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that
convp (jw, Q) = conv {pljw, ¢ (w, §)] : 8 € [0, 27]}.

Proof: In the proof to follow, it is convenient to use the
shorthand notation P, to denote the right-hand side above. First,
note that conv p (jw, (7) is easily seen to be a subset of P, because
g™ (w, §) € Q for all § € [0, 2x]. Therefore, to complete the proof,
we fix some zp € convyp (jw, Q) and must show that zo € P.,.

Proceeding by contradiction, if zo ¢ P., the Separating Hyper-
plane Theorem (for example, see [4]) guarantees that the point zg
can be strictly separated from the closed convex set P.. Hence,
there exists some nonzero complex number € C such that

(1, 20) > (n, P)
for all p € P.,. Now taking
o = arg 7

we divide both sides above by || and obtain

(€%, 2) > (', p)
for all p € P,,. Equivalently

(e’%, %) > max ('°, p). (1)
pEP.,

This is the inequality to be contradicted.

Indeed, using the fact that a linear function on p (jw, @) and
convp (jw, () has the same maximum value, we generate the chain
of inequalities

(ejﬁo.' Zo> < j907 z>

max <€
2E€conv p (jw, Q)

(%, 2)

Il

max
z€p (Jw, Q)

— 7% .

=max{e W,
P < s P (] Q)>
I(Illeacs{ fg.?s[) (w.- Q)

= Jeiog [w7 q*(w’ 60)]
= (!, pljw, ¢ (w, 60)])

< max (%, p).

pEP,

The proof is now complete because this inequality contradicts (1).

IV. NUMERICAL EXAMPLE
In this section, we illustrate the application of the Generalized
Mapping Theorem. To this end, we consider the nonlinear uncertainty
structure in the example of Section II-F and assume uncertainty
bounds ¢; € [0, 1] for ¢ = 1, 2, 3, 4 and specific nonlinearities

eilas) =45 + 245
©@2(gs) = cos 2¢s3
©3(qs) = —(ga — 0-5)2
©4(ga) = cOS ga.

In Fig. 1, the convex hull of the value set is shown for frequency
w = 1. For validation purposes, this figure also includes a plot
of 10000 sample points which were obtained via random Matlab
evaluations of p (jw, ¢); a uniform distribution over [0, 1] was used
for each component g¢; of g. It is interesting to note that the outward
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curvature of the boundary of the convex hull is consistent with the
fact that the Mapping Theorem cannot be used to obtain the desired
convex hull.

It is also important to recall that in a robust stability context, the
convex hull can be readily exploited. That is, if p (s, ¢) has invariant
degree and p (s, ¢°) is stable for some ¢° € @Q, then satisfaction
of the zero exclusion condition 0 ¢ convp (jw, Q) for all w > 0
guarantees robust stability. For the example at hand, monicity of
p (s, ¢) guarantees invariant degree, and it is easily verified that
with nominal uncertainty ¢ = ¢° = 0, the polynomial p (s, ¢°)
is stable. After carrying out a preliminary frequency sweep while
plotting convp (jw, @), it was determined that for robust stability
purposes, the critical range is 1 < w < 5. In Fig. 2, the plot is shown
with a frequency separation Aw = 0.25. Since zero is excluded
from the convex hull at all frequencies, this family of polynomials
is deemed to be robustly stable.

V. CONCLUSION

In this paper, the notion of mappability was introduced. This
demonstrated that one can handle much larger classes of uncertainty
structures than those addressed by the Mapping Theorem. This work
suggests that an approach based on convexification may be fruitful
for even more complicated robustness problems.
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Modeling of Linear Fading Memory Systems

J. R. Partington and P. M. Mikild

Abstract—Motivated by questions of approximate modeling and iden-
tification, we consider various classes of linear time-varying bounded-
input-bounded output (BIBO) stable fading memory systems and prove
some characterizations of them. These include fading memory systems,
in general, almost periodic systems, and asymptotically periodic systems.
‘We also show that norm and strong convergence coincide for BIBO stable
causal fading memory systems.

I. INTRODUCTION

Recently, an intense research effort has taken place in the emerging
field of identification for robust control [21], [9], [20], [6], [17],
[24], [7], [15], [14]. Both stochastic and nonstochastic approaches to
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system identification have been studied in this context, often under
the assumption that the true plant is a linear time invariant (LTT)
system. However, real plants are often at least slightly time-varying
due to wear of equipment, component aging, and other reasons.

In the present paper we shall consider modeling of causal bounded-
input bounded-output (BIBO) stable linear time-varying (LTV) sys-
tems and derive results for several classes of such LTV systems.
Classes of BIBO-stable LTV systems that will be studied in this paper
include: fading memory (FM) LTV systems [2], [19] and various
subsets of FM systems, such as almost periodic LTV systems and
asymptotically periodic systems. The aim is to derive results that are
important in understanding certain fundamental issues of modeling
and identification of such systems rather than to derive concrete
identification algorithms. One of the main questions considered here
is how to obtain efficient model parameterizations for various classes
of LTV systems. For a separable space such as the space of BIBO
stable causal LTI systems, it is possible to use different bases to
obtain useful model parameterizations. However, for LTV systems
the notion of basis turns out to be less inviting. We also discuss the
relevance of different convergence notions for systems (operators)
and derive some results in this connection.

The methods we use are mostly those of approximation theory.
Although many papers have been written on identification of certain
types of LTV systems for adaptive control, approximation concepts
have not received enough attention. However, Zames er al. [23],
[10] have obtained several interesting results on identification of
slowly-varying systems using such concepts.

In Section II we give some mathematical preliminaries. Fading
memory systems and strongly fading memory systems are considered
in Section III. Asymptotically periodic and almost periodic systems
are considered in Section IV.

II. MATHEMATICAL PRELIMINARIES

Let £J, denote the space of bounded real sequences (u(n))oZ;
with norm |ju|| = sup,~, |u(n)|, and let ¢y denote the closed linear
subspace consisting of all sequences (u(n)) which tend to zero.
"Further, let coo be the subspace consisting of all eventually zero
sequences, so that u € cgo if and only if there exists N > 1 such

<that u(n) = 0 for all n > N. Equivalently u € coo if and only
if w is a finite linear combination of the vectors e; = (1,0,0,---),
ez = (0,1,0,0,-+4), -~

We shall also require spaces indexed by the whole set of integers,
so we write {,, for the space of bounded real sequences (u(n))n<o
indexed by the nonpositive integers. We thus have a decomposition
of loo = Leo(Z) into £, P £2,. We write coo(Z) for the space of
finitely supported sequences, i.e., the linear span of (ex)rez.

Given any normed space X, the space {(X) will be defined
to be the space of all (one-sided) bounded sequences (;)¢»1 with
norm ||(z:)|] = sup,s, ||z:]|. The subspace co(X) consists of all
sequences (#.)¢>1 such that |jz.|| — 0 as t — oc.

In many approximation and identification situations it is convenient
to be able to parameterize the space of candidate models in a linear
way. For it to be possible to approximate all possible models by
models depending on only finitely many parameters, it is necessary
that our model space X be separable, that is, that it possesses
a countable dense subset. Often this is assumed implicitly, and a
priori information is assumed which makes the system lie in a
relatively compact (and thus separable) set of models. Equivalently,
X is separable if it is the closure of an increasing union of finite-
dimensional subspaces

xX=Jx.

n>1

&
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where each X, is finite-dimensional (without loss of generality,
dim X, = n for each n) and X; C X3 C ---. We call the sequence
(X% )n>1 a model set (cf. [13]). Models in X can be approximated
arbitrarily closely by a suitable choice of X, and each model in X,
depends on only finitely many parameters. If (z,) is a sequence in
X with dense linear span, then defining X, to be the linear span of
{z1,++,z.} for each n gives rise to a model set.

We shall be interested in various notions of convergence of
operators on normed spaces. Let X be a normed space and X its
dual space. Recall that the norm of an operator G on X is given by

G|l
llzll

Let G and (Grn)r>1 be bounded operators on X. Then one says that
the sequence (G, ) converges to G uniformly (or in operator norm) if

(€)

One says also that (G,,) converges to G strongly (or in the strong
operator topology) if

[|Grz — Gz|| — 0

Gl =

sup
z€X,x#0

@

|G =Gl =0 asn— oo,

asn — oo

“)

for each z € X. Similarly one says that (G ) converges to G weakly
(or in the weak operator topology) if

$(Grr — Gz) -0 asn — o0

(&)

for each z € X and ¢ € X*. It is easy to see that uniform
convergence implies strong convergence which, in turn, implies weak
convergence; in general these notions are not equivalent.

As in [5] we shall consider the space Brv of strictly causal linear
systems G: £ — £ written as Volterra sum operators

(Gu)(t) =Y gt k)u(t — k)

k>1

(©)

where for each ¢ > 1 the kernel g« = (g(t, k))x>1 is a real sequence.
It is well known [5] that the system G is BIBO stable (that is it defines
a bounded operator on £) if and only if the following quantity is
finite:

Gl =§§Il>Hgt||1 =sup »_ |g(t k). M

21 5]

An important subspace of Byv is the space Bt of linear strictly
causal BIBO-stable time-invariant systems. These are characterized
by the property that the sequences (g(t, k))x>1 are independent of ¢,
say, (g(t, k))rk>1 = (h(k))x>1, for each t, where h = (h(k)) € £,
is the unit impulse response of G.

The space Brv is too large for our purposes, since it is well known
to be nonseparable. We are therefore driven to consider subspaces of
Brv of which an important class is analyzed in the next section.

III. FADING MEMORY LTV SYSTEMS

Although fading memory operators were earlier introduced by
Boyd and Chua [2], we shall follow Shamma and Zhao [18], [19]
in giving a simpler definition of (uniform) fading memory which
applies to LTV causal systems (i.e., the class Brv).

Let X be one of the sequence spaces ¢o or £, (1 < p < o). For
n > 1, let P,: X — X be the projection operator taking (zr) € X
to (Ik)kgn.

An operator G: X — X is said to have finite memory if there is an
increasing function ¢ : N — N such that (I — Py())GPrz = 0 for
all z € X. (In particular Ger € £, @ coo for each k.) An operator
is said to have fading memory if it is the norm limit of a sequence
of finite memory operators.
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Shamma and Zhao [18], [19] show that any bounded linear operator
on X has fading memory when X is co or £p, (1 < p < o).
However, the example G: {oc — {o with (Gu)(1) = 0 and
(Gu)(n) = u(1) for all n > 2 and for all u € { clearly does
not have fading memory [19].

Shamma and Zhao [19] also introduce the notion of pointwise finite
memory and fading memory, but for linear discrete-time systems
defined on X = ¢p or £, (1 < p < oo) these are clearly the same
as the (uniform) finite memory and (uniform) fading memory defined
above.

We shall write Bry for the closed subspace of Bty consisting of
fading memory operators. One is interested in properties of causal
linear operators on {- and the following preliminary result shows
that the subspace co plays a key role in their study.

Lemma III.1 Let G be a causal BIBO-stable linear operator de-
fined as in (6). Then the operator norm of G (i.e., on £ (Z)) equals
the operator norm of G restricted to ¢, & co which in turn equals
the norm of G restricted to coo(Z).

Proof: Clearly the norm of G: {o — (7 is at least as big as the
norm of its restrictions to £, & co and coo(Z). Suppose that u € £
is such that {|u||cc = 1 and {|Gu||ec > K. Then there exists an index
t such that |(Gu)(¢)| > K. That is

> gt kyu(t — k)| > K.

k>1

Clearly this last sum can be replaced by a finite sum (say, Z‘,:/:l)
while remaining larger than K. In that case the vector v € coo(Z)

defined by
oy = {10

satisfies ||v]] < 1 and ||Gwv|| > K which implies the result. ]

We shall also require the following general result which is of
interest in its own right because it means that for the purposes of
approximate modeling of systems with convolution operators conver-
gence for every input automatically guarantees norm convergence.

Theorem Ill.1: Let G, (G )n>1 be causal BIBO-stable convolu-
tion operators defined as in (6). Then G,, — G strongly (if and) only
if G, — G in norm.

Proof: Without loss of generality G = (. We suppose that to
obtain a contradiction Gru — 0 for all u € €, but that ||G,|| 4 0.
By passing to a subsequence, relabeling, and scaling, we may assume
without loss of generality that ||Gn|| > 1 for each n.

We shall use the V notation for concatenating finite disjoint
sequences while keeping them in position, so that

ifk~-N<r<k-1;
otherwise

a(k) if a(k) # 0;
(aVb)(k) = { b(k) if b(k) # O; ®)
0 otherwise.

By Lemma IIl.1 we can find a finitely supported sequence u; of
norm one such that ||Giu1|| > 1. Let ¢; be any index such that
|Giu1(t1)| > 1. By considering the kernel (g1 (¢1,k))32, € €1, we
see that there is a finite set F} containing the support of w1 such
that |Gy (u1 V v){(t1)] > 1 for any v € {o(Z) supported on the
complement of F; and of norm at most one.

Since G, — 0 strongly, we can now find another element of
the sequence, without loss of generality (G2, such that the norm
of the restriction of G to the subspace of f. consisting of all
vectors supported on F} is at most 1/4. In particular ||Gouq|| < 1/4.
However, there is a finitely-supported vector % of norm one such
that ||Gaa2|| > 1. By discarding those coefficients of @ which lie
in F1, we obtain a vector w2 with finite support disjoint from F; and
such that ||G2(u2)|| > 3/4.
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Thus |G1(u1 Vuz)|| > 1 and ||G2(u1 Vuz)|| > 1/2. As above we
can define a finite set > D Fi, containing the support of w1 V us,
such that ||G2(u1 V u2 V v)|| > 1/2 for any v supported on the
complement of F5.

We proceed inductively, obtaining now Gz and wuz such that
”G1(‘U1 \Y u2 \Y U3)“ > 1, ”GQ(”U,l V o \Y Ug)” > 1/27 and
”GS(’LLl Voug V ua)” > 1/2

Finally we obtain a vector v = w1 V uz V - -+ € £oo(Z) such that
Gru # 0, a contradiction. O

The fairly well-known corollary now follows.

Corollary Ill.1: Let G, (Gr)n>1 be LTI BIBO stable systems.
Then G, — G strongly if and only if G, — G in norm.

In fact, weak convergence of LTI BIBO-stable systems is equiv-
alent to norm convergence. However, in general, weak convergence
does not imply norm convergence for causal BIBO-stable LTV
systems. Thus there are fundamental limitations as to the achievable
identification accuracy for BIBO-stable LTV systems even when
there is no noise. The next result illustrates the significance of input
properties.

Proposition III.1: Let G, (Gn)n>1 be LTI BIBO-stable systems
restricted to £, & co. Then the condition that G, — G strongly in
£, & co does not imply that G, — G in norm.

Proof: Consider (Gr)n>1 with unit impulse response defined
by gn(k) = 1/n for k = 1,2,---,n, and g(k) = 0 otherwise.
Take any v € £, & co # 0. Given any ¢ > 0, there then exists
an integer K. such that |u(t)] < e for ¢ > K.. Furthermore, take
n > K. x max(l, |Julleo/€). Then |(Gru)(t)] < 2e. As € > 0 is
arbitrary, it follows that for any u € ¢Z, & co, {|Gnul|| — 0 when
n — oo. The result follows as |G- || = 1 for all n. |

We can now give a useful characterization of the class of all causal
linear fading memory operators on /. Intuitively, the fading memory
systems are the ones for which the outputs tend to zero whenever the
inputs do.

Theorem I11.2: A bounded causal linear operator G: (o (Z) —
£, has fading memory if and only if G maps the subspace {2 & co
into ¢o.

Proof: We modify the proof of Proposition 2.3 in [18] to allow
for the fact that we are allowed inputs for ¢t < 0.

Let € > 0 be given and suppose that G does map £, ¢ co into co.

For each j > 0, the sequence (({ — P, )GP;);Z, is easily seen to
tend to zero strongly, since G P; maps into €, & co and hence also
in operator norm. Let us choose increasing indexes n(j) such that
(= Pr(0))GPoll < €/2 and ||(I— P, (;))Ge;]| < €/29 forj > 1.

Define G by GP, = P,0yGF, and éej = P,;Ge; for j > 1.
It is clear that G has finite memory and

(G = Ghull < (G = G)Poull + 3G = Ghuse |
j=1

< ellulloo- ®

Conversely, since for any bounded operator G the space G({_, &

co) is contained in the closure of G(€2, & coo), it follows that if

G does not map €2, & co into co, then there is an eventually zero

sequence, say v € £5,@ € cog, such that Gv ¢ co; then the operator

G clearly does not have fading memory. |
We now strengthen the notions of finite and fading memory
systems.

Definition II1.1: Let M > 1. A causal BIBO-stable operator
G : too — (L corresponding to a kernel g(t, k) as in (6) is said
to have finite memory of length M if g(t,k) = 0 for k > M. A
system is said to have strongly fading memory if it is the norm limit
of a sequence (Gar)ar>1 where each Gas has finite memory of length
M. We write Bspm for the class of strongly fading memory systems.
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Clearly any system in Bsru is a fading memory system. However,
there is another neat way of characterizing systems in Bspyi.

Lemma I1.2: A BIBO-stable system G' = (gy):>1 is in Bspag if
and only if the sequence (g:)¢>1 forms a relatively compact set in ;.

Proof: This follows immediately because a bounded subset
K C {1 is relatively compact if and only if lim,—co supse g [/(Z —~
P.)fil = 0 (see [4]).

Note that although clearly Bspm C Brw, there are operators in
Bpm which are not in Bspu, for example, the finite memory operator
G with g, = e; for each ¢t > 1.

However, for the purposes of approximation and identification, the
space Bspu is still too large since it is nonseparable. This we shall
see in the next section, where we shall be interested in looking at
smaller, separable, subspaces of Brm.

IV. ASYMPTOTICALLY PERIODIC SYSTEMS

We recall that an LTV causal BIBO-stable operator G is determined
by a kernel (g(t,k))i>1,6>1 as in (6), corresponding to a bounded
sequence (g:):>1 of elements of £1 with ||G|| = sup,~, ||g:])1-

Thus we can regard Brv as a space of operators induced by
elements of the Banach space {o({1) = {1 $ £ © -+ with norm
[[(he)]] = sup,sq ||hellr. Moreover, G is time-invariant if and only
if the sequence (g) is a constant sequence in ¢;. Hence, we are
interested in separable subspaces of £.,(£;) which contain all the
constant sequences.

As before, let X be any normed space and define the left shift
S 1 loo(X) = oo (X) by (Sf)t = feqr, t > 1. Note that the left
shift “loses” the first term. Motivated by ideas from the theory of
almost periodic functions [1], [4], [8], [11], we make the following
definitions. Note that although almost periodic systems are in general
time-varying, there is some restriction on the extent to which they
can vary in time.

Definition IV.1: A sequence h = (h¢)i>1 € £oo (X)) is said to be
almost periodic if (S™h)n>o forms a relatively compact set. That
is, given any sequence of translates (S"(k)h), there is a convergent
subsequence. The space of almost periodic sequences in £, (X) will
be denoted AP(X).

A sequence h = (h¢)i>1 € Loo(X) is said to be asymptotically
periodic if h is in the closed linear span of co(X) and the periodic
sequences in £ (X ). The space of asymptotically periodic sequences
in oo (X) will be denoted ASP(X).

We write Bap and Basp for the classes of systems induced by
almost periodic and asymptotically periodic kernels, AP(¢1) and
ASP(£1), respectively.

We are now ready to establish the strict inclusions

Basp C Bap C Bsrm C Brm C Bry 10)

and see that only the space Basp is separable.
Theorem IV.1:

i) AP(X) is nonseparable. Any kernel in AP(£1) determines
an operator in Bspum, but there are strongly fading memory
operators on {fo, which are not determined by almost
periodic sequences.

If X is separable, then ASP(X) is also separable.

A sequence h = (h;) is in ASP(X) if and only if
given € > 0, there are integers N, M > 0 such that
[|SNFTIMp — GNFTRM BN < € for all j, k > 0.

ASP(X) is contained in AP(X). Hence any kernel in
ASP(£y) determines a strongly fading memory operator.

ii)
iif)

iv)

Proof:

i) In the scalar case X = R, we take an uncountable bounded
set in Lo, namely h?(j) = cos 78, where 8 ranges over the
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interval [0. 277). It is easy to see that each k’ is in AP(R) and

1A% — h®|| > 1 for 8 # 6. Were AP(R) separable, this could

not happen. The general case is similar, taking h? (j) =  cos j#

where x € X is nonzero and arbitrary.

Suppose now that h = (h:) € AP({1) determines an
operator G. Then, since (5™ h),>1 form a relatively compact
set in £~ ({1), we see on considering the first coordinate that
(An)n>1 forms a relatively compact set in £; and the operator
has strongly fading memory.

Clearly the operator taking e; to A¢es4 foreacht > 1, where
(A¢+) is any bounded sequence, has strongly fading memory
(indeed it is a system having finite memory of length one).
However, it corresponds to a kernel (h:) = (0, Are1, heer, - -)
and so is not almost periodic in general-—for example, if (A,)
is a random binary sequence consisting of values &1, then with
probability one, the kernel will fail to be almost periodic. The
same is true whenever (), ) is an infinite Galois sequence [12].

ii) If X is separable, then let (x,) be a countable dense set in X
Now ASP(X) is the closed linear span of the countable
family (2,0,0,---), (0,2,,0,0,+--), -+, (Tn,&n, ),
(Tny Tngs Ty Ty, ), (xﬂl,a Ty, Tngs Tryr Tngs Tngs ™" *)
and is therefore separable.

iii) If % is in ASP(X), then there are sequences f € co(X)

and g € fo(X) such that g is periodic (period M, say)
and ||h — f — g|| < €/4. Then S"f — 0, and S"g has
period M so it is clear that ||SNTIMp — SNTEMp s no

greater than ||[SYTIM(h — f — g) — VM (p _ f — g)|| 4

||5A\'+j4\/[f _ 51\’+ka” + ||SN+ng _ SN-HcMgH which is
less than €/2 + 0 + €/2 = ¢, provided that N is sufficiently

large (independent of j and k).

Conversely, if given € > 0, there are N and M such that

(1§ +M p— GNFRMpIl < ¢ for all § and k, then we can define
g to be M -periodic such that gy = b for N+1 <t < N+ M
and f & coo to be a finite sequence of length N such that
ft+9: = hy for 1 < ¢t < N. It is now easy to see that
h — f — g has infinity norm at most e.
This follows easily from iii) by a diagonal argument. Given
a sequence (S™"h) of translates of h, we begin by taking
¢ = 1/2 and using iii) to obtain a subsequence (S™F)h) of
(5™ %R such that [|$7 P h— §7 D || < 1/2 for all p and

q. Then, in general, take e = 1/2" and obtain a subsequence

(§™F)p) of (™"~ L ) R) such that [|S™ (P h— §™( D p| <

1/2" for all p and q. It is now easily verified that (S™(""p)

is a convergent subsequence of (S™(F) ). O

iv)

Having obtained a suitable separable subspace of Brv, it remains
only to write down a suitable sequence of models whose linear span
is dense in Basp.

If we work with ASP(£1), then we need only find a natural
countable sequence (k™) whose closed linear span is all of ASP(¢1).
If one assumes that the most natural systems to take as a first
approximation are LTI systems, then this should include a model
set for the constant sequences in ASP(/y), e.g., the FIR systems
(ényen,en,---) with e, the natural basis of ;.

One then has to include in some order (normally by a diagonal
technique) the period-two sequences, looking like (en, 0, en,0,--+)
and (0, e, 0, em, - ), the period-three sequences, etc., but also the
null sequences (er,0,0,:-+), (0,e,,0,0,--+) and so on. One could
order these basis vectors by complexity (to be defined according to
what sort of model is considered to be most “reasonable”).

These LTV models can then be used for input—output identification,
e.g., using Chebyshev (linear programming) methods as in [12] and
[16]. However, we remark briefly that there is a significant difference
from the LTI case in that a single input may no longer suffice—indeed
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it is not hard to see that given any u € £ there is a nontrivial system
G € Brv such that Gu = 0.

V. CONCLUSION

We have studied various classes of LTV BIBO-stable systems
from the point of view of approximate modeling and proved some
characterizations of them. These have included fading memory sys-
tems, strongly fading memory systems, almost periodic systems, and
asymptotically periodic systems. Of these, only the space of BIBO-
stable asymptotically periodic systems is separable and thus allows
systematic model parameterizations. It would be important to find
other natural separable subspaces of LTV systems. LTV systems
exhibit fundamental limitations as to how accurately they can be
identified from input—-output data, cf. Tikku and Poolla [22]. Thus
they provide a setting in which to understand the importance of
realistic assumptions and a priori information about the system to
be identified to obtain satisfactory modeling results.
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Local /,-Stability and Local Smail Gain
Theorem for Discrete-Time Systems

Henri Bourles

Abstract—The netion of local [, -stability is defined. The relationship
between this notion and Lyapunov stability is clarified. A local version of
the small gain theorem is then established in the case of discrete-time
systems. These results are applied to stability analysis of a nonlinear
discrete-time delay system.

I. INTRODUCTION

The small gain theorem [8], [15] plays a fundamental role in
stability analysis of nonlinear systems in an input-output viewpoint.
This theorem applies to discrete-time systems and to continuous-time
ones as well. The type of stability which is then obtained is “I;-
stability” (1 < p < 00); see, e.g., [13]. This approach was limited
by the fact that only global results are available in the literature. This
will become clear in the following discussion; consider the standard
closed-loop system in Fig. 1.

Let us denote as S™ the linear space of all sequences = =
(2(0),z(1),--+), where x(¢t) € R", ¥t; Gy is a causal input—output
operator S® — S™ associated with a system T; [2]'; suppose that
the 1,-gain of Gy is finite and is denoted as +,(G1). Moreover,
assume that Gz is a causal memoryless operator S™ — S”, defined
by a nonlinearity $: N — R™ — R", as follows:

(D

(Gaz)(t) = B(t,2(t)), Yz € S™, VtEN
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I'This notion was defined in [2] in the continuous-time case. In the
discrete-time case, let ¥ be a system defined by a state-space realization
n(t+ 1) = f(t,n(t), u(t)), y(t) = g(t, n(t), u(t)), where n(t) is the state,
u(t) € R™,y(t) € R?. Assume that 7(0) = O (zero initial condition
at initial time t = 0). Then, it is easy to prove by induction that for any
t > 0,y(t) can be expressed in function of ¢, u(0), - - -, u(t); in other words,
there exists a causal operator G: S™ — S such that y = Gu; G is called
the input—output operator associated with X. If X is time-invariant, the initial
time can be shifted without inconvenience.
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