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We nonparametrically reconstruct the late-time expansion history in light of the latest Baryon
Acoustic Oscillation (BAO) measurements from DESI combined with various Type Ia Supernovae
(SNela) catalogs, using interpolation through piece-wise natural cubic splines, and a reconstruction
procedure based on Gaussian Processes (GPs). Applied to DESI BAO and PantheonPlus SNela data,
both methods indicate that deviations from a reference ACDM model in the z < 2 unnormalized
expansion rate E(z) are constrained to be < 10%, but also consistently identify two features in
E(z): a bump at z ~ 0.5, and a depression at z ~ 0.9, which cannot be simultaneously captured by
a wowe, CDM fit. These features, which are stable against assumptions regarding spatial curvature,
interpolation knots, and GP kernel, disappear if one adopts the older SDSS BAO measurements in
place of DESI, and decrease in significance when replacing the PantheonPlus catalog with the Union3
and DESY5 ones. We infer ¢/(rqHo) = 29.9010.33, with r4 the sound horizon at baryon drag and Ho
the Hubble constant. Breaking the r4-Ho degeneracy with the SHOES prior on Hy, the significance
of the tension between our nonparametric determination of r4 = 136.2072 30 Mpc and the Planck
ACDM-based determination is at the 5o level, slightly lower than the 60 obtained when adopting the
older SDSS dataset in place of DESI. This indicates the persistence at very high significance of the
“sound horizon tension”, reinforcing the need for pre-recombination new physics. If substantiated
in forthcoming data releases, our results tentatively point to oscillatory /nonmonotonic features in

the shape of the expansion rate at z < 2, of potential interest for dark energy model-building.

I. INTRODUCTION

The nature of the dark energy (DE) component driving
cosmic acceleration, initially discovered via observations
of distant Type Ia Supernovae (SNela) [1, 2] and now
confirmed by a range of independent probes [3-5], is ar-
guably one of the biggest open problems in physics [6, 7].
Regardless of whether DE will ultimately turn out to be
the manifestation of a cosmological constant (CC), or of
a dynamical, time-evolving component, unveiling its na-
ture is likely to have enormous implications for several
fields of physics. Over the past decades, significant fo-
cus has been placed on constraining DE’s gravitational
properties, as captured for instance by the redshift evo-
lution of its energy density p,(z) or equation of state
wg(2): some among the cleanest probes of these prop-
erties include background distance and expansion rate
measurements, for instance through Baryon Acoustic Os-
cillations (BAO) in the clustering of tracers of the Large-
Scale Structure (LSS) such as galaxies [8].

The recent launch of various so-called “Stage IV sur-
veys”, among which the Dark Energy Spectroscopic In-
strument (DESI) and Euclid, alongside the upcoming
launch of several Cosmic Microwave Background (CMB)
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missions [9-11], are expected to be game-changers in the
quest toward better understanding DE’s (gravitational
and non) properties. Such a pursuit is not only impor-
tant per se, but has become rather pressing in recent
years because of the emergence of persisting cosmologi-
cal tensions, i.e. the disagreement between independent
inferences of cosmological parameters. The most im-
portant among these is without doubt the Hubble ten-
sion [12-21] (and, to a lesser extent, the weaker tension
in Sg [22-24]), which could signal the breakdown of the
concordance ACDM cosmological model [25], and whose
resolution may bear profound consequences for the na-
ture of DE. However, such a quest has recently become
even more pressing in light of the DESI Year 1 BAO re-
sults, which officially mark the start of the Stage IV DE
era. The DESI results, especially once combined with a
number of external probes, provide intriguing hints for
a dynamical, time-evolving DE component [26-28] — it
goes without saying that if substantiated, these hints may
have tremendous implications for the nature of DE. !
When it comes to gathering clues on the cause of cos-
mic acceleration, a key issue to address is whether or
not the DE energy density p,(z) is consistent with be-
ing constant in time (given that any reliable deviation
from this picture would indicate that cosmic accelera-
tion cannot be ascribed to a CC, and different strategies
can be adopted to address this problem. Examples in-

L See for instance Refs. [29-78] for examples of recent studies on
implications of the DESI results for fundamental physics.
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clude model-dependent approaches, i.e. constraining spe-
cific models of DE or modifications to General Relativity,
or parametric approaches, which posit (typically) simple
parametric forms for w,(z) and/or p,(z), whose param-
eters are then confronted against observations: a diffi-
culty with these approaches, however, is to come up with
models and parametrizations which are well-motivated,
or at least not inherently ad hoc. A more data-driven
approach is to construct an “optimal” local basis repre-
sentation for p,(z) using principal component analysis.
Another approach, which has gained significant traction
over the past decade, is to use a distribution over (ran-
dom) functions to smooth p,(z) or w,(z), for instance
through so-called Gaussian Processes (GPs), and esti-
mate the statistical properties thereof in light of observed
data. Such a nonparametric reconstruction approach car-
ries several distinct advantages: for instance, it may re-
cover behaviours which are unexpected a priori and can-
not therefore be covered by parametric approaches, and
allows one to be as model-independent (or rather non-
parametric) as possible, while looking for deviations from
the CC regardless of origin [79-81].

Our goal in this work fits precisely in the above pic-
ture. In particular, using the latest DESI BAO data, we
aim to reconstruct the z < 2 expansion history, while also
examining the implications of our results for the Hubble
tension from our nonparametric inference of rqHy (with
rq the sound horizon at baryon drag and Hy the Hubble
constant). To carry out the reconstruction, we adopt two
approaches: a cubic spline interpolation following the ap-
proach of Refs. [82, 83], and a GP-based reconstruction.
This allows us to provide model-independent insight into
the DESI hints for evolving DE (which we cross-check
against earlier BAO measurements with a similar analysis
procedure), as well as the role of external SNela datasets,
while confirming the impossibility of solving the Hubble
tension with late-time smooth modifications to the ex-
pansion history [82-91]. In particular, our results non-
parametrically identify the presence of two features in the
unnormalized expansion rate E(z) potentially ascribable
to deviations from the cosmological constant picture: a
bump at z ~ 0.5, and a depression at z ~ 0.9.

The rest of this paper is then organized as follows. We
briefly introduce our methodology and adopted datasets
in Sec. II. The results of our analysis and discussion
thereof are presented in Sec. ITI. We then draw conclud-
ing remarks in Sec. IV. A brief discussion on the impact
of changing the interpolation knots in the cubic spline
reconstruction procedure is presented in Appendix A,
whereas a similar discussion on the impact of the GP
kernel is carried out in Appendix B.

II. METHODOLOGY AND DATASETS
A. Methodology

We now discuss the methodology adopted to simul-
taneously nonparametrically reconstruct/constrain both
the late-time (z < 2), unnormalized expansion history
of the Universe and the combination rqyHy. As antic-
ipated previously, we will do so by making use of two
different methods: a cubic spline interpolation, follow-
ing Refs. [82, 83], and a Gaussian Process-based Markov
Chain Monte Carlo (MCMC) analysis, following the
method introduced in Ref. [92].

1. Cosmological background

We begin by briefly introducing the relevant cosmolog-
ical quantities we will use in the subsequent analysis. Our
goal is for our conclusions to be as model-independent as
possible. To this end, we build upon minimal cosmologi-
cal assumptions: a homogeneous and isotropic cosmology
described by a (not necessarily spatially flat) Friedmann-
Lemaitre-Robertson-Walker (FLRW) space-time, and
the Etherington distance-duality relation (DDR) [93]. 2
In addition, we are implicitly assuming that the late-time
expansion history is sufficiently smooth.

Transverse comoving distances (also referred to as co-
moving angular diameter distances), which we denote by

Dy, are given by the following:
1
\/\Q > (1)

smn (\/ |Qx /

where Hj is the Hubble constant, Qg corresponds to the
present-day spatial curvature parameter (with Qx < 0
and Qg > 0 corresponding to a spatially closed and spa-
tially open Universe respectively), E(z) = H(z)/Hy de-
notes the unnormalized expansion rate (one of the quan-
tities we aim to nonparametrically reconstruct), and the
function sinn(z) is given by sinn(z) = {sin(z), sinh(x), z}
for {Qx < 0,Qx > 0,Qx = 0} respectively.

A key quantity relevant for BAO measurements is the
sound horizon at baryon drag r4, which leaves its imprint
in the form of a localized peak in the two-point correla-
tion function of tracers of the LSS, and is given by the
following expression:

[ ch(z)
led d H(Z), (2)

where z4 ~ 1060 is drag epoch, when baryons were re-
leased from the drag of photons. In what follows, we will

2 We note, however, that the Hubble tension may ultimately re-
quire departures from the FLRW framework [94].



assume that z4 remains fixed to this value. Transverse
BAO measurements extracted from a LSS tracer sam-
ple located at an effective redshift z.g are sensitive to
the BAO angular scale 6, which sets a preferred angular
separation scale between pairs of galaxies (for separation
vectors located transverse to the observer’s line-of-sight)
and is given by the following:

rd rqHo
0a(zerr) = = T . 3
d(z ff) DM(Zeff) c ; o dZ//E(Z/) ( )

For separation vectors parallel to the observer’s line-of-
sight, and thereby line-of-sight BAO measurements, a
preferred separation redshift dz4 is instead observed, and
is related to the Hubble distance Dy (z) as follows:

Td

D (ze) raH (zen) /¢ = raHoE(zen)/c . (4)

024 (Zet) =

Finally, isotropic BAO measurements (in the case of sam-
ples whose signal-to-noise ratio is not sufficient to disen-
tangle line-of-sight and transverse modes at high signifi-
cance) are sensitive to the volume-averaged angular scale
0., given by the following:

Td Td

v (zerr) = Dy (zerr) lzet D2, (zer) Dt (zer)] > ©)

When measured across a sufficiently large effective red-
shift range, BAO measurements, typically reported in
the form of Dys/rq, D /rq, and Dy /rq (or the recip-
rocals thereof), are therefore on their own (i.e. in the
absence of an external calibration of ry) sensitive to the
unnormalized expansion history F(z). In the minimal
ACDM model, this translates into a particular sensitivity
to Q,,. If appropriately calibrated, for instance through
a Big Bang Nucleosynthesis (BBN) prior on the physical
baryon density wp, which in turn can be used to deter-
mine the sound horizon r4, BAO instead become sensi-
tive to the overall expansion rate H(z), and therefore to
Hy. We note that, within the minimal set of assump-
tions adopted, BAO measurements are characterized by
three quantities: an overall (dimensionless) amplitude
Beao = ¢/rqHy, the unnormalized expansion rate E(z),
and the present-day spatial curvature parameter Q.

The unnormalized expansion rate can also be probed
via SNela. In the absence of knowledge about their abso-
lute magnitude, the evolution of the apparent magnitude
of SNela at different redshifts can be used as a relative
distance indicator to constrain E(z). More specifically,
SNela distance moduli measurements p are related to the
luminosity distance Dj, as follows:

Dp(2)
u(z) =mp — Mp = 5log [ Mpe

]+25, (6)

where mp is the observed SNela light-curve B-band rest-
frame peak magnitude, and Mp is a nuisance parameter
characterizing the SNela absolute magnitude in the same
band. It is clear from Eq. (6) that, in the absence of a

calibration for Mp (which can be achieved for instance
through Cepheids or the Tip of the Red-Giant branch
among others [95, 96]), high-z SNela are sensitive to
the uncalibrated luminosity distance HoDp(z). Under
our assumption that the Etherington DDR holds (which,
we recall, is the only other assumption alongside that of
an FLRW metric, making our subsequent results highly
model-independent), this is given by the following:

HoDp(z) = Ho(1+z)Dy(2)

_ %smn(m / ) Ed()) (1)

which shows that uncalibrated SNela are sensitive to the
unnormalized expansion rate F(z) and the spatial cur-
vature parameter ;. Two comments are necessary be-
fore moving on. First, in the earlier discussion, for sim-
plicity we neglected the impact of the usual stretch and
color corrections. These would enter the second equal-
ity in Eq. (6), but do not impact the overall conclusions,
and are taken care of in the subsequent analysis. Fi-
nally, we note that the Etherington DDR, follows from
the metricity of the underlying theory of gravity (i.e. the
assumption that the Christoffel symbols can be expressed
via the metric tensor, which implies that the manifold
is pseudo-Riemannian), as well as the masslessness and
number conservation of photons. While these appear to
be fairly general assumptions and the Etherington DDR
is in good agreement with current data [97-101], we note
that the duality can be broken in theories where photons
are not massless (and therefore do not travel along null
geodesics) or where photon number is not conserved (for
instance in the presence of decays to other particles), or
in theories whose space-time is not a pseudo-Riemannian
manifold, such as f(Q) theories [102, 103]: our results do
not (necessarily) apply to these frameworks.

In what follows, we combine BAO and uncalibrated
SNela measurements to nonparametrically reconstruct
the late-time unnormalized expansion history of the Uni-
verse, E(z < 2), in both spatially flat and nonflat Uni-
verses. The dataset combination in question helps to
break the degeneracy between ryHy and E(z), whereas
the degeneracy between ry and Hy can only be further
broken by inputting additional information on either rg4
(from the early Universe) or Hy (from the local Universe).
We now turn to discuss the methods adopted to perform
the reconstruction.

2. Cubic spline interpolation

Inspired by the seminal works of Bernal, Verde, and
Riess [82], and Aylor et al. [83], the first method we adopt
is a cubic spline interpolation. More specifically, E(z) is
expressed as a combination of piece-wise cubic splines.
The reconstructed E(z) is specified by the values it takes
at five redshift knots, z; = {0.2,0.57,0.8,1.3,2.33} (with
an additional knot at present time such that E(z = 0) =



1 following the definition of E), and at these knots the
first and second derivatives of the splines are continu-
ous, leading to a twice continuously differentiable curve.
With the boundary condition that the second derivatives
vanish at two boundary knots (therefore these are techni-
cally natural cubic splines), the piece-wise natural cubic
spline is mathematically uniquely defined.

For what concerns the choice of knots, the first four are
the same ones adopted by Refs. [82, 83]. On the other
hand, the z = 2.33 one has been added to account for
new BAO and SNela data at higher redshifts which have
become available since these earlier works. Nevertheless,
as explicitly shown in Ref. [83], the exact position of the
knots has a negligible impact on the final results, and
we confirm this conclusion in Appendix A. More details
on the exact MCMC implementation of the interpolation
are given in Sec. IIB.

8. Gaussian Process-based reconstruction

The second method we adopt is a Gaussian Process-
based reconstruction, very similar in spirit to that
adopted in Ref. [92] to nonparametrically reconstruct the
shape of the CMB lensing potential. We recall that GPs
generalize the concept of Gaussian distributions to the
(infinite-dimensional) function space, in such a way that
any finite collection of points of a given function f(z)
follows a multivariate Gaussian distribution controlled
by the mean p(z) and covariance function k(z, ) [104].
We indicate this as follows:

f(@) ~ GP (u(x), k(z, 1)) - (8)

Over the past decade, after their first seminal applica-
tions [79-81], GPs have found widespread use in cos-
mology, in the context of nonparametric reconstructions
of relevant cosmological functions (typically the redshift
evolution of quantities such as distances, expansion rates,
densities, equations of state, growth rates, and so on), see
e.g. Refs. [105-154].

The function k(zx,Z) is typically referred to as kernel,
and controls the strength of correlations between the val-
ues of the reconstructed function at different points, as
well as the deviations from the mean at any given point.
The range of possible covariance functions is extremely
wide, with most of them depending on the distance be-
tween input points | — Z| (though, we stress, this is not
a necessary requirement). In what follows, we adopt the
widely used squared exponential kernel (also known as
radial basis function), defined as follows:

k(x;,x;) = 0% exp (—W) . (9)

The squared exponential kernel is characterized by two
hyperparameters: the correlation length ¢, which charac-
terizes the overall “smoothness” /“wiggliness” of the re-
constructed function, and the output variance o2, which

controls the average distance of the reconstructed func-
tion away from its mean. This kernel represents a widely
used, standard choice in applications of GP reconstruc-
tion in cosmology. There are various reasons behind this
choice, which are also relevant for our case. Firstly,
not only is the kernel infinitely differentiable (making
each realization of the associated GP infinitely differen-
tiable), but it is also characterized by infinite support.
In addition, the kernel enjoys various useful mathemat-
ical properties, including its being universal (i.e. it can
be used to approximate an arbitrary continuous target
function uniformly on any compact subset of the input
space) and integrable against any function. Finally, its
depending on only two hyperparameters makes it highly
manageable. Overall, the squared exponential kernel is
therefore highly suited for capturing global features of
smooth, continuous functions. The reasonable and com-
monly held belief that functions of cosmological interest
such as distances and expansion rates should be smooth
at late times therefore explains the success enjoyed by
this kernel. We shall also adopt the squared exponen-
tial kernel in our work with the same motivations dis-
cussed above, noting that this implicitly entails our set-
ting smoothness requirements on the functions we at-
tempt to reconstruct. > Nevertheless, in Appendix B
we study the impact of other choices of kernels, specif-
ically the Matérn-7/2 and Matérn-9/2 kernels, finding
that they lead to essentially the same results.

The standard usage of GPs in cosmology, which can
be referred to as “GP regression”, attempts to directly
reconstruct functions of cosmological interest by adding
information from observed data to obtain a conditional
GP distribution. However, strictly speaking this requires
the data to also be described by a GP, and therefore for
the errors to be Gaussian in the variable one is trying to
reconstruct (see e.g. the discussion surrounding Eq. (2.8)
of Ref. [81]). This can be problematic if, for instance, one
is trying to reconstruct the expansion rate, since most of
the BAO measurements are Gaussian in distances and
therefore not in the expansion rate, given that the rela-
tion between the two is a nonlinear (integral) one. This
issue has gone unappreciated in part of the cosmologi-
cal literature, while other works take it into account by
working only with a subset of available data — for in-
stance, if one is interested in reconstructing H(z), only
line-of-sight BAO data would be used among the many
available BAO measurements. However, this implies not
harnessing the full constraining power of available cos-
mological data. To overcome this problem, we adopt a
different strategy (which for simplicity we refer to as GP-
based reconstruction), first used by one of us in Ref. [92].

3 For this reason, our choice of kernel may not be appropriate
for models where the expansion rate is inherently discontinuous.
An example in this sense which has gained significant interest re-
cently is the so-called AsCDM model, featuring an instantaneous
sign-switch in the cosmological constant [155-164].



Specifically, we start from a reference unnormalized ex-
pansion history Fye(2), which is then related to the E(2)
we wish to reconstruct as follows:

E(2) = e*®) BLy(2), (10)

where it is the function A(z) itself, characterizing the
(logarithmic) deviations of F(z) from the reference
model, which follows a GP with zero mean and squared
exponential kernel:

A(z) ~ GP <o, o2 exp {(Z%QZ)QD . (11)

In this way, the GP mean corresponds to E(z) = Eef(2),
whereas the limits A(z) — —oo and A(z) — oo corre-
spond to E(z) — 0 and E(z) — oo respectively. * To
aid the sampling process, we follow Ref. [92] and intro-
duce six nodes, evenly distributed in 2z € [0,2.33], while
setting the boundary condition A(z = 0) = 0 so that
E(z=0)=Ef(z=0) =1.

Before moving on to discuss the adopted datasets and
analysis methodology, a general comment on GPs is in
order to better qualify the outcome of our work. In the
literature, it is common practice to refer to GPs as being
model-independent and nonparametric, neither of which
is, strictly speaking, correct. The results are certainly
independent of any explicit cosmological model, but may
depend on the assumed kernel and its properties (see e.g.
Ref. [165] for a recent discussion on kernel selection for
GPs in cosmology). As discussed earlier we check the im-
pact of other widely used kernels in Appendix B, finding
it to be negligible, but it is strictly speaking impossible to
demonstrate that the results are stable against any pos-
sible kernel. In addition, GPs are to some extent para-
metric or, more precisely, hyperparametric. Neverthe-
less, this is somewhat tamed by our choice of marginal-
izing over the hyperparameters (more details shortly in
Sec. IIB). In short, while GPs are without any doubt
less model-dependent and parametric compared to other
approaches in cosmology, their model-dependence and
(hyper)parametric nature is somewhat more latent but
still present (see also Ref. [166] for more details on these
points). With these caveats in mind, in what follows we
will generally refrain from referring to our results as being
model-independent, but will still refer to them as being
nonparametric, with what we feel is only a (very) slight
abuse of terminology.

4 We adopt the parametrization in Eq. (10) since, a priori, we
do not know the order of magnitude of the deviations from the
reference model: this is somewhat analogous to cases where one
may prefer to set a uniform prior on the logarithm of a parameter
rather than on the parameter itself. Nevertheless, a posteriori
the deviations from the reference model are found to not exceed
~ 10% in E(z). In this case, one may expand the exponential
to first order, with the sum of the resulting two terms playing
the role of overall coefficient A(L) in Eq. (1) of Ref. [92], and the
first order term following a GP distribution with zero mean.

B. Datasets

To carry out the cubic spline and GP-based recon-
struction procedures, we make use of various combina-
tions of BAO and (uncalibrated) SNela datasets. As dis-
cussed in Sec. I A1, these combinations are sufficient
to disentangle the effects of the dimensionless amplitude
Beao = ¢/rqHyp, the unnormalized expansion rate E(z),
and the spatial curvature parameter Q. At a later stage,
we include a prior on the local value of Hy to further
break the degeneracy between ry and Hy.

For what concerns BAO measurements, we make use
of the following datasets.

e DESI — We adopt the latest BAO measurements
from Data Release 1 of the Dark Energy Spectro-
scopic Instrument (DESI) [26], obtained from vari-
ous samples of LSS tracers: the Bright Galaxy Sam-
ple (BGS) at an effective redshift z.g = 0.295; three
Luminous Red Galaxy (LRG) samples (LRGI,
LRG2, and LRG3) at zex = 0.510, 0.706, and 0.930;
two Emission Line Galaxy (ELG) samples (ELG1
and ELG2) at zeg = 0.930, 1.317; the Quasar
(QSO) sample at zer = 1.491; and the Lyman-
a Forest (Ly-o) sample at zes = 2.330. Follow-
ing the DESI analysis [26], we do not consider the
LRG3 and ELG1 samples separately, but the com-
bined LRG3+ELG1 sample. We refer the reader
to Ref. [26] for further details on these samples and
the associated BAO measurements.

e SDSS - For comparison, we also adopt earlier
BAO measurements from the Baryon Oscillation
Spectroscopic Survey (BOSS) and extended BOSS
(eBOSS) survey programs of the Sloan Digital Sky
Survey (SDSS), and in particular from: the Main
Galaxy Sample (MGS) at z.g = 0.15; the BOSS
galaxy samples at zeg = 0.38, 0.51; the eBOSS
LRG sample at zeg = 0.70; the eBOSS ELG sam-
ple at zeg = 0.85; the eBOSS QSO sample at
Zeft = 1.48; the eBOSS Ly-a sample and the cross-
correlation between the Ly-a and QSO samples,
both at z.g = 2.33. We note that, in order for
the comparison against DESI data to be as fair as
possible, we only use distance and expansion rate
measurements — Dy /rq, Dyr/ra, and Dy /ry and
associated quantities — and not growth rate (fog)
measurements. We refer the reader to Ref. [167] for
further details on these BAO measurements.

In what follows, we make use of the DESI and SDSS
datasets separately, without combining them.

The adopted BAO measurements are always combined
with one of the following three SNela samples:

e PantheonPlus — We adopt the Pantheon+ sam-
ple, consisting of 1701 light curves for 1550 unique
SNela. We only use points in the redshift range
0.01 < z < 2.26, which therefore does not include
the calibration sample at lower redshifts [168].



e Union3 — We also consider the Union3 sample ob-
tained from a compilation of 2087 SNela from 24
datasets in the redshift range 0.01 < z < 2.26, an-
alyzed through an unified Bayesian framework and
binned in 0.05 < z < 2.26 [169] (note that we adopt
binned distance moduli, as these are the only ones
available for the moment).

e DESY5 — Finally, we make use of the photometri-
cally classified sample obtained during the full five
years of the Dark Energy Survey (DES) Supernova
Program, which contains 1635 SNela in the red-
shift range 0.1 < z < 1.3, complemented by 194
high-quality external SNela from the CfA3 [170],
CfA4 [171], CSP [172], and Foundation [173] sam-
ples in the redshift range 0.025 < z < 0.1 [174].

As with the BAO measurements, we only consider one
SNela sample at a given time, without ever combining
them (we also note that some SNela are common between
the samples).

Finally, at the very last stage of our work, we aim
to draw conclusions on the sound horizon and the Hub-
ble tension, and to do so we need to break the degen-
eracy between r4 and Hy, which enter multiplicatively
into fgao0. When the PantheonPlus sample is included,
we achieve this by including the full calibrator SNela
sample in the redshift range 0.023 < z < 0.15, ac-
counting for the covariance with the rest of the sam-
ple. When either the Union3 or DESY5 sample is in-
cluded instead, we impose an external Gaussian prior on
Hy = (73.04 +£1.04) km/s/Mpc as reported in Ref. [175].
We note that a more up-to-date SHOES distance ladder
measurement of Hy = (73.17 + 0.86) km/s/Mpc is avail-
able [176]. However, switching to this prior would not
significantly alter our conclusions.

When performing the cubic spline interpolation, the
free parameters we vary are the overall amplitude of the
BAO scale(s) Spao, the values of the unnormalized ex-
pansion rate at the five knots Fy, Eo, E3, E4, and E5 —
with E; = E(z;) — and finally the spatial curvature pa-
rameter (g, the latter only when we are not explicitly
considering a spatially flat FLRW model. When we in-
stead perform the GP-based reconstruction, the free pa-
rameters are again Sgao, the values the GP-distributed
function A(z) appearing in Eq. (10) takes at the six knots
Ap, A1, A, Az, Ay, and As — again with 4; = A(z;) and
Ay = A(z = 0) = 1 — and once more the spatial cur-
vature parameter {2 when not explicitly considering a
spatially flat FLRW model. As for the hyperparameters
of the squared exponential kernel, we note that too large
values of o and too small values of ¢ will worsen the con-
vergence of the reconstruction, although o should still be
larger than the typical uncertainties in the data. In what
follows, we vary both ¢ and ¢, although we note that fol-
lowing the widespread approach of pretraining them and
fixing them to the trained values (¢ =~ 0.3 and ¢ = 0.1)
would lead to largely identical results.

Operationally, for the GP-based reconstruction, at

each point of the MCMC (to be discussed shortly) we di-
rectly sample a different (GP-distributed) function A(z),
and therefore a different unnormalized expansion rate
E(z) through Eq. (10). The sampled expansion rate
can then be appropriately integrated in order to be
compared against BAO and SNela measurements as in
Egs. (3,4,5,7). Therefore, while our method remains over-
all nonparametric, at each step of the MCMC we still
have a well-defined E(z) which can be unambiguously
compared against all the different types of datasets —
DM/Td, DH/Td, Dv/’r‘d, and u(z)

To sample the posterior distributions of the cosmolog-
ical parameters, we make use of MCMC methods. We
adopt the cosmological MCMC sampler Cobaya [177],
monitoring the convergence of the generated chains via
the Gemlan-Rubin R — 1 parameter [178] and requiring
R — 1 < 0.01 for our chains to be considered converged.
The chains are analyzed via the GetDist package [179].
The reference model adopted in our GP-based recon-
struction, see Eq. (10), is chosen to be the ACDM model
with best-fit parameters as reported in the Planck 2018
cosmological parameters paper [180] and obtained from
a fit to the Planck 2018 TTTEEE, lowE, and lensing
data, alongside then-current (BOSS DR12) BAO mea-
surements. We note that in the GP-based reconstruction
the resulting GP posterior turns out to be independent
of the choice of location for the knots, as these only serve
to help with the MCMC convergence (see Ref. [92] for
further details).

Our  baseline dataset combination is  the
DESI+PantheonPlus one, whereas our baseline recon-
struction method is the cubic spline interpolation. In all
our subsequent analyses, we will show 68% and 95% cred-
ible intervals for r4H(z)/(1 + z) as derived from the GP
posterior of A(z), and similarly for the relative variation
in Dys(2)/rq and Dy (z)/rq with respect to the reference
model reported above — A(Dp(2)/7d)/(Da(2)/7d)ret
and A(Dy (2)/r4)/(Dv(z)/rd)ret- In some cases, we will
compare the resulting reconstructed functions against
the best-fit predictions obtained from either ACDM or
wow, CDM fits to DESI and/or DESI+CMB data [26].

III. RESULTS AND DISCUSSION

We now discuss the results obtained using the method-
ology and datasets presented in Sec. II. Visual summaries
of our main results are provided in Figs. 1, 2, 3, and 4.
Of these, the first two are composed of 3 subfigures,
each showing the reconstructed redshift evolution of three
background quantities: rqH(z)/(1 + z) related to the
(unnormalized) expansion rate (upper subfigures), and
the (inverse) BAO angular scales Djs(z)/rq (intermedi-
ate subfigures) and Dy (z)/ry (lower subfigures), both
relative to the same quantities in the reference model.
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FIG. 1.  Left panel:

reconstructed posteriors for rqH(z)/(1 + z), Dum(z)/ra, and Dy (z)/ra.

—— Reference ACDM
—— DESI + PantheonPlus
SDSS + PantheonPlus

00 05 1.0 15 20

For the latter two

we plot their relative deviation with respect to the reference ACDM model, namely A(Du(2)/ra)/(Dam(z)/ra)ret and
A(Dv(2)/ra)/(Dv(z)/Td)ret. The blue curve has been obtained through cubic spline interpolation, whereas the green curve
has been obtained via Gaussian Process-based reconstruction, in both cases using DESI4+PantheonPlus data. In both cases,
the dark and light bands indicate 68% and 95% credible intervals for the reconstructed functions, while the respective colored
solid curves correspond to the reconstructed mean functions. Also plotted are the evolutions of the same functions for the
reference ACDM model (solid black curve), for a ACDM model fit to DESI data (black dashed curve), and for a wow,CDM
model fit to DESI and CMB data (black dotted curve), alongside the appropriately rescaled DESI BAO measurements (blue
datapoints). Right panel: comparison between the results obtained using DESI (blue curves, bands, and datapoints) and SDSS
(orange curves, bands, and datapoints) BAO measurements, with the same subfigure structure as the left panel. In both cases,
PantheonPlus SNela data has been adopted, and cubic spline interpolation has been used.

A. Baseline reconstruction from DESI and
PantheonPlus data

within the reference ACDM model, within a ACDM fit
to DESI BAO data (black dashed curve), as well as
a wow,CDM fit to Planck CMB and DESI BAO data
(black dotted curve). Finally, each panel also shows the
subset of the DESI BAO measurements which can be di-
rectly compared to the quantity whose redshift evolution
is being plotted.

We begin by considering the baseline reconstruction
which only uses DESI BAO and PantheonPlus SNela
measurements. The reconstructed redshift evolutions of
raH(2)/(1 + z), Dy (z)/rq, and Dps(z)/rq are shown in

the left panel of Fig. 1 for both the cubic spline (blue We immediately observe that the cubic spline and GP

curve and bands) and GP-based (green curve and bands)
reconstruction methods. Overlain on the same plot are
the redshift evolutions of the same quantities as predicted

reconstructions on the whole agree with one another,
broadly recovering the same features. The deviation be-
tween the two reconstructions is largest at z = 1.5, while



still remaining consistent well within 1. This is in part
due to the relatively large uncertainties for the GP recon-
struction in that redshift range, itself a consequence of
the lack of BAO points between the QSO and Ly-a mea-
surements at zeg = 1.491 and z.g = 2.330 respectively.

Both the cubic spline- and GP-reconstructed expan-
sion histories display important deviations with respect
to the predictions of the reference ACDM model, as well
as the wow,CDM fit to Planck and DESI data (the dif-
ferences are obviously larger with respect to the former
model). Two features in particular stand out. The first is
a “bump” /enhancement in the expansion rate at z ~ 0.5,
whereas the second is a “depression” /decrease in the
expansion rate at z ~ 0.9, both of which can clearly
be observed in the upper subfigure of the left panel of
Fig. 1. The former is associated to the LRG1 point at
Zof = 0.510, and the latter to the LRG3+ELG1 point at
zet = 0.930. At the level of distances, since (at fixed Hy)
larger F(z) corresponds to lower distances and viceversa,
these two features are respectively associated to lower
and higher (inverse) BAO scales, as we can appreciate in
the reconstructed BAO angular scales in the intermediate
and lower panels on the left panel of Fig. 1.

The bump at z ~ 0.5 deviates by more than 20 with
respect to the reference model and is the most promi-
nent feature. It mainly results from the lower value of
Dpy(2)/rq, and thereby a higher value of r4H(z), for the
LRGI1 point at z ~ 0.5, as well as a higher value of
Dys(z)/rq for the LRG2 point at ze = 0.706, as evi-
dent from the intermediate panel. We observe that this
feature is not captured by a ACDM fit. When fitting
DESI data to a ACDM model (black dashed curve), one
finds a larger value of €, relative that of the reference
model (black solid curve). This increase in €, goes pre-
cisely in the direction of increasing the expansion rate at
low redshifts, and is accompanied by a slight increase in
rqHo to restore consistency at higher redshift (compare
the black solid and dashed curves). However, neither of
these two shifts are sufficient to fit the bump feature well
within the ACDM model.

From the black dotted curve we can see that the bump
feature is partially captured by the wow,CDM fit to
Planck+DESI data. The reason is that a model with
wo 2 —1 and w, < —1, as favored by DESI data, can
produce a faster expansion at the onset of DE domina-
tion, without resulting in a faster expansion closer to
the present time, therefore naturally leading to a bump
feature. On the other hand, the depression feature at
z ~ 0.9, mainly driven by the higher value of Dy (z)ry
for the LRG34+ELG1 point at z.g = 0.930, is captured
by neither the ACDM nor wyw,CDM models. The rea-
son is that, once a fit to the statistically more significant
bump feature is achieved (or at least attempted — but
failed — through an increase in €,,, as in the ACDM
case), neither model possesses enough degrees of free-
dom/complexity to fit this other feature. In fact, as is
clear from the left panel of Fig. 1, fitting both features
requires an oscillatory /nonmonotonic behaviour, which

cannot be accommodated within wyw,CDM, and all the
more so within ACDM.

B. Impact of BAO dataset: DESI versus SDSS

The results discussed previously have been obtained
utilizing DESI BAO and PantheonPlus SNela data. We
now move on to examining the impact of adopting the
SDSS BAO dataset in place of the DESI one, while main-
taining PantheonPlus as our SNela dataset. To simplify
the discussion, we stick to the cubic spline interpolation
reconstruction given that, as observed earlier, both re-
construction methods are in agreement with each other
and recover broadly similar features. The results of our
analysis are shown in the right panel of Fig. 1, with
the same subfigure structure as in the left panel of the
same Figure. The results adopting the DESI and SDSS
datasets are given by the blue and orange bands respec-
tively, and are accompanied by the subset of (DESI or
SDSS as appropriate) BAO measurements which can be
directly compared to the quantity whose redshift evolu-
tion is being plotted.

We see that neither of the two features identified pre-
viously, i.e. the bump at z ~ 0.5 and the depression at
z ~ 0.9, are recovered when replacing the DESI BAO
measurements with their SDSS counterparts. In fact, the
reconstruction adopting the latter is perfectly consistent
with the reference ACDM model within the entire red-
shift range, even in spite of the clear “linear” trend with
the three DR12 galaxy data points, which has been ar-
gued in Ref. [181] to be partially responsible for a weak
preference for phantom DE when fitting Planck CMB
and SDSS BAO data. This leads us to the conclusion
that the peculiar, oscillatory /nonmonotonic nature of the
expansion history reconstructed from Planck+DESI and
discussed earlier, is (not unexpectedly) strongly driven
by the DESI BAO data, and is absent when replacing
the latter with the older SDSS BAO data.

The Planck+DESI and Planck+SDSS reconstructions
differ the most (by = 20) at z < 0.7. These differ-
ences are driven by the significant mismatch between
the respective measurements of Djs/rg, with the mea-
surements at z ~ 0.7 disagreeing at the level of 30 or
more. ° This may simply be the result of a (not too
unlikely) statistical fluctuation: indeed, despite the to-
tal number of spectra in the DESI sample exceeding 6
million, the overall effective volume covered by DESI at
redshifts z < 0.8 is still lower than that of the completed
SDSS sample, partly due to the survey strategy meant to

5 The significance of the tension for this measurement should be
calculated accounting for the overlap in sky volume between
DESI and SDSS. A very conservative estimate in this sense has
been performed in Sec. 3.3 of Ref. [26]. Accounting for this cor-
relation, the significance of the discrepancy in the 0.6 < z < 0.8
redshift range has been gauged to be ~ 30.
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FIG. 2. Left panel: comparison between the results obtained using the PantheonPlus (blue curves and bands), Union3 (pink
curves), and DESY5 (green curves) SNela datasets, with the same subfigure structure as the left panel of Fig. 1. In all cases,
DESI BAO data has been adopted, and cubic spline interpolation has been used. Right panel: comparison between the results
obtained within a spatially flat FLRW model (blue curves and bands) and when allowing the spatial curvature parameter Qg
to vary (brown curves and bands), with the same subfigure structure as the left panel. In both cases, the DESI+PantheonPlus
dataset combination has been adopted, and cubic spline interpolation has been used.

prioritize depth [26]. Nevertheless, upcoming DESI data
releases will be able to clarify whether these discrepancies
are physical or simply due to statistical fluctuations (a
possibility which the latest version of Ref. [26] explicitly
argues in favor of). At present, little more can be said
about the origin of the disagreement between DESI and
SDSS measurements.

C. Impact of SNela dataset

Recalling that all the results discussed so far were ob-
tained utilizing the PantheonPlus catalog, we now exam-
ine the impact of the adopted SNela catalog, once more
sticking to the cubic spline interpolation reconstruction

procedure. We replace the PantheonPlus SNela catalog
with the Union3 and DESY5 ones, while this time fixing
the BAO measurements to the DESI ones. The results
are shown in the left panel of Fig. 2, again with the same
subfigure structure as in the left panel of Fig. 1.

We find that using SNela catalogs other than Pan-
theonPlus results in all the trends observed previously
being washed out. In particular, traces of the earlier
oscillatory /nonmonotonic behavior are barely visible in
the DESI+Union3 reconstruction (red bands) and are to-
tally absent in the DESI4+DESY5 reconstruction (purple
bands). More specifically, the z ~ 0.9 depression is no
longer present, whereas the significance of the z ~ 0.5
bump is significantly reduced, although the preference
for an enhanced expansion rate [higher r4H(z)] in the



0.4 < z < 0.6 redshift range persists. The latter is clearly
driven by the LRG1 (low) Dy /rq point at z ~ 0.5, as we
already saw earlier when switching from the DESI BAO
dataset to the SDSS one, and is therefore unrelated to
the adopted SNela catalog.

The unnormalized expansion history reconstructed
from DESI+Union3 still exhibits & 20 deviations from
the reference ACDM model, especially around the z ~ 0.5
bump feature. On the other hand, the DESI+DESY5 re-
construction appears to be consistent within 20 with the
reference ACDM model across the whole redshift range.
Part of the difference, and in particular the “stiffness” of
the curves, may be related to the lower number of samples
of the PantheonPlus catalog in the 0.4 < z < 0.5 redshift
range (see e.g. Fig. 3 of Ref. [174]), allowing for more
freedom in the reconstructed expansion history, which
is instead more tightly constrained by the Union3 and
DESY5 SNela samples (see however Ref. [182]). Overall,
our conclusion is that the choice of SNela dataset is of
moderate importance in the reconstruction.

D. Impact of spatial curvature

We now allow for a nonzero spatial curvature parame-
ter (Qx. We stick once more to the cubic spline interpo-
lation reconstruction, while adopting the DESI BAO and
PantheonPlus SNela datasets. The results are shown in
the right panel of Fig. 2, again with the same subfigure
structure as in the left panel of Fig. 1.

In this case, we find a very slight hint for negative spa-
tial curvature (positive Qg, corresponding to a spatially
open Universe), with Qx = 0.135 £ 0.087. © The main
effect of Qx > 0 is to allow for a higher H(z) while at
the same time also raising the corresponding distances,
particularly at higher redshift. The net result is a slightly
improved fit to the LRG1 Dp /74 point, while simultane-
ously improving the fit to the Ly-« line-of-sight Dy /rq4
and transverse Dy /rq points at zeg = 2.330, as is clear
from the upper and middle subfigures in the right panel
of Fig. 2. At the same time, the higher expansion rate
allows for a slightly better fit to the bump feature at
z ~ 0.5.

Overall, however, we notice that the inclusion of spatial
curvature does not drastically alter the significance of the
bump and depression features identified in the spatially
flat case (if anything, these features are very slightly en-
hanced). Finally, for completeness we examine the im-
pact of utilizing a different SNela dataset. Adopting the
Union3 and DESY5 samples in place of the Pantheon-
Plus catalog, we find that the previous (already very
weak) hint for negative spatial curvature weakens sig-

6 We note that this goes in the opposite direction compared to the
possible preference for a spatially closed Universe from Planck
data [183], see for instance Refs. [184—203] for recent discussions.
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nificantly: specifically, we infer Qg = 0.098 £+ 0.089 and
Qg = 0.067 £ 0.089 respectively.

E. Sound horizon and the Hubble tension

It is worth recalling that, in obtaining all the earlier
results, we also varied Sgao = ¢/rqHp, the dimensionless
parameter which sets the overall scale of the observables
relevant for BAO measurements — Dy /ry, Dys/rg, and
D4 /rq. A visual summary of the values of Sga0 we ob-
tained for all variations over our baseline analysis is pro-
vided on the left side of Fig. 3. We see that all obtained
values of Sgap are consistent, well within 1o, with the
value obtained from a ACDM fit to Planck and BAO
data from BOSS DR12, MGS, and 6dFGS data (fpao =
30.1075:32 ) right column of Table 2 in Ref. [180]), shown
as the orange band. For reference, from our baseline cu-
bic spline reconstruction combining DESI and Pantheon-
Plus data, we infer Sgao = 29.90 £ 0.33.

The dataset combination we have considered is inher-
ently uncalibrated. Calibrating it through an external
constraint /prior on r4 essentially amounts to construct-
ing an inverse distance ladder from which we can esti-
mate Hy. Conversely, calibrating it through an exter-
nal constraint/prior on Hy allows us to infer r4. For
concreteness and for illustrative purposes, we adopt the
widely used SHOES local distance ladder measurement of
Hy = (73.04 = 1.04) km/s/Mpc from Ref. [175]. The re-
sulting values of r4 are shown on the right side of Fig. 3,
with the value r4 = 147.21 £ 0.23 Mpc obtained from a
ACDM fit to Planck and BAO data from BOSS DR12,
MGS, and 6dFGS shown as the green band.

We see that the ACDM-based inference of r4 is in
strong tension with all the values of r4 we obtained. For
instance, in our baseline analysis this tension is at the
50 level, increasing to 60 when the DESI BAO dataset is
replaced by the older SDSS BAO one. The fact that the
value of Bpao decreases slightly when adopting the DESI
BAO measurements in place of the SDSS ones (or equiv-
alently that the corresponding value of r4 increases once
the value of Hy used to calibrate the ladder is fixed) is in
agreement with the value of Hy obtained by the DESI col-
laboration being slightly higher than previous inferences
based on earlier BAO data [26]. To put it differently, our
nonparametric results are in agreement with the state-
ment that DESI BAO data slightly reduce the tension
between local distance ladder and inverse distance lad-
der inferences of Hy, as explicitly discussed in Sec. 6 of
the DESI cosmological parameters paper [26]. However,
the right panel of Fig. 3 shows that the “sound horizon
tension” overall persists at very high significance, even
when accounting for all the different analysis variations
considered. It is also worth comparing the right panel
of Fig. 3 to the older and analogous Fig. 12 in Ref. [82]
and Fig. 3 in Ref. [83]: what was barely a 30 tension in
rq back then (also inferred in a nonparametric way), has
now grown to the 50-60 level.
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FIG. 3. Values of the dimensionless parameter Sgpao = ¢/rqHo (left side) and sound horizon at baryon drag r4 (right side)
inferred within the different analyses settings discussed in our work. If not explicitly specified, the results are obtained
using cubic spline interpolation and assuming a spatially flat FLRW model. In order to infer rq, the r4-Ho degeneracy is
broken by adopting the SHOES Hy measurement of Ref. [175], as discussed in Sec. III E. With our baseline settings, we infer
Beao = 29.90 + 0.33 and 74 = 136.207229 Mpc. The orange band on the left side indicates the value of Spao = 30.107922
inferred within the reference ACDM model, whereas the value of rq4 = (147.21 £ 0.23) Mpc inferred within the same model
(without SHOES calibration) is indicated by the green band on the right side.
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FIG. 4. Reconstructed posterior for the unnormalized expansion rate F(z) relative to the reference ACDM model, obtained
through cubic spline interpolation (blue) and Gaussian Process-based reconstruction (green). The dark and light bands indicate
68% and 95% credible intervals for the reconstructed function. We see that, overall, the shape of the reconstructed expansion
history is constrained to deviate by no more than ~ 10% from the reference model.

Taken at face value, the persistence of the resulting IV. CONCLUSIONS
“sound horizon tension” confirms, if ever there was any

need, that smooth modifications to the late-time expan-

sion history cannot on their own solve the Hubble ten-
sion, as extensively argued in earlier works [82-91]. In
fact, it is worth stressing that our reconstructions are in-
dependent of the specific details of the late-time expan-
sion history, provided the latter is sufficiently smooth.
Therefore, pre-recombination new physics which reduces
rq is absolutely needed (although, as argued elsewhere,
this might on its own not be sufficient [20, 204, 205]).

The era of Stage IV cosmology has now officially
started thanks to the release of the first set of BAO mea-
surements from DESI. The latter feature a potentially
puzzling preference for an evolving dark energy com-
ponent which, if substantiated, would have tremendous
repercussions for what concerns our understanding of the
Universe. Prompted by these puzzling features and the
persisting Hubble tension, our goal in this work has been
to reconstruct the late-time (z < 2.33) expansion history
in a way which is as model-independent and nonpara-



metric as possible. Under the minimal assumptions of a
(not necessarily spatially flat) FLRW Universe, the va-
lidity of the Etherington distance-duality relation, and a
smooth expansion history, we have considered two meth-
ods, whose results we verify are in excellent agreement
with each other: an interpolation through natural piece-
wise cubic splines (following Refs. [82, 83]), and a Gaus-
sian process-based reconstruction (following Ref. [92]).
We have adopted DESI and SDSS data on the BAO
side, and SNela data from the PantheonPlus, Union3,
and DESY5 samples.

For what concerns the baseline reconstruction from
DESI+PantheonPlus, both methods identify two features
in the unnormalized expansion rate E(z), with signif-
icance of > 20 relative to a reference ACDM model: a
bump at z ~ 0.5, and a depression at z ~ 0.9 (see the left
panel of Fig. 1). We find that both features are absent
when replacing the DESI BAO dataset with the older
SDSS ones. Since the effective volume covered by DESI
is still smaller than that of SDSS despite the larger num-
ber of unique redshifts, these features (and in particular
the z ~ 0.5 one) may in principle simply be the result
of an unlucky sample variance fluctuation, a possibility
which will be clarified very soon with upcoming data re-
leases from DESI. The depression feature is evident in
both the DESI+PantheonPlus and DESI+Union3 recon-
structions, but not in the DESI4+DESY5 one: aside from
upcoming data releases from DESI, the origin of this fea-
ture may therefore be clarified by future SNela samples in
the z < 1 range. We find that the wow,CDM fit to DESI
data is partially capturing the bump feature but not the
depression one, as the model does not possess sufficient
degrees of freedom/complexity (see once more the left
panel of Fig. 1). In fact, fitting both features requires an
oscillatory /nonmonotonic behaviour. We have verified
that allowing for a nonzero spatial curvature parameter
does not appreciably alter any of the previous conclu-
sions. Our inference of ¢/rqHy = 29.90 + 0.33 confirms
that, despite the DESI data allowing for more freedom in
the late-time expansion history, the Hubble tension most
certainly still requires pre-recombination new physics re-
ducing the sound horizon (see the right panel of Fig. 3).
Our nonparametric reconstruction of the unnormalized
expansion rate E(z) shown in Fig. 4 indicates that devi-
ations in the z < 2 shape of the expansion history, rela-
tive to the reference ACDM model, are limited to < 10%
at best: importantly, these limits apply to any smooth
late-time modification to ACDM invoked to alleviate the
Hubble tension — or, as it might be more appropriate to
refer to it, the “cosmic calibration tension” [204]. 7

Overall, the hints for potential late-time deviations
from ACDM we have nonparametrically identified are in-
triguing and corroborate the earlier DESI findings. Al-

7 See for instance Refs. [206-255] for examples of late-time new
physics models which can partially alleviate the Hubble tension,
many of which involve new DE physics.
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though we believe one should exercise caution at least
until the release of the next set of results from the DESI
collaboration, which will hopefully clarify whether these
are truly hints or unlucky statistical fluctuations, it could
be interesting to take the reconstructed shape of the ex-
pansion history shown in Fig. 4 at face value and try to
develop simple parametric models which can reproduce
it. Presumably, once fitted back to DESI data, such mod-
els should perform significantly better than both ACDM
and wow,CDM (see, however, Ref. [256]). We note that
some of the oscillatory /nonmonotonic features we identi-
fied bear partial resemblance to the so-called omnipotent
DE model [257, 258], which could therefore be an inter-
esting starting point in this sense. ® We defer these issues
to future work.
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Appendix A: Impact of knots in cubic spline
interpolation

In the baseline reconstruction procedure based on
cubic spline interpolation, we set our knots at z; =
{0.2,0.57,0.8,1.3,2.33}. To assess the impact of knot
distribution, we consider a different choice of knots at

8 It has recently been argued that oscillatory features may be an
inevitable outcome in models which help address the Hubble ten-
sion while featuring late-time modifications to ACDM [259].
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FIG. 5. Left panel: comparison between the results obtained using the baseline set of knots for cubic spline interpolation
(blue curves and bands), and with the alternative choice of knots presented in Appendix A (magenta curves and bands), with
the same subfigure structure as the left panel of Fig. 1. In all cases, the DESI+PantheonPlus dataset combination has been
adopted. Right panel: comparison between the results obtained from the Gaussian-Process based reconstruction adopting the
squared exponential kernel (green curves and bands), the Matérn-7/2 kernel (grey curves and bands), and the Matérn-9/2
kernel (gold curves and bands), as discussed in Appendix B, with the same subfigure structure as the left panel. In all cases,

the DESI4+PantheonPlus dataset combination has been adopted.

z; = {0.3,0.5,1.0,1.5,2.33}. A comparison between the
results obtained from the two different choices of knots
is shown in the left panel of Fig. 5. We see that the
reconstructed functions agree well in the two cases, es-
pecially in redshift ranges where several data points are
present. With the alternative choice of knots, we infer
Oao = 29.94 + 0.32, which is in excellent agreement
with the baseline value of fgao = 29.90 + 0.33.

Appendix B: Impact of kernel in Gaussian
Process-based reconstruction

Our baseline Gaussian Process-based reconstruction
adopted the squared exponential kernel, in light of its

many advantageous features, which we extensively dis-
cussed in Sec. IT A 3. Nevertheless, to assess the impact
of the chosen kernel, we adopt two other choices of ker-
nel widely used in cosmology. Both belong to the Matérn
family, whose kernels are characterized by an index v and
take the following form:

1 2 ’
k(z,r;) = 02— <\/T/|xl—xj|> ,

I(v)2v-1 1
x K, <\/€27V|!EZ — l‘j|> s (Bl)

where I is the gamma function, K, is the modified Bessel
function of vth order, and v > 0 controls the smoothness



of the function. In the v — oo limit, the Matérn ker-
nel converges to the squared exponential one. We con-
sider two cases, namely v = 7/2 and v = 9/2. The
resulting reconstructed functions are shown in the right
panel of Fig. 5. We see that the differences between the
squared exponential, Matérn-7/2, and Matérn-9/2 recon-
structions are for all intents and purposes negligible, con-
firming the stability of our GP-based reconstruction re-
sults against the chosen kernel. The only noteworthy
feature is that the significance of the z ~ 0.5 bump is
slightly enhanced when adopting either of the Matérn
kernels: this is not surprising, as these kernels are known
to be better suited at capturing local features with re-
spect to the squared exponential one.
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