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SOME MULTI-DIMENSIONAL HARDY
TYPE INTEGRAL INEQUALITIES

L.-E. PERSSON AND E. P. USHAKOVA

(communicated by V. D. Stepanov)

Abstract. In this paper we prove some new results concerning multi-dimensional Hardy type
integral inequalities and also some corresponding limit Polya—Knopp type inequalities.

1. Introduction

Let 1 < n < oo be a natural number and 0 < p,qg < oco. The n-dimensional
integral Hardy operator H,, defined for any non-negative function f(y) on R’ :=

{y=01,---,Yu):V1,-..,yn = 0}, is given by

(Hof ) (x) = /OXI.../Oxnf(y)dy, iy Xy >0, (1.1)

where dy :=dy; ...dy,. The problem to characterize weight functions w and v on R’}
so that the inequality of the form

Tl

/R<an>q<x>w<x>dx <c( [ rrenyy (1.2)

n n
+ RY

holds for all non-negative functions f on R’ is considered in several works (see [1],
[3], [4], [7] and the references given there). The one-dimensional case is very well
studied but even in two dimensions there is only one result for the inequality (1.2) to
hold without any special restrictions on the weights, namely the following result of E.
Sawyerfor 1 <p <g<oo:

THEOREM 1.1. [7, Theorem 1] Let n =2 and 1 < p < g < oo. Then the
inequality (1.2) holds for all non-negative functions [ on Ri if and only if

1
sup W(tl,tz)év(thtz)ﬂ’ < o0, (1.3)

11,6>0
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N

( 0{l ()r2 V(x1>x2)qw(xl,X2)dX2dxl)
o i < 0, (1.4)
t1,>0 V([h tz)ﬁ

and

=]~

(fri)o f;o W (xr, x2)P v(xp, x2) 1P dxzdxl)
sup T < 00, (1.5)

11,>0 W(ll,lz) q
where p’ =p/lp—1), ¢ '*q/(q - 1), W(t,n): f f w(x1, x2)dxadx; and

Vit n)i= fy fo v, y)'™ ' dy,dy,.
Note that in the one-dimensional case the conditions corresponding to (1.3)—(1.5)
are equivalent to each other (see [2]).

Moreover, it was recently discovered by A. Wedestig in her PhD thesis [8] (see
also [9]) that if the weight on the right hand is of product type, then, in fact, (1.2) can

be characterized by just one condition (or, more generally, just one of infinite possible
conditions).

THEOREM 1.2. [9, Theorem 1.1] Let n =2, 1 < p < g < 00, $1,8 €
(1,p) and v(x1,x2) = vi(x1)va(x2). Then the inequality (1.2) holds for all measurable
Sunctions f if and only if Aw(s1,s2) < 0o, where

s1—1 s—1

Aw(s1,82) = sup Vi(t1)"7 Va(tr) P

t,1>0

1

oo oo (p—s1) P—52) q
X (/ / W(xhxz)Vl(xl)qp” 1 Vz(xz)q 7 dxzdx1>
n 15

n , 1% ,
Vl(l‘l) = / Vl(xl)lip dxl, Vz(l‘z) = / Vz(Xz)lip d.XIz.
0 0

Moreover; if C is the best possible constant in (1.2), then

p 5 p 5
P b P b
P—s1 pP—52
sup

p p
1<s1,82<p _r_ 1 P 1
([’*51 + si—1 pP—s2 + s—1

1 1

1\ 1\

< C< inf Aw(ShSz) (p )1’ (p >l’
1<s1,52<p p— S p— 5

Theorem 1.2 can be easily extended to n-dimensional case for any n > 2. Obviously,
in such situation we will have n parameters sy, ...,s, in the definition of the constant
Aw. This fact was used in [8] (see also [9]) for a corresponding characterization of the
weights v and w so that the following limit inequality of (1.2) holds:

( | @y <x>w<x>dx> <c ( [ f”(Y)V(Y)dY> (16)

and

Aw(s1,52)
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with the multi-dimensional geometric mean operator G,, defined by

(an)(x):exp<x1 - /()Xl.../oxnlogf(y)dy), Mo >0, (L7)

THEOREM 1.3. [9, Theorem 3.1] Letn=2, 0 <p < g < oo and s1,5, > 1.
The inequality (1.6) holds for all positive measurable functions f on Ri if and only if
Dy (s1,52) < 0o, where

?1 1 rz 1 _ 519 %9 ‘_1]
Dy (s1,82):= sup y,” (/ / x Txy 7 (xl,xg)dxzd)q)

y1,2>0

o= Joxn (2 [ [ 0wt

Moreover; the best possible constant C in (1. 6) can be estimated in the following way:

1 1
S1 . 1 i 52 o 1 P

sup <—,e (Sl ) > < 7,6 (52 ) > Dw(Sl,Sz)

sme1 \ €1 (st — 1)+ 1 e (s —1)+1

< C< inf 6(“+32 2>/pr(S1 Sz)
s1,52>1

Note especially that there is no restriction concerning product type of some of the weights
in the conditions of Theorem 1.3 because of the special properties of the operator G,
(see, for instance, [5]). Also this result can be given in a natural n-dimensional setting.

In Section 2. of this paper we prove some statements (see Lemmas 2.1-2.3), which
are needed later on but also partially generalize the necessary part of Theorem 1.1 to n
dimensions. Moreover, it is proved that also the natural end point condition in Theorem
1.2 can be used for a characterization of the weights so that (1.2) holds (see Theorem
2.1). This condition is natural since it obviously corresponds to the usual Muckenhoupt-
Bradley condition in dimension 1. Moreover, a corresponding weight characterization
is done by using a generalization of the Persson-Stepanov condition (see Theorem 2.2).
It is also proved that some similar results can be obtained if we instead assume that the
weight on the left hand side is of product type (see Theorems 2.4 and 2.5).

In Section 3. of this paper we prove some analogous multi-dimensional Hardy type
inequalities for the case 0 < ¢ < p < oo when we alternately assume that the weight
on the right (or left) hand side in (1.2) is of product type (see Theorems 3.1-3.4).
Finally, in Section 4. we prove some natural corresponding limit inequalities (involving
the geometric mean operator (1.7)) of Theorems 2.2 and 3.2. However, for the case
0 < g < p < oo we have only obtained a sufficient condition.

Throughout this work an expression of the form 0 - co is taken to be equal to zero.
The notation A < B means that A < ¢B with some constant ¢ > 0 depending at
most on the dimension 7 and the parameters of summation p and gq. Moreover, A =~ B
means that A < B < A. The inverse function of a function /4 is denoted by h~'. We
also use the symbols := and =: for introducing new quantities or notations and the
symbol [J to note the end of a proof.

and
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2. Multi-dimensional Hardy type inequalities — the case 1 < p < g < o0

In this and the next sections we deal with the inequality (1.2), where one of the
two weight functions v and w is of product type, that is where

v(y) = v, ) = vivn) - va(yn) (2.1)

or
w(X) = w(x, ..., Xq) = wi(x1) ... wy(xn). (2.2)
Conditions (2.1) and (2.2) are satisfied, for instance, by a power function of n variables.

In this Section we obtain new necessary and sufficient conditions for the validity
of (1.2) in the case 1 < p < g < oo and when (2.1) is satisfied. The same problem is
considered here with the assumption (2.2). Our estimates are 1 -dimensional analogies
of well known Muckenhoupt-Mazya-Rozin-type and Persson-Stepanov-type criteria for
the one-dimensional integral Hardy inequality (see [2], [4] and [6]).

In the next preliminary Lemmas we state some necessary conditions for the in-
equality (1.2) to hold in the case 1 < p < g < oo without of any restrictions on the
weight functions w and v. These Lemmas are useful in our proofs later on but also
of independent interest because they indicate the problem to extend Theorem 1.1 to
n-dimensional case.

LEMMA 2.1. Let 1 < p < g < oo and assume that the inequality (1.2) holds for
all measurable functions f on R with a finite constant C, which is independent on
f. Then

1

sup W(zy,... 7tn)$v(t1, cen )P < 00, (2.3)
>0
i=1,...,n
where - -
W(tl,...,tn)::W(t):/ / w(x)dx
15 In
and
n n ,
V(t, ... ty):=V(t) :/ / v(y)' "7 dy.
0 0
Proof. For t = (,...,1,) suchthat ; > 0, i =1,...,n, we take a test function

Fe¥) = X0 O) - - Ko )V ()7 (2.4)
and put it into the inequality (1.2). Then we have that

(fRﬁ - J"ft(Y)dy)qw(x)dx)
(Junr? (y)V(y)dy)’l’
S (= e wooax) (J' -y lv(y)l—p'dy)
(' fyviwy=ray)”

Thus, (2.3) follows by taking the supremum overall #; >0, i=1,...,n. O

<=

c=

N

= W(t)TV(t)7 .
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LEMMA 2.2. Let 1 < p < q < oo and suppose that the inequality (1.2) holds
for all measurable functions f on R, with some finite constant C independent on f.

Then .
q
sup V(t1,... ) . (/ / qu) < o0. (2.5)
>0
=1,

Proof. This statement follows evidently by substituting into the inequality (1.2)
the function fi(y) (see (2.4)) for t = (¢;,...,#,) suchthat; >0, i=1,...,n. O

LEMMA 2.3. Let 1 < p < g < oo and assume that the inequality (1.2) holds
for all measurable functions f on R, with some finite constant C independent on f.

Then
X
sup W(t1,... ty) </ / e W(x)? dx) ' < 00. (2.6)
t,>0

i=1,...,

Proof. By duality the inequality (1.2) is equivalent to the inequality

1

(/ (H;g)" <x>v1P’<x>d"> ,, <C</ gq’<y>wl‘f'<y>dy>q (2.7)
R" R"

with the dual operator H;; defined by

/ / y)dy, xi,...,x, > 0. (2.8)

Now (2.6) follows by substituting into the inequality (2.7) the function

g(y): =X, oo)(yl) .. ~X[tn,00)(Yn)W(Y)
for t=(#;,...,#,) suchthat ; >0, i = 1,...,n, and taking supremum. [

REMARK 2.1. Note that for n = 2 the statements of Lemmas 2.1-2.3 follow from
Theorem 1.1.

The first main theorem in this Section reads:

THEOREM 2.1. Let 1 < p < g < oo and the weight function v be of product
type (2.1). Then the inequality (1.2) holds for all measurable functions f on R’ with
some finite constant C, which is independent on f, if and only if Ay, < oo, where

i 1

Ap, = sup W(t1,....0.)iVi(11)7 ... Vi(ta)? (2.9)

1i>0

and N
Vi(ti):: / vi(xi)lip’dxh i= 1,...71’1.
0

Moreover, C =~ Ay, with constants of equivalence depending only on the parameters
p, q and the dimension n.
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Proof. The necessary part of the proof follows from Lemma 2.1 while the suffi-
ciency can be obtained from the n -dimensional extension of Theorem 1.2 and from the
following Lemma 2.4. [

LEMMA 2.4. Let

sp1—1 sn—1

AW,, = AWn(S17...7Sn)Z: Sup Vl(ll)T...Vn(ln) P

1
o o —s1) P—sn) q
X (/ / w(x)Vl(xl)Wﬂl ...Vn(xn)q Z dx) ,
Al tn

where s; € (1,p), i=1,...,n. Then
Ay, < Ay, . (2.10)

Proof. Let n =2 and s = s, = lﬂ. Then

1 ; q
Ay, = sup V(1) p’ (/ / w(xy,x2)Vi(x1) %" Va(xa) %' dxzdx1>

t,0>0

Since
q Xi

/ A
V(xl) v= 2_17/ Vi(yi)lip ‘/i(yi)zl)/ 1dyf7 i= 1727

we have that

Vl(xl)i’ i’ ~ ({/ / } '~ le(yl)z” dyl)
(L [t o)

e ' -1
/ 1) Vi) dy1/ va(y2) P Va(32) ¥ dy,
+/ 1) le 1) 2” 1/ va(y2)! sz()’z)z” dyz
1
"‘/ Vl(yl)l le (1) 2” 1/ va(y2) 1 - Vz(yz)ZP dy2
0

X1 L’ / i,—l
+/ vin)' 4 Vi(yi) dyl/ va(y2) P Va(y2) ¥ dyr
0

151

=: In+1In+1In+ b
Thus,

0o oo g q
/ / w(xl R )C2)V1 (xl) 2"V, ()Cg) " dxodx;
n 15

~ / / w(xr, x2) [l + Iz + Lz + I21] dxodx;
n 15

=:Ji +Jn +Jio + o
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Clearly that
1

Vi) Valt )L/ Un]é < A,

Further

- 41
Jp = / / w(xi,x2) (/ Vi)' P V() ¥ dyl)

X (/ Vz(yz) p Vz(yz) / dyz) d)Cdel
[5)
Al
X (/ / w(xl,xz)dxzdxl) dy,dy,
2

o 41 ! 41
GO VIO Y v (32)' T Va(3n) >

t
t
Y1

N

2
2
q = _i/_1 l—p/ > _i/_1 l—pl
Ay, Vi) " viln) P dy Va(y2) ¥ va(y2) P dyz
1

5]
q

_ a4 _4q
< A,’f,,le(tl) ' Vz(l‘z) ',

Hence,
L 1
Vi (II)Z” Va(t2) %" 1] < Ay,

The terms with Jj, and J,; are estimated analogously. The method works for any
n > 2 by induction. [

REMARK 2.2. The condition Ay, < oo may be regarded as a natural end point of
the conditions given in Theorem 1.2 and also as a natural generalization of the usual
Muckenhoupt-Bradley condition in one dimension.

The alternative criterion for the Hardy inequality (1.2) to hold with product type
weight v satisfying (2.1) in the case 1 < p < g < oo is stated by the following

THEOREM 2.2. Let 1 < p < g < oo and the weight function v be of product
type (2.1). Then the inequality (1.2) holds for all measurable functions f on R, with
some finite constant C, which is independent on f, if and only if Aps, < 00, where

1

APS,, = sup Vl(ll)if’ R 7 (tn)iﬁ
0

(/ / XVin)?.. Vi (xn)qu> g (2.11)

Moreover, C =~ Aps, with constants of equivalence depending only on the parameters
p, q and n.

Proof. The necessary part follows from Lemma 2.2. The proof of the sufficiency
can be obtained from Theorem 2.1 and the following Lemma 2.5. O
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LEMMA 2.5. We have
Ay, < Aps,. (2.12)

Proof. Let n = 2. Suppose first that V;(c0) = V3(00) = oo. Then

/ / w(x1,x2)dxodx; :/ / w1, x2) Vi (x1)?V1(x1) " 9dx1dx;
n 15 1% 151
= q/ / W(XI,X2)V1()C1)q (/ Vl(yl)qldVl(y1)> dxldX2
1% h X1
[ee) [ee) V1
= CI/ / Vi) 4! (/ w(xy, x)V) (xl)qul) dvi(y1)dx;
t n f
o0 oo V1
< 61/ Vl(yl)_q_l/ Va(x2) Vs (x2) 1 (/ W(x17x2)Vl(xl)qul> dx,dVy(y1)
0
/ / Vily1) 7 WVa(yn) 7!
X (/ / w(xi,x2)Vi (Xl)qu(Xz)quldx2> ava(y2)dVi(y1)
o Jo
244 R -4 -1 -4—1
< g Aps, Vilyr) » Valy2) » dVa(y2)dVi(yr)
151 1%

9

_ 4 _
= () Aps,Vi()) 7 Valn) 7.

Thus, we get that

l
€1 L
V( ) ’V tz 1’ (/ / xl,xz)dxzd)q) <<Ap52

Further, suppose that V;(co) < oo forall i = 1,2. Note that

Vi(xi) ™" = Vi(oo) ™ + q/ Vi(yi) =7 aVi(yi), i=12. (2.13)
Therefore,
/ / w(xl,xz)dxzdxl
151 1%
= / / W()Cl,XQ)Vl (xl)qu()Q)qu (XI)quQ(xz)iquIdxz
f
= Vl( ) qu / / X17.XI2)V1 (.XI)qVQ()CQ)quzdx1

+qVi(o0 w(x1,x2) Vi(x1)?Va(x2)4 (/ Vz(yz)qlde(y2)> dxpdx,

o
+ gV (o0 / / w(x1,x2)Vi(x1)?Va(x2)4 (/ V1(y1)‘11dV1(y1)> dxdx;
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+q2/ / w(xi, x2) Vi (1)1 Va(x2)
%) Al
~1

( / h / h Vi)~ Wa(y) 4 de(yz)dVl(yl)) dxydxs

=:Ju +Ji2 +Jo1 + J2.

Obviously that
J11 < V( ) qVQ / / xl,XQ)Vl(Xl)qVQ(Xg)qudel

I

< Al Vi(00) ¥ Va(oo) ¥
By changing the order of integration we have that

qVi(oo / / w(x1,x2) Vi(x1)4Va(x2)4

X (/ Va(ya) ™4 de(y2)> dxpdx;

qVi(oco / / Va(yy) 7!

X (/0 (xl,XQ)Vl(Xl)qVQ(Xg)quQ> de(yg)dxl

_ qvl(oo)q/; Va(y2) !
(/yz /OO xl,xz)V1(x1)qu(xz)qu2dx1> dVa(y2)

Jio <

N

T
< gA}g,Vi(0) ”/ Va(y2) # dVa(y2)
15}
S N
= pats, [Viloe) P va(e) ¥ Viloo) Phatee) 7.
_4a _4a _4a
! —Vl(OO) v’ VQ(OO) f’/:| .

)4

Analogously,
_a
s <, [Via) 7 Va(oo)

By changing the order of integration we have for J,, that

/ / </yl /” wlxi, x2)Vi xl)qVZ(Xz)quzdx1>
2)dVi(y1)

Jn <
xVi(y)) " Valya) T ava(y
_4a _4 _4a _4a
< (p/)zA?’Sz |:V1([1) » V2([2) » —Vl(OO) » V2([2) P’
_4 _a
7P s

_4a _ 4
—Vl(l‘l) » VQ(OO) v’ +V1(
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Therefore, it follows that

1 2
Vi (ll)” Vz(lz) i1 +Ji2 +J21 + J22]7 < (p) 7 Aps,.

Consider now one of the mixed cases when V;(co0) = oo and V,(00) < co. Write

/ / w(x1, X2 )dxadx; = / / w1, x2) V1 (x1)?Vi(x1) " 9dxidx;
t %) n Al
= q/ / W(xl,XQ)Vl ()Cl)q (/ V1 (yl)_‘f_ldvl(yl)> dxldx2
t t X
2o<> lo<> | V1 l
< q/ / Vi (yl)iqi (/ W()Cl,XQ)Vl (xl)qul) dv, (yl)dXQ.
[5) 1 0

Further, by using (2.13) with i = 2 we get that

/ / w(x1, x2)dxadx
15} 15

< q/tloo Vi(y) 7! /:0 (/Oyl w(xy,x2)Vy (xl)qd)q) Va2 (x2)TV,(x2) ~4dxdV, (y1)
= qVa(o0)™* /oo Vi(yn) ™! /oo (/w w(x1, %)V (xl)qul) Va(x2)?dxzdVi(y1)

151

+C]2/ V]( / (/ xl,xz V1 xl)qul) Vz(xZ)q
n 0

X </ Vz(yz —a= ldVZ )dXZdvl y1

x2

< qVa(o0)™ q V1 y) 4! (/ / w(xi,x2)Vi (xl)qV2(x2)quldx2) dvi(yr)

t

w [t [ vyt

51 [5)

X (/Oyl /OYZ w(xr,x2)Vy (xl)qVZ(XZ)qudel) dVi(y2)dVi(y1)

4 _
< (A Vi) 7 Va()

Hence, it yields that

e

Vi (l‘l I’ V2 l‘2 (/ / xl,x2 d)Cdel) < (p/)%APSz-

The case V(00) < 00, Va(00) = oo can be proved analogously. The proof for n =2
is complete. For any n > 2 the statement of Lemma follows by induction. [

Further we discuss the inequality (1.2) with the left hand side weight function
of product type. In particular, in Theorems 2.4 and 2.5 we state a Muckenhoupt-
type and Persson-Stepanov-type criteria for the inequality (1.2) to hold in the case
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1 < p < g < oo with the left hand side weight w to be of product type (2.2). The
proofs of these results are analogous to the proofs of Theorems 2.1, 2.2 and based on
some statements formulated below. The first of them is dual to 7 -dimensional extension
of Theorem 1.2 and reads:

THEOREM 2.3. Let 1 < ¢ <p' < o0, s; € (1,¢'), i =1,...,n, and the weight
function w be of product type (2.2) Then the inequality (2.7) holds for all measurable
functions g if and only if Ay, < oo, where

Ay = Ay (s, 8) = sup Wi(t) & .. Wu(ty) 7
i:iiun
x (/ / vX)"TPW(x1) 7 Wa(x,) 7 dx)
0 0

and .
W(t) = / wi(x;)dx;, i=1,...,n
ti

Moreover, C ~ Ay, with constants of equivalence depending only on the parameters
p, q and n.

The following two auxiliary statements are similar to Lemmas 2.4 and 2.5, respec-
tively.

LEMMA 2.6. Let

Ay = sup Wi(0)7 . W)V (1, . 5)7 .
>0
i=l,...,n
Then
Ay, < Ay, - (2.14)
LEMMA 2.7. Let
_ 1 _L
Apg, = sup Wi(t1) 7 .. .W,(t,) ¢
>0
i=1,...,n
oo o L,
X (/ / v(x)l”’Wl(xl)”/...Wn(xn)”’dx)p
151 In
Then
Ay, <K Aps, - (2.15)

Now by passing to the dual inequality (2.7) of (1.2) we can get a Muckenhoupt-
type and Persson-Stepanov-type criteria for (1.2) with the left hand side weight w of
product type (2.2). The necessity in the proofs of these results follow from Lemmas
2.1 and 2.3, while the sufficient parts can be proved in the similar ways as in Theorems
2.1 and 2.2 but by using Theorem 2.3, Lemmas 2.6 and 2.7 instead of Theorem 1.2,
Lemmas 2.4 and 2.5, respectively.
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THEOREM 2.4. Let 1 < p < g < oo and the weight function w be of product
type (2.2). Then the inequality (1.2) holds for all measurable functions f on R’ with
some finite constant C, which is independent on f, if and only if Ay, < co. Moreover,
C = A}, with constants of equivalence depending only on the parameters p, q and
n.

THEOREM 2.5. Let 1 < p < g < oo and the weight function w be of product
type. Then the inequality (1.2) holds for all measurable functions f on R'. with some
finite constant C, which is independent on f, if and only if Aps < oo. Moreover,
C =~ Apg, with constants of equivalence depending only on the parameters p, q and
n.

3. Multi-dimensional Hardy type inequalities — the case 1 < g < p < 00

In this Section we will prove the similar results as in the previous Section but in
the case 1 < g < p < oo. Let us introduce the following n-dimensional versions of
the Mazya-Rozin and Persson-Stepanov conditions in this case:

1
7

Vi) 7 Vi (1)) ... dV, (tn)> _ 7

r

BMR,, = ( W(t)ffVl(tl)q_’
Rn

Bps, = (/ (/0”.../Ot"w(x)vl(xl)q...v,,(xn)qu>5

r

X Vi(t) T8 L V) 8dVi(ny) . .an(tn))

The following comparison between these constants is useful later on but also of inde-
pendent interest.

LEMMA 3.1. We have
Bps, < Byg,- (3.1)

Proof. 1t yields that

/ / x)Vi(x))? ... Va(x,)9dx
:q”/o /0 w(x)
x (/0 /0 Vi) V() V() - .dVl(yl)) dx

<q" /tl ~.-/m Wi V) dValyn) - dVi(n)
0 0

[applying Holder’s inequality with the exponents r/q and p/q]
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X Vl Y1 5 CIEa Vn(yn) ZPan(yn) . dVl(yl)
(/ / W) Vi) DG V)4 D v, () .

q
q 1 1 14
X Vl YI ' </ / Vl yl = ~-~Vn(yn) édvn(yn)~-~vl()’1)>

fanp </ / W qu yl

r

X Va7 T V(). dVl(Yl)) Vi(t)% . V(1) P

\l*

+L
T

Hence, we obtain that

m _rm gl In r T
B, <a¥2F [ ([ [T wmivion? e
R

r

X Va(ya) 7 74 (yn)...dVI(yl))

I _r

(v
X Vi(t)F 0 . V()P 0dVi(t1) ... dVa(ty).
Therefore, by changing the order of integration, we get that

m m

Bps, < q127 W(y)qvl(yl)"*E Va7

(/ / V1 ll Lp_é ...Vn(l‘n)#_gdvn(ln)...dVl(ll))
Y1 Yn

m_m (2p\" -
X dVi(y1)...dV,(y,) < qa27? - Biyr,

and the required estimate (3.1) is proved. O

Next we will state a similar comparison between the following dual versions of the
constants By, and Bpg, :

Bin = (/ V(t)p"'wl(tl)%...Wn(tn)r?d[—wl(tl)]...d[—Wn(tn)]> ,

Bjs = (/R (/ / )Y=r'w, xl)P’...W,,(xn)P'dx> i
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LEMMA 3.2. It yields that
Bpg, < By, - (3.2)
Proof. The proof is similar to that of Lemma 3.1 so we omit the details. [

The following Theorems state necessary and sufficient conditions for the validity
of (1.2) in the case 1 < g < p < oo with weights satisfying the following additional
conditions:

Vi(oo) = ... = Vy(o0) = 0 (3.3)
or
Wi(0) =...=W,(0) = 00 (3.4)

THEOREM 3.1. Let 1 < g <p < oo and 1/r = 1/q — 1/p. Suppose that the
weight function v satisfies the conditions (2.1) and (3.3). Then the inequality (1.2)
holds for all measurable functions f on R’ with some finite constant C, which is
independent on f, if and only if Byg, < 00. Moreover, C =~ Byg, with constants of
equivalence depending only on the parameters p, q and the dimension n.

Proof. Necessity. Suppose that the inequality (1.2) holds with C < co and put

/

FOY) = W) R Vi) v (50) V)77 van) 7

It is easy to see that (IR" f”(x)v(x)dx) . B]{_’,,Rn. On the left hand side we have

(/

1

() (x)w(x)dx> q

: </ (o rwa) ([ [ ronar) w<x>dx> |

(Lo ([ () ) dtf
_ ( B W) Vi(1)77 ... V(1) 77 (/tloo/too (/01/0 W(y)P
g—1

x Vi (yl)ﬁ . Vn(yn)ﬁan(yn). ..dVy (yl)) w(x)dx) dvi(n) .. .an(tn))

1

. r r n n ,
> ([ owor i v ([ [ ws
Rﬁ 0 0
1

X Vi(y)o7 ...vn(y,,)ﬁdvn(yn)...dvl(yl))q1dv1(t1)...dv,,(;n))q

[since the function W is non-increasing and r/pq’ + 1 = r/p'q]
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gl in r o g-1
> (/ (/ / Vily)rd ...Vn(yn)l’q’an(yn)...dVl(y1)>
r? \Jo 0
1 n p
X W) TV, (0)7 ...Vn(tn)n?dvl(tl)...an(zn))" = (’ﬂ> Blr,
r

and the estimate Bf,,Rn < CB]{_’,,Rn follows. Therefore, By, < C < oo.
Sufficiency. Suppose that Byg, < co. On the strength of (3.3) we find that

/ () (s
- / (Haf Y GOVA()VE (51) 77 Vi (5) Vi (5) ()
Q/M VI . Vi)
X (/oo ./oo Vily1)~ ql...Vn(yn)qlan(yn)...dVl(yl)> w(x)dx
<q [ s () VA1) Yol
« ( /0 W) V1 ()7 Vn(xn)qu> V() .. dVi(y1)
—g / LY VA0 o Vals) 7} (Vi)™ Vo)™

( /yl /y" )V (x1)? Vn(xn)qu>}an(yn)"'dvl(yl)

[by using Holder’s inequality with exponents p/q and r/q |

< BqPSy, (/R" (an)p (y)Vl(yl)ip cee Vn(yn)ipdvn(yn) .. dVl (}’1)> .

n
Moreover, according to Theorem 2.2,

q
p

(/n (an)p (y)Vl(yl)_p v Vn(yn)_pdvn(yn) c. -dVI (yl)>

< ( SPx)vi(xg) ... v,,(xn)dx>
RY

By combining these inequalities we have that

/n (Hof ) (x)w(x)dx < B%, (/ FPx)vi(x ...vn(xn)dx> . (3.3)
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Therefore, in view of Lemma 3.1, the inequality (1.2) holds and the proof is com-
plete. O

The corresponding result with the constant Bpg, involved reads:

THEOREM 3.2. Let 1 < g <p < oo and 1/r = 1/q — 1/p. Suppose that the
weight function v satisfies the conditions (2.1) and (3.3). Then the inequality (1.2)
holds for all measurable functions f on R’ with some finite constant C, which is
independent on f, if and only if Bps, < 0o. Moreover, C =~ Bps, with constants of
equivalence depending only on the parameters p, q and the dimension n.

Proof. The necessity follows from Lemma 3.1 and Theorem 3.1. The sufficiency
is proved by (3.5). O

REMARK 3.1. Note that the sufficient parts of Theorems 3.1 and 3.2 in fact hold
forall 0 < g < p < co. Moreover, the necessary parts of these Theorems are correct
even without assuming that the condition (3.3) is satisfied.

By passing to the dual inequality (2.7) of (1.2) we can in a similar way as above
(but now using Lemma 3.2 instead of Lemma 3.1) get the following results for the case
1 < g < p < oo with the left hand side weight w of product type (2.2).

THEOREM 3.3. Ler 1 < g < p < o0 and 1/r = 1/q— 1/p. Assume that the
weight function w satisfies the conditions (2.2) and (3.4). Then the inequality (1.2)
holds for all measurable functions f on R with some finite constant C, which is
independent on f, if and only if By < oo. Moreover, C =~ By with constants of
equivalence depending only on the parameters p, q and the dimension n.

THEOREM 3.4. Let 1 < g <p < oo and 1/r = 1/q — 1/p. Suppose that the
weight function w satisfies the conditions (2.2) and (3.4). Then the inequality (1.2)
holds for all measurable functions f on R, with some finite constant C, which is
independent on f, if and only if Bpg, < co. Moreover, C = Bpg with constants of
equivalence depending only on the parameters p, q and the dimension n.

4. Multi-dimensional limit Pélya-Knopp type inequalities

In this Section we will apply the results of Theorems 2.2 and 3.2 for the corre-
sponding investigation of the inequality (1.6) with the geometric mean operator given
by (1.7). Namely, we will characterize the inequality (1.6) in the case 0 < p < g < c©
and give a sufficient condition for (1.6) to hold in the case 0 < g < p < oc.

According to Jensen’s inequality it holds for any x € R’, that

(Gaf)(x) <

(Hof )(x)- (4.1)

X1...Xp

This fact allows us to find a upper estimate for the best constant of (1.6) via the inequality
(1.2) for the Hardy operator H,, which is considered in a previous Section for p, g > 1
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and with a product type weight on one side. It is useful to rewrite (1.6) in the following

way
1

(/ (G,g)! (x)u(x)dx) <C (/ gp(x)dx> (4.2)
R" R"
with g(x) = £ (x)v(x)!/? and

u(x) = (Gpv)(x) P w(x). (4.3)

Further, for any 0 < s < ¢ we put p:=p/s, q:=q/s and after a new substitution
g(x) = h(x)"/* the inequality (4.2) gets the form

( /R (Gnh);(x)u(x)dx> 1/2 ¢ ( /R

where C = C*. Therefore, in view of (4.1) we have that the inequality corresponding
to (4.4) for the operator

_ 1/p
h”(x)dx) , (4.4)

n n
+ +

1

X1...Xp

(Hyuh)(x) == (H,h)(x) (4.5)

has the form

- 1/q 1p
(th)q(x)u(x)dx> <c‘< /R h;(x)dx> . (4.6)

n
I+

(/

This is an inequality for the Hardy operator H, with 1 < p,g < oo, w(x) =

n
+

(x1...%,) 7u(x) and with the product weight v(x) = 1. Now we are ready to state and
prove our results for the inequality (1.6). Our main result for the case 0 < p < g < o©
reads:

THEOREM 4.1. Let 0 < p < g < oo. Then the inequality (1.6) holds for all
positive measurable functions f on R', if and only if Ag, < 0o, where

h tn l/q
Ag, := sup tl_l/p...tn’l/” </ / u(x)dx> 4.7)
>0 0 0
i=1

with u(x) defined by (4.3). Moreover, C = Ag, with constants of equivalence depend-
ing only on the parameters p, q and the dimension n.

Proof. Sufficiency. On the strength of (4.1) and Theorem 2.2 for 1 < p < ¢ < o0
the inequality (4.6) holds if

- s . f tn 1/
Ag, = sup t; /p...tn_l/” (/ / u(x)dx) < 00.
>0 0 0

i=l,...,n
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Note that because of definitions of p" and ¢ it yields that
_ 1
(Ag,)* = Ag,-

Therefore, according to the fact that C = C'/s it follows that Ag, < oo is a sufficient
condition for the validity of the inequality (1.6) in the case 0 < p < ¢ < 0.
Necessity. Suppose that (1.6) and, thus, (4.2) holds with C < oco. Take a test

function
1 1

a(y) = X[o,zl](}ﬂ)l;'_’ ~-~%[0,r,,](yn)t;’_)
and put it into the inequality (4.2). The function g¢(y) is such that the right hand side

of (4.2) is equal to 1. Therefore,
1
1 1 g In q
2t1"...tn"(/ / u(x)dx) .
0 0

c>(/R

Hence, by taking supremum over all #;, i = 1,...,n, we have that A, < co and the
proof is complete. [J

<=

(Gnge)? (X)u(x)dx>

n
4

REMARK 4.1. Our proof above shows that Theorem 4.1 may be regarded as a limit
case of the result in Theorem 2.2.

Moreover, the inequality (4.1) and Theorem 3.2 allow us to obtain a sufficient
condition for (1.6) to hold in the case 0 < g < p < co. We state this result in the
following form:

THEOREM 4.2. Let 0 < g < p < co. Then the inequality (1.6) holds if Bg, < o0,

where
I In é _r _r
Bg, = / </ / u(x)dx> t oo, dy Ly,
R’ 0 0

Proof. The statement follows from Theorem 3.2 by using the same arguments as
for the proof of a sufficiency part of Theorem 4.1. [

r

n
+

REMARK 4.2. Note that the condition Bg, < oo is also necessary for (1.6) to hold
in the case 0 < g < p < oo with the additional assumption that the weight function u
is of product type. In this case we also have that C ~ Bg,, where C is the best constant
in (1.6).
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