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Highlights  

• Experimental investigation of optimum granular damping for a vibrating structure  

• Presentation of an efficient predictive method for structure-granular damper systems  

• Description of the sensitivity of optimum performance to common design parameters  

• Detailed study of two different damping processes present in granular dampers 

leading to potential modelling simplifications  

Abstract  

This study provides a compact understanding on the factors that influence the non-linear 

dissipative performance of granular dampers. The work focuses on the two main motion 

types within the damper: fluidisation and two-sided collective collision. This is accomplished 

by conducting experiments on a beam with an attached granular damper and by simulating 

the beam-damper system with a computationally efficient predictive model. The model is 

validated by comparing results with those from physical experiments. The results 

demonstrate that damper parameters affect the two motion types in different ways. Current 

knowledge of damper performance is explained with this view. Remaining uncertainties are 

investigated and explained using the experimental and numerical approaches. It is shown that 

the two types of behaviour can be optimised separately from each other, leading to the 

understanding that existing damper performance charts can be decomposed for damper-level 

modelling.  

Keywords: optimum particle damping, modal damping prediction, particle damper design  

  



1 Introduction  

Granular dampers provide a robust, passive method for vibration reduction and noise 

attenuation in structures. A typical granular (or particle) damper involves a cavity within (or 

attached to) the host structure that is partially filled with small particles. The key mechanism 

enabling the vibrational energy dissipation is the momentum exchange that transfers kinetic 

energy from the host structure to the particles. The energy transmitted to the particles is 

dissipated through inelastic collisions and friction amongst the particles, and between the 

particles and the walls of the cavity.  

For practical applications, it is desirable to develop a theoretical model that can be used to 

study damper performance and therefore various approaches for modelling granular dampers 

have been proposed in the literature. Analytical models have been developed that represent a 

granular damper as an equivalent single impact damper [1–3] or consider the damping 

particles as a nonlinear viscous medium utilising multi-phase flow theory [4,5]. However, 

there is no inclusive analytical model that captures the full range of dynamic behaviour 

observed [6]. More recently, interest has grown in data-driven metamodels to represent 

measured behaviours [7–9].  

Numerical tools are commonly used for simulating granular dampers as they operate in 

different vibration regimes [10]. The Discrete Element Method (DEM) [11] is the most 

common approach as it enables accurate computation of the energy dissipated by the damper 

itself [12–15]. When the damper is connected to a vibrating structure, the effect on vibration 

levels has been investigated using coupled simulation with other numerical tools including 

multi body dynamics [16] and the Finite Element Method (FEM) [17]. These coupled 

simulations require the transfer of forces and moments, generated by particle interactions 

with the cavity walls, from DEM to the secondary simulation tools at each time increment. 

The secondary simulation tools calculate the structural response and excitation conditions at 

the damper location and deliver them to DEM for the next iteration. Because of this, coupled 

simulations require large computational effort. 

While the advantages of granular dampers are widely mentioned in the literature [18–22], 

their practical implementation requires the consideration of many factors that affect 

performance [23–26]. It is recognised that granular dampers exhibit significant non-linearity 

with respect to vibration amplitude and frequency [27,28] that is defined by the motional 

phase (the collective motion of the particles experiencing vibration). A change in the 



motional phase alters the direction, magnitude and quantity of individual contact interactions 

within the cavity which in turn can significantly alter the overall momentum exchange and 

energy dissipation. Other parameters that affect the motional phase include the volume fill 

ratio [29], particle shape [30,31], existence or lack of gravity [32–34] and gravity-to-vibration 

orientation [24]. 

This paper aims to simplify the design process involved with practical implementation of 

granular dampers in engineering structures. This is achieved by providing a compact 

explanation of factors that control the performance of granular dampers and an efficient 

simulation approach for predicting their effectiveness in reducing structural vibration that is 

consistent with the capabilities of standard commercial software. It should be noted that this 

work utilises a mode-based approach, focusing particularly on single-harmonic excitations 

around resonant frequencies.  

2 Problem description 

Many different motional phases have been identified [29,35,36] and efforts made to 

understand how the motional phase relates to energy dissipation [24,25,29,32,34,37]. These 

studies either focus on individual motional phases that can be observed under specific 

conditions [26,29,37,38] or attempt to map the changes in motional phase over a broad range 

of conditions [24,25].  

Regardless of the excitation-to-gravity orientation, the dissipative-based motional behaviours 

of particles can be categorised in two distinct motional mechanisms in granular dampers: the 

collective collision and the solid-fluidisation-convection phase transitional process [24,39]. 

Figure 1 briefly illustrates some of the important particle motions.  

The collective collision is where particles form a compact medium and collide with a wall of 

the damper cavity (often perpendicular to the direction of excitation). This is the most 

fundamental motion type for conventional granular dampers (as opposed to strain-based 

granular dampers [40]) and is highly efficient in transferring energy to the particles. 

Significant relative motions are observed within the granular medium as collective collision 

occurs. If the collective collision occurs at both ends of the cavity within one vibration cycle, 

the particles cannot find enough time to de-compact from each other. This condition is 

referred to as two-sided collective collision or bouncing bed. It has been shown 



[24,25,30,32,33] that the enclosure acceleration amplitude that initiates the two-sided 

collective collision, üc, depends on the damper clearance, hclearance, according to:  

 
2

clearance /c eu hω π=  (1) 

where ωe is the excitation frequency in rad/s, and the damper clearance can be approximated 

as:  

 ( )clearance enclosure max1 /h L υ υ= −  (2) 

where Lenclosure is the length of enclosure in the direction of the excitation, υ is the volume fill 

ratio by particles and υmax is the maximum volume fill ratio that can be achieved in the 

damper cavity ranging between 0.55-0.64 for a randomly packed particle arrangement 

[41,42].  
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Figure 1: Motional analogy in granular dampers: (a) individual particle motional behaviour, 

(b) dissipation-based fundamental particle motions.  



The solid-fluidisation-convection process occurs where gravity is present. The solid condition 

is generally observed at vibration levels smaller than unit gravity where there is no collective 

collision with the cavity walls so particles do not move relative to the damper enclosure. At 

higher amplitudes, the granular medium lifts away from the enclosure and falls under the 

influence of gravity for part of a vibration cycle. The remaining part of the cycle involves a 

collective collision with the floor of the enclosure. This process causes the particles to de-

compact and, depending on the amplitude, two principal behaviours known as particle 

‘fluidisation’ and ‘convection’ are observed [25,29,35]. When fluidised, particles temporarily 

lose contact and move relative to each other but, over a vibration cycle, approximately retain 

their average position and existing contacts. At higher excitation levels, convection motion 

occurs where particles move to different locations and lose their existing contacts over a 

vibration cycle.  

In the studies which investigate the relation between granular motional behaviour and energy 

dissipation [24,25,29,32,34,37], useful non-dimensional parameters are the energy dissipation 

effectiveness (ϵ) and the gravity-normalised vibration acceleration amplitude (Γ). If the 

acceleration of the enclosure is ü, the non-dimensional amplitude is,  

 /u gΓ =   (3) 

where g is gravitational acceleration. The dissipation effectiveness, defined as the ratio of the 

energy dissipated per cycle (Ẽdissipated) due to inter-particle and particle-cavity wall friction 

and inelastic collisions during steady-state vibrations, to the maximum energy (Ẽdissipated,max) 

dissipated by an ideal impact damper where the impactor mass equals the total particle mass 

(m) is given by,  

 dissipated dissipated,max/E E=  ฀  (4) 

It should be noted that the dissipation of the ideal impact damper is based on completely 

inelastic impacts with both cavity end walls when the enclosure reaches peak velocity and the 

impactor has an equal and opposite velocity [32],  

 ( )2

dissipated,max 4 / eE g mω= Γ  (5) 

The two distinct motional mechanisms described above (the collective collision and the solid-

fluidisation-convection process) are frequently recognised as being important in terms of 



granular energy dissipation [24,30]. Each has its own optimum, which can be identified on a 

plot of energy dissipation effectiveness against vibration amplitude, as shown in Figure 2.  

The first peak shown in Figure 2, that occurs at amplitude Γf, relates to the solid-fluidisation-

convection phase transition process. This “fluidisation optimum” is achieved when increases 

in dissipation from rising intensity of relative motion between particles is balanced by 

decreases in dissipation from reduced contact due to decompaction.  

The second (and higher) peak, that occurs at amplitude Γc, is defined as the “two-sided 

collective collision optimum”. In this condition, all the particles move together and collide 

with the ends of the cavity at points in the cycle that create maximum dissipation.  

Both motion types associated with optimum performance have received considerable 

attention over the years. Each responds differently to changes in parameters and often only 

one is observable, particularly if the excitation amplitude and frequency range is narrow. This 

is one of the main causes for seemingly inconsistent results being reported and the resulting 

lack of consensus on a robust design methodology. To help address this, the current 

knowledge about the sensitivity of each peak (specifically, the optimum dissipation 

effectiveness and the amplitude at which it occurs) to the main damper design parameters is 

summarised in Table 1. Note that the use of dissipation effectiveness pre-supposes the widely 

held view that the maximum energy dissipation achievable is directly proportional to the 

mass of particles present – as indicated in Equation (5). 

  

Figure 2: Typical sensitivity of granular dissipation effectiveness to excitation amplitude. 

(experimental data obtained from sinusoidal excitation of a cylindrical damper [24]) 

A designer seeking to reduce vibration levels on a structure using a granular damper must 

decide on the points listed below.  



1. The desired system performance. Usually defined as a reduction in vibration 

amplitude under specific conditions, ideally using natural frequency and modal 

damping information for selected resonances without and with the application of the 

damping system.  

2. The mass of particles to use and their location on the structure. A damper usually has 

greatest effect if it is located at the point on the structure where the motion is highest. 

Damping increases with the mass of particles used, but large increases in system mass 

are not often acceptable.  

3. The type of granular motion to utilise. The intensity and variability of the vibrations 

under consideration will tend to define whether the fluidisation or two-sided 

collective collision is the most suitable option.  

4. The detailed design of the damper. This focuses on the definition of the enclosure size 

and shape along with the particle details including size, material and contact 

properties.  

The information summarised in Table 1 provides a guidance on Points 3 and 4, although it is 

noticeable that the effects of some parameters remain uncertain. The supporting detailed 

analysis can be carried out either via DEM or damper-only experiments. To achieve Points 1 

and 2 however, it is likely that a modal analysis of the structure itself is necessary, either via 

FEM or experiment. Thus, to enable informed design, linked analyses involving structure-

level and damper-level models is necessary.  

  



Table 1: Current understanding of factors affecting the optimum points on the effectiveness-

amplitude plot related to the two principal motional mechanisms.  

Factor Property 
Fluidisation Two-sided collective collision 

Location, Γf Height, ϵf Location, Γc Height, ϵc 

Excitation 

Frequency 

Uncertain, but 
reduces slightly as 

frequency increases 

[24,28,43,44] 

Uncertain, but 
appears to increase 

at low frequency 

[24,28,45] 

Linearly 
proportional to the 

square of frequency 

[24,25,30,32,33,46] 

Not affected 

[24,30,32] 

Gravity presence 
Requires gravity to 

exist [24,33,34] 

Requires gravity to 

exist [24,33,34] 

Not affected 

[24,25,30,33,34,46] 

Not affected 

[24,30] 

Orientation with 

respect to gravity 

Not affected 

[24,33,34] 

Not affected [24–

26] 

Not affected 

[24,25,30,33,34,46] 

Not affected 

[24,30] 

Collection of 

particles 

Clearance 
Not affected 

[24,25,30,39,43] 

Not affected 

[24,25,30,39,43] 

Linearly 

proportional to 
clearance 

[24,25,30,32,33,39] 

Not affected 

[24,25,30,32,33,39] 

Bed depth 

Higher with 
increasing bed depth 

[27,28,44,47] 

Not affected 

[27,28,44,47] 

Only if it alters the 
clearance 

[24,25,30,32,33,39] 

Not affected 

[24,25,30,32,33,39] 

Shear resistance Not mentioned Not mentioned 

Higher with 
increasing shear 

resistance [30] 
Not affected [30] 

Individual 

particle 

Density 

Slightly lower with 

increasing density 

[22,48,49] 

Not affected (but 

note that this alters 
the total mass) 

[24,48–50] 

Not affected [30] 

Not affected (but 

note that this alters 
the total mass) 

[24,25,30,32,33,50] 

Size Not affected [24,50] Not affected [24,50] 

Only if size alters 
effective clearance 

[24,50] 

Not affected 

[24,50] 

Elastic modulus Uncertain 

Slightly lower with 

increasing modulus 

[51] 

Uncertain, but tends 
to rise with 

increasing modulus 

[30] 

Uncertain 

Coefficient of 

Restitution (COR) 

Not affected 

[22,49,51,52] 

Slightly higher with 

increasing COR 

[22,49,51,52] 

Uncertain, but does 

not seem to be 

affected [30] 

Slightly higher with 

increasing COR 

[30] 

Coefficient of 

Friction (COF) 

Inconsistent results 

[22,48,49,51,52] 

Inconsistent results 

[22,48,49,51,52] 

Inconsistent results 

[22,30,48,49,51,52] 

Inconsistent results 

[22,30,48,49,51,52] 

Sphericity 

Uncertain but 

appears to have no 

effect [53] 

Uncertain but 

appears to have no 

effect [53] 

Higher with 

decreasing sphericity 

(due to change in 
shear resistance) 

[30,31] 

Not affected 

[30,31] 

This paper presents an efficient approach that enables all four points above to be addressed. 

Section 2 describes a simple process for predicting the modal damping of a structure when a 

granular damper is attached to it. This approach is validated using controlled experiments for 

several vibration modes of a beam. Section 3 provides clarification on the effects of damper 

parameters that are considered uncertain or missing in Table 1. This is achieved through 

various combinations of experiment and numerical analysis. In this way, previous 

understanding and new results are tied together to provide an accurate, efficient and 

comprehensive way to design and optimise granular dampers. It is important to note that this 

work focuses on situations where the vibration is primarily in one direction.  



3 Estimation of the modal damping of a structure incorporating 

a granular damper  

This section develops an efficient numerical approach that links the steady-state vibration 

response of a structure incorporating granular dampers to the design parameters of the 

damper itself. The underlying assumption is that the damped vibration modes of the structure 

can be approximated by the real mode shapes. It is shown in Appendix A that this is a 

reasonable estimation because the resulting errors associated with this estimation are small 

for typical granular dampers. Hence a simple linear natural frequency extraction routine in 

FEM can be used in conjunction with damper-only analyses in DEM.  

3.1 Analysis method  

FEM discretises a continuous structure into small elements whose strain-stress relations at 

each degree-of-freedom are determined based on the elasticity theories [54]. Natural 

frequency (ω) and mode shape (φ) information can be obtained by solving an eigenvalue 

problem involving the stiffness matrix ([K]) and the mass matrix ([M]) whose dimensions are 

equal to the number of degrees-of-freedom in the spatially discretised model.  

Conventionally, the damping ratio at a vibration mode of a structure can be described as [55]:  

 ( )dissipated, strain,/ 4r r rE Eζ π=   (6) 

where Ẽdissipated,r is the total energy dissipated over a vibration cycle at the frequency of the 

mode r and Estrain,r is the maximum strain energy that is stored in the structure considered 

within this vibration cycle. Equation (6) can be used to predict the damping ratios of 

structures enriched with granular dampers. However, to achieve this, the energy terms (Estrain,r 

and Ẽdissipated,r) need to be evaluated.  

Following the eigenvalue extraction routine to obtain the natural modes, Estrain,r can be 

determined as:  

 ( ){ } [ ]{ }T

strain, 1/ 2 Kr r r
E x x=  (7) 

where {x}r is the maximum displacement vector of the structure as it vibrates at mode r and 

the superscript T represents the mathematical transpose. For a linear model, the maximum 

displacement vector can be represented using the modal properties as:  

 { } { }rr r
x γ φ=  (8) 



where {ϕ}r is the mass normalised shape of mode r, obtained by performing an eigen-solution 

of the model. The coefficient γr is a scaling factor for the mode shape of interest, which can 

be determined by considering the degree-of-freedom of the structure (identified by i) where 

the external excitation conditions are defined.  

 
( ) ( )

/
i i

r r rxγ φ=  (9) 

Substituting Equation (8) into Equation (7), Estrain,r becomes:  

 ( ) { } [ ]{ }T2

strain, 1/ 2 Kr r r r
E γ φ φ=  (10) 

As a result of the orthogonality, for mass-normalised modes {ϕ}r
T[K]{ϕ}r = ωr

2 where ωr is 

the frequency of mode r in rad/s. Thus, Equation (10) becomes:  

 ( ) 2 2

strain, 1/ 2r r rE γ ω=  (11) 

The other energy term in Equation (6), Ẽdissipated,r can be predicted by employing a DEM 

model of the granular damper and subjecting it to vibrations at the frequency of mode r. 

DEM is a time-marching numerical computational method to model the dynamics of granular 

assemblies [56]. It considers each particle as a distinct body, so that particles can move 

independently within the model space during a simulation history. This is unlike a continuum 

approach where movement is defined by local strains which are related to loading by using 

constitutive equations.  

In DEM simulations of granular dampers, at each simulation time step, the excitation (time-

dependent force or motion) is usually applied to the walls of the cavity that encloses the 

particles. The forces acting on each particle, arising from interactions between particles and 

between particles and the walls, are computed based on the contact theories used [57]. 

Newton-Euler equations of motions are constructed for all particles using the resultant forces 

acting on them. By numerically integrating the equations of motions, both positions and 

rotations of each particle are evaluated. A DEM simulation history is constructed by solving 

the equations at successive points in time. The time step needs to be small enough to capture 

individual contact durations so that individual contact forces are represented accurately. DEM 

has been shown to be a reliable method for simulating the energy dissipation of granular 

dampers in the literature [12,13,51,58–61].  



As DEM is a time-discretised method, the energy dissipated over a period of time should be 

calculated by summing the energy dissipated over each time step. Thus, the total energy 

dissipated from the beginning of a simulation (t = 0) to an arbitrary time, t, is computed as:  

 ( ) ( )
/

dissipated dissipated

1

t t

s

s

E t E t s t
∆

=

= ∆ = ∆∑  (12) 

where Δt is the time step and ts represents the time points at the end of each time step.  

For a typical granular damper, the energy dissipation only arises from contact forces, and thus 

in each time step, ∆E
dissipated

, is obtained considering all particles and contacts:  

 ( ) ( ) ( ) ( ) ( ){ }
( )particle contact,

dissipated contact, rel, contact, rel,

1 1

i sN N t

nd n td t

s ij s ij s ij s ij s

i j

E t F t v t F t v t t
= =

∆ = + ∆∑ ∑  (13) 

where Nparticle is the total number of particles in the simulation, Ncontact,i is the total number of 

contacts that the particle i has at the time point considered, Fcontact,ij
nd and Fcontact,ij

td are 

respectively the dissipative components of contact forces along normal and tangential 

directions at the same simulation time point, vrel,ij
n and vrel,ij

t are the relative velocities along 

normal and tangential directions at the same time point, respectively. If there are significant 

internal losses in the particles, Equation (13) will contain extra terms, but the analysis process 

remains the same.  

Because of the relatively random arrangement of particles in a granular system, the energy 

dissipated over a cycle differs from one vibration cycle to another even for nominally steady-

state oscillation. Therefore, a more reliable estimate of the energy dissipated can be obtained 

by averaging over several cycles. This can be formulated as:  

 
( ) ( )dissipated initial dissipated final

dissipated

final initial

2

r

E t E t
E

t t

π
ω

−
=

−
  (14) 

where tinitial and tfinal are respectively the time points at which the steady-state vibration begins 

and the time at which the simulation ends.  

3.2 Method validation  

This section describes a test case that was evaluated using the new method and validated by 

comparison with physical experiments.  



3.2.1 Structure and damper design parameters  

The structure considered was a steel beam of cross section 4 mm × 20 mm that was clamped 

at both ends leaving an effective length between clamps of 580 mm. The granular damper 

was attached rigidly to the centre of the beam as indicated in Figure 3.  
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Figure 3: Arrangement of the beam with the granular damper.  

The damper enclosure had a cylindrical cavity whose diameter and height were both 40 mm 

and its typical wall thickness was 4 mm. To observe particle motions, the enclosure was 

made from polymethyl methacrylate (PMMA) which is transparent. Sinusoidal excitation was 

applied perpendicular to the beam, in line with the axis of the damper, via a connecting rod. 

The mass of the enclosure, fixtures and connecting rod was 0.200 kg. Note that the enclosure 

was considered rigid as its first natural frequency was found to be well above the vibration 

modes of interest for the beam. The enclosure contained 120 particles made from PMMA 

with radius 3.73 mm.  

Comparisons between predictions and measurements were made for flexural modes 1, 3 and 

5 because these mode shapes are known from theory to be symmetric, ensuring that the 

centre-mounted damper experiences motion in translation rather than rotation. The vibration 

amplitude range for the study was set as Г = 0.1-15, measured at the damper connection 

point.  

3.2.2 Numerical model  

The approach described in Section 2.1 is summarised in Figure 4.  
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Figure 4: Damping prediction workflow for a structure enriched with a granular damper (the 

damping at each mode is obtained from Equation (6)).  

The FEM model of the beam included the granular damper and associated connectors. The 

beam was discretised using standard three-dimensional quadratic brick elements in a 

commercial FEM package [62]. The material properties used for the beam are provided in 

Table 2. The damper and connectors were assumed to add no stiffness to the system and 

therefore modelled as a point mass at the centre of the beam.  

The DEM analysis was conducted using commercial DEM software [63]. The damper 

enclosure was modelled as a cylindrical rigid cavity. Material and contact information is 

provided in Table 2. The simulation time step used was 2×10
-6

 seconds. The particles were 

randomly generated within the cavity and allowed to settle by the effect of gravity. The 

duration of this particle packing process was 0.2 seconds. The vibrational excitation was 

applied to the damper enclosure as the time-dependent sinusoidal signals. The excitation 



frequencies were the mode frequencies obtained from the FEM model while the amplitudes 

were defined by the range Г = 0.1-15. Each excitation condition (i.e., a frequency and 

amplitude pair) were simulated for 0.3 seconds to obtain the steady-state results over many 

cycles.  

Table 2: Material properties used in simulations.  

Material Property Unit Value 

Steel 

(used in FEM)  

Density  kg/m3  7800  

Young’s modulus  GPa  210  

Poisson’s ratio  -  0.3  

PMMA 

(used in DEM)  

Density  kg/m3  920  

Young’s modulus  GPa  3.3  

Poisson’s ratio  -  0.37  

COR  -  0.52  

COF  -  0.86  

In the DEM model, it was assumed that the contact forces were generated by inelastic 

collisions between the bodies (i.e., particles and cavity walls) and slipping of these bodies on 

each other. The built-in non-linear Hertz-Mindlin contact model with the Coulomb friction 

model was employed between contacts to calculate the elastic and frictional components of 

the contact forces [64]. The inelastic components of the collisional forces were represented 

by a viscous dashpot whose damping coefficient was defined by the COR [11].  

3.2.3 Experimental approach  

While the general layout for the experiment matched with the sketch shown in Figure 3 

details of the fixtures for attaching the damper to the beam are provided in greater detail in 

Figure 5. The fixtures also helped to couple the beam and the electrodynamic shaker via a 

connecting rod to generate axial vibrations on the damper position. A force transducer was 

connected between the connecting rod and the shaker to measure the force exerted as the 

beam underwent vibrations. An accelerometer was bonded next to the centre of the beam to 

measure vibrational motions.  

In this test rig, a controller was used to provide sinusoidal excitations at specific amplitudes 

and frequencies. The excitation acceleration function was generated via a personal computer 

and received by the controller which sent this function to a power amplifier to create 

vibrations in the shaker. The controller achieved the excitation function provided by 

acquiring the acceleration signal from the accelerometer as the reference – i.e., a feedback 

loop based on the target and achieved levels. As the system operated, the accelerometer and 

the force transducer collected the analogue data, and these were conditioned by the help of a 



signal conditioner and an oscilloscope analyser. The acceleration and force signals were then 

converted to the acceleration, ü(t) and the force, f(t) using the transducer sensitivities where t 

depicts the time. These were stored in a second personal computer for further processing.  

AccelerometerForce 

transducer

Fixtures

Connecting 

rod
  

Figure 5: A picture of the experimental setup showing the damper-beam-shaker connection 

and the positions of the transducers.  

The time domain results were transformed into the frequency domain to generate a frequency 

response function (FRF). To evaluate the damper performance, the point (accelerance) FRFs 

were computed at desired frequencies using the time-domain signals, ü and f:  

 ( )discrete, /k k kω = A Fα  (15) 

where Fk is the complex force at the frequency point k, Ak is the complex acceleration at the 

same frequency point and ωdiscrete,k is the kth discretised frequency point in rad/s. These 

frequency-domain force and acceleration data were obtained by applying the discrete Fourier 

transform for the time-domain signals measured as:  
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where N is the total number of discrete time data points determined by the sampling 

frequency and length of a measurement. 

Verification of the experimental process included running repeat tests which showed that 

natural frequency varied by less than 0.05%. Modal damping ratios were estimated using a 



MATLAB algorithm based on the line-fit method [65]. The typical quality of fit is shown in 

Figure 6.  
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Figure 6: Measured FRF of the beam with empty enclosure around the first mode frequency 

and generated fit.  

3.2.4 Validation of the FEM model using the beam with the empty damper enclosure  

The first validation step involved comparing simulated and measured results for the system 

without particles. The model included a point mass attached at the centre of the beam that 

represented the inertia of the empty enclosure and attachments.  

Experimental results for comparison, were obtained at a vibration amplitude of Г = 2. 

Additional tests were also carried out at a higher level (Г = 8) to understand the sensitivity of 

the results to amplitude from possible microslip at the clamps and fixtures.. The rth mode 

frequencies in Hz, damping ratios (ζr) and mode shapes are shown in Figure 7. Note that the 

mode shapes of the beam are different from a usual fixed-fixed beam due to the mass 

attached at its centre.  
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Figure 7: Flexural vibration modes of the beam with the empty damper enclosure.  

3.2.5 Experimental results for the beam-granular damper system  

For the system incorporating particles in the enclosure, FRFs covering the frequency range 

close to the first mode are shown in Figure 8a and Figure 8b for various vibration amplitudes. 

These plots show amplitude dependent behaviour similar to that seen previously [27] where 

the presence of the particles causes both a reduction in the peak magnitude and a shift in the 

natural frequency.  

The corresponding damping ratio and natural frequency for each vibration amplitude are 

shown in Figure 8c and Figure 8d, respectively. Results when the enclosure was empty at Г = 

2 and Г = 8 are also added for comparison.  

Figure 8c shows that the granular damper exhibits different dissipative characteristics 

depending on the vibration amplitude whilst it considerably increases the level of damping 

compared to the beam with the empty enclosure. At the lowest vibration amplitudes tested (Г 

= 0.5-1), the damping ratio is low, corresponding to what might be expected in the solid 

phase. If the amplitude is increased, there is a significant rise reaching a peak between Г = 2 

and Г = 4. Observation of the particles during testing indicated that this corresponds to the 

fluidisation optimum, Γf. Further increases in amplitude result in a second (higher) peak near 

Г = 6, corresponding to the two-sided collective collision optimum Γc, followed by a gradual 

decline for Г > 6. Figure 8c also shows that the effects of the particles are an order of 

magnitude higher than the sensitivity of the test rig to excitation amplitude. 



  

  

Figure 8: Experimental results for the first flexural mode of the beam (a) FRF magnitudes 

between Г = 0.5 and Г = 4, (b) FRF magnitudes between Г = 4 and Г = 14, (c) damping ratio, 

and (d) natural frequency.  

It can be seen in Figure 8d that at low amplitudes (Г = 0.5-1) the addition of particles 

decreases the natural frequency by an amount similar to the addition of an equivalent mass 

block. As the amplitude approaches the fluidisation optimum, the natural frequency recovers 

around half of the value lost. As the amplitude is increased further, through the two-sided 

collective collision optimum, the natural frequency decreases again, dropping below the low-

amplitude value. Again, it is evident that the effect of the particles on the natural frequency is 

an order of magnitude greater than the effect of amplitude on the test rig.  

The results shown here for both damping level and natural frequency are consistent with what 

is seen elsewhere in the literature including the following: 

i. There are two optimum conditions for damping, fluidisation and two-sided collective 

collision. The second occurs at higher amplitude and provides more damping. 
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ii. During the solid-fluidisation-convection process, the particles lift away from the 

walls, reducing the apparent mass. Peak damping is achieved approximately midway, 

when most particles are fluidised. Convection reduces dissipation. 

iii. Two-sided collective collision occurs when particles start to impact the second 

(opposite) wall in the enclosure. As the amplitude increases, the body of particles 

compacts together, colliding with the walls at either end, increasing the apparent 

mass. Changing amplitude also alters the phasing of impacts within a cycle and 

maximum damping is achieved at Γc when this is optimised [30]. 

Results for the higher modes are presented in the same format in Figure 9 and Figure 10.  

  

  

Figure 9: Experimental results for the third flexural mode of the beam  (a) FRF magnitudes 

between Г = 0.5 and Г = 4, (b) FRF magnitudes between Г = 4 and Г = 14, (c) damping ratio, 

and (d) natural frequency.  

While the results presented in Figure 9 and Figure 10 look somewhat different from those for 

the first mode, they are consistent with the expected behaviour. The key difference is that the 

two-sided collective collision optimum is not visible. This is because at these higher 

frequencies, the displacement amplitudes are much smaller for the same non-dimensional 
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acceleration amplitudes, so from Equation (1) for this setup, two-sided collective collision 

would only be observable for Г > 200 in the third mode and Г > 1500 in the fifth mode.  

Figure 9c shows that the fluidisation optimum, Γf, is more apparent in the third mode than the 

first mode as there is no two-sided collective collision nearby for the third mode. Under these 

conditions, the decompaction can increase within the cavity allowing convection to become 

the dominant motion at higher amplitudes, decreasing damping and increasing the natural 

frequency. Figure 10c suggests that, at the fifth mode, Γf  may occur at lower amplitude than 

the minimum investigated as the transition from solid is not clearly visible. Because the 

particles provide less damping and frequency change in the convection phase, the amplitude-

dependent behaviour of the test rig becomes significant for the higher modes and can explain 

the flattening of the damping curve and the reduction in natural frequency seen at higher 

amplitudes in Figure 9 and Figure 10.  

  

  

Figure 10: Experimental results for the fifth flexural mode of the beam  (a) FRF magnitudes 

between Г = 0.5 and Г = 4, (b) FRF magnitudes between Г = 4 and Г = 14, (c) damping ratio, 

and (d) natural frequency.  
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3.2.6 Validation of the prediction method  

In Figure 11, the damping ratios predicted using the method described in Section 3.1 are 

compared with the experimental results presented in Section 3.2.5 for all modes investigated.  

  

  

Figure 11: Comparison of damping ratio predictions with the experimental results for: (a) 

first, (b) third, and (c) fifth flexural modes.  

It can be seen that there is a good match in terms of the overall damping ratios measured and 

the vibration amplitudes at which peak damping levels were achieved. Small difference can 

be attributed to the factors listed below.  

i. The measured results include energy dissipation from friction at the clamped ends of 

the beam and at the fixture. While this is small (as indicated in Figure 7), it increases 

somewhat with amplitude, having a similar level to the size of the differences seen.  

ii. DEM simulations have been observed to overestimate the energy dissipated, Ẽdissipated,r 

in Equation (6), by up to 20% when convection is not present and by up to 10% when 

it is [24,51] (see Figure 4 of the reference [24] for justification).  

iii. The total mass of the particles are included as a constant mass into the FEM model 

when calculating the strain energy stored Estrain,r in Equation (6). However, the 
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apparent mass of the particles is affected by the motional behaviour changes of the 

granular medium [43,66,67]. This causes the underestimation of Estrain,r for the 

amplitudes at which the top collective collision is observed and the overestimation of 

Estrain,r for the amplitudes at which the fluidisation and convection motions are 

observed. However, this effect is likely to be small as the mass of particles is only 5% 

of the mass of the beam.  

4 Effect of different parameters on optimum damping 

performance  

The influence of many parameters on the fluidisation and two-sided collective collision 

optimums have been explained, as detailed in Table 1. There is remaining uncertainty about 

the effects that following parameters have:  

i) Excitation frequency and sphericity on the fluidisation optimum  

ii) Particle density and coefficient of restitution (CoR) on the two-sided collective 

collision optimum  

iii) Particle elastic modulus and coefficient of friction (CoF) on both optimum 

conditions.  

This section focuses on the determining the influence of each of these parameters on the 

modal damping ratios of a structure using the validated setup from Section 2. As numerical 

and experimental approaches were shown to deliver equivalent results, the choice of 

approach for each parameter is defined by convenience.  

4.1 Particle sphericity  

Spheroidal particle shapes (oblate, sphere and prolate) were used to investigate the effect of 

particle sphericity on the modal damping ratios of the beam. This work was carried out 

experimentally to avoid difficulties in generating some of the particle shapes in DEM [30]. 

Figure 12 illustrates the spheroid particle geometries investigated.  

A spheroid particle geometry is obtained by revolving an ellipse around one of its principal 

axes (x-axis in Figure 12). Depending on the principal dimensions of ellipse (d1 and d2), the 

overall spheroid geometry can be an oblate, a sphere or a prolate as illustrated in Figure 12. A 

range of spheroid particle shape can be obtained by varying the principal dimensions.  
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Figure 12: Spheroid particle geometries: (a) oblate, (b) sphere, and (c) prolate.  

The mass of each particle shape was kept the same. Thus, the principal dimensions of 

spheroid geometries were related to each other with:  

 ( ) 1/3

2 1 2 sphere/d d d r
−=  (18) 

where rsphere is the radius of the reference sphere particle.  

Using rsphere = 3.73 mm, a particle shape collection was obtained by manufacturing 6 different 

spheroidal shapes (2 oblate, 1 sphere and 3 prolate) as shown in Figure 13. The particles were 

made from PMMA to enable inexpensive manufacturing, to minimise magnetic interaction 

with the exciter, and to avoid permanent plastic deformations on particle surfaces.  

d1 / d2: 0.70 0.85 1.00 1.50 2.00 3.00

Particle 

shapes:

  

Figure 13: Spheroid particles used in experiments.  

As it is visible in Figure 13, particle surfaces were not perfectly manufactured. To quantify 

the level of defects, a set of surface roughness measurements was conducted on the particles, 

d1/d2 = 0.70 and d1/d2 = 2.00. The average surface roughness of particles was found to be 12.2 

µm. The relative ratio of the average surface roughness to the reference sphere diameter was 

about 0.16% suggesting that the overall shape would not be affected by the defects [30,45].  

The influence of particle shape on the modal damping ratios of the beam structure was 

studied by repeating the experiments described in Section 2, replacing the spheres with the 

equivalent non-spherical particles. For each vibration mode investigated, the damping ratio 

results are set out in Figure 14.  



  

  

Figure 14: Effect of particle shape (α=d1/ d2) on the damping ratio of the structure: (a) first 

flexural mode, (b) third flexural mode, and (c) fifth flexural mode.  

Figure 14a is the only plot showing the two-sided collective collision behaviour. The results 

for this motion type confirm those reported for structure-independent granular damping 

investigations [30] and shows that the optimum damping condition, Γc, occurs at higher 

vibration amplitudes for non-spherical particles. There are two principal causes for this that 

are detailed below. 

i. The non-spherical particles packs more closely than the perfect spheres exhibiting less 

porosity in the body of particles and therefore larger clearance in the damper cavity.  

ii. Significant local shear deformations occur within the particles during collective 

collisions with the cavity walls. To achieve collective collisions of a suitable intensity 

and timing within the cycles, a sufficient level of shear deformation within the particle 

collection is required. As rotational movement of a non-spherical particle within a 

compact arrangement is harder than that for an equivalent perfect sphere, the use of 

non-spherical particles produce a medium that is more resistant to these shear 
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deformations. As a result, the non-spherical particles require larger vibration 

amplitudes to achieve the same compactness level as the perfect spheres.  

The fluidisation optimum appears in all three plots. In general, it is apparent that results for 

all different particle sphericity levels yield the same underlying curve. Small variations do not 

reveal any trends and can be attributed to uncertainty due to the random packing of particles 

within the enclosure cavity 

This results in an important conclusion for granular damper designs – the performance of 

granular dampers is independent from the particle shape if the collective collision with the 

top wall of the cavity does not develop. It should be noted that this experimental conclusion 

verifies the hypothesis proposed by Sanchez et. al [53] which uses two-dimensional 

numerical simulations of few different particle shapes. The main explanation for this 

behaviour is that the particle fluidisation and convection motions are dominated by particle 

decompaction and at higher amplitude, subsequent transportation of particles. The shear 

resistance altered by particle shape does not come into play here because decompaction 

allows non-spherical to rotate relative to each other with ease. The major factor that controls 

the decompaction level and therefore can change the damping behaviour is the ratio of 

dynamic pressure to static pressure experienced by the particles [27,28,68,69].  

4.2 Particle material  

As particle material properties are hard to alter independently in a physical experiment, these 

comparisons were carried out using the modelling approach validated in Section 3.1. 

Damping levels found for the default conditions (presented in Figure 11) were obtained as 

changes were made to each parameter.  

4.2.1 Particle density 

Changing the density of particles alters the mass whilst maintaining the volume fill ratio. 

Figure 15 shows that the damping ratios are linearly proportional to the total mass of particles 

for all modes investigated and the shapes of the curves are similar. This is a well-established 

observation as the increase in particle density enhances energy dissipation by increasing the 

overall damper mass while maintaining other parameters constant. The effect on the location 

of the two-sided collective collision optimum (Γc) is minimal, whereas there appears to be a 

small shift in the fluidisation optimum Γf  with lower excitation levels required to optimise 

systems with higher density. These results are consistent with the findings summarised in 

Table 1.  



  

  

Figure 15: Sensitivity of the damping ratio to the density of particles: (a) first, (b) third, and 

(c) fifth modes of the beam.  

4.2.2 Particle elastic modulus 

Figure 16 presents the effect of particle elastic modulus on the damping of the three beam 

modes considered. As before, the effects on the fluidisation optimum can be seen in all three 

modes while the effect on the two-sided collective collision optimum can only be seen in the 

results for the first mode.  

The results show that the excitation required to achieve optimum behaviour for both motion 

types is lower when the elastic modulus is low and increases with the modulus value. As 

elastic modulus increases, the sensitivity reduces so results for ×10 and ×100 modulus are 

similar. As the elastic modulus decreases, the damping ratios are higher around both 

optimums as a result of larger dissipative contact deformations.  
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Figure 16: Sensitivity of the damping ratio to the particle elastic modulus: (a) first, (b) third, 

and (c) fifth modes of the beam.  

4.2.3 Coefficient of restitution 

The coefficient of restitution (COR) is a convenient way to describe energy loss during an 

impact and in this work is related to the loss factor of the particle material (low loss factor 

gives high CoR).  

Figure 17 shows that the solid-fluidisation-convection process is not significantly affected by 

the CoR. This is consistent with the findings summarised in Table 1. For the collective 

collision optimum however, higher CoR provides more loss around the optimum. This is 

counter-intuitive because for a single impact, lower CoR consumes more energy, However, it 

has been shown elsewhere that inter-particle sliding friction is the chief dissipation 

mechanism [39,70,71]. It is likely that the effect of the higher CoR is to increase the number 

of interactions where frictional dissipation is more likely to occur.  
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Figure 17: Sensitivity of the damping ratio to CoR: (a) first, (b) third, and (c) fifth modes of 

the beam.  

4.2.4 Coefficient of friction 

Table 1 shows that researchers have consistently found it difficult to achieve consistent 

results or agree on the effects of the coefficient of friction (CoF) between particles on the 

overall damping achieved. Results from this work are presented in Figure 18.  

It is clear that the CoF affects both motion behaviour types, but in different ways. For the 

solid-fluidisation-convection behaviour (seen in all three modes) the effect is primarily to 

increase damping when moving towards the convection regime. The likely explanation is that 

the increase in friction retards particle transport, maintaining the fluidisation conditions at 

higher amplitudes. In the two-sided collective collision regime, it can be seen that reduced 

CoF significantly reduces damping around the optimum whereas high CoF increases it. 

Again, this is evidence that frictional dissipation is dominant in this regime.  

0 5 10 15

 [-]

0

1

2

3

4
1

 [
%

]
(a)

Default

 0.5

 0.8

 1.1

0 5 10 15

 [-]

0

0.2

0.4

0.6

0.8

1

3
 [

%
]

(b)

Default

 0.5

 0.8

 1.1

0 5 10 15

 [-]

0

0.2

0.4

0.6

5
 [

%
]

(c)

Default

 0.5

 0.8

 1.1



  

  

Figure 18: Sensitivity of the damping ratio to CoF: (a) first, (b) third, and (c) fifth modes of 

the beam.  

4.3 Frequency dependency of the optimum amplitudes  

The results on the three vibrational modes of the beam have shown that the amplitudes where 

the most effective damping can be delivered (Γf and Γc) vary depending on the natural 

frequency of the vibration mode considered. Also, earlier results in this section have shown 

that the two motional processes (solid-fluidisation-convection and two-sided collective 

collision) are affected differently by excitation frequency and other parameters. Because of 

this, it is likely that a typical damping performance curve (see Figure 11a for an example) can 

be decomposed into two independent curves, one for each motional process with optimum 

conditions at Γf and Γc respectively. This would provide significant ease in future theoretical 

modelling efforts for damper design purposes.  

As this investigation requires many different frequencies, rather than being restricted to the 

vibration modes of the beam a normalised damping ratio, that maintains the characteristics of 

the amplitude-dependent damping ratio used earlier, was described as:  
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 ( ) ( ) ( )2

normalised dissipated total/ 0.5 /e e eE m gζ ω ω ω= Γ  (19) 

where Ẽdissipated(ωe) was obtained simulating the DEM model at the excitation frequency (see 

Equation (14)) and mtotal was the total mass of enclosure and particles. This calculation was 

repeated for a large number of frequencies from 30 to 680 Hz. 

The normalised damping ratio is shown in Figure 19a for three selected excitation 

frequencies. It can be seen that as the excitation frequency grows, Γc increases significantly 

whilst Γf decreases at a lower rate. To estimate exact amplitudes at which the optimums were 

reached, spline interpolation was applied to the normalised damping curve with a resolution 

of 0.01 Hz as shown for one example in Figure 19b.  

Figure 19c shows Γc as a function of the square of the excitation frequency, revealing a linear 

relationship with gradient 0.0029. As set out in Equation (1), Γc can be analytically estimated 

by considering the distance which the body of particles travels in a vibration cycle. Therefore, 

the gradient determined by the simulations should match with the analytical approach. Using 

Equation (1) and (2) gives:  

 ( ) ( )2 2

enclosure max/ 4 1 / /c ed d L gω π υ υ πΓ = −  (20) 

where Lenclosure and υ are already known from Section 3.2.1 as 0.04 m and 0.52, respectively. 

The value of υmax can be found from the sphere-packing literature considering the size of the 

particles used and the diameter of the cylindrical enclosure, and for this case it is 0.55 [42]. 

By using these numerical values, Equation (20) yields 0.0028 which is nearly identical to the 

gradient obtained by the simulations, confirming the expectation.  

The change in Γf is shown as a function of the excitation frequency in Figure 19d. The 

optimum amplitude for this motion type appears to be linearly dependent on the excitation 

frequency, approaching to 3 for very low frequencies. The gradient of this linear relationship 

is found to be -0.0037.  



  

  

Figure 19: Frequency dependency of the optimum amplitudes: (a) the normalised damping 

ratio at different frequencies, (b) the normalised damping ratio at 60 Hz and its interpolated 

curve, (c) location of the optimum collective collision, (d) location of the fluidisation 

optimum.  

4.4 Understanding of the two important damping processes 

In addressing the lack of information about the effects of certain parameters on the 

performance of granular dampers, the work described in this section has provided important 

understanding of the nature of the two main damping processes. These are discussed below.  

4.4.1 Solid-fluidisation-convection 

When in the optimum fluidised condition, the granular medium goes through a compaction-

decompaction process in each vibration cycle. Factors that alter the level of decompaction 

throughout the collection of particles are therefore those that affect damping levels. Hence 

bed depth (gravity-induced-pressure), compressibility and friction are significant.  

The frequency dependence of this process may relate to resonance within the collection of 

particles. Standing waves in granular medium can typically be seen in the 500-5000 Hz 

range. These would result in amplification of the input vibration from the enclosure wall, so 
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that the true amplitude seen by most of the particles could be significantly higher. This would 

explain the reduction in Γf  to below unit gravity at high frequency.  

4.4.2 Two-sided collective collision 

This condition arises when the excitation is sufficient to cause the particles to collide with 

both walls and move together as a compacted body. At optimum conditions, the end-wall 

collisions ensure maximum relative velocity between particle collection and the container 

walls. During the collision, significant shear deformation takes place within the granular 

medium. Factors that affect performance are therefore any that alter the timing of the wall 

collisions and the shear resistance of the granular medium.  

5 Conclusions  

The aim of this work was to provide understanding of the most important factors affecting the 

damping performance of a granular damper attached to a structure. This has identified two 

important damping processes and mapped the effects of the most common design parameters 

on them.  

To achieve this, first the available information in the literature was collated to identify gaps in 

knowledge. Next a computationally-efficient predictive method for estimating the non-linear 

damping was developed and validated. It was shown that a modal model for the structure 

could be linked with damper-only results. In this work, these results were obtained from 

discrete element analysis, although experimental results and output from other types of 

damper-only models could also be used.  

A damper-beam system was then used to investigate the sensitivity of the fluidisation and 

two-sided collective collision optimums to a variety of common parameters including 

excitation amplitude and frequency, particle shape, density, elastic modulus, coefficient of 

restitution and coefficient of friction. These results were used to complete the understanding 

of how to optimise granular dampers.  

This paper provides a complete approach for designing granular dampers, from numerical 

modelling to experiments and hybrid approaches. It provides information on which factors to 

consider and how these will affect performance. Following this work should therefore make 

the task of designing a granular damper achievable for most engineers. Note that while this 

work is limited to applications where the motion is primarily in one translational direction, 

the understanding is relevant for more complex vibrational scenarios.   



Appendix A  

A simple analysis is carried out in this section to evaluate the significance of using real rather 

than complex modes to represent the structure with damper attached.  

From Equations (4) and (5), noting that the acceleration amplitude of the harmonic excitation 

is given by Ae=Γg, the energy dissipated per cycle is written as:  

 ( )2

dissipated 4 /e eE A mω= ฀  (21) 

The energy dissipated by an equivalent ideal viscous damper over a vibration cycle is,  

 ( )2
2

dissipated /p e e eE c Aπ ω ω=  (22) 

where cp represents the equivalent viscous damping coefficient. From Equation (21) and (22), 

cp is obtained as:  

 4 /p ec mω π=   (23) 

It should be noticed that the associated non-linearity of the granular damper is included 

through ϵ in the equivalent representation.  

For steady-state vibrations, the dissipative harmonic forcing term arising from cp is given by,  

 ( ) j2/ et

p p e e ef jc A e
ωω ω= −  (24) 

Replacing cp with its expression shown in Equation (23), the dissipative forcing term 

becomes:  

 
j

j4 /et

p ef mA e
ω π= −   (25) 

For reference, acceleration-dependent forcing of this kind is consistent with other nonlinear 

dampers that involve local resonators [72]. If this damper is attached to a vibrating system at 

a specific degree-of-freedom (DOF), its influence in the mathematical model is therefore to 

add the term –j4ϵm/π in the relevant part of the mass matrix. This complex term in the mass 

matrix results in complex mode shapes in the system. The prediction method used in this 

paper, however, assumes real modes.  

A simple way to examine the error introduced by this approximation is to analyse a 2DOF 

system in its even mode, where the primary oscillator represents the host system mode 

(without the damper), and a second mass, representing the damper, is attached to the first 



mass via a spring. As the spring stiffness approaches infinity, the connection between the 

damper mass and the primary oscillator becomes rigid. A lower value of spring stiffness 

allows additional motion, as might occur when a large damper mass is attached to a flexible 

structure. The resulting mass and stiffness matrices of the 2 DOF system are determined by:  

 [ ] ( )2DOF 4

1 0

0 1h

m

M m
r j π


=

−



 
฀


 (26) 

 [ ]2DOF

1 k k

h

k k

r r
K k

r r

 + −
=

−


 
 

฀ (27) 

where mh and kh are the mass and stiffness of the host system, rm is the relative mass of the 

damper and rk is the relative stiffness of the connector spring.  

Figure A.1 presents results for the normalised errors in damping that arise if real modes are 

used instead of complex ones. In order to generate the largest expected differences, the 

damping efficiency was set to 1, even though this figure is rarely reached in practice. The 

resulting maximum modal damping ratio was 0.2 for a mass ratio of 0.32, which is 

significantly higher than most practical dampers. It can be seen in the figure that even under 

these extreme conditions, the error arising from using real modes is very small.  

  

Figure A.1: Damping error arising from use of real modes rather than complex ones.  
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