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Abstract

We prove that square-free perfect graphs are bipartite graphs or line graphs of bipartite
graphs or have a 2-join or a star cutset.

1 Introduction

In this paper, all graphs are simple. A hole is a chordless cycle with at least four nodes.
A k-hole is a hole with k£ nodes and a 4-hole is also called a square. Our main result is a
decomposition theorem for graphs that contain no odd hole and no 4-hole. (We say that a
graph G contains H if H is an induced subgraph of G). Partial results in this direction were
obtained by Xue [31], [32], Fouquet [18] and recently by Linhares-Sales and Maffray [21].

A graph G is perfect if, in every induced subgraph, the size of a largest clique equals the
chromatic number. A graph G is minimally imperfect if G is not perfect, but every proper
induced subgraph of G is perfect. The Strong Perfect Graph Conjecture (SPGC), due to
Berge [1], states that if G is a minimally imperfect graph, then either G or the complement of
G is an odd hole. This conjecture was proved recently by Chudnovsky, Robertson, Seymour
and Thomas [2]. In the 70’s and 80’s, the SPGC was proved for H-free graphs for quite
a number of small graphs H. In fact, the class of square-free graphs was the last class of
H-free graphs with |V (H)| = 4 for which the SPGC was not known: Seinsche [26] proved
it in 1974 for Ps-free graphs, Meyniel [22], [23] in 1976 for paw-free graphs (see also Olariu
[24]), Parthasarathy and Ravindra [25] in 1976 for claw-free graphs, Tucker [28] in 1977 for
Ky-free graphs, Conforti and Rao [13], [14], Fonlupt and Zemirline [17] and Tucker [29] in
1987 for diamond-free graphs (see also [4]).

Given a graph G and a subset S of its nodes, G \ S denotes the subgraph of G obtained
by removing the nodes in S and the edges with at least one node in S. A node set S is a
cutset of G if the graph G\ S has more connected components than G.

A node set S is a star if it consists of a node = and neighbors of z. Chvétal [3] showed
that a minimally imperfect graph cannot contain a star cutset.

A graph G has a 2-join, denoted by H;|Hy, with special sets Ay, By, Ay, By that are
nonempty and disjoint, if the nodes of G' can be partitioned into sets H; and Hy so that
Ay,By C Hy, Ay, By C Hs, all nodes of A; are adjacent to all nodes of Ay, all nodes of B;
are adjacent to all nodes of By and these are the only adjacencies between H; and Hs. Also,
for ¢ = 1,2, H; has at least one path from A; to B; and if A; and B; are both of cardinality
1, then the graph induced by H; is not a chordless path. Cornuéjols and Cunningham [16]
showed that a minimally imperfect graph cannot contain a 2-join.

The line graph of a graph G is the graph H whose nodes are the edges of G and two
nodes r, s of H are adjacent in H if and only if the edges r, s of G are incident to a common
node of G. It is well known and easy to prove that that bipartite graphs and line graphs of
bipartite graphs are perfect.

The main result of this paper is the following.

Theorem 1.1 A square-free graph that contains no odd hole is bipartite or the line graph of
a bipartite graph or has a star cutset or a 2-join.

Theorem 1.1 can be used to prove the validity of the SPGC for square-free graphs.



Theorem 1.2 Let G be a minimally imperfect square-free graph. Then G s an odd hole.

Proof: Let G be a minimally imperfect graph. Chvétal [3] showed that G cannot contain a
star cutset and Cornuéjols and Cunningham [16] showed that G' cannot contain a 2-join (see
also Cornuéjols [15]). Now if G is a square-free graph, by Theorem 1.1, G must be an odd
hole. a

In fact, we prove the following result which is more general than Theorem 1.1. We sign
a graph by assigning 0,1 weights to its edges. A graph G is even-signable if there exists a
signing such that, in every triangle the sum of the weights of its edges is odd and in every
hole the sum of the weights is even. It is obvious that G contains no odd holes if and only if
G is even-signable and the above property is satisfied by assigning to all the edges of G the
weight 1.

Theorem 1.3 A square-free even-signable graph is triangle-free or the line graph of a triangle-
free graph or has a star cutset or a 2-join.

In the first draft of this paper (February 2001) we made the following observations: “The
approach followed in this paper to decompose square-free perfect graphs might be used as
a template for the decomposition of general perfect graphs in the same way as the work
of Conforti and Rao [12] on linear balanced matrices was a template for the decomposition
of general balanced matrices [10] and [8], [9]. For general perfect graphs, it is natural to
consider as basic not only the bipartite graphs and the line graphs of bipartite graphs, but
also their complements. In terms of decompositions, star cutsets need to be replaced by more
general cutsets such as T-cutsets and U-cutsets (Hoang [20]) or skew partitions (Chvatal [3]).”
Interestingly, Chudnovsky, Robertson, Seymour and Thomas [2] followed such an approach
to prove the SPGC.

1.1 Even-signable graphs

A wheel, denoted by (H,z), is a graph induced by a hole H and a node = ¢ V(H) having at
least three neighbors in H. Node z is the center of the wheel. If « has k neighbors in H, the
wheel is called a k-wheel. A wheel (H, z) is odd if it contains an odd number of triangles and
is even if it contains an even number of triangles: That is, (H,z) is odd (even) if the set of
edges of H having both endnodes adjacent to x has odd (even) cardinality.

A 3PC(z1z273,y) is a graph induced by three chordless paths P! = zy,...,y, P? =
To,...,y and P3 = x3,...,y, having no common nodes other than y and such that the only
adjacencies between nodes of P*\ y and P7\ y, for i,j € {1,2,3} distinct, are the edges of
the triangle induced by {z1,z2,73}. Also, at most one of the paths P!, P?, P? has length
1. We say that a graph G contains a 3PC(A,.) if it contains a 3PC(z1z2x3,y) for some
x1,T2,T3,Y € V(G)

It is immediate to check that if G contains an odd wheel or a 3PC(A,.), G is not even-
signable and hence G contains an odd hole. Our proofs use the following characterization of
even-signable graphs, which can be derived from a theorem of Truemper [27]. (See also [11]).

Theorem 1.4 [6] A graph is even-signable if and only if it does not contain an odd wheel
nor a 3PC(A,.).



Figure 1: L-parachutes

2 WP-Free Graphs

In this section, we introduce a result proven in [5].

A line wheel is a 4-wheel (H,v) that contains exactly two triangles and these two triangles
have only the center v in common. Note that if G is a line wheel, then G is the line graph of
a triangle-free graph. A twin wheel is a 3-wheel containing exactly two triangles. A universal
wheel is a wheel (H,v) where the center v is adjacent to all the nodes of H. A triangle-free
wheel is a wheel containing no triangle. A proper wheel is a wheel that is not any of the above
four types.

Definition 2.1 An L-parachute LP(ca,db,v,z) is a graph induced by a line wheel (H,v)
where H = a,...,2z,...,b,d,...,c,a, where a, b, ¢, d are the neighbors of v in H, together
with a chordless path P = v, ...,z of length greater than one. No node of H\{z,a,b} and at
most one node among a, b, may be adjacent to an interior node of P.

Definition 2.2 A T-parachute T'P(t,v,a,b,z) is a graph induced by a twin wheel (H,v)
where H = a,t,b,...,z,...,a, where t, a, b are the neighbors of v in H, together with a
chordless path P = v,...,z of length greater than one. No node of H \ {z,a,b} and at most
one node among a, b may be adjacent to an interior node of P.

A parachute is either an L-parachute or a T-parachute. A graph G is WP-free if it contains
neither a proper wheel nor a parachute. The results in [5] imply the following:



Figure 2: T-parachutes

Theorem 2.3 Let G be a square-free even-signable graph. If G is WP-free, then G is a
triangle-free graph, or the line graph of a triangle-free graph, or G has a star cutset or a
2-join.

3 Outline of the proof

Two graphs play an important role in our proof of Theorem 1.3:

A 3PC/(ajazas, b1bgbs) is the graph containing node disjoint triangles aq, az, ag and by, by, bs,
plus three chordless paths, P! = ay,...,b;, P?> = as,...,by and P? = as,...,bs, having no
common nodes and such that the only adjacencies between the nodes of distinct paths are
the edges of the two triangles. A 3PC(ajazas, b1babs) is also referred to as a 3PC(A, A).

A beetle is a 4-wheel (H,v) containing exactly two triangles and these triangles have two
nodes in common, the center v and a node of H.

Now as a consequence of Theorem 2.3, in the proof of Theorem 1.3, we may assume that
G is a square-free graph that contains a proper wheel or a parachute.

-We first prove the theorem when G contains a proper wheel that is not a beetle (Theorem
3.6), and show that if G contains a beetle, then G contains a 3PC(A, A) plus additional nodes
adjacent to it (Section 4, Theorem 3.4).

-We then prove the theorem when G contains an L-parachute (Section 5, Theorem 4.3).

In all the results that we obtain from Section 6 on, make use of the fact that the theorem
holds whenever G contains an L-parachute, or a proper wheel that is not a beetle.

- In Section 7 we show that if G contains a beetle or a T-parachute, then G contains a
3PC(A,A) plus some additional nodes adjacent to it.

- From Section 8 on, we show that the theorem holds when G contains a 3PC(A, A).

4 Proper Wheels

Given a subgraph H of a graph G, a node v ¢ V(H) is strongly adjacent to H if |N(v) N
V(H)| > 2, where N(v) denotes the set of neighbors of z in G.



Following the terminology of West [30], a path P is a sequence of distinct nodes z1, ..., z,,
n > 1, such that z;z;11 is an edge, for all 1 <4 < n. For ¢ <[, the path z;, x;y1,...,2; is
called the z;z;-subpath of P and is denoted by P,.;. The length of a path or a cycle is its
number of edges.

Let A, B, C be three disjoint node sets such that no node of A is adjacent to a node of
B. A path P = x1,...,z, connects A and B if either n = 1 and x; has neighbors in A and
B, or n > 1 and one of the two endnodes of P is adjacent to at least one node in A and the
other is adjacent to at least one node in B. The path P is a direct connection between A and
B if, in the subgraph induced by the node set V(P) U AU B, no path connecting A and B
is shorter than P. A direct connection P between A and B avoids C if V(P) N C = (. The
direct connection P is said to be from A to B if x1 is adjacent to some node in A and x, to
some node in B.

Lemma 4.1 Let (H,x) be a proper even wheel and let y be a node that is not adjacent to x
but has at least 2 neighbors in N(x) N H. Then y has exactly 2 neighbors in H and they are
adjacent.

Proof: Since G is square-free and y is not adjacent to z, all the neighbors of y in N(z) are
adjacent. So y has exactly two neighbors in N(z) N H, say y1, y2 and y1, yo are adjacent. It
remains to show that y has no other neighbor in H.

Claim 1: Let Q be a subpath of H whose endnodes are in N(z) at least one of which is
distinct from y1, y2 and no interior node of Q is in N(z). Then Q U {y} contains an even
number of triangles.

Proof of Claim 1: Assume H contains a subpath @) with the above properties such that
QU {y} contains an odd number of triangles. Then this number must be 1 and y has exactly
two neighbors in @, else Q U {z,y} induces an odd wheel with center y. Let z;, z; be the
endnodes of @ and y;, y; be the adjacent neighbors of y in @, closest to x;, x; respectively.
Since G is square-free and the pair y;, y; is distinct from 1, y2, we may assume w.Lo.g. that
z; and y; are distinct.

Let f, .’L'; be the neighbors of z;, z; in H \ Q. Since (H,z) is a proper even wheel,  has
a neighbor in H \ {z}, z;,z;, 2 }. So if y also has a neighbor in H \ (Q U {z},z}}), we have a
3PC(yyiy;, ). Therefore N(y) N H C Q U {z},z’;}. Since (H,y) has a positive even number
of triangles, y;, y; are the only two neighbors of y in @ and z; # y;, it follows that z; = y;.
So both z and y are adjacent to 7. Let H' be the hole z;, , 2%, y,yi, Qyz;- Then (H',z;) is
an odd wheel. This concludes Claim 1.

Since y is adjacent to yi, yo, it follows by Claim 1 that if y has at least three neighbors
in H, then (H,y) contains an odd number of triangles and is an odd wheel. ad

Let (H,z) be a wheel that contains at least one triangle. A sector of (H,z) is a maximal
subpath @ of H such that Q U {z} is a triangle-free graph. Two sectors ); and Q; are
adjacent if Q; U Q; U {z} contains at least one triangle. Note that a sector may have length
zero.



A bicoloring of a proper even wheel (H, x) is a partition of the nodes in H into nonempty
sets R and B (the red and blue nodes) so that nodes in the same sector have the same color
while nodes in adjacent sectors have distinct colors.

Lemma 4.2 Let (H,z) be a proper even wheel that is bicolored and let y be a node that is
not adjacent to x but has at least two neighbors in H painted with distinct colors. Then y
has ezxactly 2 neighbors in H and these nodes are endnodes of adjacent sectors of (H,x).

Proof: Let y1, y2 be neighbors of y in H having distinct colors, such that one of the y;ys-
subpaths of H, say @), contains no other neighbor of y. Since y1, yo have distinct colors, then
Q U {z} contains an odd number of triangles. This number must be 1 and z has exactly
two neighbors in @, else Q U {z,y} induces an odd wheel with center z. Let z1, z2 be the
neighbors of = in @, closest to y;, y2 respectively.

If  and y have two common neighbors in H, we are done by Lemma 4.1. So we assume
w.lo.g. that yo # zo. Let ¢}, y4 be the neighbors of y;, y2 in H \ Q.

Claim 1: Node z has a neighbor in H \ (Q U {y},y5}).

Proof of Claim 1: Assume not. Since (H,z) is a proper even wheel, then y; = z1, node z is
adjacent to both y}, y5 and y}yh is not an edge. Node y has at least three neighbors in H,
else we have an odd wheel with center z, but y is not adjacent to y] or 3 else we are done
by Lemma 4.1. Let y3 be the neighbor of y in H \ @ closest to y; and let 4§ be the neighbor
of ¥4 in H, distinct form ys.

If y3 # vy, there is an odd wheel (H',y1) where H' =y, y2,y5, @, Hyr ., y. So y3 = y5 and
we have a 3PC(yjy1z,y4). This completes the proof of Claim 1.

If y has a neighbor in H \ (Q U {y},v5}), by Claim 1, we have a 3PC(z1z2z,y). So all
the neighbors of y in H are included in {y},y1,92,y5}. Now y; = 27 and both z and y are

adjacent to y], else we have an odd wheel with center . But now we are done by Lemma
4.1. O

Definition 4.3 A diamond s a graph with four nodes and five edges. Connected diamonds
D(ajazazaq, bibabsbs) consist of two node disjoint sets {a1,...,as} and {b1,...,bs} each of
which induces a diamond such that aiaq and biby are not edges, together with four paths
Pl,...,P* such that fori=1,...,4, P' is an a;b;-path. Paths P',..., P* are node disjoint
and the only adjacencies between them are the edges of the two diamonds.

Lemma 4.4 Let R, B be a bicoloring of a proper even wheel (H,z) and let P = yq,...,Yn,
n > 1, be a chordless path with the following properties:

1) yy is adjacent to a node in B and to no node in R, y, is adjacent to a node in R and
no node 1 B, and y1, y, have nonadjacent neighbors in H.

2)No node of P is adjacent to x and no interior node of P is adjacent to a node of H.

Then (H,x) is a beetle and (H,z) U P induces connected diamonds.

Proof: Let t1, t2 be blue and red neighbors of y1, y, in H such that one of the ¢,t2-subpaths,
say Q12 of H is shortest. Then Q12 U {z} contains an odd number of triangles and therefore



z has exactly two neighbors in @12, else there is an odd wheel. Let z;, z3 be these two
neighbors, closest to t1, to in Q12 respectively. Since (H,x) is a proper wheel and y;, y, have
nonadjacent neighbors in H, then y; or y, has at least one other neighbor in H, else there is
an odd wheel with center x.

Assume w.l.o.g. that y; has at least one other neighbor and let ¢3 be such node, closest to
to in H\ Q2. Let t4 be the neighbor of y,,, closest to t3 in the ¢3t9-subpath of H \t;. (Possibly
ty = t2). Let Q34 be the tsts-subpath of H \ t;. By the above argument, = has exactly two
neighbors in ()34. Let x3, x4 be these two neighbors, closest to t3, {4 in ()34 respectively. We
use the notation H = t1, Q12,to, Qo4, 4, Q34,t3,Q13,t1. If t9 and 4 coincide, Q24 has length
0.

Now either t; and t3 are adjacent or to = t4 = x4, else we have a 3PC(x1z2x,y1). Assume
the second case does not hold: So ¢; and 3 are adjacent. Since ¢; t3 are both blue nodes, x
cannot be adjacent to both. So, since (H,z) is not a line wheel, z has at least one neighbor
z* in H \ {1, 2, 23,24} and by construction z* is an interior node of (Q24. This implies that
ty and t4 are distinct and nonadjacent and in H U P there is a 3PC(y1t1t3, yn).

So the second case must hold, i.e. t9 = t4 = 4. Furthermore since z1, zo are the unique
neighbors of z in (@12, we must have z9 = to = t4 = 4.

Since (H,z) is not a twin wheel, z has at least one other neighbor, say x*, and by
construction z* is an interior node of (J13. Now z* must be adjacent to both ¢1, 3, else there
is a 3PC(z1x2x,y1) or a 3PC(x3w4x,y1). Finally t; # x1 and t3 # x3, else (H,x) is either
an odd wheel or an universal wheel. So (H,z) is a beetle. Finally z* is adjacent to y;, else
we have a 3PC(z1x22,t1). Therefore (H,z) U P induces connected diamonds. O

Theorem 4.5 Let G be a square-free even-signable graph that contains a proper even wheel
(H,z). Furthermore if (H,z) is a beetle, assume that no connected diamonds contain (H,x).
Let R, B be a bicoloring of the nodes in H and assume w.l.o.g. that B\ N(x) is nonempty.
Then (N(z)Uz) \ R is a star cutset of G, separating R from B\ N(x).

Proof: Assume not and let P = y,...,y, be a direct connection from R to B \ N(z) in
G\ (N(z) Uz UH). Let yx be the node of lowest index with a neighbor in B that is not
adjacent to all the neighbors of y; in R. (Possibly £ = n). By Lemma 4.2, £ > 1. So y; has
no neighbor in R. If no node of P with index smaller than £ is adjacent to a node in B, the
theorem holds as a consequence of Lemma 4.4. Let r € R be adjacent to y; and let y;, j <k,
be the node of lowest index adjacent to a node b € B. Since j < k, b and r are adjacent. If
j =1, by Lemma 4.2, b and r are the unique neighbors of y; in H and if j > 1, since G is
square-free and b is adjacent to all the neighbors of y; in H, r is the unique neighbor of y;
in H. Let z be the neighbor of r in H \ {b}.

Since (H,x) is a proper even wheel and B\ N(z) is nonempty, = has a neighbor b, € B
that is adjacent to neither b nor z. Let by be a neighbor of y;, in H \ {z,7,b}, so that the b;bs-
path T in H\ {z,r, b} is shortest and let ) = yy, b2, T, b1, . Then H' = z,r,y1, Py, y,, Yk, @,
is a hole.

Claim 1: If z € B, then z has no neighbor in H'\ {z,r}.

Proof of Claim 1: Assume not. Then both (H',b) and (H', z) are wheels. If (H',b) is a proper
wheel, the claim follows by Lemma 4.2 applied to z and a bicoloring of (H',b). Furthermore



if (H',z) is a proper wheel, then b contradicts Lemma 4.2. So (H',b) and (H', z) are either
line wheels or twin wheels. There are three possibilities depending on whether both are line
wheels, both are twin wheels or one is a line wheel and the other is a twin wheel. Since b and
z are not adjacent to by, it can be verified that in all three cases there is an odd wheel or a
square and this proves Claim 1.

Let b’ be the first neighbor of yj, encountered when traversing H\ {r} from z to b and let S
be the r¥/-subpath of H\{b}. By Claim 1, z has no neighbor in Py, , so r,y1, Py, y,, Yk, ', S,
is a hole. Since V' € B and r € R, SU {z} contains an odd number of triangles. Therefore z
is adjacent to r, z and to no other node of S, else there in an odd wheel with center . In
particular, by Claim 1, ' # z, so b/ € N(z) and y; = y,.

Let 2’ be the first neighbor of z, encountered when traversing H \ {r} from b’ to b and
let T be the b'z’-subpath of H \ {b}. If b’ is the unique neighbor of y; in T', there is a
3PC(zrz,b'). If y, has exactly two neighbors in T', say b, b", and b, b" are adjacent, there is
a 3PC(ygb'b", x). Finally if y; has two nonadjacent neighbors in T', there is a 3PC(zrz, y).
a

The following result is an immediate consequence of the above theorem.

Theorem 4.6 Let G be a square-free even-signable graph. If G contains a proper wheel that
s not a beetle, then G has a star cutset.

5 L-Parachutes

In this section, we assume that G is a square-free even-signable graph that contains an L-
parachute II = LP(ca,db,v, z).

We use the following notation. The two triangles are acv and bdv. The top path is P.q
(the cd-path of H \ b) and we indicate with ¢/, d’ the neighbors of ¢ and d in P,4. The bottom
path is Py, (the ab-path of H \ d). The middle path is P,,,, where z in an interior node in Py
and m is a neighbor of v in P.

Lemma 5.1 Lety be a node not adjacent to v but adjacent to at least two nodes in {a, b, c,d}.
Then N(y) N1II is either {a,c} or {b,d}.

Proof: Since G is square-free, N(y)N{a,b,c,d} is either {a, c} or {b,d} and we assume w.l.o.g.
that N(y) Nn{a,b,c,d} = {a,c}.

Claim 1: P.; U {y} contains an even number of triangles.

Proof of Claim 1: Assume not. If y contains a neighbor in P.q \ {¢, '}, since y is adjacent to
¢, P.gU{v,y} induces an odd wheel with center y. So ¢, ¢’ are the only neighbors of y in Py
and P,y U {v,a,y} induces an odd wheel with center c¢. This proves Claim 1.

The argument used in Claim 1 also shows that P,,Uy contains an even number of triangles.
So a,c are the only neighbors of y in H = P.q U Py, else (H,y) is an odd wheel. Suppose y
has a neighbor in P,,,. Note that y is not adjacent to m since otherwise v, ¢, y, m induces a
square. Let R be a shortest path from y to b in y U P,,,, U Py, \ m. Then (RU P,y Uy,v) is
an odd wheel. a



Lemma 5.2 Let y be a node not adjacent to v but adjacent to a node in P,y and to a node
in Py U Pyy. Then N(y) N1L is either {a,c} or {b,d}.

Proof: By Lemma 5.1, it suffices to assume that y has at most one neighbor in {a, b, ¢, d} and
derive a contradiction.

Claim 1: Node y has ezactly two neighbors in P.q and they are adjacent.

Proof of Claim 1: Assume not, then y has either 1 neighbor or 2 nonadjacent neighbors in
P,.,.

If y; is the unique neighbor of y in P,4, assume w.l.o.g. that y; # ¢. When y has a
neighbor in Py, U P, \ {b,m} there is a 3PC(acv,y;). Since G is square-free, y cannot be
adjacent to both b and m. If y is adjacent to b then it is not adjacent to d and there is a
3PC(acv,b). So m is the unique neighbor of y in Py, U Py,,. If y; = d then v, m,d,y induces
a square. So y; # d. W.l.o.g. a does not have a neighbor in P, \ z. But then there is a
3PC(acv,m).

Assume y has nonadjacent neighbors in P.;. Since y has at most one neighbor in
{a,b,c,d}, there is a 3PC(acv,y) or a 3PC(bdv,y) whenever y has a neighbor in P, U
P, \ {m}. So m is the unique neighbor of y in P,, U P,,, and assume w.l.o.g. that a does
not have a neighbor in P, \ z. Then there is a 3PC(acv, m) and this completes Claim 1.

So P,qU{y} contains a unique triangle, say yy;yo. If y has a neighbor in Py, UP,,, \ {a, b},
there is a 3PC(yy1y2,v). So y is adjacent to a or b and no other node of P,,. Since y has at
most one neighbor in {a,b,c,d}, P.gU Py Uy induces an odd wheel with center y. O

Theorem 5.3 Let G be a square-free even-signable graph. If G contains an L-parachute,
then G has a star cutset.

Proof: We show that, if G contains an L-parachute II = LP(ca,db,v, z) then S = v U N (v)\
{a,b,m} is a star cutset of G, separating P.q \ {c,d} from Py, U P,,.

Assume not and let P =y, ...,y, be a direct connection from P4 \ {c,d} to Py, U Py,
in G\ S. We assume w.l.o.g. that II and P are chosen so that the cardinality of the node
set of [TU P is minimized. By Lemma 5.2 n > 1. It also follows from our assumption that at
most one of ¢, d has a neighbor in P\ {y,} and if ¢ is adjacent to a node in P\ {y,}, then
¢ and possibly ¢ are the only neighbors of y; in II. From now on, we assume that d has no
neighbor in P\ {y,}.

Claim 1: No node of P\ {y,} is adjacent to c.
Proof of Claim 1: Assume not. Then ¢ and possibly ¢ are the only neighbors of y; in II.

Case 1: Node y; is the only neighbor of ¢ in P\ {y,}.

If y, has a neighbor in P,, U P, \ {a,b}, by Lemma 5.2, y, is not adjacent to ¢ or d
and there is a 3PC(yicc’,v). If y, is adjacent to a, possibly ¢ and to no other node of II
there is an odd wheel with center ¢. If y, is adjacent to b, d and to no other node of II
there is a 3PC(y1cc’, d). Finally, if y, is adjacent to b and to no other node of II there is a
3PC(yicc,b). By Lemma 5.2, these are all the possibilities.
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Case 2: Node ¢ has a neighbor in P\ {y1,y,}.

If y,, has a neighbor in Py, U Py, \ {m, b}, by Lemma 5.2, y,, is not adjacent to d. Then
Py UP,, U{yn}\{m,b} contains a y,a-path Q1 and Py, U P, U{y,} contains a y,b-path Q2
such that Hy, = d, Py, ,y1, P,yn, Q1,a,v,d and Hy = d, Py, ,y1, P,yn,Q2,b,d are both
holes. Now one of (Hy,c¢), (Hs,c) is an odd wheel. If y,, is adjacent to b and has no neighbor
in Py UP,;,, \{m, b} there is a 3PC(acv,b). Finally if m is the only neighbor of y,, in Py UP,,
there is a 3PC(acv,m) or a 3PC(bdv, m). This completes Claim 1.

By the minimality of I U P, y; has either a unique neighbor or two adjacent neighbors
in P.g4.

Assume that y; has a unique neighbor, say y*, in P.4. If y, is adjacent to ¢ or d, say d,
by Lemma 5.2, y,, is adjacent to b, d and to no other node of IT and there is a 3PC(y,bd, y*).
If y,, has a neighbor in Py, U P, \ {m} there is a 3PC(acv,y*) or a 3PC(bdv,y*). So m is
the unique neighbor of y,, in II and there is a 3PC(acv, m) or a 3PC(bdv, m).

So y; has two neighbors, say 3/, v in P.; and 3/, y” are adjacent. By Claim 1, y; is
not adjacent to ¢ or d. If y, has a neighbor in P, U P,,, \ {a,b}, by Lemma 5.2, y,, is not
adjacent to ¢ or d and hence there is a 3PC(y'y"y1,v). By Lemma 5.2 y,, is not adjacent to
both ¢ and b. So w.l.o.g. a is the unique neighbor of vy, in Py U P,,,. By Lemma 5.2, vy, is

1,11

not adjacent to d. If y, is not adjacent to ¢ there is a 3PC(y'y"y1,a) and otherwise there is
a 3PC(y'y"y1,c). |

6 Nodes Adjacent to a 3PC(A,A)

We denote by ¥ a 3PC/(ajazas, bibebs) with the three paths P! = P, ;,, P2 = P,,;, and
P3 = Py.p,. For i =1,2,3, we denote by a the neighbor of a; in P! and by b, the neighbor
of b; in P*. For distinct 7,5 € {1,2,3}, we denote by H;; the hole induced by P*U PJ.

Lemma 6.1 Let G be an even-signable graph and let ¥ be a 3PC(A, A). If node u is adjacent
to %, then it is one of the following types.

Type tj for j = 1,2,3: Node u has exactly 5 neighbors in % and they are either all contained
in {a1,a2,as} or all in {by,ba,b3}.

Type pl: Node u has exactly one neighbor in X and u is not of Type t1.

Type p2: Node u has exactly two neighbors in %, which are furthermore adjacent and con-
tained in P" for some i € {1,2,3}.

Type p3: Node u has at least two nonadjacent neighbors in X, and all the neighbors of u in
¥ are contained in P, for some i € {1,2,3}.

Type p4: Node u has ezactly four neighbors in X, uy, uz, us and ug, where uius is an
edge that belongs to some P!, i € {1,2,3}, and uzuy is an edge that belongs to some
Pi, j e {1,2,3}\ {i}. Furthermore, u is not adjacent to both a; and aj, and it is not
adjacent to both b; and b;.
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Type t2p: For distinct indices i,j,k € {1,2,3} and for z € {a,b}, u is adjacent to z;
and zj, it has at least one neighbor in Pk \ {z}, and is not adjacent to any node in

(Pi uPI U {Zk}) \ {Zi, Zj}.

Type t3p: Node u has at least four neighbors in X. For some z € {a,b}, u is adjacent to
21, z2 and z3, and all the other neighbors of u in ¥ belong to P* for some i € {1,2,3}.

Type tj for j =4,5,6: Node u is adjacent to j nodes in {ai,as,as,b1,be,b3} and possibly
other nodes of X2. Furthermore, if u is of Type t4, then u has two neighbors in {a1, az,as}
and two in {by, b2, bs}.

Proof: Assume that v is not of Type p2 or p3. Then, w.Lo.g. u has neighbors in both P!
and P2.

Case 1: u does not have a neighbor in P3.

First assume that u has a unique neighbor in P! or P2, say P!. Let u; be the neighbor of
v in P!, and w.Lo.g. assume that u; # a;. Let up be the neighbor of v in P? that is closest to
as. If uy # by, then the node set P! UPa22u2 UP3U{u} induces a 3PC(ayazas, u1). If ug = bo,
then either u is of Type t2 or the node set Py, UP?U P? U {u} induces a 3PC/(a1azas,us).

Now assume that u has at least two neighbors in both P! and P?. Let u; (resp. v1) be
the neighbor of u in P! that is closest to a; (resp. b;). Let us (resp. vg) be the neighbor
of u in P? that is closest to as (resp. by). First suppose that both uyv; and uyvy are edges.
If u is adjacent to both a; and a9, then P2uPiu {u, a1} induces an odd wheel with center
az. So w is not adjacent to both a; and a9, and similarly u is not adjacent to both b; and bs.
Hence u is of Type p4. Now assume w.l.o.g. that ujv; is not an edge. If w is not adjacent
to all four of the nodes a1, ag, by and by, then either P, UP), UPZ UP3U{u} or
Py, UP, UP2, UP?>U{u} induces a 3PC(A,u). So u is adjacent to a1, az, by and by,
and hence it is of Type t4.

Case 2: u has a neighbor in P3.

For i € {1,2,3}, let u; (resp. v;) be the neighbor of u in P’ that is closest to a; (resp. b;).
If u is adjacent to at most one node in {aj,as, a3} and at most one node in {by, by, b3}, then
the node set P, , UP2, UP}, U{u} induces a 3PC(b1bzb3,u). So assume w.l.o.g. that u
is adjacent to by and by. If u does not have a neighbor in (P! U P?)\ {by, by}, then u is of
Type t2p, t3 or t3p. So assume w.l.o.g. that u; # b;. Suppose u is not of Type t4, t5 ot t6.
Then u is adjacent to at most one node of {ay,as,as}. If ug = by and ug = bz, then u is of
Type t3p. Otherwise, Py, U P2, UP3 U{u} induces a 3PC(ayaza3,u). O

Nodes adjacent to X are further classified as follows.

Type t6a: A node u that is of Type t6 w.r.t. 3, such that none of the paths of 3 is an edge
and v has no neighbors in the interior of any of the paths of 3.

Type t6b: A node u that is of Type t6 w.r.t. 3 but is not of Type tb6a w.r.t. .
Type t4d: For distinct 4,5 € {1,2,3}, N(u) N {a1,az,a3,b1,b2,b3} = {a1,az,a3,b1,b2,b3} \
{ai, bj}.
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Type t4s: For some: € {1,2,3}, N(’u)ﬂ{al,ag,a?,,bl,bg,bg} = {(11,(12,ag,bl,bg,bg}\{ai,bi}.

Lemma 6.2 Let G be a square-free even-signable graph with no star cutset. If ¥ = 3PC(ajazas, bibabs)
then the following holds.

(i) If u is of Type t6b w.r.t. &, then u is adjacent to all nodes of X.

(ii) If u is of Type t5 w.r.t. X, say not adjacent to as, then none of the paths of ¥ is an
edge and N(u) NE = {aq,as, by, by, b3, bs}.

(153) If u is of Type t}d w.r.t. X, say not adjacent to az and by, and a1by is not an edge,
then N(u) N X = {a1,az,a5,b1,b3,b5}, {a1,az,b1,03,b1} or {a1,a2,a,b1,b3}.

() If u is of Type t}s w.r.t. 3, say not adjacent to as and bs, then a1by and asbs are not
edges.

Proof: Let u be of Type t6 w.r.t. 3. For 4,5 € {1,2,3}, (H;j,u) must be a line wheel or a
universal wheel. If (Hj2,u) is a line wheel, then so is (H13,u), and hence none of the paths of
3 is an edge and u has no neighbors in the interior of any of the paths of 33, i.e. w is of Type
tb6a w.r.t. 3. If (Hy2,u) is a universal wheel, then so is (Hi3,u), and hence u is adjacent to
all nodes of X.

Let u be of Type tb w.r.t. X, say not adjacent to ag. Suppose that (Hi2,u) is a universal
wheel. Since G is square-free, a1b; and agbe cannot both be edges. W.l.o.g. a1b; is not an
edge. But then (Hi3,u) is a proper wheel that is not a beetle, contradicting Theorem 4.6. So
(Hi2,u) cannot be a universal wheel, and hence it must be a line wheel. But then (H3,u)
must be a beetle, and so (ii) holds.

Let u be of Type t4d w.r.t. X, say not adjacent to as and bs. Suppose aib; is not an
edge. (Hjpz,u) must be a beetle or a line wheel. Suppose (Hig,u) is a line wheel. Then
N(u) N (P*U P?) = {a1,a2,b1,b)}. If u has a neighbor in P3 \ b3, then (Hi3,u) is a proper
wheel that is not a beetle, contradicting Theorem 4.6. So now assume that (Hio,u) is a beetle.
Suppose that u is adjacent to a}. Then N (u)N(P'UP?) = {a1,az,a’, b }. If u has a neighbor
on P2\ b3, then (Hy3,u) is a proper wheel that is not a beetle, contradicting Theorem 4.6.
Finally suppose that v is adjacent to a,. Then N(u) N (P! U P?) = {a1,a2,a}, b1 }. But then
(Ha3,u) must be a line wheel and hence N(u) NP3 = {b3,b}}.

Let u be of Type t4s w.r.t. 3, say not adjacent to a3 and b3. Suppose a1b; is an edge.
Since G is square-free, agby is not an edge. Node « must have a neighbor in P2, since otherwise
P3 U {a1,az,b;,u} induces an odd wheel with center a;. So (Hi3,u) must be a line wheel.
But then (Hj3,u) is a proper wheel that is not a beetle, contradicting Theorem 4.6. So a1b;
is not an edge, and similarly neither is asbo. O

If node u is of Type p3, t2p or t3p w.r.t. X, then a subset of the node set ¥ U {u} induces
a X =3PC(A,A) that contains u. We say that ¥/ is obtained by substituting u into X. If u
is of Type t2p or t3p w.r.t. 3, and for some z € {a,b} and i € {1,2,3}, ¥’ does not contain
z;, then we say that u is a sibling of z;.
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7 Beetles and T-Parachutes

To prove the main result of this section, we need the following lemma, whose proof appears
in [5].

Lemma 7.1 Let G be a T-parachute T P(t,v,a,b, z) that is not an L-parachute and such that
no proper subgraph of G is a parachute or a proper wheel. Then G is one of the following
graphs, see Figure 2.

Type a: No interior node of P is adjacent to a or b.

Type b: An interior node of P is adjacent to a or b, say a, (Cy,a) is a triangle-free wheel
and a is adjacent to z.

Type c: An interior node of P is adjacent to a or b, say a, (Cy,a) is a twin wheel and a is
adjacent to z.

Theorem 7.2 Let G be a square-free even-signable graph. Assume that G has no 3PC(A, A)
with a Type t2, t2p or t4 node. Then G is a triangle-free graph, or the line graph of a triangle-
free graph, or G has a star cutset or a 2-join.

Proof: By Theorem 2.3, the result holds for WP-free graphs. By Theorem 4.6, the result
holds when G contains a proper wheel that is not a beetle. By Theorem 5.3, the result
holds when G contains an L-parachute. So we may assume that G contains a beetle or a
T-parachute.

Let X be a beetle or a T-parachute T'P(t,v,a,b, z). If ¥ is a T-parachute, by Lemma 7.2,
we assume that 3 is of Type a, b or ¢ of Figure 2. If ¥ is a beetle (H,v), denote the neighbors
of v on the hole by a, t, b, z where atv and tbv are the triangles. If 3 is a T-parachute, denote
by (H,v) its twin wheel with center v. We assume w.l.o.g. that if ¥ is a T-parachute of
Type ¢, then G contains no beetle and no T-parachute of Type a or b. We denote by P the
path of 3 from v to z that uses no edge of H and by H,, and H,; the subpaths of H from z
to a and from z to b that do not contain node . W.l.o.g. b has no neighbor in the interior of
P. Let C be the hole of ¥ containing b, v, z. Consider the star S = (vU N (v)) \ {¢,m} where
m is the neighbor of v in ¥ distinct from a,b,f. Assume that S is not a cutset separating
t from B = V(%) \ {a,b,v,t} and let Q = z1,...,z, be a direct connection from ¢ to B in
G\ S. No node of @) is adjacent to both a and b since G is square-free.

Case 1: n =1, or n > 1 and no node of Q;,, , is adjacent to a or b.

Node z, has at least one neighbor in C if 3 is a T-parachute of Type b or ¢ and, by
symmetry, we assume w.l.o.g. that this is also the case when X is a beetle or a T-parachute
of Type a.

If x,, has exactly one neighbor p in C, then there is a 3PC(bvt, p) since p is distinct from
b and v.

Assume z, has exactly two adjacent neighbors in C. Assume first that one of these
neighbors is b and the other is b’ adjacent to b in H,;. If n = 1, there is an odd wheel with
center b. So n > 1. If x,, has no neighbor in H,, \ z, there is a 3PC(z,bV/,t). Let 2’ be the
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neighbor of z in H,,. If x,, has a neighbor in H,, \ {z,2'}, then there is a 3PC(z,bb,v).
Therefore z,, is adjacent to z'. If b’ # z, (H,x,) is an odd wheel. So b’ = z and (H,z,) is a
twin wheel. Now Q UX \ b induces a 3PC(A,A) and b is a Type t4s node with respect to i,
so the result holds.

Now assume that both neighbors of z,, in C are distinct from b. Then there is a 3PC(A, A)
with a node of Type t2 (when ¥ is a beetle or of Type a) or of Type t2p (when X is of Type b)
or of Type t4d (when X is of Type c). Therefore the result holds.

Assume z,, has two nonadjacent neighbors in C. Then there is a 3PC(bvt, z,,) if n > 1
or if x,, is not adjacent to b. So assume n = 1 and x; is adjacent to b. If z1 has a neighbor
in H,, \ z, there is an odd wheel with center ¢. So all the neighbors of z; in ¥ are in C Ut.
If 3 is a beetle, there is a 3PC(avt,z). So ¥ is a T-parachute. Assume first that ¥ is of
Type a. If 21 has no neighbor in P, there is a 3PC/(avt, z). If z; has a unique neighbor p in
P, there is a 3PC(avt,p). Therefore z; has several neighbors in P. Node z is adjacent to b
since, otherwise, there is an odd wheel with center ¢. Let p be the neighbor of 1 in P that
is closest to z. Then H,, U P,, U {t,z1} induces a hole H; and, if p # z, (H;,b) is an odd
wheel. So p = z. Let 2’ be the neighbor of z in P. If 21 has a neighbor in P\ {z,2'}, there
is a 3PC(bzxy,v). So the neighbors of z; in P are exactly z and 2z’ and therefore (C,z;) is
a twin wheel. Then (3 \ b) Uz induces a 3PC(A, A) and b is a Type t4d strongly adjacent
node with respect to it, so the result holds. Now assume that > is a T-parachute of Type b
or c. Node z; is not adjacent to m since, otherwise, m, v, t,x; would be a square. Since x
has a neighbor in C' distinct from b and its neighbor in C, there is an odd wheel with center
t.

Case 2: n > 1 and some node of ();,, , is adjacent to a or b.

Let z; be such a node with lowest index.

Assume first that 7 > 2. Denote by d the node among a, b that is adjacent to z;. Let R
be a shortest path from z, to v in ¥\ {a,b,t} and let R’ be a shortest path in ¥\ {¢,v,d}
from z,, to the node d' among a,b that is distinct from d. Let H; be the hole induced by
RUQUt and Hs the hole induced by R'U Q Ut. We will show that the wheel (Hy,d) is
a proper wheel that is not a beetle. (Hp,d) is not a universal wheel since d is not adjacent
to 1 nor a triangle-free wheel since d is adjacent to v and ¢, nor a twin wheel since z; is
adjacent to d but not to ¢ or v. Suppose (Hi,d) is a line wheel. Then (Hj,d) is a proper
wheel. Suppose (Hz,d) is a beetle. Then j = n—1 and z is adjacent to both z,, and d, and =,
has a neighbor in P,, \ z. Note that if d = b, then az cannot be an edge (since bz is an edge
and H cannot be a square) and hence ¥ cannot be a T-parachute of Type a or b. If z,, has a
neighbor in P\ {z,2'} (where 2’ is the neighbor of z in P), then there is a 3PC(tvd', ;). So
z and 2’ are the only neighbors of z,, in P, and hence there is a 3PC(A, A) with a Type t4d
node and the result holds. Finally, suppose (Hi,d) is a beetle. Then d = a, ¥ is of Type ¢
and z, is adjacent to m. If z, has no other neighbor in 3, there is a 3PC(tvd',m). If z;,
has a neighbor distinct from m and z in C, there is a 3PC(tvd', z,). If 2, has exactly m and
z as neighbors, there is a 3PC(A,A) with node d being of Type t4d relative to it. So the
result holds. Therefore (Hi,d) is a proper wheel that is not a beetle. So the result holds by
Theorem 4.6.

Assume now that j = 1. Denote by d the node among a, b that is adjacent to z;.

Case 2.1: No node of Q)y,,, is adjacent to a or b.
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If every chordless path from z,, to ¢ in X \ {d,v} contains m, then let R; be such a path
and let Hs be the hole Ry U Q). Then (Hs,v) is an odd wheel unless d = b and ¥ is a T-
parachute of Type c¢. But then Q U X\ v induces a 3PC(A,A) and v is a strongly adjacent
node of Type t4d with respect to it. So the result holds.

Now assume some chordless path Ry from z, to t in £\ {d, v} does not contain m. If Ry
does not contain neighbors of d, then let Hy be the hole (Ry \ t) U Q U {v,d}. Then (Ha,t)
is an odd wheel. So Ry contains a neighbor of d. Let Hj be the hole Ry U Q. Then (Hj,d)
is an odd wheel.

Case 2.2: Some node of @y, is adjacent to a or b.

Let z, be such a node with lowest index. If zj is not adjacent to d, then Q4,4, U{a,v,b}
induces a hole Hg and (Hg,t) is an odd wheel. So zj is adjacent to d. Let H; be a hole in
QU X \ {a,b} that contains v. Since d is adjacent to v,t,z; and zy, the wheel (H7,d) is a
proper wheel or a universal wheel.

Case 2.2.1: (H7,d) is a proper wheel.

If (H7,d) is not a beetle, the result holds by Theorem 4.6. So assume (H7,d) is a beetle.
If d = a then ¥ cannot be a T-parachute of Type c. The node in {a, b} \ {d} has no neighbor
in @, since otherwise a subpath of @) together with a, ¢t and b induces an odd wheel with
center d. Let R be a chordless path from z, to ¢ in X \ {d,v}. Some interior node of R
must be adjacent to d since, otherwise, there is an odd wheel with center d. x, must have
a neighbor in ¥ distinct from the neighbor d’ of d in H,4 since, if d’ were the only neighbor
of z, in X, the assumption that (H7,d) is a beetle would be contradicted. This implies that
d" = z and that z,, has all its neighbors in P. So ¥ is not a beetle. Let Hg be the hole RUQ.
(Hg,d) is a wheel. Since d is adjacent to ¢ and x; but not its neighbors on Hg, it is not a
beetle. So if (Hs,d) is a proper wheel, the result holds by Theorem 4.6. If (Hg,d) is not a
proper wheel, it must be a line wheel. This implies that £ = n and that z, is adjacent to z.
If d = b then, since bz is an edge, az cannot be an edge (else H is a square) and so X cannot
be a T-parachute of Type c. 3 cannot be a T-parachute of Type b since, otherwise, d = a
and there is a 3PC(azzy,v). So X is a T-parachute of Type a. Since (H7,d) is a beetle, z,,
has a neighbor in P\ z. If 2, has a neighbor in P\ z distinct from the neighbor 2’ of z, there
is a 3PC(dzxy,v). So x, has exactly three neighbors in 3, namely d, z and 2’. In this case,
QUX\ d induces a 3PC(A, A) and the node d is a strongly adjacent node of Type t4d with
respect to it. So the result holds.

Case 2.2.2: (H7,d) is a universal wheel.

Then ¥ is a T-parachute of Type ¢ and d = a. Let Hg be the hole in Q U X \ {a,v} that
contains b. Then (Hy,a) is a proper wheel that is not a beetle unless n = 2 and z, has a
neighbor in C'\ {z,m,v,b}. Since n = 2, x5 is not adjacent to m (otherwise there is a 5-wheel
with center a) but z; is adjacent to z since (Hr,a) is a universal wheel. Let 2’ be the neighbor
of z on C distinct from m and p the neighbor of z5 closest to b in H \ {a, z}. Suppose p # 2’
and let Hyo be the hole induced by Hy, U {v,m,z,z2}. Then (Hip,a) is an odd wheel. So
p =2 But now ¥\ a U {x1,z9} induces a 3PC(A,A) and node a is a Type t4s node. So
the result holds. a
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Figure 4: Crosspath

8 Different Paths

In this section, we assume that G is an even-signable graph.

Definition 8.1 A crosspath w.r.t. ¥ = 3PC(A,A) is a chordless path P = x1,...,x, in
G \ X that satisfies one of the following:

e n=1and z1 is of Type pj w.r.t. 3, or

e n>1,x1 and x, are of Type p2 w.r.t. 3, with neighbors in different paths of %, and
no interior node of P has a neighbor in . See Figure 4

If 1 or x, has neighbors in a path P* of ¥, we say that P is a P'-crosspath w.r.t. ¥.

Definition 8.2 A weak connection w.r.t. ¥ = 3PC/(ajaqas3,bibebs) is a chordless path P =
Z1y...,Zyn in G\ X such that no interior node of P has a neighbor in X, N(z1) N X = p and
N(zp,)NE =gq, p # q, and either both p, q are contained in {a1,as,a3} or both are contained

mn {bl, bg, bg}

Theorem 8.3 Let G be an even-signable graph, let ¥ = 3PC(A,A) and let P = x1,..., %y,
n > 1, be a chordless path in G\ X. If ) # N(z)NE C P!, 0 # N(z,) NS C PJ, i # 4, and
no interior node of P has a neighbor in X, then P is a crosspath or a weak connection w.r.t.
3.

If, furthermore, G is square-free and has no star cutset, then P is always a crosspath.

Proof: Assume w.l.o.g. that i = 1 and j = 2. Since N(z;) Y C P! and N(z,) N% C P?,
z1 and z, are of Type t1, pl, p2 or p3 w.r.t. X. Suppose that P is not a crosspath. Then
w.l.o.g. x1 is of Type t1, pl or p3 w.r.t. X. If z; is of Type p3 w.r.t. X, then we consider
the 3PC(A, A) obtained by substituting z; into X. It follows from Lemma 6.1 that z,, is of
Type t1, pl, p2 or p3 w.r.t. this new 3PC(A,A). So we may assume that z; is of Type t1
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or pl w.r.t. ¥ and similarly that x,, is of Type t1, pl or p2 w.r.t. X. If x,, is of Type p2
w.r.t. 3, then the node set P' U P? U P induces a 3PC(A,.). Hence z,, is also of Type t1
or pl w.r.t. X. Let uy (resp. wug) be the unique neighbor of z; (resp. z,) in X. W.lo.g.
uy 7% a1. If uy = by and uy = by, then P is a weak connection, and otherwise the node set
P'uP? UP3UP induces a 3PC(a1a2a3,u1).

asus

Now assume that G is square-free and has no star cutset. Suppose X = 3PC(ajazas, bybabs3)
has a weak connection P = z1,...,z, from a; to ag. Let S = (N(a1) Uay) \ {z1,a}}. Since
S is not a star cutset, there exists a direct connection @ = yi,...,y, from P to X\ S in

G\ S. The nodes of PUP!UP3Uay induce a Mickey Mouse as defined in [6]. By the Mickey
Mouse theorem [6], some node of @) is adjacent to both ag and a3. Choose P, Q such that @
is as short as possible subject to the condition that P is a weak connection with one endnode
adjacent to aq and the other adjacent to either as or az. Let y, be the node of lowest index
adjacent to both ao and as.

Claim 1: If k > 2, no node yq,...,yr_1 1s adjacent to ay or as.

Proof of Claim 1: Suppose not and let y; be the node of lowest index adjacent to az or az
(note that j = 1 is possible). Node y; has a unique neighbor on P and this neighbor is
Zy since, otherwise, our choice of P, @ would be violated. If y; is adjacent to a3, there is a
3PC(araza3,xy,). So y; is adjacent to ap. Let y;, j < 4 < k, be the node of lowest index
adjacent to az. Then W = (Qy,y,a3a1P, az) is a wheel that is not triangle-free, universal, a
twin wheel or a beetle. Suppose it is a line wheel with triangles aox,y; and ajasas. Then
1 < k and therefore there is an L-parachute with middle path as, yg, yx—1,...,y;. But then
G has a star cutset by Theorem 5.3, a contradiction. So W is a proper wheel that is not a
beetle. But then G has a star cutset by Theorem 4.6, a contradiction. This completes the
proof of Claim 1.

Let S = (N(a2) Uag) \ {zn,ab}. Since G has no star cutset, there is a direct connection
Q' = zi,...,2 from P to ¥\ S in G\ S'. By the Mickey Mouse theorem applied to the
Mickey Mouse induced by the nodes P U P? U P3 U ay, there is node of ' adjacent to both
a; and a3. Let z; be the node of lowest index in @’ adjacent to both a; and a3. Let z; be the
node of lowest index in @' that is adjacent to a; or as.

Case 1: t <

Suppose first that z; is adjacent to a3. Then z; is adjacent to a;, P in a triangle since,
otherwise, there is a 3PC(ajaz2as,.). Let u,v be the neighbors of z; on P. If u,v # a;, then
there is a 3PC(zjuv,a1). So u or v coincides with a;. But then there is an L-parachute
induced by a subpath of P U lem U{ai,az2,as}. So, by Theorem 5.3, there is a star cutset,
a contradiction.

So z; is adjacent to a;. Let z, be the node of Q" with lowest index adjacent to a3. Clearly
t < r <. Let H be the hole passing through a3 in Q' U P U a3z. Then (H,a1) is a wheel
that is not triangle-free, universal or a twin wheel. If » < [, then the wheel (H,a;) is not
a beetle. Suppose it is a line wheel with triangles a1x12; and aijasaz. Then there is an
L-parachute with middle path being a subpath of a1, z;, z;_1, ..., 2. If (H,a;) is a line wheel
with triangles a;2¢2;11 and ajagas, then there is an L-parachute with middle path being a
subpath of ay,z,...,2.. But then G has a star cutset by Theorem 5.3, a contradiction. So
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Figure 5: Paths from a Type t1 node

W is a proper wheel that is not a beetle. But then G has a star cutset by Theorem 4.6, a
contradiction. Therefore 7 =[. Now (H,a;) is not an L-wheel. Since G does not have a star
cutset, (H,a;) cannot be a proper wheel by Theorem 4.6, so it must be a beetle. Note that @
is a path from the top of the beetle to the bottom that does not induce connected diamonds
with the nodes of the beetle (since yj is adjacent to ag), contradicting Lemma 4.4.

Case 2: t =1

Let R be a shortest path from y; to z; in PUQ U Q'. If R contains neither z; nor z,,
then R U {a1,a2,a3} induces an odd wheel with center as. So R contains z; or z, and Q,
Q' have no adjacent nodes. W.l.o.g. assume that y; is adjacent to z; or z,. Then there is a
3PC(ayasz;, 1) or a 3PC(aza3yk, Ty). a

Lemma 8.4 Let P = x1,...,z, be a chordless path in G\ X such that x; is of Type t1 w.r.t.
Y, say adjacent to ay, x, has a neighbor in X\ {a1,as,a3}, and no interior node of P has a
neighbor in 3. Then one of the following holds.

(i) x, is of Type t1, pl or p8 w.r.t. ¥, with a neighbor in P

(i3) x,, is of Type t2, t2p or t3p w.r.t. ¥ and N(x,) N (P? U P3) = {by, b3}.
(iii) xy, is of Type t2p or t3p w.r.t. ¥ with at least two neighbors in {ay,as,a3}.
(1v) xy, is of Type p2 or p4 w.r.t. ¥ and it is adjacent to a;.

(v) x, is of Type t4, t5 or t6 w.r.t. 3.

Proof: Suppose z,, is of Type t1 or pl with a unique neighbor w in . If « is not in P!, then
P?U P3U PUx induces a 3PC(ajaza3,u). Similarly, if z,, is of Type p3, then it must satisfy
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Figure 6: Paths from a Type t2 node

(i), else there is a 3PC(aia9as3, Ty). Suppose &, is of Type p2, with neighbors u and v in X,
and w.l.o.g. assume that u and v are not in P3. If z,, does not satisfy (iv), then P*U P2 U P
induces a 3PC(uvzy, a1). If 2, is of Type t2 and it does not satisfy (ii), then w.l.0.g. we may
assume that it is adjacent to b; and b3, and hence P U P2 U P3 induces a 3PC(ajazas,b3).
Suppose x, is of Type t2p or t3p and it does not satisfy (ii) or (iii). W.l.o.g. x, is adjacent
to by, b3 and it has a neighbor in P2\ by. Then (P U P! U P?)\ by contains a 3PC(ajazas, T,)-
If z,, is of Type t3, then it is adjacent to by, by, b3 and PUP'U P? induces a 3PC(bybyy,, ay).
Finally assume that z,, is of Type p4. If the neighbors of x,, in ¥ are contained in P? U P3,
then ((P2U P3)\ {b2,b3}) UP Ua; contains a 3PC(ajasas, z,). Else, we may assume w.l.o.g.
that the neighbors of z, in ¥ are contained in P! U P2 If z, does not satisfy (v), then
(X\ {b2,a}}) UP contains a 3PC(ajazas, ). O

Lemma 8.5 Let P = x1,...,x, be a chordless path in G\ X such that x is of Type t2 w.r.1.
Y, say adjacent to ay and a3, T, has a neighbor in ¥\ {a1,a2,as}, and no interior node of
P has a neighbor in X. Then one of the following holds.

(i) x, is of Type t1, pl or p8 w.r.t. ¥, with a neighbor in P2.
(i1) x, is of Type t2, t2p or t3p w.r.t. ¥ and N(z,) N (P U P3) = {by, b3}.
(111) xy, is of Type t2p or t3p w.r.t. ¥ with at least two neighbors in {ai,as,as3}.

(iv) xy, is of Type t4, t5 or t6 w.r.t. X
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Proof: Suppose z,, is of Type t1 or pl with u being its unique neighbor in 3 and (i) does not
hold. Then w.l.o.g. w is in P! and hence P! U P3U P induces a 3PC(z1a1a3,u). Suppose z,,
is of Type p3 and it does not satisfy (i). W.lo.g. the neighbors of z,, in ¥ are in P!. If n = 2
and z, is adjacent to a;, then P' U P? U P U a3 contains an odd wheel with center a;, and
otherwise P! UP3U P contains a 3PC(z1a1a3,z,). Suppose z, is of Type p2, with neighbors
v and v in ¥, and w.Lo.g. assume that u and v are not in P3. If z,, is not adjacent to a1, then
P! U P? U P induces a 3PC(xznpuv,aq). So x, is adjacent to aq, and hence P'UP?UPUag
induces an odd wheel with center a; when n > 2 and P' U P? U P induces an odd wheel
with center a; when n = 2. If z,, is of Type t2, adjacent to by and say by, then P' U P2 U P
induces a 3PC(z,b1b2,a1). So, if z,, is of Type t2, then it satisfies (ii). Similarly, if z,, is of
Type t3, then there is a 3PC(x,b1bo, a1). If x, is of Type t2p or t3p, and it does not satisfy
(ii) or (iii), then w.l.o.g. we may assume that z,, is adjacent to by, by and a node of P3\ bs.
But then P! U P2 U P induces a 3PC(x,b1bs,a;). Finally assume that z,, is of Type p4. If
the neighbors of z,, in ¥ are contained in P! U P3, then w.Lo.g. z, is not adjacent to a3 and
hence (X\ {a1,a4}) U P contains a 3PC (b1 bgbs, ). Otherwise, w.l.o.g. we may assume that
the neighbors of x,, in ¥ are contained in P! U P?, and hence (X \ {a1,a2}) U P contains a
3PC(b1b2b3, LEn) d

Lemma 8.6 Let P = x1,...,x, be a chordless path in G\ X such that x; is of Type t3 w.r.t.
Y, say adjacent to ay,a9 and a3, x, has a neighbor in X\ {a1,a2,as}, and no interior node
of P has a neighbor in X. Then one of the following holds.

(i) z, is of Type p2 or t3 w.r.t. .

(i) n =2, z, is of Type t2p or t3p w.r.t. X with at least two neighbors in {by,be, b3} and
Ty 1S adjacent to ai,as or as.

(iii) xy, is of Type t2p or t3p w.r.t. ¥ with at least two neighbors in {ay,as,a3}.
(iv) n =2, x, is of Type p3 w.r.t. ¥ adjacent to ay, ay or as.

(v) x, is of Type t4, t5 or t6 w.r.t .

Proof: If x,, is of Type t1 ot pl with its neighbor u in say P, then there is a 3PC(aja9z1, u).
If z, is of Type p3, with neighbors in say P!, and (iv) does not hold, then P2 U P3 U P
contains a 3PC(z1a1a2,x,). By Lemma 8.5, z,, cannot be of Type t2 w.r.t. ¥. Suppose z,,
is of Type t2p or t3p, but (ii) and (iii) do not hold. Then w.l.o.g. z, is a sibling of by, and
hence (P'U P? U P) \ b, contains a 3PC(z1a1az,x,). Finally assume that z,, is of Type p4,
with neighbors w.l.o.g. in P? U P3. Then (X U P) \ {a1,a3} contains a 3PC(b1bobs,z,). O
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9 Type t4, t5 and t6b Nodes

Theorem 9.1 Let G be a square-free even-signable graph. If G contains a ¥ = 3PC(A, A)
with a Type t4, t5 or t6b node then G has a star cutset.

Proof: Assume G has no star cutset. Then by Theorem 4.6, G contains no proper wheel that
is not a beetle.

Let C be the set of all ordered pairs X, u such that ¥ = 3PC(A,A) and u is of Type t4,
th or t6b w.r.t. 2.

For X, u € C, we assume w.l.o.g. that if w is of Type t5 w.r.t. X then w is not adjacent
to ag, if u is of Type t4d w.r.t. X then u is not adjacent to az and b,, and if u is of Type t4s
w.r.t. X then v is not adjacent to as and bs.

For X,u € C define the corresponding sets S as follows. If u is of Type t5 or t6 w.r.t.
Y, then let S = (N(u) Uwu) \ (2 \ {a1,a2,b2,b3}). If u is of Type t4d w.r.t. 3, then
let S = (N(u)Uu)\ (2\ {a1,a2,b1,b3}). If u is of Type tds w.r.t. X, then let S =
(N(uw)Uwu)\ (£\{a1,a2,b1,b2}). Since S is not a star cutset, there exists a direct connection
P=ux,...,1, in G\S from P'UP? to P3. Let X, u be chosen from C so that the cardinality
of N(u) NX is minimized and, subject to this, the size of the corresponding P is minimized.

Claim 1: No node of P is of Type t4, t5 or t6 w.r.t. 3.

Proof of Claim 1: 1t is enough to show that if v and w are both of Type t4, t5 or t6 w.r.t. X,
then vw is an edge. Suppose not. Since v and w both have at least two neighbors in each of
the sets {a1,a2,a3} and {b1, b, b3}, for some 7,5 € {1,2,3}, a; and b; are common neighbors
of v and w. Since {a;,b;,u,v} cannot induce a square, a;b; is an edge. W.lo.g. i = j =2,
Nw)n{a1,a2,a3} = {a1,as} and N(w)N{a1,a2,a3} = {az,as}. But then {a1, as, a3, ba, v, w}
induces an odd wheel with center as. This completes the proof of Claim 1.

Claim 2: No node of P is of Type p3 w.r.t. 3.

Proof of Claim 2: Suppose x; is of Type p3 w.r.t. 3. Let ¥’ be obtained from X by
substituting z; into X. Since z; € G\ S, node z; is not adjacent to u. Therefore |[N(u)N¥'| <
|N(u)NX|. Therefore ¥',u and P’, where P’ = Py, , or P' = Py, ;,, contradict our choice
of 3, u and P. This completes the proof of Claim 2.

Claim 3: No node of P is of Type t2p or t3p w.r.t. X.

Proof of Claim 3: Suppose that z; is of Type t2p or t3p w.r.t. X and let ¥’ be obtained
from ¥ by substituting z; for its sibling. Note that u cannot be of Type t6 w.r.t. X, since
otherwise u is of Type t5 w.r.t. X', contradicting our choice of ¥, u. In particular, u is not
adjacent to ag.

Suppose x; is a sibling of a;. Since u is adjacent to ao,b; and at least one of bs, b3, and
it is not adjacent to x; and a3, node u must be of Type t2p or t3p w.r.t X', adjacent to bs.
In particular, N(u) N P? = {b3} and b; is the unique neighbor of u in the z;b;-path of ¥'.
Node z; is not adjacent to by, else {ag, b1, z;,u} induces a square. Hence (Hi3,u) must be
a line wheel with u adjacent to a}. But then (P! \ {a1,b1}) U P? U {a2,u,z;} contains a
3PC(x;a0a3,u).
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Suppose z; is a sibling of ay. Since w is adjacent to a;,b; and at least one of be, b3, and it
is not adjacent to a3 and z;, it must be of Type t3p w.r.t. ¥/, and hence of Type t5 w.r.t. X.
Since u is of Type t3p w.r.t. ¥/, N(u) N P? = {b3}. But this contradicts Lemma 6.2 applied
to ¥ and w.

Suppose z; is a sibling of a3. Then ¢ > 1 and u is of the same type w.r.t. ¥/ as it is w.r.t.
Y. But then ¥',u and Py, ,, , contradict our choice of ¥, u and P.

Suppose z; is a sibling of b;. Then wu is of Type t2p or t4d w.r.t. ¥', adjacent to b3. If u
is of Type t4d w.r.t. ¥, then ¥’ u contradict our choice of X,u. So w is of Type t2p w.r.t.
3. In particular, N(u) N P? = {as}. So u must be of Type t4d w.r.t. ¥. Node z; cannot
be adjacent to aj, else {a1,bs,z;,u} induces a square. So a;b; is not an edge. By Lemma
6.2, N(u) N P3 = {b3} and v has a neighbor in P!\ {ai,b;}. So there is a subpath P’ of
P\ {ay,b1} such that one endnode of P’ is adjacent to u, the other to z; and no proper
subpath of P’ has this property. But then P? U P’ U {b3, z;,u} induces a 3PC (bybsz;, u).

Suppose z; is a sibling of by. Then u must be of Type t4d w.r.t. ¥'. Node z; is not
adjacent to ag, else {ag, b3, z;,u} induces a square. So i = 1. Since u is adjacent to bz, node
bz is in S and hence n > 1. But then X', u and P,,,, contradict our choice of ¥, u and P.

Finally suppose that z; is a sibling of b3. Then u is of Type t4s w.r.t. X'. If u is of Type
t5 w.r.t. X, then ¥/, u contradict our choice of ¥, u. So u is of Type t4s w.r.t. X. Hence i = n
and n > 1. But then X', u and P,,,, , contradict our choice of ¥, u and P. This completes
the proof of Claim 3.

Claim 4: If z; is of Type p4 w.r.t. X, then i = 1 and the neighbors of x; in X are contained
in P1U P2

Proof of Claim 4: Suppose z; is of Type p4 w.r.t. X. If the neighbors of z; in 3 are contained
in P' U P? then i = 1.

Suppose that the neighbors of z; in ¥ are contained in P*UP? for k = 1 or 2. For j = k, 3,
let u; (resp. v;) be the neighbor of z; is P/ that is closest to a; (vesp. b;). If u is of Type t6b
w.r.t. X, then by Lemma 6.2, u is adjacent to all nodes of ¥ and hence {u, z;, v, us} induces
a square. Therefore, u is not adjacent to as.

First suppose that z; is adjacent to as. Then z; is not adjacent to aj and so (XUxz;) \PU33b3
induces a X' = 3PC(ajaza3, ugvrx;). Since u is adjacent to a,az,b; and it is not adjacent
to as, x;, it must be of Type t4s w.r.t. ¥’. Hence u is adjacent to uj and vg. Node u cannot
have neighbors in P3, since otherwise ¥/, v would contradict the choice of ¥,u. So w is of
Type t4s w.r.t. X. Since u is adjacent to uy # ag, (Hy2,u) must be a universal wheel. Then
by Lemma 6.2, a1b; and agby are not edges and so both (Hi3,u) and (Hgg,u) must be twin
wheels. Hence both P! and P? are of length 2. But then {ay,as,ug,z;} induces a square.
Therefore z; is not adjacent to as.

Let ¥ = 3PC(a1aza3, z;v3u3) induced by (ZUa;i)\kakbk. Since u is adjacent to a1, as and
at least one of by, by (i.e. it has a neighbor in the azvs_g-path of ¥'), and it is not adjacent to
a3 and z;, it must be of Type t4d w.r.t. ¥'. If k = 1, ¥/, u contradicts our choice of X, u since
by is adjacent to u and belongs to X\ X'. So k = 2. If a1b; is an edge, then {u,z;,us, b1}
induces a square. But then by Lemma 6.2, v3 = b3 and N(u) N = {a1, ag, b1, bs,bs}. Hence
P2 U {u,z;,b1,b5} induces a 3PC(ugvax;, u). This completes the proof of Claim 4.

Claim 5: n > 1, 1 is of Type t1, pl, p2, t2, t3 or p4 w.r.t. X, and x, is of Type t1, pl,
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p2, t2 or t3 w.r.t. X.
Proof of Claim 5: Follows from Claims 1, 2, 3 and 4.

Claim 6: If a; (resp. az) has a neighbor in the interior of P, then by and bs (resp. by and
b3) do not.

Proof of Claim 6: Suppose that z; and z; are nodes of the interior of P such that z; is
adjacent to a1, z; is adjacent to by or b3, and no proper subpath of Py ,; has this property.

First suppose that x; is adjacent to both by and b3. Then, by the definition of S, b; has
no neighbor in the interior of P and u is of Type t5 or t6 w.r.t. X. By Claims 1 and 3, z;
is of Type t2 w.r.t. X. By Lemma 8.5 applied to a subpath of Py ,;, a2 has no neighbor in
Py;z;- Then pP?yp3 U Pyz; Uay induces a Y = 3PC(a1az2a3, zjbabs). If u is of Type t6 (resp.
t5) w.r.t. X then it is of Type t5 (resp. t4d) w.r.t. X', contradicting our choice of %, u.

Next suppose that z; is adjacent to by and not to b3. If by does not have a neighbor in
Pyz;, then PluPuU Py,z; U by induces a 3PC(b1babs, a1). If az does not have a neighbor
in Py,q;, then P2uPuU Pyz; U ay induces a 3PC(ajazaz, bz). So both ay and b have a
neighbor in me. Let z; and x; be nodes of Pxixj such that z; is adjacent to as, x; to b; and
no proper subpath of P, has this property. If j # k,[ then P?upP3u Py, 4, U by induces a
3PC(b1bobs,az). If i # k,I then P* U P3 U Pz, U az induces a 3PC(ajaza3,b1). By Claim
1,7 # j. If j =k and i = [, then by Claim 2, {a1, az,b;,b2} induces a square. So j = [ and
i = k. Hence P1U P? U Py,z; induces a 3PC(aiasz;, bibaxj). Since by, by € S, u is of Type tds
w.r.t. ¥ and hence w.r.t. ¥’ as well. If i < j let P' = Py,,, , and otherwise let P' = Py, ;.
Then ¥',u and P’ contradict our choice of ¥, u and P.

Finally suppose that z; is adjacent to b3 and not to by. So bz has no neighbor in Py, ;. If
az has no neighbor in Py, then P2UP3U Py,z; Uay induces a 3PC(ajaza3,b3). So az has a
neighbor in Py ;. Let 2 be such a neighbor that is closest to z;. By Claims 1 and 3, ¢ # ;.
Suppose i # k. Then by Lemma 8.4 applied to a subpath of P, by has a unique neighbor
Tjin Py, .. Since by, b3 € S, u is of Type t4d w.r.t. 3. Let ¥ = 3PC(a1az2a3, b1z ;b3) induced
by P'UP3*U P, 4; Uaz. Then u is of Type t4d w.r.t. 3’ as well. If i > j let P' = P, ., and
if i <jlet P'= Py 4, Then X', u and P’ contradict our choice of ¥, u and P. So i =k
and hence z; is of Type t2 w.r.t. ¥. By Lemma 8.5 applied to a subpath of Py, b; does not
have a neighbor in Py ;. Hence Ptyp? U Py,z; Ubs induces a Y =3PC(ajasz;, bibobs). Note
that u is of Type t5 or t4d w.r.t. ¥'. If i < j let P’ = Py, , and otherwise let P' = Py, ;.
Then ¥',u and P’ contradict our choice of ¥, u and P.

Therefore, if a; has a neighbor in the interior of P, then by and b3 do not.

Now suppose that ay and at least one of by, b3 has a neighbor in the interior of P. Let z;
and z; be nodes of the interior of P such that z; is adjacent to as, ; is adjacent to by or bs,
and no proper subpath of P, ,; has this property.

First suppose that z; is adjacent to both b1 and b3. Then a; has no neighbor in the interior
of P by the first part of Claim 6 and v is of Type t4d w.r.t. X. Let X' = 3PC(a1a2as3, b1z b3)
induced by P' U P3 U Py,z; Uaz. Then u is of Type tdd w.r.t. ¥'. If 4 < j let P' = Py, 4,
and otherwise let P’ = P, ;.. Then ¥',u and P’ contradict our choice of X, u and P.

Next suppose that z; is adjacent to b; and not to b3. If a; does not have a neighbor in
Py.z;, then PlUP3U Py,z; U ag induces a 3PC/(ajazas,br). So a; has a neighbor in Py,,;,
and hence by does not by the first part of Claim 6. But then P? U P3 U Py.z; U by induces a
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3PC(b1b2b3,a2).

Finally suppose that x; is adjacent to b3 and not to b;. Then a; does not have a neighbor
in the interior of P by the first part of Claim 6, and hence P' U P3? U Py.z; U ag induces a
3PC(ayagas,bs). This completes the proof of Claim 6.

Claim 7: If a1 has a neighbor in the interior of P, then by does not.

Proof of Claim 7: Suppose both a; and b; have a neighbor in the interior of P. Then, by
Claim 6, ag, by and b3 do not. Since b; € S, u is of Type t4 w.r.t. 3.

Suppose a1b; is not an edge. Let z; and z; be nodes of the interior of P such that z;
is adjacent to aj, z; to by, and no proper subpath of Py, has this property. Let o=
3PC(arazas, bybybs) induced by P? U P3 U Py, U {ay,bi}. If i > j let P = P, ., and
otherwise let P’ = Py, 4,. Note that u is of the same type w.r.t. ¥ as it is w.r.t. ¥. But
then ¥/, and P’ contradict our choice of X, u and P.

Therefore, a1b; is an edge. By Lemma 6.2, u is of Type t4d w.r.t. 3 and hence x, has
a neighbor in P3\ b3. Let z; (resp. z;) be the node of the interior of P with highest index
adjacent to by (resp. a1). Suppose z, is of Type t1, pl or p2 w.r.t. ¥. By Theorem 8.3
applied to Py4, or Py, 1 = j and z, is of Type p2 w.r.t. ¥. Let ug (resp. v3) be the
neighbor of z,, in P? that is closest to a3 (resp. b3). Let ¥’ = 3PC(a1b1z;, u3v3z,) induced
by PtUP? U Py, s, . Since u is adjacent to aj, b; and bz, and to no node of P, , it must be of
Type tds w.r.t. ¥, adjacent to uz and v3. But then X', u contradicts the choice of X, u since
as is a neighbor of u in ¥ but not ¥'. Therefore, z,, is of Type t2 or t3 w.r.t. ¥, adjacent to
az. If =, is not adjacent to ag, then P?> U P3 U Py, Uby induces a 3PC(b1b2bs, a3). So zy, is
adjacent to as.

Suppose that z; is of Type t1, pl or p2 w.r.t. 3. Since a1b; is an edge and ay,b; € 5,
the neighbors of z; in ¥ are contained in P?. If z; is of Type t1 or pl, then P2U P3U P
induces a 3PC(aga3xy,-). So z1 is of Type p2. Let ug (resp. vy) be the neighbor of z; in
P? that is closest to as (resp. b). Let z be the node of the interior of P with lowest index
adjacent to a; or b;. By Theorem 8.3 applied to Py, 4, , x) is adjacent to both a; and b;. But
then P U P2 U P, s, induces a Y =3PC(a1byzk,ugvexy). Since u is adjacent to a1, b; and
a2, and no node of P, ,,, it must be of Type t4s w.r.t. ¥'. But then X', u contradicts the
choice of X, u since b3 is a neighbor of « in ¥ but not X',

Suppose that x; is of Type p4 w.r.t. X. Define us and v as before. Then us # as, and
hence P2 U P3 U P induces a ¥/ = 3PC(aya3wy,, ugvazy). Since u is adjacent to ag and bs,
and to no node of P U ag, it must be of Type p4 w.r.t. ¥'. In particular, u is adjacent to a,.
But then (Hj2,u) is a proper wheel that is not a beetle.

Therefore, 1 is of Type t2 or t3 w.r.t. 3. Since by, b3 € S, 1 is adjacent to bs. Node
x1 must be adjacent to bs, else P? U P3 U P induces a 3PC(aza3wy,,by). Then P2 U P3 U P
induces a ¥’ = 3PC(asa3xy,bobszy). Since u is adjacent to ay and bz and to no node of
P U{as, by}, it must be of Type p4 w.r.t. ¥'. In particular, u is adjacent to a). But then
(Hi2,u) is a proper wheel that is not a beetle. This completes the proof of Claim 7.

Claim 8: If as has a neighbor in the interior of P, then by does not.

Proof of Claim 8: Suppose that both as and by have a neighbor in the interior of P. Then,
by Claim 6, a1,b; and b3 do not. Since by € S, u cannot be of Type t4d w.r.t. 3. By an
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analogous argument as in Claim 7, agbe is an edge. Hence, by Lemma 6.2, u is of Type t6
w.r.t. 2 adjacent to all nodes of ¥. Then b3 € S and so b3 cannot be the unique neighbor of
z, in P3. Let z; (resp. z;) be the node of the interior of P with highest index adjacent to
ay (resp. by).

Suppose that z;, is of Type t1, pl or p2 w.r.t. 3. By Theorem 8.3 applied to Py, 4, or Py,
i = j and z, is of Type p2 w.r.t. 3. Hence P2UP3UP,. ., induces a ¥ = 3PC(azby;, uzvszy,),
where uz and v3 are the neighbors of z, in P3. Since u is adjacent to all nodes of ¥ and no
node of P, , it must be of Type t4s w.r.t. ¥’, contradicting our choice of X, u.

Therefore, x,, is of Type t2 or t3 w.r.t. X, adjacent to a3. Suppose x, is adjacent to a;.
Then P' U P3 U Py, U by induces a X' = 3PC(a1w,a3,b1bebs). Since u is of Type t6 w.r.t.
¥, it is of Type t5 w.r.t. ', contradicting our choice of ¥,u. So z, is not adjacent to a;.
But then P'UP3 U Py, Ubg induces a 3PC(b1bebs, az). This completes the proof of Claim
8.

Claim 9: If ay or ay has a neighbor in the interior of P, then N(z,) NX C {a1,a2,as3}.

Proof of Claim 9: Let x; be the node of the interior of P with highest index adjacent to a;
or ag, and suppose that z, has a neighbor in ¥ \ {a1, a2,a3}. By Claims 6, 7 and 8, by, by
and b3 do not have neighbors in the interior of P.

First suppose that z; is adjacent to both a; and ap. By Lemma 8.5 applied to P, , and
since z,, has a neighbor in P? and is of Type t1, pl, p2, t2, or t3 by Claim 5, z,, must be of
Type t1 or pl w.r.t. 3. Let ¥/ = 3PC(ajaaz;, bibabs) contained in (X \ ag) U Py,z,. If u is
of Type t6 w.r.t. X, then it is of Type tb w.r.t. X', contradicting our choice of X, u. So u is
of the same type w.r.t. X" as it is w.r.t. ¥. But then ¥, u and Py, ,,_, contradict our choice
of ¥, u and P.

Next suppose that z; is adjacent to as and not to a;. By Lemma 8.4 applied to Py;z,,
xy is of Type t2 w.r.t. 3, adjacent to b; and bs. Let ¥/ = 3PC(ajazas,byz,bs) contained
in (X \ b2) U Py,z,. By definition of S, z, must be of Type t4s w.r.t. ¥. But then z, is a
strongly adjacent node relative to X' that violates Lemma 6.1.

Finally suppose that z,, is adjacent to a; and not to a2. By Lemma 8.4 applied to Py, ,
Ty, is of Type t2 w.r.t. 3, adjacent to by and b3. Then v is of Type t4s w.r.t. X. Let
Y = 3PC(ajaza3, ,babs) induced by P?UP3UP,.,, Ua;. Then u violates Lemma 6.1 w.r.t.
¥'. This completes the proof of Claim 9.

Claim 10: If by or by has a neighbor in the interior of P, then N(zy) NYE C {by,ba,bs}.

Proof of Claim 10: Let x; be the node of the interior of P with highest index adjacent to b;
or b, and suppose that z, has a neighbor in ¥\ {b1, b, b3}. By Claims 6, 7 and 8, a; and as
do not have neighbors in the interior of P.

First suppose that z; is adjacent to both by and b,. Then u is of Type t4s w.r.t. X, and
hence b3 does not have a neighbor in the interior of P. By Lemma 8.5 applied to Py g,, Z,, is
of Type t1 or pl w.r.t. X. Then (X \ b3) U Py, contains a ¥/ = 3PC(ajazas, bibex;). Node
u is of Type t4s w.r.t. ¥’, and hence ¥, u and Py, 4, , contradict our choice of ¥, u and P.

Next suppose that z; is adjacent to b; and not to by. If z,, is of Type t1, pl or p2 w.r.t.
¥, then P1 U P2 U (P3\ b3) U Py,4, contains a 3PC(ajazas,b1). So x, is of Type t2 or t3
w.r.t. ¥, adjacent to as3. Node z,, cannot be adjacent to both a; and ag, else P' U P?2U Prz,
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induces a 3PC(ajasxy,,b1). Suppose z, is adjacent to a;. Then z, is of Type t2 w.r.t. X,
and so by Lemma 8.5, z; is the unique neighbor of b3 in P, . Hence P'UP3U Py, induces
a Y =3PC(ayzpasz, bizibs). Since by, b3 € S, u is of Type t4d w.r.t. X, and hence it violates
Lemma 6.1 applied to ¥'. Hence z,, is of Type t2 w.r.t. 2, adjacent to ay and a3. If b3 has a
neighbor in Py, , then a subpath of P, contradicts Lemma 8.5 applied to 3. So b3 does not
have a neighbor in P, and hence P2U P3U P,,,;, Ub; induces a ¥’ = 3PC(z,aza3, bbabs).
If u is of Type t6 w.r.t. ¥ then it is of Type t5 w.r.t. ¥/, and hence ', u contradicts our
choice of ¥, u. If u is of Type tds or t5 w.r.t. X, then by Lemma 6.2, v and X' violate
Lemma 6.1. So u is of Type t4d w.r.t. 3, and hence of Type t2p w.r.t. ¥'. In particular,
N(u) NP3 = {b3}. So by has no neighbors in the interior of P. If b3 has a neighbor in the
interior of P, then P? U P? U P,,;, contains a 3PC(z,az2a3,b3). So by has no neighbors in
the interior of P. Suppose a;b; is not an edge. Then by Lemma 6.2 (iii), P! U Py, {a3,u}
induces an odd wheel with center . So a;b; is an edge, and hence z; has a neighbor in p? \ag.
Let x; be the node of the interior of P with lowest index adjacent to b;. If z1 is of Type t1,
pl or p2 w.r.t. X, then P, ,; contradicts Theorem 8.3. If zy is of Type p4 w.r.t. X, then
(P%\ b2) UP3U{zy,u} contains an odd wheel with center u. So z; is of Type t2 or t3 w.r.t.
¥ adjacent to by. If z1 is not adjacent to b then P U P? U P3 induces a 3PC(z,a0a3,b2). So
x1 is adjacent to b3, and hence P U P? U P3 induces a ©” = 3PC(xna2a3, r1bobs). But then
u and X" violate Lemma 6.1.

Finally suppose that z; is adjacent to b2 and not to b;. If x, is of Type t1, pl or p2
w.r.t. 3, then (X \ b3) U Py, ,, contains a 3PC(ajagas,bs). So z,, is of Type t2 or t3 w.r.t. X,
adjacent to a3. Node z,, cannot be adjacent to both a; and as, else P' U P? U Py, s, induces
a 3PC(ajagzy,be). Suppose z, is adjacent to ag. Then z,, is of Type t2 w.r.t. ¥ and so by
Lemma 8.5, z; is the unique neighbor of b3 in Py, . Let ¥’ = 3PC(asa3xy, bebsz1) induced
by P2U P3 U Py.,,. Since bg,by € S, u is of Type t5 or t6 w.r.t. . If u is of Type t6
w.r.t. X, then u is of Type t5 w.r.t. X', contradicting our choice of ¥, u. If u is of Type
t5 w.r.t. 3, then u violates Lemma 6.1 applied to ¥/. Therefore z,, is adjacent to a; and
not to az. By Lemma 8.5, b3 cannot have a neighbor in P,;;, . Then P'UP3U Py, Uby
induces a ¥/ = 3PC(a1z,a3,b1bob3). If u is of Type t6 w.r.t. X, then u is of Type t5 w.r.t.
¥’ contradicting our choice of X, u. If u is of Type t5 w.r.t. X, then by Lemma 6.2, u is
adjacent to b5 and hence it violates Lemma 6.1 applied to ¥'. If u is of Type t4 w.r.t. 3,
then it violates Lemma 6.1 applied to X'. This completes the proof of Claim 10.

By Claim 5, we now consider the following cases.

Case 1: z, is of Type t1, pl or p2 w.r.t. X.
Case 1.1: z; is of Type t1, pl or p2 w.r.t. 3.

We first show that a; and ay do not have a neighbor in the interior of P. Assume not.
Then by Claims 6, 7 and 8, by, by and b3 do not. By Claim 9, N(z,) N X = {ag}. W.Lo.g. we
may assume that the neighbors of z1 in ¥ are contained in P'. If ay does not have a neighbor
in the interior of P, then (X \ a;) U P contains a 3PC/(b1b2bs, a3). Let z; be the node of P
with lowest index adjacent to ag. Then (X \ a1) U Py 4, contains a 3PC(b1babs, as).

Suppose that b3 is the unique neighbor of x,, is . Then wu is of Type t4s w.r.t. 3 and so
71 has a neighbor in (P* U P?)\ {a1,as,b1,b2}. We may assume w.l.o.g. that the neighbors
of z1 in ¥ are contained in P2. Then (X \ bg) U P contains either a 3PC (ayazas, b3) (if b; has
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no neighbors in the interior of P) or a 3PC/(ajazas,b;) (otherwise). So b3 is not the unique
neighbor of z,, in ¥, and hence by Claim 10, b; and b2 do not have neighbors in the interior
of P.

Suppose b3 has a neighbor in the interior of P, and let z; be such a neighbor with lowest
index. Then P, ;, contradicts Theorem 8.3. So b3 does not have a neighbor in the interior
of P. By Theorem 8.3 applied to P, z; and z, must both be of Type p2 w.r.t. X.

Suppose that the neighbors of z1 in ¥ are contained in P?. Let u (resp. v3) be the
neighbor of z; in P? that is closest to ap (resp. bs). Let ug (resp. w3) be the neighbor of
T, in P3 that is closest to a3 (resp. b3). Let ¥’ be the 3PC(uovaz1,uzvsz,) induced by
P?UP3UP. Let P,,,, be the upuz-path of X' and similarly define P},,.. Since u is adjacent
to ag, it has a neighbor in P, ,. \ u3. Since u is adjacent to by or b3, it has a neighbor in
P,,,,- Note that u cannot be of Type t2 w.r.t. ¥’ since then u is of Type t4s w.r.t. ¥ and
asby is not an edge by Lemma 6.2, a contradiction. If u is of Type t4s w.r.t. X', then our
choice of ¥, u is contradicted. Therefore, u is of Type p4 w.r.t. ¥'. By Lemma 6.2, u is not
of Type t6 w.r.t. ¥, and hence u is not adjacent to a3. So the neighbors of w in P, , . are ay
and aj. But then P, U P U {u,a;} induces an odd wheel with center as.

Analogous argument holds when the neighbors of z; in ¥ are contained in P'.

Case 1.2: z; is of Type t2 or t3 w.r.t. 3.

Then z; is adjacent to b; or by, and w is not of Type tds w.r.t. X. So b3 € S.

Suppose that a1 or as has a neighbor in the interior of P. Then by Claims 6, 7 and 8,
bi,by and b3 do not. By Claim 9, N(z,) N ¥ = {az}. Let z; (resp. z;) be the node of P
with lowest index adjacent to a; (resp. ag). Suppose z7 is adjacent to bg, and say by. If
az has no neighbor in the interior of P then P? U P3 U P induces a 3PC(bybszy,a3), and
otherwise P2 U P3 U lexj induces a 3PC(bobsx1,a2). Hence 1 is not adjacent to bz, and so
it is adjacent to by and bs. So xp is of Type t2 w.r.t. 3 and hence by Lemma 8.5, ¢ = j. Let
Y = 3PC(a1a2zi, bibozy) induced by P! UP2U Py, ,,. If u is of Type t5 or t6 w.r.t. ¥, then
u is of Type t4s w.r.t. ¥/, contradicting our choice of X, u. If u is of Type t4d w.r.t. 3, then
u is a strongly adjacent node to X' violating Lemma 6.1. Therefore a; and ay do not have
neighbors in the interior of P.

Since bz € S, b3 cannot be the unique neighbor of z,, in ¥, and so by Claim 10, b; and bs
do not have a neighbor in the interior of P. Node z; must be adjacent to both b; and b, else
(X \ b3) U P contains a 3PC(ajazas,b;) or a 3PC(ajazasz,bs). Hence, (¥ \ b3) U P contains
a X' = 3PC(ajaza3,bibox). If u is of Type t5 or t6 w.r.t. 3, then u is of Type t4s or t5
respectively w.r.t. ¥, contradicting our choice of ¥, u. If u is of Type t4d w.r.t. X, then u
is a strongly adjacent node to ¥’ that violates Lemma 6.1.

Case 1.3: z; is of Type p4 w.r.t. X.

Suppose that a1 or as has a neighbor in the interior of P. Then by Claims 6, 7 and 8,
b1,by and b3 do not. By Claim 9, N(z,) N3 = {as}. But then (X \ {a1,a2}) U P contains a
3PC(b1babs, x1). Therefore a; and as do not have neighbors in the interior of P.

Then (XU P) \ {b1, b2} contains a 3PC(ajazas3, ;).

Case 2: z, is of Type t2 or t3 w.r.t. 3, adjacent to as.
Then by Claim 10, b; and b2 do not have neighbors in the interior of P. Suppose b3 has a
neighbor in the interior of P and let x; be such a neighbor with highest index. By Claims 6
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and 7, a; and a do not have neighbors in the interior of P. Then P, ,  contradicts Lemma
8.4. Therefore, b3 does not have a neighbor in the interior of P.

Case 2.1: z; is of Type t1, pl or p2 w.r.t. X.

Suppose that the neighbors of z; in ¥ are contained in P!. If ay does not have a neighbor
in Py,qz,, then (X \ a1) U P contains a 3PC(b1babs,a3). Let x; be the node of P,,;, with
lowest index adjacent to ag. If ¢ # n then (X \ a1) U Py, contains a 3PC/(bybabs,az). So
i =n and hence (X \ a1) U P contains a X' = 3PC(zpaz2a3,b1bobs). If u is of Type t6 w.r.t.
¥, then it is of Type tb w.r.t. ¥, contradicting our choice of X, u. If u is of Type t5 w.r.t.
¥, then by Lemma 6.2, N(u) N X = {a1,as, b1, ba, b3, b5}, and hence u is a strongly adjacent
node to X' that violates Lemma 6.1. If u is of Type t4s w.r.t. X, then v violates Lemma 6.1
w.r.t. ¥'. So u is of Type t4d w.r.t. X, and hence it must be of Type t2p w.r.t. ¥'. In
particular, u has no neighbor in P3\ b3. Since z; has a neighbor in P!\ S, a1b; is not an
edge. Hence, by Lemma 6.2, P3 U P U {u,as} U P!\ {a1} contains a 3PC(z,aza3,u).

Now suppose that the neighbors of z; in ¥ are contained in P2?. If a; does not have a
neighbor in P,,, , then (X \ a2) U P contains a 3PC(b1babs, a3). Let z; be the node of Py,
with lowest index adjacent to a;. If ¢ # n then (X \ a2) U Py 4, contains a 3PC(b1bgbs,ay).
So i = n and hence (X \ az) UP contains a X' = 3PC(ajz,a3,b1b2bs). If u is of Type t6 w.r.t.
¥, then it is of Type t5 w.r.t. X', contradicting our choice of ¥, u. If u is of Type t5 w.r.t. ¥
then by Lemma 6.2, u is adjacent to b5 and hence it violates Lemma 6.1 w.r.t. X'. If u is of
Type t4 w.r.t. X, then it violates Lemma 6.1 w.r.t. X'.

Case 2.2: z; is of Type t2 or t3 w.r.t. 2.

Then the neighbors of z; in ¥ are contained in {b1, ba, b3}, and w is not of Type t4s w.r.t.
Y. Let z; be the node of P, with lowest index adjacent to a; or as.

Suppose x; is adjacent to b; and bo. Node z; must be adjacent to both a; and as, else Py
P2UP,,,, induces a 3PC(bbyr1,-). Then PLUP?UP,,,, induces a ' = 3PC(a1azTy, bibaz1).
If u is of Type t5 or t6 w.r.t. X, then it is of Type t4s w.r.t. ', contradicting our choice of
¥, u. If u is of Type t4d w.r.t. X, then it violates Lemma 6.1 w.r.t. ¥'. Therefore, z; is not
adjacent to both b; and b2, and hence it is adjacent to bs.

Suppose that z; is adjacent to b;. Not both a; and as can be adjacent to z;, else
P'U P? U P,,,, induces a 3PC(ajazw;,b1). Suppose aj is adjacent to z;. By Lemma 8.5,
i = n, and hence P' U P3 U P induces a X' = 3PC(a1z,a3,b121b3). If u is of Type t6 w.r.t.
¥, then it is of Type t4s w.r.t. X', contradicting our choice of X, u. If u is of Type t5 w.r.t.
¥, then it violates Lemma 6.1 w.r.t. X'. Since N(z1) N Y = {b1,bs3}, u cannot be of Type
t4d w.r.t. X. Therefore a; is not adjacent to z;, and so as is. By Lemma 8.5, i # n, and
hence P! U P3 U P,,,. induces a X' = 3PC(ajazas, bizibs). If u is of Type t6 (resp. t5)
w.r.t. X, then it is of Type t5 (resp. t4d) w.r.t. X', contradicting our choice of 3, u. Since
N(z1) N3 = {b1,bs}, u cannot be of Type t4d w.r.t. X.

Therefore N(z1) N X = {bg,b3}. Hence u must be of Type t4d w.r.t. X. If az is not
adjacent to a node of Py, , then P? U P3 U P induces a 3PC(z1b2bs,a3). Let z; be the
node of P,,,, with lowest index adjacent to ag. If j # n then P2uP}uU Py, induces a,
3PC(x1babs, az). So j = n and hence z, is the unique neighbor of ay in P. Then P2UP3U P
induces a ¥’ = 3PC(zpaz2a3, 1b2b3). Since u is of Type t4d w.r.t. X, it must be of Type p4
w.r.t. X', adjacent to af and bj. Note that a1b; cannot be an edge, else (Hi2,u) induces an
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odd wheel. So, by Lemma 6.2, N(u) N X = {ay, az,ab, by, b3, bs}. If i # n, then (H,u), where
H is the hole induced by P? U Py, 4, Uay, is an odd wheel. So ¢ = n. If a; is adjacent to z,,
then P! U P3U P induces a 3PC(a1a3zy,,bs3). Hence a; has no neighbor in P. Let H be the
hole induced by P U{ay,as,b1,be,u}. Then (H,a2) is an odd wheel.

Case 2.3: z; is of Type p4 w.r.t. 3.
Then (Z U P) \ {(11, (12} contains a 3P0(b1b2b3, (13).

Case 3: z,, is of Type t2 or t3 w.r.t. 3, adjacent to bs.

Then b3 ¢ S and hence u is of Type tds w.r.t. . By Claim 9, a; and a2 do not have
neighbors in the interior of P.

Suppose that z; is of Type t1, pl or p2 w.r.t. 3. We may assume w.l.o.g. that the
neighbors of z; in ¥ are contained in P'. Suppose by has a neighbor in the interior of P,
and let z; be the node of P with lowest index adjacent to by. Then (X \ b1) U Py, 4, contains
a 3PC(ayazas, be). Hence by has no neighbors in the interior of P. If by is not adjacent to
Zp, then (X \ by) U P contains a 3PC(ajagas, bs). Therefore by is adjacent to x, and hence
(3 \ b1) U P contains a X' = 3PC/(ajaz2as, £,bebs). Since u is of Type tds w.r.t. X, it violates
Lemma 6.1 w.r.t. X',

Since u is of Type tds w.r.t. 3, a1,a9,b1,by € .5 and hence 1 cannot be of Type t2 or t3
w.r.t. ¥. So z is of Type p4 w.r.t. ¥. But then (XUP)\ {b1, b2} contains a 3PC(ajazas3,xy).
O

10 Attachments

In this section, we assume that G is a square-free even-signable graph. Furthermore, we
assume that G has no star cutset. So by Theorem 9.1, there are no Type t4, t5 and t6b
nodes.

Definition 10.1 Let ¥ = 3PC/(ayaqas,bibobs) and let u be of Type t1 w.r.t. X, adjacent to
say a3z. A chordless path P = y1,...,ym in G \ (X Uu) is an attachment of u to ¥ if u is
adjacent to y1 and to no other node of P, no node of P\ ym has a neighbor in X\ a4 and
one of the following holds.

(1) ym is of Type t1, pl or p8 w.r.t. %, it is not adjacent to az and it has a neighbor in
P3 \ {a3, ag}

(i3) ym is of Type t2, t2p or t3p w.r.t. T, adjacent to by, by and no node of (P'\ by) U (P?\
bg) U as.

(i) Ym is of Type p2 w.r.t. X, N(a5) N P = {ym—1,ym} and yn, is not adjacent to as.
Definition 10.2 Let 3 = 3PC/(ayaqas,bibobs) and let u be of Type t1 w.r.t. X, adjacent to
say az. A chordless path P =yi,...,ym in G\ (¥ Uu) is a bad connection of u to ¥ if u is

adjacent to yy and to no other node of P, no node of P\ ynm has a neighbor in X\ a and yn,
is of Type t2 or t2p w.r.t. 3, adjacent to a1 and as.
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Figure 7: Attachments of a node of Type t1

32



Figure 8: Attachments of a node of Type t2

Definition 10.3 Let ¥ = 3PC/(ayaqas,bibobs) and let u be of Type t2 w.r.t. X, adjacent to
say as and ag. A chordless path P = yi,...,ym in G\ (2 Uu) is an attachment of u to ¥
if u is adjacent to y1 and to no other node of P, no node of P\ y,, has a neighbor in X\ ay
and one of the following holds.

(i) ym is of Type t1, p1 or p3 w.r.t. ¥ and it has a neighbor in P!\ a;.
(i3) ym is of Type t2, t2p or t3p w.r.t. ¥, adjacent to by, by and no node of (P2UP3)\{bs, b3}.

(7i) Ym is of Type p2 w.r.t. ¥ and N(a1) NP = {Ym—1,Ym}-

Suppose u is of Type t1 or t2 w.r.t. 2. If there exists an attachment of u to 3, we say
that u is attached to X. If P is an attachment of u to X, then a subset of ¥ U P Uw induces a
¥ =3PC(A,A) that contains u and two of the paths of 3. We say that ¥’ is obtained from
>} by substituting v and P into X.

Lemma 10.4 Every Type t1 node w.r.t. ¥ = 3PC(A,A) is either attached to X or it has a
bad connection to 2.

Proof: Let ¥ = 3PC(aiazas3,b1bebs) and assume that v is of Type t1 w.r.t. X, say adjacent
to az. Let S = (N(a3) Uas) \ v and let z1,...,z, be a direct connection from v to ¥\ §
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in G\ S. Let zp = v and P = xg,1,...,%,. By definition of S, z, cannot be of Type t6a
w.r.t. ¥ and the only nodes of ¥ that can have a neighbor in P\ {zg, z,} are a1, as and aj.

First suppose that a; or ay has a neighbor in P \ z,,. Let x; be the node of P\ z, with
lowest index adjacent to a; or ag. Since G is square-free, z; is not adjacent to ajy. If z; is
adjacent to exactly one of aq, ao, then Theorem 8.3 is contradicted. So z; is adjacent to both
ay and ayp. Thus P, ;, is a bad connection of u to .

So now we may assume that a; and ay do not have neighbors in P\ z,. If a; does not
have a neighbor in P \ z,, then the result follows from Lemma 8.4 applied to P. So we may
assume that af has a neighbor in P\ z,. Let z; be such a neighbor with highest index.

If z,, is of Type t1, pl, p2 or p3 with neighbors in ¥ contained in P! U P2?, then Py,
contradicts Theorem 8.3. If z,, is of Type t1, pl or p3 with neighbors in ¥ contained in P3,
then the result follows. Suppose z,, is of Type p2 and its neighbors in ¥ are contained in P3.
Then =, is adjacent to a}, else P1UP3U Py, induces a 3PC(A, a}). But then PLUP3UP
must induce a beetle with center a}, and hence the result follows.

Suppose z,, is of Type t2, t2p, t3 or t3p w.r.t. X and the result does not hold. Then we
may assume w.l.o.g. that x, is adjacent to by, b3 and to no node of (P U P3)\ {b1,b3}. But
then P! U P?U P,,,, induces a 3PC(bib3z,,,a}).

Suppose z,, is of Type p4 w.r.t. ¥. If the neighbors of z,, in ¥ are contained in P! U P2,
then (X \ {a1,a2,a3}) U Py, contains a 3PC(b1b2bs, x,). So we may assume w.l.o.g. that
the neighbors of z,, is ¥ are contained in P! U P3. But then (¥ \ {a1,a3}) U P contains a
3P0(b1b2b3,$n). O

Lemma 10.5 Every Type t2 node w.r.t. ¥ = 3PC(A,A) is attached to ¥.. Furthermore, let
Y = 3PC(ajazas, bibabs) and u be a Type t2 node adjacent to ay and az. Then every direct
connection from u to ¥\ {a1, az,as} that contains no neighbor of as is an attachment.

Proof: Let ¥ = 3PC(ajazasz,bibobs) and let u be a node of Type t2 w.r.t. X, say adjacent
to ag and a3. Let S = (N(a3) Uag) \ {u,a} and let z1,...,z, be a direct connection from
wto X\ Sin G\ S. Let xg = v and P = zg,1,...,2,. By definition of S, z,, cannot be of
Type t6a w.r.t. ¥ and the only nodes of ¥ that can have a neighbor in P \ {zy,z,} are a;
and ay. Let z; be the node of P\ z,, with highest index adjacent to ay. If a; has a neighbor
in P\ z,, then let z; be such a neighbor with highest index.

Case 1: >0

We first show that ay is adjacent to ;. Suppose not and let zj be the node of P\ u with
lowest index adjacent to az. Let H be the hole in (X U P) \ {a1, a2} that contains u. Since
j >0, W = (H,az) is a wheel. Since as is adjacent to a3 and u but not to a5 and z1, W is
either a proper wheel that is not a beetle, or a line wheel. In the former case, Theorem 4.6
is contradicted. So assume W is a line wheel. Then (W, as) belongs to an L-parachute with
center path obtained by taking the shortest path from as to W in ¥\ {a;,as}. So Theorem 5.3
is contradicted. Therefore ao is adjacent to .

Case 1.1: a; has a neighbor in P \ z,.

Let zp be such a neighbor with lowest index. If & = 1 then {a1,as,zo,z1} induces a
square. So k > 1. Ppyu, U{a1,a2,a3} must be a universal wheel with center ap. In particular,
as is adjacent to xs.
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Let H be a hole that contains u in P UX U {a1,a2}. By construction, H contains af. So
(H,a3) is a proper wheel that is not a beetle.

Case 1.2: a; does not have a neighbor in P\ z,,.

By Lemma 8.4 applied to ijxn, Ty is either of Type t1, pl or p3 w.r.t. X with a
neighbor in P? \ ay, or of Type t2, t2p or t3p w.r.t. ¥ adjacent to by,b3 and no node of
(P*U P3)\ {by,b3}, or of Type t2p w.r.t. ¥ adjacent to aj,as and a node of P3\ a3, or of
Type p2 or p4 w.r.t. ¥ adjacent to as. If z, is of Type t1, pl, p2 or p3, then (X \ ag) U P
contains a 3PC(bybybs,az). If z, is of Type t2, t2p or t3p adjacent to b; and bz, then
P! U P3 U P induces a 3PC (byz,b3,a3). If z, is of Type p4 with a neighbor in P!, let u; be
such a neighbor closest to a;. Then P, , U P U{ay,as} induces a proper wheel with center
as that is not a beetle. If z,, is of Type p4 with a neighbor in P3, then P' U P2U P Uas
induces a proper wheel with center as that is not a beetle. So z,, is of Type t2p adjacent to
a1 and as. Note that n > 1 since otherwise a;, a3, u,x1 induces a square. Let H be the hole
induced by P U {a1,a3}. (H,az) must be a universal wheel. In particular, ay is adjacent to
all nodes of P. Let v be the neighbor of z,, in P? that is closest to az. Let H' be the hole
induced by P, , U P. Then (H',a3) is a proper wheel that is not a beetle.

Case 2: =0

Suppose a; does not have a neighbor in P\ z,,. By Lemma 8.5 applied to P, P, is
either an attachment of u to X, or x,, is of Type t2p w.r.t. 3 adjacent to a; and ay. Suppose
zy, is of Type t2p adjacent to a; and ag. If n =1 then {a1,a3,zp,z1} induces a square. So
n > 1. But then P U {a1,ag,a3} induces an odd wheel with center as.

So we may assume that a; has a neighbor in P\ z,,. By Lemma 8.4 applied to Py, zp
is either of Type t1, pl or p3 w.r.t. ¥ adjacent to a node of P!\ a1, or of Type p2 or p4
w.r.t. 2 adjacent to a1, or of Type t2, t2p or t3p w.r.t. X adjacent to by, b3 and no node of
(P?2U P3) \ {by,b3}, or of Type t2p w.r.t. ¥ adjacent to a; and ay. If z,, is of Type t1, pl or
p3, or of Type t2, t2p or t3p adjacent to by and b3, then P, , is an attachment of u to X. If
1z, is of Type p4, then w.l.o.g. z,, does not have a neighbor in P2, and hence (X\ {ay,a3})UP
contains a 3PC (bybebz, z,). If 1, is of Type p2, then P! U P?2 U P must induce a beetle with
center a1, and hence Py, 5, is an attachment of u to 3. So we may assume that z,, is of Type
t2p w.r.t. 3, adjacent to a; and ao. Let us be the neighbor of x,, in P3 that is closest to as.
Then Py, U P induces a hole H and (H,az) is an odd wheel. O

Lemma 10.6 Let ¥ = 3PC(ajazas,bibobs) and let y be a Type t2 or t2p node w.r.t. X,
adjacent to say by and bs. Then

(i) there cannot exist a node = that is of Type t1 w.r.t. ¥ adjacent to by and y;

(ii) every node x of Type t2 or t2p w.r.t. ¥ adjacent to by, by is adjacent toy. Every sibling
x of by of Type t3p w.r.t. 3 is adjacent to y.

Proof: We first prove (i). By Lemma 10.5 let PY = y,...,y,, be an attachment of y to X,
and let XY be obtained by substituting y and PY into X. Assume there is a node = of Type
t1 w.r.t. 3, adjacent to b3 and to y. By Lemma 6.1 applied to 3%, z is of Type t2 w.r.t. 3Y.
By Lemma 10.5, let P* = zy,...,z, be an attachment of x to XY.

35



First we show that no node of P! is adjacent to or coincident with a node of P® \ z,,.
Assume not and let z; be the node of P*\ z,, with lowest index that is adjacent to a node of
PL. If by has no neighbor in P¥ , , then z, P¥  contradicts Theorem 8.3 applied to . So
be has a neighbor in Py ., and let z; be such a neighbor with lowest index. By Theorem 8.3
applied to a;,P;”lw]_ and X, ¢ = j. By Lemma 6.1 applied to x; and 3, z; is of Type t2 w.r.t.
3, adjacent to by and by. Let R be the shortest path from by to y in PY U P U {y,a3}. Then
RU Py ;. U{bz,z} induces an odd wheel with center b,. Therefore, no node of P! is adjacent
to or coincident with a node of P*\ z,,.

If b has a neighbor in P\ z,, then Py, (where z; is the neighbor of by in P* \ z,
with lowest index) contradicts Theorem 8.3 applied to ¥. So by has no neighbor in P? \ z,,.
In particular, z,, is not of Type p2 w.r.t. X% and therefore the attachment P% of = to XY
satisfies Definition 10.3(i) or (ii). Suppose that x, is of type t1, pl or p3 w.r.t. X¥%. Then
its neighbors in XY are contained in P2. By Lemma 8.4 applied to z, P* and %, z,, is of
Type t2 w.r.t. 3, adjacent to a; and as and y is a Type t2 node w.r.t. ¥ with attachment
PY satisfying Definition 10.3(ii). But then P! U P® U {x,y, bo, b3} induces an odd wheel with
center bs. So z, is of Type t2, t2p or t3p w.r.t. X¥Y. So z, is adjacent to a3, and if it is of
Type t2p or t3p w.r.t. XY then it has a neighbor in P2\ ay. If z,, is adjacent to ay, then
by Lemma 6.1 z, is of Type t2, t2p or t3p w.r.t. 3, and hence z, P* contradicts Lemma 8.4
applied to . So z,, is not adjacent to a;. By Lemma 6.1, z, is of Type t1 w.r.t. ¥ and y is
of Type t2 w.r.t. ¥. But then P' U P® U {z,v, by, b3, a3} induces an odd wheel with center
bs.

Now we prove (ii). If z is of Type t2p or t3p w.r.t. X, let X' be obtained from ¥ by
substituting x for its sibling b3. If x is of Type t2 w.r.t. 3, then by Lemma 10.5, there is an
attachment QQ = z1,...,z, of z to X. In this case, let ¥’ be obtained by substituting = and
its attachment @ into 3. Note that P1 U P? C ¥'. Let P2 be the path of X'\ (P! U P?).
Suppose that y is not adjacent to z. Then by Lemma 6.1 applied to X', y is of Type t1 w.r.t.
¥ and hence of Type t2 w.r.t. ¥. By Lemma 10.5, there is an attachment PY = y1,...,yn
of y to X. Let XY be obtained by substituting y and PY into . If = is of Type t2p or t3p in
3}, then x violates Lemma 6.1 in >Y. So z is of Type t2 in X.

Let R be a shortest path from z to y in PY UY'\ (P2 U {b1,b3}). Then R U by induces a
hole H'. If b has a neighbor in R\ z, then W = (H',b;) is a wheel that is not a twin wheel,
a triangle-free wheel, a universal wheel or a beetle. Suppose W is a line wheel. Then there is
an L-parachute with center path included in P! U PY U az. But then, by Theorem 5.3, there
is a star cutset. So W is a proper wheel that is not a beetle and by Theorem 4.6 there is a
star cutset. So by has no neighbor in R \ z. Similarly b3 has no neighbor in R \ z. But then
(Rbsby,b9) is an odd wheel. O

11 Type t6a Nodes

Theorem 11.1 Let G be a square-free even-signable graph. Let ¥ = 3PC (ajagas, bibabs)
and let u be a Type t6a node w.r.t. . If for some i € {1,2,3}, there is no P'-crosspath w.r.t.
Y, then G has a star cutset.

Proof: Assume there is no P3-crosspath w.r.t. ¥. Suppose there is no star cutset. Then by
Theorem 9.1, no node is of Type t4, t5 or t6b w.r.t. a 3PC(A,A). Let S = (N(u)Uu) \ (L
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{a1,as,b3}) and let P = z1,...,z, be a direct connection from P! U P? to P? in G\ S.
Claim 1: No node of P is of Type t2, t2p, t3p or tba w.r.t. 3.

Proof of Claim 1: 1If z; is of Type t2p or t3p w.r.t. X, then let X’ be obtained from ¥ by
substituting z; for its sibling. If z; is of Type t2 w.r.t. X, then by Lemma 10.5, z; is attached
to 2. Let X' be obtained from X by substituting z; and its attachment into 3. Since u is not
adjacent to z;, it is of Type t5 or t4s w.r.t. X', a contradiction. Since G is square-free, every
node of Type t6a w.r.t. X is adjacent to u. It follows from the definition of S that no node
of P is of Type t6a w.r.t. X. This completes the proof of Claim 1.

Claim 2: n > 1, xy is of Type t1, pl, p2, p3 or p4 w.r.t. X with neighbors contained in
PYU P2, or of Type t3 w.r.t. 3 adjacent to by, by and bz, and x,, is of Type t1, p1, p2 or p3
w.r.t. © with neighbors contained in P2, or of Type t3 w.r.t. ¥ adjacent to ay,as and as.

Proof of Claim 2: Since there is no P3-crosspath, if a node of P is of Type p4 w.r.t. ¥, then
its neighbors are contained in P! U P2. Now the result follows from Claim 1. This completes
the proof of Claim 2.

Claim 3: If a1 or ay has a neighbor in the interior of P, then by has no neighbor in the
interior of P.

Proof of Claim 3: Let x; and z; be nodes in the interior of P adjacent to a; or az, and to
bs respectively so that the Py, subpath is shortest possible. W.lo.g. assume that z; is
adjacent to a;. By Claim 1, z; is of Type t1 w.r.t. X, and hence Py, U P? U P? induces a
3PC(ayagas,bs). This completes the proof of Claim 3.

Claim 4: No interior node of P is adjacent to ay,ay or bs.

Proof of Claim 4: Assume first that bs has a neighbor in the interior of P. Let z; be a node
with highest index in P,,,, , adjacent to b3. By Claim 3, no interior node of P is adjacent
to a; or az. So, by Lemma 8.4 applied to P, , y is of Type t1, pl or p3 with neighbors in
P3 or of Type p2 adjacent to bs. Similarly by Theorem 8.3 and Lemma 8.4, z is of Type p4
with neighbors in P! U P2, or of Type t3 adjacent to by, bo,bs. If z; is of Type p4, there
is a 3PC(b1babs, z1) contained in (P UX) \ {a1,a2,as,z,}. If z; is of Type t3 adjacent to
b1, bo, b3, then (P UX) \ b3 contains a 3PC/(ajagas,biboz;) and u is of Type t5 w.r.t. it, a
contradiction.

Assume now that some interior node of P is adjacent to a; or as. Let z; be the node
with lowest index in P,,,, , adjacent to a; or ag, say a;. By Claim 1, x; is of Type t1 w.r.t.
Y. By Lemma 8.4 applied to Py, ,,, =1 is of Type t1, pl or p3 with neighbors in P! or of
Type p2 or p4 adjacent to a;. Suppose az has a neighbor in Py, ., , and let z; be such a
neighbor with lowest index. If z; is of Type t1, p1, p2 or p3 w.r.t. %, then (X U Py4;) \ a1
contains a 3PC(b1babs, az). If z1 is of Type p4 w.r.t. 3, then P' U P3 U Py, z; Uaz induces
a proper wheel with center a; that is not a beetle, contradicting Theorem 4.6. Therefore as
has no neighbor in P,,,, ,. Then, by Theorem 8.3, z,, is of Type t3 adjacent to a;, az, as. If
z1 is of Type p4 w.r.t. X, then (¥ U P) \ {a1,a2} contains a 3PC(b1babs, z1). So z1 is not
of Type p4 w.r.t. % and hence by a symmetric argument as in the previous paragraph, we
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obtain a contradiction. This completes the proof of Claim 4.

Case 1: z, is of Type t1, pl, p2 or p3 w.r.t. .

If z; is of Type t1, pl, p2 or p3 w.ar.t. X, by Theorem 8.3, P is a P3-crosspath, a
contradiction. Suppose 27 is of Type t3 w.r.t. X. Let X' = 3PC(ajaza3,b1b221) contained
in (X\ b3) UP. Then u is of Type t5 w.r.t. ¥/, a contradiction. So x; is of Type p4 w.r.t. X.
But then (X \ {b1,b2,b3}) U P contains a 3PC(ajazas, ).

Case 2: z,, is of Type t3 w.r.t. X
Suppose 7 is of Type t1, pl, p2 or p3 w.r.t. ¥, with neighbors w.l.o.g. in P2. (X\az)UP
contains a X' = 3PC(ajxpas, b1babs). But then u is of Type t5 w.r.t. X', a contradiction.
Suppose 1 is of Type t3 w.r.t. ¥. Then P!UP3UP induces a ¥’ = 3PC(a1z,a3,b1x1b3).
Then u is of Type t4s w.r.t. X', a contradiction. So z; is of Type p4 w.r.t. X. But then
(Z \ {(11, (12}) U P contains a 3P0(b1b2b3,$1). O

12 Type t2 and t2p Nodes

In this section, we assume that G is a square-free even-signable graph. Furthermore, we
assume that G has no star cutset. So by Theorem 9.1, there are no Type t4, t5 and t6b
nodes.

Definition 12.1 A 3PC/(ajazas3,bibobs) = X in G is decomposable if there exists a node of
Type t2 or t2p w.r.t. ¥, say adjacent to ay and a3, but there is no P'-crosspath w.r.t. .
Path P! of ¥ is called the middle path.

Denote by H the graph induced by a decomposable 3PC(ajazas,bibobs) together with
a node a4 of Type t2 or t2p adjacent to as,a3. Let H, = P'Ua4 and Hy = P2 U P3.
Then Hi|H; is a 2-join of H with special sets A1 = {a1,a4}, B = {b1}, A2 = {ag,a3} and
By = {b9,b3}. In this section, we show that the 2-join H;|Hy of H extends to a 2-join of G.
First, we prove the following result.

Theorem 12.2 If G contains a 3PC (A, A) with a Type t2 or t2p node, then G contains a
decomposable 3PC(A, A).

Proof: First suppose that G contains a connected diamonds D(ajasazag, bybabsby). Let ¥ =
3PC(ajazas, bibobs) (resp. X' = 3PC(agazas, bybabs)) induced by paths P!, P? and P? (resp.
P* P? and P3?) of D. Suppose that P = z1,...,z, is a Pl-crosspath w.r.t. 3. W.Lo.g. z;
has a neighbor in P! and z,, has a neighbor in P?. Let uj and v; be the neighbors of x;
in P'. If no node of P* has a neighbor in P, then P' U (P?\ by) U b3 U P* U P contains
a 3PC(z1u1v1,a2). So a node of P* has a neighbor in P. Let z; be such a neighbor with
highest index. Let v be the neighbor of z; in P* that is closest to a4. By Lemma 6.1 and
Theorem 8.3 applied to Py,,, and X/, Py, is a P*-crosspath w.r.t. ¥'. Hence v # by. If
1 # 1 then the path ij, Py, .., contradicts Lemma 8.5 applied to 2. So ¢ = 1 and hence the
path P;{w, z1 contradicts Lemma, 8.5 applied to ¥. Therefore, there is no P'-crosspath w.r.t.
Y, and hence ¥ is a decomposable 3PC(A, A).

Now we may assume that G does not contain connected diamonds.
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Let ¥ be a 3PC(A,A) with a Type t2 or t2p node that has shortest middle path. Let
Y = 3PC(ajazas,b1bybs) and w.l.o.g. let ay be a node of Type t2 or t2p adjacent to as
and as. Suppose ¥ is not decomposable and let P = z1,...,z, be a Pl-crosspath w.r.t. 2.
W.lo.g. z; has a neighbor in P! and z,, in P2. Let u; (resp. v;) be the neighbor of z; in
P! that is closest to a; (resp. by).

First suppose that u; # a;. Let ¥’ = 3PC(ajaza3,uiz1v1) contained in (X U P) \ bo.
Since a4 cannot be of Type t4 or t5 w.r.t. ¥, it must be of Type t2 or t2p w.r.t. ¥’. Since
¥" has a shorter middle path than X, this contradicts our choice of 3. Therefore, u; = a;.

Suppose a4 is of Type t2p w.r.t. 3. We show that a4 has no neighbor in P. Suppose it
does. Let H be the hole contained in (X U P) \ {a1,b2}. Consider the wheel (H,a4). Since
a4 is adjacent to as,as, (H,a4) is not triangle-free. Since a4 has a neighbor in Py, it is not
a twin wheel. Since a4 is not adjacent to bz, it is not a universal wheel. (H, a4) is not a
line wheel since, if ay were adjacent to a} and z1, then ay,as,aq,a} would induce a square.
(H,a4) is not a beetle since if x,, were adjacent to ag and to a4, there would be an odd wheel
with center ap induced by P? U P3 U {ay4,z,}. Therefore (H,a4) is a proper wheel that is
not a beetle and by Theorem 4.6, G has a star cutset, a contradiction. Therefore, a4 has no
neighbor in P. Let H be the hole contained in PU (P! \ a;) U (P?\ by) Uay. Then (H,a;) is
an odd wheel.

Therefore, a4 is of Type t2 w.r.t. 3. By Lemma 10.5, let Q = y1, ..., ym be an attachment
of a4 to 3. Let ¥/ be obtained by substituting a4, and @Q into ¥. Suppose a4 has a neighbor in
P and let z; be its neighbor in P with highest index. If + = 1 then a4, z; contradicts Lemma
8.5 applied to ¥ and otherwise a4, Py,,, contradicts Lemma 8.5 applied to ¥. So a4 does
not have a neighbor in P. Next we show that no node of @ \ y,, is adjacent to or coincident
with a node of P. Suppose not and let y; be the node of ) with lowest index adjacent to
a node of P, and let x; be the node of P with highest index adjacent to y;. If j = 1, then
a4, Qy,y;>,r1 must satisfy Lemma 10.5. Therefore y; is adjacent to a;. But then there is a
3PC(a1y;r1,a2) contained in Qy,y, U (P?\ b2) U P U {a1,as}. If j > 1, then aq, Qy,y,, Py;z,
violates Lemma 10.5 w.r.t. 3. So no node of Q \ y,, is adjacent to or coincident with a node
of P.

Assume y,, is of Type p2 w.r.t. X. Node y,, cannot be adjacent to any node of P\ z;
since, otherwise, there is a 3PC(a1Ym—1Ym,a2). Now y,, is adjacent to z; since, otherwise,
there is an odd wheel with center a; contained in QU (P?\ by) U PU{ay,a4}. But then there
is a 3PC(agasas, 10} ym) with a1 a strongly adjacent node of Type t5, a contradiction.

Assume y,, is of Type t1, pl or p3 w.r.t. 3. We show that ¥, does not have a neighbor
in P. Suppose not and let z; be the neighbor of y,, in P with highest index. Then P,,;,
contradicts Theorem 8.3 applied to X' unless i = 1 and y,, is of Type pl adjacent to a}. But
then there is a 3PC(agasay, x1a]y,,) and a; is a strongly adjacent node of Type t4s relative
to it, a contradiction. Therefore y,,, does not have a neighbor in P. Let v be the neighbor of
Ym in P'\ a; that is closest to a}. Let H be the hole contained in PUPal,lv U(P%\ b)) UQUay.

Then (H,a;) is a proper wheel that is not a beetle unless y,, is a strongly adjacent node of
Type p3 adjacent to ai, a} and at least one other node of P!. Since P U a] is a crosspath
w.r.t. ¥/, the only other node of P! adjacent to y,, is the neighbor a of a). But then a} is
the center of an odd wheel with hole contained in P U {a1,ym} U Pyrp, U P2,

Therefore, y,, is of Type t2, t2p or t3p w.r.t. 3. We show that y,, does not have a
neighbor in P. Assume not and let z; be the neighbor of y,, in P with largest index. If
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i = n and =z, is adjacent to by, then P2 U P3 U {z,,y,,} induces an odd wheel with center
by. Otherwise, P2 U P, UQ U ay induces a 3PC(A, y,). So ¥y, does not have a neighbor
in P. If y,, is of Type t2 and a; has no neighbor in @, ¥ U @ induces connected diamonds
and the result holds. If y,, is of Type t2 and a; has at least one neighbor in (), there is a
3PC (bb3ym,a1) contained in (P\ az) UP3UPUQUay. So vy, is of Type t2p or t3p w.r.t. ¥
and hence it has a neighbor in P*\b;. If y,, is adjacent to ay, then (P?\a2)UP3*UPU{ay, ym}
induces a 3PC (bab3ym, a1). So yy, is not adjacent to a;. Let v be the neighbor of y,, in P!
that is closest to a;. Then P, U (P?\ by) U P UQ U ay contains a proper wheel with center
a1 that is not a beetle. O

12.1 2-Joins and Blocking Sequences

In this section, we consider an induced subgraph H of G that contains a 2-join H|Hs. We
say that a 2-join Hi|Hy extends to G if there exists a 2-join of G, H{|H} with H; C H| and
H, C H),. We characterize the situation in which the 2-join of H does not extend to a 2-join
of G.

Definition 12.3 A blocking sequence for a 2-join Hi|H2 of a subgraph H of G is a sequence
of distinct nodes x1,...,zy, in G\ H with the following properties:

1. i) Hi|Ho Uz is not a 2-join of HU x4,
it) Hy Uxzy|Hy is not a 2-join of H U xy,, and
i) if n > 1 then, fori=1,...,n—1, HiUz;|HyUz;41 is not a 2-join of HU{x;, x;y1}.

2. T1,...,Ty 18 minimal with respect to Property 1, in the sense that no sequence xj, ..., x;
with {xj,,...,x; } C{z1,...,2n}, satisfies Property 1.

k

Blocking sequences with respect to a 1-join were introduced and studied by Geelen in
[19]. Blocking sequences with respect to a 2-join were introduced in [7], where the following
results are obtained.

Let H be an induced subgraph of G with 2-join H;|Hj and special sets Aj, By, A2, Ba.

In the following remarks and lemmas, we let S = z1,...,x, be a blocking sequence for
the 2-join Hy|H2 of a subgraph H of G.

Remark 12.4 Hi|Hs Uw is a 2-join in H Uw if and only if N(u) N Hy = 0, Ay or Bj.
Similarly Hy Uwu|Hz is a 2-join in H Uw if and only if N(u) N Hy = 0, Ay or Bs.

Lemma 12.5 If n > 1 then, for every node zj;, j € {1,...,n — 1}, N(z;) N Hy = 0, Ay or
By, and for every node xj, j € {2,...,n}, N(z;) N Hy =0,A; or By.

Lemma 12.6 If n > 1 and z;x;41 is not an edge, where i € {1,...,n — 1}, then either
N(.’EZ) NHy = Ay and N(.’Ei+1) NHy = Ay, or N(.’EZ) NHy; = By and N(:Ei+1) NH, =B;.

Theorem 12.7 Let H be an induced subgraph of graph G that contains a 2-join Hi|Hs. The
2-join Hi|Hy of H extends to a 2-join of G if and only if there exists no blocking sequence
for Hi|Hy in G.
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Lemma 12.8 Forl <i<n, HHU{zy,...,zi1}|HoU{Zit1,...,2n} @5 a 2-join in HU(S\
{zi}).

Lemma 12.9 If z;z, n > k > i+ 1 > 2, is an edge then either N(x;) N Hy = As and
N(zg) NHy = Ay, or N(z;) N Hy = By and N(z) N Hy = By.

Lemma 12.10 If x; is the node of lowest index adjacent to a node in Hy, then z1,...,x; is
a chordless path. Similarly, if x; is the node of highest index adjacent to a node in Hi, then
Tj,..., Ty 15 a chordless path.

Theorem 12.11 Let G be a graph and H an induced subgraph of G with 2-join Hi|Hy and
special sets Ay, By, Ag, Bo. Let H' be an induced subgraph of G with 2-join H{|Hy and special
sets A, B}, A, By such that AN Ay # 0 and Bi N By # 0. If S is a blocking sequence for
Hy|Hy and H{ NS # 0, then a proper subset of S is a blocking sequence for H{|Hs.

12.2 Decomposable 3PC(A,A) and 2-Joins

Lemma 12.12 Let ¥ be a decomposable 3PC (aiasas, bibebs) and d a Type t2 or t2p node ad-
jacent to az and asz, or to by and bs. Let Hi|Hy be the 2-join of H = ¥,d and let Ay, B1, Aa, By
be its special sets. If u is of Type p3, t2 or t2p w.r.t. X, of Type t3p w.r.t. X being a sib-
ling of a2, as,be or bs, or of Type t1 w.r.t. ¥ adjacent to a node in {az,as,be,b3} and being
attached to X, then there exists a decomposable X' = 3PC(A, A) and a Type t2 or t2p node
d such that H = X' d' satisfies the following properties: H; C H', for some i € {1,2},
u € H; = H'\ H; where j =3 — 1, and H;|H} is a 2-join of H' with special sets A;, B;, Aj
and B}, where Aj N A} # 0 and B; N B} # (.

Proof: We consider the following cases.

Case 1: v is of Type p3 w.r.t. .

Let X' be obtained by substituting u into X. By Lemma 6.1, d is of Type t2 or t2p w.r.t.
Y.

Suppose v has a neighbor in P!. Let P’ be the a;b;-path of ¥'. Suppose P = z1,...,z,
is a P'-crosspath w.r.t. ¥'. W.Lo.g. z; has a neighbor in P’ and z,, in P3. Then z; has
a neighbor in P'. Let z; be the node of P with highest index that has a neighbor in P!.
By Theorem 8.3, P,,,, is a Pl-crosspath w.r.t. ¥, a contradiction. Therefore, there is no
P'-crosspath w.r.t. ¥'.

If v has a neighbor in P? U P3, then by analogous argument, there is no P'-crosspath
w.r.t. ¥'. Hence, ¥/ is the desired decomposable 3PC(A, A).

Case 2: u is of Type t2 or t2p w.r.t. 3, or of Type t3p w.r.t. 3 being a sibling of ag, a3, bo
or bs.

If u is of Type t2 or t2p w.r.t. ¥ adjacent to az and a3 or to by and bs, then (H \ d) Uu
is the desired decomposable 3PC(A,A). So by symmetry, it is enough to consider the case
when u is adjacent to a1 and ag, and it is of Type t2, t2p or t3p w.r.t. X. If u is of Type t2p
or t3p w.r.t. X, let ¥’ be obtained from ¥ by substituting u for its sibling. If u is of Type
t2 w.r.t. 3, then by Lemma 10.5, there is an attachment Q = yi,...,yn of u to X. In this
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case, let ¥ be obtained by substituting v and @ into ¥. Note that P' U P? C ¥'. Let P23 be
the path of X'\ (P! U P?).

We first show that there is no P'-crosspath w.r.t. ¥'. Suppose not and let P = z1,...,z,
be a Pl-crosspath w.r.t. ¥'. W.l.o.g. z1 has a neighbor in P!. If a node of P? has a neighbor
in P\ z,, then by Lemma 6.1 and Theorem 8.3, a subpath of P is a P'-crosspath w.r.t. ¥, a
contradiction. So no node of P? is adjacent to or coincident with a node of P\ x,. Suppose
that z, has a neighbor in P?. Then by Lemma 6.1, z,, is of Type p2 or p4 w.r.t. 3. Since P
cannot be a P'-crosspath w.r.t. ¥, n > 1, z,, is of Type p4 w.r.t. 3, and N(z,)NY C P2UP3.
But then (X\ {a1, a2,a3}) U P contains a 3PC(b1babs, z,). So z,, does not have a neighbor in
P2, and hence it has a neighbor in P2. If z,, has a neighbor in P23, then by Lemma 6.1 and
Theorem 8.3, P is a P'-crosspath w.r.t. ¥. So x, does not have a neighbor in P2, and hence
the neighbors of z,, in P3 are contained in P>\ P3. Since x,, is of Type p2 or p4 w.r.t. ¥, z,,
has a neighbor in ). Let y; be such a neighbor with highest index. Node a3 does not have a
neighbor in Qy,y,, ,, since otherwise P, Qy,,; (where y; is the neighbor of a3 in Qy,y,, , with
lowest index) contradicts Theorem 8.3 applied to X. If y,, is of Type t1, pl, p2 or p3 w.r.t.
%, then by Theorem 8.3, P, Qy,y,. is a Pl-crosspath w.r.t. . So y, is of Type t2, t2p or
t3p w.r.t. ¥, adjacent to by, by and no node of (P*U P?)\ {by,bo}. If y,, is of Type t2 w.r.t.
¥, then P, Qy,y,, contradicts Lemma 8.5 applied to 3. So ¥y, is of Type t2p or t3p w.r.t. 3.
Let X" be obtained by substituting y,, into X. But then P, Q,,y,._, contradicts Theorem 8.3
applied to ¥”. Therefore, there is no P'-crosspath w.r.t. ¥'.

If d is adjacent to ag, a3 then, by Lemma 10.6(ii), d is adjacent to u. Therefore, by Lemma
6.1, d is of Type t2 or t2p w.r.t. X', and hence ¥’ is the desired decomposable 3PC(A, A).
Now consider the case where d is adjacent to by, b3. If y,, is of Type t1, pl, p2 or p3, X' is
the desired decomposable 3PC(A, A). If y,, is of Type t2, t2p or t3p then y,, is adjacent to
d by Lemma 10.6(ii), and therefore d is of Type t2 or t2p w.r.t. ¥'. Hence X' is the desired
decomposable 3PC(A, A).

Case 3: u is of Type t1 w.r.t. ¥ adjacent to a node in {as9, as, ba, b3} and it is attached to 3.

W.lo.g. u is adjacent to az. Let Q = y1,...,y, be an attachment of u to X, and let X’
be obtained by substituting u and @ into 3. Note that P U P? C ¥'. Let P2 be the path of
Y\ (PtU P?).

We first show that there is no P'-crosspath w.r.t. ¥'. Suppose not and let P = z1,...,z,
be a Pl-crosspath w.r.t. ¥'. W.lLo.g. z; has a neighbor in P'. By the same argument as in
Case 2, no node of P? is adjacent to or coincident with a node of P \ z, and z, does not have
a neighbor in P? U P3. So z,, has a neighbor in P32, and its neighbors in P> are contained in
u, Q. Let y; be the neighbor of z,, in @ with highest index. If a5 has a neighbor in Qy,y,. ,
then @, , P (where y; is its neighbor in @)y, _, with lowest index) contradicts Theorem 8.3
applied to 3. So a% does not have a neighbor in Q.. . If yy, is of Type t1, pl, p2 or p3
w.r.t. X, then by Theorem 8.3 applied to X, P, Qy,,,, is a Pl-crosspath w.r.t. X. If y,, is of
Type t2 w.r.t. X, then P, ()y,,,. contradicts Lemma 8.5 applied to X. So y,, is of Type t2p
or t3p w.r.t. 3. Let X" be obtained by substituting v, into X. Then P, Qy,,,, , contradicts
Lemma, 8.4 applied to ¥”. Therefore, there is no P'-crosspath w.r.t. /.

Assume d is adjacent to as, az. By Lemma 6.1, d is of Type t2 or t2p w.r.t. ¥’ and
hence ' is the desired decomposable 3PC(A,A). Assume d is adjacent to by, bs. If y,, is
of Type t1, pl, p2 or p3, then d is of Type t2 or t2p w.r.t. ¥’, and hence ¥’ is the desired
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decomposable 3PC(A,A). If y,, is of Type t2, t2p or t3p, then, by Lemma 10.6(ii), v,
is adjacent to d and therefore d is of Type t2 or t2p w.r.t. ¥’ and hence Y’ is the desired
decomposable 3PC(A, A). O

Theorem 12.13 Let G be a square-free even-signable graph. If G contains a 3PC(A, A)
with a Type t2 or t2p node, then G has a star cutset or a 2-join.

Proof: Assume G has no star cutset. By Theorems 4.6 and 5.3, G contains neither a proper
wheel that is not a beetle nor an L-parachute. By Theorem 9.1, there is no node of Type t4,
t5 or t6b w.r.t. a 3PC(A, A).

Assume G contains a 3PC(A, A) with a Type t2 or t2p node. Then by Theorem 12.2, G
contains a decomposable ¥ = 3PC(ajaqa3, bibebs) together with a node d of Type t2 or t2p
adjacent to ag, az or to by, bs. Suppose that the 2-join Hy|Hy of H = X, d does not extend to
a 2-join of G. By Theorem 12.7, there is a blocking sequence S = z1,...,z,. W.l.o.g. assume
that H and S are chosen so that the size of S is minimized. Since ¥ has no P'-crosspath,
no node is of Type tba w.r.t. ¥ by Theorem 11.1. By Lemma 12.12 and Theorem 12.11, no
node of S is of Type p3, t2 or t2p w.r.t. 3, of Type t3p w.r.t. ¥ being a sibling of as, a3, be
or bz, or of Type t1 w.r.t. ¥ adjacent to a node in {ag, as, b, b3} and being attached to X.

Claim 1: If z; is of Type p4 w.r.t. ¥, then N(z;) N H C P2U P3. If z; is of Type t1, pI or
p2 w.r.t. ¥ and N(z;) 'Y C P?2U P3, then N(x;) N H C P2 U P3.

Proof of Claim 1: W.l.o.g. assume that d is adjacent to agz, as. Suppose z; is of Type pd
w.r.t. X. Since there is no P!-crosspath w.r.t. ¥, N(z;) N Y C P2 U P3. Suppose z; is
adjacent to d. If d is of Type t2 w.r.t. X, then d, z; contradicts Lemma 8.5. So d is of Type
t2p w.r.t. X, and hence (X \ {a1,a2,a3}) U {d,z;} contains a 3PC(b1b2b3, z;). So z; is not
adjacent to d.

Now suppose that z; is of Type t1, pl or p2 w.r.t. 3, with neighbors in ¥ contained
in say P3. It is enough to show that z; is not adjacent to d. Suppose z; is adjacent to d.
Suppose x; has a neighbor in P3\ a3. If d is of Type t2 w.r.t. ¥, then d, z; contradicts Lemma
8.5. If d is of Type t2p w.r.t. 3, then (X \ {a1,a3}) U {d,z;} contains a 3PC(b1bsbs,d). So
z; is of Type t1 w.r.t. X adjacent to as. We have seen above that z; cannot be attached
to Y. So, by Lemma 10.4, there is a bad connection @ = y1,...,ym of z; to 3, where y,,
is of Type t2 or t2p w.r.t. X, adjacent to a; and ap. If d has a neighbor in @, let y; be
such a neighbor with highest index. Then Qy,,, U {a1,a2,a3,d} either contains a square or
induces an odd wheel with center as. So d does not have a neighbor in ). If d is of Type t2p
w.r.t. ¥, then Q U P' U {z;,a1,d} contains a 3PC(z;asd,a;). So d is of Type t2 w.r.t. X.
By Lemma 10.5 there is an attachment P = wy,...,u; of d to . Let ¥’ = 3PC(A,A)
obtained by substituting d and its attachment P into ¥. By Lemma 6.1 applied to ¥/, z;
does not have a neighbor in P. If (P \ u1) U (Q \ ym) U P* U {z;,b3} contains a path from
z; to ay, then a shortest such path together with ao, a3 and d induces a proper wheel with
center a3 that is not a beetle. Therefore no such path exists and hence no node of @ \ yy, is
adjacent to or coincident with a node of P\ u;. By Lemma 6.1 applied to ¥/, y,, does not
have a neighbor in P. Suppose u; has a neigbor in ) and let y; be such a neighbor with
lowest index. If af has a neighbor in (Qy,y; then a subpath of Q)y,,, contradicts Lemma 6.1
or Theorem 8.3 applied to ¥'. So a} does not have a neighbor in Qy,y;, and hence z;, Qy, y;
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contradicts Lemma 8.5 applied to X'. Therefore u; does not have a neighbor in () and so no
node of () is adjacent to or coincident with a node of P. Let R be a shortest path from d to
a1 in PUPYU{d,b3}. Then RUQ U {x;,a3} induces a proper wheel with center a3 that is
not a beetle. This completes the proof of Claim 1.

By Claim 1, n > 1. Since Hi|H2 U z; is not a 2-join of H U 1, z; has a neighbor in
P' U {d} and either (i) N(z1) N H C P! U {d}, or (ii) =1 is of Type t3p w.r.t. ¥ being a
sibling of ay or by, or (iii) 1 is of Type t3 w.r.t. X adjacent to, say, a1,a2 and as, z1 is
not adjacent to d, and d is adjacent to as, az. Note that the case where z; is of Type t3
adjacent to aj, as, ag and d where d is adjacent to bz, b3 cannot occur since, in this case,
there is a 3PC(z1a1a3,bs). Since Hy U z,|Hy is not a 2-join of H U z,,, z,, has a neighbor in
P2 U P3, and it is of Type t1, pl, p2 or p4 w.r.t. 3. By Lemma 12.5, for i € {2,...,n — 1},
x; either has no neighbor in H or N(z;) N Y = {a1,a9,a3} or {by,be,b3} and, furthermore,
if say N(z;) N2 = {a1,a2,a3} then z; is adjacent to d if d is adjacent to ag, a3, and z;
is not adjacent to d if d is adjacent to by, b3. Let z; be the node of S with highest index
adjacent to a node of H;. By Lemma 12.10, zj,...,z, is a chordless path. Note that nodes
Zj41,-..,Zp—1 have no neighbors in H.

Claim 2: Let X be a 3PC(a1aza3, b1bobs) with no P'-crosspath. Suppose that xj 1s of Type t3
w.r.t. X, say adjacent to by,by and bz, and there is a X' = 3PC(ayast, bibyx;) that contains
P U P? and such that t is not of Type t3 w.r.t. . Then there is no P'-crosspath w.r.t. ¥'.

Proof of Claim 2: Let P' be the path of X'\ (P! U P?). Suppose P = y1,..., Yy is a Pl-
crosspath w.r.t. ¥'. W.lo.g. y; has a neighbor in P'. Suppose y,, has a neighbor in P2.
Since P cannot be a Pl-crosspath w.r.t. ¥, a node of P has a neighbor in P3. Let y; be such
a node with lowest index. If ¢ # m then by Theorem 8.3, P, is a Pl-crosspath w.r.t. X.
So i = m and hence y,, is of Type p4 w.r.t. ¥. But then (X \ {a1,a2,a3}) U P contains a
3PC(b1babs, yYm). So yy, has a neighbor in P'. Suppose that P U P? U P'\ {z;,t} contains
a path from y; to P3. Then by Theorem 8.3 applied to the shortest such path, there is a
Pl-crosspath w.r.t. ¥. So no such path exists and hence ¢ # a3 and no node of P3 is adjacent
to or coincident with a node of P U P’ \ {z;,t}. So t is of Type t2, t2p or t3p w.r.t. X. Note
that P U P\ z; contains a chordless path T from y; to ¢. If ¢ is of Type t2 w.r.t. X, then T
contradicts Lemma 8.5 applied to X. So t is of Type t2p or t3p w.r.t. X. Let X" be obtained
by substituting ¢ into . Then T\ ¢ contradicts Theorem 8.3 applied to X”. This completes
the proof of Claim 2.

We now counsider the following cases.

Case 1: z; is of Type t3 w.r.t. 2.
If x,, is of Type pl or p4 w.r.t. ¥, then z;,...,z, contradicts Lemma 8.6.

Case 1.1: z,, is of Type p2 w.r.t. 3.

W.Lo.g. z, has a neighbor in P? and d is adjacent to ay, a3. Suppose x; is adjacent to by,
by and bs. Then there is a ¥/ = 3PC/(a1a2a3, bibez;) contained in (X\ b3) U {z;,...,zn}. By
Claim 2, there is no P'-crosspath w.r.t. ¥'. By Lemma 6.1, d is of Type t2 or t2p w.r.t. ¥’
and hence ¥, d is a decomposable 3PC(A, A). But then, by Theorem 12.11, the minimality
of S is contradicted. So z; is adjacent to a1, az and a3. Let ¥’ = 3PC(a1a2z;,b1bobz) be
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contained in (X \ a3) U{zj,...,z,}. By Claim 2, there is no P'-crosspath w.r.t. ¥'. If d is
adjacent to x, then by Lemma 6.1 applied to ¥', z; is of Type t2 or t2p w.r.t. ¥, and hence
¥/, d is a decomposable 3PC(A, A) and the minimality of S is contradicted.

So d is not adjacent to z;, and hence by Lemma 6.1, d is of Type t1 w.r.t. X’ and of Type
t2 w.r.t. 3. By Lemma 10.5, let Q = y1,...,ym be an attachment of d to 2.

First we show that no node of @) is adjacent to or coincident with a node of {z;,...,z,}.
Suppose not and let y; be the node of @ with highest index that has a neighbor in {z;,...,z,}.
Let z; be the neighbor of y;, in {z},...,z,} with highest index.

Suppose ¢ # j. If a; has a neighbor in Qy,,, , then let y; be such a neighbor with
lowest index. Then Qy,y,,;,...,z, contradicts Lemma 8.4 applied to ¥. So a; has no
neighbor in Qy,y,, ,. If yn is of Type t1, pl, p2 or p3 w.r.t. X, then by Theorem 8.3
applied to X, Qy,y,., Tis ..., Tp i a Pl-crosspath w.r.t. 3. If y,, is of Type t2 w.r.t. ¥, then
Qyiyms Tiy - - -, Tp, contradicts Lemma 8.5 applied to X. So y,, is of Type t2p or t3p w.r.t. X.
Let X" be obtained by substituting y,, into ¥. Then either Qy, . 4, 1, Zi,..., Ty (if & # m)
or Zj,...,x, (otherwise) contradicts Lemma 8.4 applied to X". Therefore, i = j.

If z; is adjacent to Y, then y,, and ¥’ contradict Lemma 6.1 (since by our assumption
Ym cannot be of Type t4 or t5 w.r.t. X'). So z; is not adjacent to y,, i.e. k < m. If a1
does not have a neighbor in Qy,,._,, then y,, is not of Type p2 w.r.t. ¥ and hence z;, Qy, 4.,
contradicts Lemma 8.6 applied to 3. So a1 has a neighbor in Qy, y,,_,. If y, is of Type t2, t2p
or t3p w.r.t. ¥, then let H' be the hole induced by P?UQy,,,, Uz, and H"” the hole contained
in (P3\ a3)UQy.y,, U{zj,... 2y} If yp, is of Type t1, pl ,p2 or p3 w.r.t. X, then let v be the
neighbor of y,, in P! that is closest to b, let H' be the hole induced by Pvlb1 uP? UQy,ym UT;
and let H" be the hole contained in P, U (P?\ a3) U Qy,y,, U {zj,...,z,}. Since neither
(H',a1) nor (H",a1) can be an odd wheel, y;, is the unique neighbor of a; in Qy,y,.. So y
is of Type t2 w.r.t. ¥’ and hence Q,,,, contradicts Lemma 8.5 applied to X.

Therefore, no node of @ is adjacent to or coincident with a node of {z;,...,z,}. Let
¥ = 3PC(azasd, A) be obtained by substituting d and @ into ¥. Then zj,...,z, contradicts
Lemma 8.5 applied to X",

Case 1.2: z, is of Type t1 w.r.t. X.
Assume w.l.o.g. that z; is adjacent to by, by and b3. If z, is adjacent to a3, then z;,..., z,
contradicts Lemma 8.6. So z, is adjacent to bs.

Claim 3: If there exists a X' = 3PC(ajast, bibox;) that contains PYU P2, then t is of Type
t3 w.r.t. 2.

Proof of Claim 3: Suppose that there exists a X' = 3PC(ayast, b1boz;) that contains P! U P?
and such that ¢ is not of Type t3 w.r.t. 3. Then by Claim 2, there is no P'-crosspath w.r.t.
Y. Suppose d is of Type t2 or t2p w.r.t. X'. Then ¥’ d is a decomposable 3PC(A, A). Now,
by Theorem 12.11 applied to H = X,d and H' = ¥/, d, the minimality of S is contradicted.
Therefore d cannot be of Type t2 or t2p w.r.t. X'

Assume first that d is adjacent to as and as. If £ = a3 then d is of Type t2 or t2p w.r.t.
¥ by Lemma 6.1 applied to X', a contradiction. So we may assume that ¢ # a3. Since ¢ is
adjacent to a1, as and it is not of Type t3 w.r.t. 3, it is of Type t2, t2p or t3p w.r.t. 3. By
Lemma 10.6(ii), d is adjacent to ¢, and hence by Lemma 6.1, d is of Type t2 or t2p w.r.t. X',
a contradiction.
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Assume now that d is adjacent to by and b3. If d is adjacent to z;, then by Lemma 6.1,
d is of Type t2 or t2p w.r.t. X', a contradiction. So d is not adjacent to z;, and hence it is
of Type t1 w.r.t. ¥'. So d is of Type t2 w.r.t. 3. By Lemma 10.5, let Q = y1,...,ym be
an attachment of d to 3. Let X¢ be obtained by substituting d and Q into 3. Let P’ be the
tzj-path of X'

We now show that xz; has a neighbor in (). Suppose it does not. Suppose that a node
of @\ ym is adjacent to a node of P’. Let y; be such a node with lowest index. Let p be a
neighbor of y; in P’ that is closest to zj. If b does not have a neighbor in Qy,,, then d, Qy, 4,
contradicts Lemma 8.4 applied to . So by has a neighbor in @y, ,,. Let y, be such a neighbor
with lowest index. If y, = y; then y;, contradicts Lemma 6.1 applied to X'. So y, # y; and
hence d, Qy,, contradicts Theorem 8.3 applied to ¥'. So no node of @\ yp, is adjacent to or
coincident with a node of P’. By the same argument as above, b; does not have a neighbor in
Q \ Ym- Then by Lemma 8.4 applied to d, @ and X', N(y,,) N (X UX') = {az,a3} and ¢ # a3.
If a3 has no neighbor in P’, then Q U P’ U{a1, a2, ag, b2, d} induces an odd wheel with center
ay. Otherwise, let u be the neighbor of a3 in P’ that is closest to xj. Note that since # is
not of Type t3 w.r.t. &, u # t. But then Q U P?U P,'m]_ U {as,d} induces a 3PC(a2a3ypm, ba).
Therefore, z; has a neighbor in Q.

Let y; be the neighbor of z; in () with highest index. We now show that b; is adjacent
to y;, it is not adjacent to y;41 and it has at most two neighbors in @,,,., and y,, is not of
Type p2 w.r.t. ¥. Suppose that b; has no neighbor in @,,,.. Since y,, is not adjacent to
b1, £j,Qy,y,, and X violate Lemma 8.6. So b; has a neighbor in Qy,y,,. Let R be a shortest
path from y,, to by in (X Uyy,) \ {b1,b3}. Let H be the hole induced by RU Qy,y,, U z;. If
Ym is of Type p2 w.r.t. 3, then (H,b;) is an odd wheel. So y,, is not of Type p2 w.r.t. X.
If (H,by) is a line wheel, then H Ub; U P! contains an L-parachute, contradicting Theorem
5.3. So (H,by) is a twin wheel or a beetle, and hence the result holds.

Next we show that no node of @Q,,,,. is adjacent to or coincident with a node of P'\ z;.
Assume not and let y, be a node of Qy,y,, with lowest index adjacent to a node of P\ z;.
If k # m then either @,,, contradicts Lemma 8.5 applied to ¥’ (if y; is the unique neighbor
of by in Qy,y,) or a subpath of @, ., contradicts Theorem 8.3 applied to X' (otherwise).
So kK = m. By Lemma 6.1 applied to y,, and X', either ¢ = a3 and y,, is of Type t2,
t2p or t3p w.r.t. ¥, adjacent to as,a3 and possibly a node of P!\ aj, or t # a3 and
N(ym) N (ZUYX') = {a1,t}. In the second case, t and X¢ violate Lemma 6.1. So t = a3. If b
has a neighbor in Qy, . 4, then Q. UP'Ub; induces an odd wheel with center b;. So by has
no neighbor in @y, ,y,,. But then @, contradicts Lemma 8.5 applied to ¥'. Therefore, no
node of Qy,y,, is adjacent to or coincident with a node of P’ \ z;.

Suppose ¥, is of Type t1, pl or p3 w.r.t. ¥ and let y be the neighbor of ¥, in P!
that is closest to a;. If by has a neighbor in Qy,. .., then either Qy,,, U Pl UP Ub; or

a1y

Quyiym Y Pally U P2U {by,z;} induces an odd wheel with center by. So by has no neighbor in
Qyisrym- But then Q.. contradicts Lemma 8.5 applied to X'. Hence y,, is of Type t2, t2p
or t3p w.r.t. 3, and since yy, is not adjacent to t, ¢t # a3. If by has a neighbor in Qy,_ y,,,
then Qy,y,, U P’ U {ag,b1} induces an odd wheel with center b;. So b; has no neighbor in
Qy;11ym- By Lemma 8.5 applied to Qy,y,, and X', yp, is of Type t1 w.r.t. ¥’ adjacent to as.
So Yy, must be of Type t2 w.r.t. X, adjacent to as and ag. If ag has no neighbor in P’ then
Quyiyn U P U {ai1,a2,a3} induces an odd wheel with center as. So a3 has a neighbor in P’

Let u be its neighbor in P’ that is closest to z;. Since ¢ is not of Type t3 w.r.t. 3, u # t. But
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then P UQy,y,. U Py,; Uas induces a 3PC(y;b17;, a3). This completes the proof of Claim 3.

Let T = (N(by) Uby) \ b and let Q@ = y1,...,ym be a direct connection from z, to ¥\ T
in G\ T. Let yp = z,, and Q' = yp, Q. Note that by and b3 are the only nodes of ¥ that can
have a neighbor in @ \ y,,,. We first show that by cannot have a neighbor in @ \ y,,. Suppose
otherwise and let y; be the node of @ \ y,, with lowest index adjacent to be. If yj is also
adjacent to b3, then yj is of Type t2 w.r.t. X and therefore, by Lemma 10.5, it is attached.
Let ¥’ be obtained by substituting y, and one of its attachment into 3. Let y; be the node
of Q;/oyk_l with highest index adjacent to b3. By Lemma 10.6, i # k — 1. Let y; be the node
of Q:,Uiyk—l with lowest index that has a neighbor in X'\ b3. By Lemma 6.1, y; is of Type
tl w.r.t. ¥', and hence [ # i. But then @, contradicts Theorem 8.3 applied to ¥'. So yy
is not adjacent to b3. But then Theorem 8.3 is contradicted in X by the path z,,v1,...,yx
when b3 has no neighbor in )y,,, or a subpath starting from y; otherwise. Therefore by does
not have a neighbor in Q \ yp,.

Suppose yn, is of Type p2 or p4 w.r.t. X adjacent to bs. If yy, is of Type p2 w.r.t. X, then
(2\ b3) U{zj,z,} contains a 3PC(a1a2a3,biboz;) contradicting Claim 3. So yp, is of Type
p4 w.r.t. . W.lo.g. ¥, does not have a neighbor in P2. Let R be the shortest path from
zj t0 Y in QU {zj,...,2,}. If by is adjacent to a node of R\ {z;, vy}, then P2UP3*UR
induces a proper wheel with center b3 that is not a beetle. Otherwise, R contradicts Lemma
8.6 applied to X. Therefore, v, is not of Type p2 or p4 w.r.t. X adjacent to bs.

Let y; be the node of Q" \ y,,, with highest index adjacent to b3. By Lemma 8.4 applied
to Q;ﬁym and X, since y,, is not of Type p2 or p4 w.r.t. X adjacent to b3, y,, is either of
Type t1, pl or p3 w.r.t. ¥ with a neighbor in P\ b3, or of Type t2, t2p or t3p w.r.t. ¥
adjacent to aj,as and no node of (P' U P?)\ {a;,as}. But then (X\ b3) UQU {z;,...,z,}
contains a 3PC(ayast, blbgﬂ}j) that contains P! U P? and such that ¢ is not of Type t3 w.r.t.
3, contradicting Claim 3.

Case 2: j =1 and z; is of Type t1, pl or p2 w.r.t. 3.

If z,, is if Type t1, pl or p2 w.r.t. ¥, then by Theorem 8.3, 1,...,z, is a P'-crosspath
wrt. 3. If z, is of Type p4 war.t. X, then (X \ {b2,b3}) U {z1,...,2,} contains a
3PC(ayazas, y).

Case 3: j =1 and d is the unique neighbor of z; in H.
W.lo.g. assume that d is adjacent to ag, az. If d is of Type t2p w.r.t. X, let X’
be obtained by substituting d into . If z, is not of Type t1 adjacent to as or az, then

Z1,...,ZT, contradicts Lemma 8.4 applied to ¥'. If z,, is of Type t1 adjacent to as or a3, then
Z1,...,%T, contradicts Theorem 8.3 applied to ¥'.

So d is of Type t2 w.r.t. X. If z, is not of Type t1 w.r.t. ¥ adjacent to as or as, then
d,zy,...,z, contradicts Lemma 8.5. So x, is of Type t1 w.r.t. X, w.lo.g. adjacent to as.
Let ¥/ be a 3PC(A, A) obtained by substituting d and an attachment of d to ¥ into X. Now
Z1,...,Tn or a subpath starting from z,, contradicts Theorem8.3 applied to X'.

Case 4: j =1 and z; is of Type t3p w.r.t. .

W.lo.g. x; is a sibling of b;. Let X' be obtained by substituting z; into X. Let v be the
neighbor of z; in P! that is closest to a;. If z,, is not of Type t1 w.r.t. ¥ adjacent to by or b3,
then o, ..., x, contradicts Lemma 8.4 applied to ¥'. So z,, is of Type t1 w.r.t. X, w.l.o.g.
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adjacent to bs. If n # 2, then zy,...,z, contradicts Theorem 8.3 in ¥'. So n = 2.

Let T = (N(by) Uby) \ b} and let @ = y1,...,ym be a direct connection from z, to X\ T
in G\ T. As in Case 1.2, by does not have a neighbor in @ \ y,,. By Lemma 8.4 applied
to ¥ and z,,Q (if bs does not have a neighbor in @ \ y,,) or a subpath of @@ (otherwise),
Ym is either of Type t1, pl or p3 w.r.t. ¥ with a neighbor in P2\ b3, or of Type p2 or p4
w.r.t. X adjacent to b3, or of Type t2, t2p or t3p w.r.t. ¥ adjacent to a1, as and no node of
(Pl U P2) \ {al,ag}.

Let z, = yo and Q' = yp, Q. Let y; be the node of Q" with highest index adjacent to z;.
By Lemma 6.1 applied to X' and since y,, cannot be of Type t4d w.r.t. X', 7 # m. If b3 does
not have a neighbor in 9, , then @, = contradicts Lemma 8.4 applied to X'. So b3 has a
neighbor in Q:,Ui[l/m—l' Let y; be such a node with lowest index. If [ # 4, then Q,,, contradicts
Theorem 8.3 in ¥'. So b3 is adjacent to y;. If b3 does not have a neighbor in Qy, ., |,
then @y, ~contradicts Lemma 8.5 applied to ¥'. So by has a neighbor in @y, ., . If yp
is of Type t2, t2p or t3p w.r.t. 3, then let C' be the hole induced by P? U Q;ﬁym Uz, and
C' the hole induced by P,,, U@}, Uzi. Then (C,b3) or (C',b3) is an odd wheel. If y,
is of Type t1, pl, p2 or p3 w.r.t. X, then let C' be the hole passing through z; contained
in P2U (P?\ b3) UQ,,., Uz and C' the hole contained in Py, U (P?\ b3) UQ,,, U .
Then (C,b3) or (C',b3) is an odd wheel. So y,, is of Type p4 w.r.t. X. Since there is no
Pl_crosspath w.r.t. 3, v,, does not have a neighbor in P'. Hence, Palw uP3U Q;ﬁym Uy
induces a proper wheel with center b3 that is not a beetle. a
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