1− α

Γ (z)

k
w.

■❢ ✇❡ t❤❡♥ r❡♣❧❛❝❡ ✐t ✐♥ ❡q✉❛t✐♦♥s ✭✷✷✮ ❛♥❞ ✭✷✹✮✱ t❤❡ t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ✐♥ ❡q✉❛t✐♦♥s

✭✷✷✮✱ ✭✷✸✮ ❛♥❞ ✭✷✹✮ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ t✇♦ ❡q✉❛t✐♦♥s G(z, w) = 0 ❛♥❞ H(z, w) = 0✳

❋✐rst✱ ✇❤❡♥ ✇❡ s✉❜st✐t✉t❡ r = α
1−α

Γ(z)
k
w ✐♥t♦ ✭✷✹✮✱

[
xη(1− α)

(
α

1− α

)αη

wαη−1

(
1− α

α

k

wΓ (z)

)αη] 1
1−η

z̄
ˆ

z

x
1

1−η dΓ(x) = Γ(z)

⇔

H(z, w) = Γ (z)
1−η(1−α)

1−η −

[
η (1− α)

kαη

w

] 1
1−η

z̄
ˆ

z

x
1

1−η dΓ(x) = 0,

✷✺



❙❡❝♦♥❞✱ ✇❤❡♥ ✇❡ s✉❜st✐t✉t❡ ✐♥t♦ r = α
1−α

Γ(z)
k
w ✐♥t♦ ✭✷✷✮✱

z
1

1−η

((
α

1− α

Γ (z)

k
w

)α

w1−α

)
−

η
1−η

Φ = w

⇔

G(z, w) = w
1

1−η − Φz
1

1−η

(
α

1− α

Γ (z)

k

)−αη
1−η

= 0.

❆✳✸ ❙❧♦♣❡s ♦❢ H (z, w) ❛♥❞ G (z, w)

❋r♦♠ ❡q✉❛t✐♦♥ H (z, w) = 0✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿

∂H (z, w)

∂w
=

w
η−2
1−η

1− η
[η (1− α) kαη]

1
1−η

z̄
ˆ

z

x
1

1−η dΓ(x) > 0

∂H (z, w)

∂z
=

(
1− η (1− α)

1− η
Γ (z)

ηα
1−η +

[
η (1− α)

kαη

w

] 1
1−η

z
1

1−η

)
Γ′ (z) > 0

✇❤✐❝❤ ✐♠♣❧② t❤❛t dw
dz

|H(z,w)=0= −
∂H(z,w)

∂z
∂H(z,w)

∂w

< 0✳

❋r♦♠ ❡q✉❛t✐♦♥ G (z, w) = 0✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿

∂G (z, w)

∂w
=

1

1− η
w

η
1−η > 0

∂G (z, w)

∂z
=

Φ

1− η
z

1
1−ηΓ (z)

−αη
1−η

(
α

1− α

1

k

)−αη
1−η
(
−
1

z
+ αη

Γ′ (z)

Γ (z)

)

❚❤✉s✱ ✐❢ αη zΓ′(z)
Γ(z)

< 1✱ ∂G(z,w)
∂z

< 0 ❛♥❞ dw
dz

|G(z,w)=0= −
∂G(z,w)

∂z
∂G(z,w)

∂w

> 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

αη zΓ′(z)
Γ(z)

> 1✱ ∂G(z,w)
∂z

> 0 ❛♥❞ dw
dz

|G(z,w)=0= −
∂G(z,w)

∂z
∂G(z,w)

∂w

< 0✳✶✺

✶✺❋♦r t❤❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ ❛ss✉♠❡❞ ✐♥ s❡❝t✐♦♥ ✹✱ t❤❛t ✐s t❤❡ P❛r❡t♦ ❢✉♥❝t✐♦♥✱ zΓ′(z)
Γ(z) = ρBρz−ρ

1−Bρz−ρ = ρ

( z
B )

ρ
−1

✳

❍❡♥❝❡✱ lim
z→∞

(
zΓ′(z)
Γ(z)

)
= 0 s♦ t❤❛t lim

z→∞

(
dw
dz

|G(z,w)=0

)
< 0✱ ❛♥❞ lim

z→B

(
zΓ′(z)
Γ(z)

)
= ∞ s♦ t❤❛t lim

z→B

(
dw
dz

|G(z,w)=0

)
>

0✳

✷✻



❇ ❉❡r✐✈❛t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥s H̃ (z, w) ❛♥❞ G̃ (z, w)

■❢ ✇❡ ♣r♦❝❡❡❞ ❛s ❜❡❢♦r❡ ❛♥❞ s✉❜st✐t✉t❡ ❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ ✐♥t♦ ❡q✉❛t✐♦♥s ✭✼✮✱ ✭✶✻✮ ❛♥❞

✭✶✺✮✱ ✇❡ ❣❡t t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ t❤r❡❡ ✉♥❦♥♦✇♥s (z, w, r)✳ ❚❤❡s❡

❡q✉❛t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥ t✇♦ ❡q✉❛t✐♦♥s ✐♥ t❤❡ t✇♦ ✉♥❦♥♦✇♥s (z, w)✿

H̃ (z, w) = 1− θ + Γ̃ (z)−

(
η (1− α)

w

) 1
1−η

(
1− θ + Γ̃ (z)

k

)−αη
1−η

z̄
ˆ

z

x
1

1−η dΓ̃(x) = 0

G̃ (z, w) = w
1

1−η − Φz
1

1−η

(
α

1− α

1− θ + Γ̃ (z)

k

)−αη
1−η

= 0

❚❛❦✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ❜♦t❤ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ z ❛♥❞ w✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❡❡

t❤❛t ∂H̃(z,w)
∂w

> 0✱ ∂H̃(z,w)
∂z

> 0✱ ∂G̃(z,w)
∂w

> 0✱ ❛♥❞ t❤❛t ∂G̃(z,w)
∂z

< 0 ✐❢ αη zΓ′(z)
1/θ−1+Γ(z)

< 1✳

❚❤❡r❡❢♦r❡✱ dw
dz

|H̃(z,w)=0= −
∂H̃(z,w)

∂z

∂H̃(z,w)
∂w

< 0 ❛♥❞✱ ✐❢ αη zΓ′(z)
1/θ−1+Γ(z)

< 1✱ dw
dz

|G̃(z,w)=0= −
∂G̃(z,w)

∂z

∂G̃(z,w)
∂w

> 0✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t H̃ (z, w) ✐s ❞♦✇♥✇❛r❞ s❧♦♣✐♥❣ ❛♥❞ G̃ (z, w) ✐s ✉♣✇❛r❞ s❧♦♣✐♥❣✳

❚♦ ❦♥♦✇ t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ θ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❛❧❡♥t t❤r❡s❤♦❧❞ z✱ ✇❡ ❝❛♥ ✉s❡

H̃ (z, w) ❛♥❞ G̃ (z, w) t♦ ♦❜t❛✐♥ ❛ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✉♥❦♥♦✇♥ z✿

F̃ (z) = −θ (η (1− α))
1

1−η

z̄
ˆ

z

x
1

1−η dΓ(x) + z
1

1−η (1− θ + θΓ (z))

(
α

1− α

)−αη
1−η

Φ = 0

❲❡ ❝❛♥ ♥♦✇ ❡❛s✐❧② s❡❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ F̃ (z, w)✿

∂F̃ (z)

∂z
= θ (η (1− α))

1
1−η z

1
1−ηΓ′ (z)+

(
α

1− α

)−αη
1−η

Φ

[
1

1− η
z

η
1−η (1− θ + θΓ (z)) + θΓ′ (z) z

1
1−η

]
> 0

∂F̃ (z)

∂θ
= − (η (1− α))

1
1−η

z̄
ˆ

z

x
1

1−η dΓ(x) + z
1

1−η (−1 + Γ′ (z))

(
α

1− α

)−αη
1−η

Φ < 0

❍❡♥❝❡✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ z ❛♥❞ θ✿

dz

dθ
|F̃ (z)=0= −

∂F̃ (z)
∂θ

∂F̃ (z)
∂z

> 0.

✷✼



❈ ❚❛❧❡♥t ❞✐str✐❜✉t✐♦♥

❲❤❡♥ ✇❡ ✇r✐t❡ t❤❡ t❛❧❡♥t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❡q✉❛❧ t♦ z✱

z̄
ˆ

z

x
1

1−η dΓ(x) =

z̄
ˆ

z

x
1

1−η ρBρx−ρ−1dx =

z̄
ˆ

z

ρBρx
1

1−η
−ρ−1dx =

ρBρ

1
1−η

− ρ

[
z

1
1−η

−ρ − z
1

1−η
−ρ
]
.

❆s ❛ r❡s✉❧t✱ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ ❡q✉❛t✐♦♥s ✭✷✸✮ ❛♥❞ ✭✷✹✮ ❜❡❝♦♠❡✿

[
ηα

(
1− α

α

)η(1−α)
rη(1−α)−1

wη(1−α)

] 1
1−η

ρBρ

1
1−η

− ρ

[
z

1
1−η

−ρ − z
1

1−η
−ρ
]
=

K

N
✭✷✺✮

[
η (1− α)

(
α

1− α

)αη
wαη−1

rαη

] 1
1−η ρBρ

1
1−η

− ρ

[
z

1
1−η

−ρ − z
1

1−η
−ρ
]
= 1− Bρz−ρ ✭✷✻✮

❉ ❈♦✉♥tr②✲❜②✲❝♦✉♥tr② r❡s✉❧ts✶✻
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r❡s✉❧ts✮❀ ✈❛r✐❛❜❧❡ ✽✿ ✐♥❝♦♠❡ ❧♦ss ❞✉❡ t♦ ❡♥tr❡♣r❡♥❡✉rs✬ ❣❡♥❞❡r ❣❛♣ ✭s♦✉r❝❡✿ ♦✇♥ r❡s✉❧ts✮❀ ✈❛r✐❛❜❧❡ ✾✿ ✐♥❝♦♠❡
❧♦ss ❞✉❡ t♦ ❧❛❜♦r ❢♦r❝❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❣❡♥❞❡r ❣❛♣ ✭s♦✉r❝❡✿ ♦✇♥ r❡s✉❧ts✮✳
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