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Abstract—This paper focuses on the performance analysis
of time-varying fading channels, introducing a new general
metric called fade duration. Fade duration measures the time
during which a signal remains below a specified threshold
within a fixed time interval. To model the signal, we utilize
established models for the inphase and quadrature components,
employing stochastic differential equations (SDEs) to capture
the continuous-time statistical properties of the fading channel.
We estimate the complementary cumulative distribution function
(CCDF) of the fade duration in different fading environments
using Monte Carlo simulations and analyze how various system
parameters impact its behavior. To enhance the efficiency of our
estimates, we leverage importance sampling (IS), a well-known
variance-reduction technique, for accurately estimating the tail
of the CCDF. The proposed IS scheme involves solving a high-
dimensional controlled partial differential equation. To overcome
the curse of dimensionality, we use Markovian projection to
develop a novel one-dimensional SDE for signal envelope varia-
tions, enhancing the computational feasibility of IS. We present
numerical results for the CCDF of fade duration in Rayleigh and
Rice environments using our proposed IS estimators.

Index Terms—Fade duration, fading channels, importance
sampling, Markovian projection, Monte Carlo, stochastic differ-
ential equations.

I. INTRODUCTION

The performance analysis of wireless communication sys-
tems plays a critical role in understanding, evaluating, and
optimizing their behavior under various conditions and con-
straints. Recent works have focused on assessing and modeling
the performance of various types of wireless systems [1]-[6].
When we consider the temporal dynamics of the signal, this
analysis becomes increasingly challenging.

Outage probability is the most commonly known perfor-
mance metric, which quantifies the probability that the signal
falls below a specified threshold, leading to a momentary loss
of connectivity [7]. While the outage probability is essential
to understanding the reliability of a system, it focuses on the
occurrence of outage events without considering their duration.
More meaningful second-order statistics of multipath fading
channels include the level crossing rate (LCR) and average
fade duration (AFD). The LCR indicates how frequently
the envelope crosses a specific threshold, whereas the AFD
measures the duration for which the envelope remains below
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a given threshold. These statistics play a significant role in
characterizing the dynamic behavior and reliability of wireless
communication systems, offering valuable insights into the
temporal aspects of signal fluctuations and outage occurrences.
Several studies have investigated LCR and AFD for various
environments and under different assumptions [8]—[14]. These
metrics are particularly essential for testing the performance
of 6G wireless systems [15]. Another metric, the outage
contiguous duration, has been recently developed and defined
as the average time duration during which the signal envelope
contiguously remains within a bounded amplitude interval,
as described in [16]. While these metrics provide valuable
information, it is of practical interest to study the distribution
of the fading duration rather than focusing only on its average
value. Previous research has only calculated the average time
during which the signal stays below a given threshold, and the
density of this duration has not been thoroughly explored.

The present study employs dynamical models to investigate
the distribution of fade duration within a fixed observation
interval. This use of dynamical models is crucial for accu-
rately representing real-world wireless channels. Unlike static
models where channel parameters are assumed random but
constant throughout observation and estimation phases [17]-
[20], actual wireless channels exhibit dynamic behavior. Re-
search has advanced toward stochastic models to address these
challenges, offering a better understanding of the dynamic be-
havior of wireless channels and enhanced modeling accuracy
to match real-world conditions [21]-[24].

Notably, stochastic differential equations (SDEs) form a
fundamental and robust framework for modeling dynamic
systems subject to random fluctuations. Several studies have
successfully employed SDEs to model multipath fading chan-
nels [25]-[30]. In particular, the research presented in [26]
introduced a dynamic modeling approach for mobile-to-mobile
channels, where system parameters were identified from re-
ceived signal measurements. Additionally, in [30], SDEs were
leveraged to model power loss and propose optimal power con-
trol algorithms based on the developed models. Furthermore,
Lévy induced SDE network was recently proposed in [31] to
capture the stochastic and rapid changes of wireless channels.

In this work, we leverage established SDE models for
the inphase and quadrature components of the signal [25],
[29], enabling a comprehensive analysis of fade duration in
dynamic wireless environments. More precisely, we estimate
the complementary cumulative distribution function (CCDF)
of the fade duration. The problem is equivalent to computing
the probability that the fade duration exceeds some limit, and
by varying this limit across the observation time interval, we
obtain an approximation of the CCDF. In this context, Monte
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Carlo (MC) simulations are an effective tool to estimate such
probabilities.

In specific scenarios, it becomes rare for the fade duration
to exceed a high limit. In practice, it is more desirable
for the system to stay above a fixed threshold during the
observation interval. Consequently, estimating the right tail
of the CCDF of the fade duration takes on the role of
calculating rare event probabilities. In this context, the crude
MC method falls short in estimating such probabilities and
necessitates an impractical number of simulations for accurate
estimations [32]. Therefore, it is necessary to use appropriate
variance-reduction techniques. Importance sampling (IS) is
among the most popular variance-reduction techniques that
deliver precise estimates of rare event probabilities with a
reduced number of simulations [32]. We propose a dynamic
IS approach formulated via stochastic optimal control. The
feasibility of this optimal IS scheme necessitates developing a
lower-dimensional SDE for the square envelope. The work
in [29] captured the dynamics of the square envelope via
a one-dimensional (1D) SDE, using Lévy’s characterization
theorem. However, it was established that this model remains
valid exclusively under Rayleigh fading conditions.

The contributions of this paper are listed as follows:

1) We employ a MC estimator to estimate the CCDF of
the fade duration. Additionally, we analyze its behavior
under varying channel parameters.

2) We propose an IS estimator for efficiently estimating the
right tail of the CCDF of the fade duration, highlighting
the necessity of a 1D SDE for optimal estimation.

3) Using Markovian projection (MP), we derive a 1D SDE
for the square envelope based on the two-dimensional
(2D) SDE for the in-phase and quadrature components
of the signal. We investigate three cases where the
envelope is asymptotically Rayleigh, Rician, or Hoyt.

4) We present numerical results for the CCDF of fade
duration, employing the optimal IS estimator in the
Rayleigh scenario and a suboptimal IS estimator in
the Rice scenario, demonstrating how IS significantly
reduces the number of simulations required for accurate
tail estimation of the CCDF.

The paper is structured as follows: Section II introduces
the fading duration metric and proposes a MC estimator to
estimate its complementary CCDF. Section III presents the
motivation for the need for variance reduction techniques and
proposes an IS estimator to efficiently estimate the tail of
the CCDF. Section IV is dedicated to modeling the signal
envelope of time-varying wireless channels using 1D SDE,
assessing three cases: Rayleigh, Rice, and Hoyt fading. Finally,
Section V provides numerical results for the CCDF of the fade
duration in the Rayleigh and Rice cases using IS estimators.

II. FADING DURATION
A. Channel Model
In our study, we employed well-established SDE models to
describe the random variations of signal components in the

time domain. Specifically, the work presented in [25] focuses
on the Rayleigh fading scenario, starting from models that

utilize SDEs for phase changes and ultimately modeling the in-
phase and quadrature components using Ornstein-Uhlenbeck
SDEs. In particular, the phase changes (¥ (s) satisfy the
following equation:

dp™ (s) = BY2dW ") (s), ()
where W) are independent Wiener processes, and B is a
constant with the dimension of frequency, which determines
the correlation timescale for the component phase processes
¢ (s). Based on (1), [25] modeled the in-phase I(s) and
quadrature Q(s) as follows:
\/§

1 1
dI(s) = —§Bl(s)ds + TB§UCZW(I)(8),

dO(s) = — = BQ(s)ds + gB%adW(Q)(s),

2

where W) (s) and W(®@)(s) denote independent Wiener
processes, and o2 is the variance of the scattered electric field
e(s) = > exp [ip™ (s)]. Furthermore, the SDE framework
proposed in [29] addresses the in-phase and quadrature compo-
nents for Rayleigh, Rician, and Nakagami-m fading scenarios.
These fading environments, as highlighted in [6], remain
pertinent in modern Terahertz wireless communications. The
models in [29] and [25] assume first-order Markovian fading
channels, a condition further substantiated by recent studies
[33]-[37].

Building on these models, we extend the framework to the
more general Beckmann case, where the in-phase and quadra-
ture components are independent Gaussian random processes
with distinct time-varying means and variances. We express
I(s) and Q(s) as solutions to the following generalized
Ornstein-Uhlenbeck SDEs for 0 < ¢t < s < T, where t is
the initial time, and 7" is the final time:

dI(s) = ki (61 — 1(s)) ds + B1dW D (s),

dQ(s) = kg (0 — Q(s)) ds + B2dW @ (s), t <s<T
)
)

)

It
Q(

t

Qt, 0<t<T,

3)
where k1, ko, 01, 02, 81, and (B2 are constants in IR. From the
statistics of I(s) and Q(s), derived in Appendix A, I(s) and
Q(s) represent Gaussian variables with asymptotic means 6,

and 0, and asymptotic variances fkl and 2 51, » Tespectively.

We let X (s VI2(s) + Q2(s) be the received signal

envelope, where X (s) can have a Raylelgh Rice, Hoyt, or
Beckmann distribution depending on the absence or presence
of a strong line of sight [38]. More precisely,

. If91:02:0,k1:kgzk,andﬁlzﬂgzﬂ,then
X(s) has an asymptotic Rayleigh distribution with the
parameter —z—.

o« If &1 = ko = k and 61 = ﬁg = ﬂ, then X(S)
has an asymptotic Rice distribution with the parameters
(V07 + 63, ) . _

o If 6, =0 =0, then X (s) has an asymptotic Nakagami-
q (Hoyt) distribution [39] with the shape parameter ¢ =

G /B and E[X?) = fb 4 L2
o If 0, 7é 02 =0, k1 # ko, and 1 # o, then X (s) has an

asymptotic Beckmann distribution.
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B. Problem Formulation

We let Z(T) be the time during which the received signal
envelop X (s) remains below a given threshold v € R, in the
time interval [0, T']. In other words, Z(7T') indicates the fading
time of the signal in the period [0, T]. Moreover, Z(T') is the
solution at final time 7" of the following ordinary differential
equation:

Zt) =z 0<t<T, @

where 1(x(5)<4} is an indicator function that equals 1 if
{X(s) <~} and O otherwise.
Therefore,

{dZ(S) = ]]-{X(s)<'y}d5a t<s<T

T
Z(T) =z +/ ]l{X(S)<,Y}dS. 5
t

The goal is to determine the distribution of Z(7T'). To achieve
this, we calculated the CCDF of Z(T') given by P(Z(T) >
w|X(t) ==, Z(t) = z), for 0 < w < T. First, we formulated
the problem as a multidimensional SDE:
dI(s) = ki (61 — I(s)) ds + B1dW ) (s),
dQ(s) = ks (62 — Q(s)) ds + B2dW V(s),
dZ(s) Q(s))ds,
)
)

=f () t<s<T, ©)
It) =1
Q(t:Qtv
Z({t)=2 0<t<T,

where f(2,y) = 11;24,2<42}. The quantity of interest, for an
initial time ¢ and initial states I;, Q¢+, and z, can be expressed
as follows:

P(Z(T) > w|I(t) = It,Q(t) = Q1, Z(t) = 2)

=Elgu(Z(T)) | I(t) = 1, Q(t) = Q, Z(t) = 2],
where gy, (7) = 1{;~.} and E[.] denotes the expected value.
The distribution of Z(7T') is unknown; thus, it is not possible
to obtain a closed form of the conditional expectation in (7).
Instead, we only have access to samples of Z(T'), obtained by
numerically solving the SDE in (6). In this case, one approach
to estimating the CCDF is to use MC simulations.

)

C. Monte Carlo Estimator

Obtaining analytical solutions to complex SDEs may not
always be possible. In practice, numerical methods, such as
the Euler—Maruyama scheme, are often used to approximate
the solution and simulate the behavior of the system over
time. The Euler—Maruyama scheme provides a numerical
approximation to the solution of the SDE over a discrete
time interval [40]. We consider a time discretization 0 =
to < t1 < ... <ty = T, and define IV, QV, and ZV
as the discretized representations of the states I, ), and Z,
respectively. Given an initial value Iy and )y, the Euler—
Maruyama scheme updates the state variables IV (¢), Q™ (¢),
and Z (t) at each time step At = % as follows:

IV (0) = Ip, QN (0) = Qo, 2" (0) = 0, (8)

and forn =0,...,N — 1,

IV (tugr) = IV (tn) + ko (61 — IV () At + B AWD,
Q ( 71+1) = QN (tn) + kQ (92 - QN (tn)) At + ﬂgAWT(LQ)
zN ( n+1) =2zV (tn)+f(IN (tn)7QN (tn>)At

)
where AW,S,I) and AWT(LQ) are independent Gaussian random
variables (RVs) with distribution A(0, At).

By solving the SDE in (6) M times, we obtain M indepen-
dent samples {Z*)(T)}M | of Z(T). Finally,

M
Elgu(Z(T))] ~ +- > (z9(r)).

Fig. 1 presents the numerical results of the estimation of
the CCDF in the Rayleigh case using the MC estimator. We
investigate two scenarios: when the process starts above the
threshold i.e. Iy = Qo = 1, and when the process begins
below the threshold i.e. Iy = Qo = 0. In the case where
the process is initially above the threshold, Fig. 1 reveals an
interesting observation: discontinuity occurs at w = 0. In fact,
P(Z(T)=0) =0.17 # 0, representing the size of the jump of
the represented CCDF. This implies that Z(T") is a mixed RV
with a jump at w equal to zero. This phenomenon is explained
by the fact that there is a non-zero probability that the signal
will remain above the threshold for the entire duration of the
interval [0, 7T']. This is possible when the process starts above
the threshold and with specific parameters.

(10)

101 * — I=0p=1

lh=0Qp=0
08

0.6

P(Z(T) > w)

04
0.2
0.0

-1 0 1 2 3 4
w (s)

Fig. 1: Estimated complementary cumulative distribution function
(CCDF) in the Rayleigh case using the Monte Carlo (MC) method
with the following parameters: 7' =4, N = 100, £k = 0.5, 8 = vz
and v = 0.5.

III. IMPORTANCE SAMPLING FOR RIGHT-TAIL
ESTIMATION

A. Motivation

When estimating P(Z(7T') > w), it becomes evident that
the MC method tends to estimate a probability of zero when
w approaches T from the left. However, we anticipate that the
actual value is extremely small but not precisely zero, given
that the occurrence of the event {Z(T) > w} is rare when
T — w is small. Moreover, the MC estimations tend to be
inaccurate for such infrequent events. To illustrate this, we
calculated the relative error, defined using the central limit

theorem as follows:
\/P w)(1—=P(Z(T) > w)) (11
v MCP (Z(T) > w) 7
where C' denotes the confidence constant, equal to 1.96 for the
95 % confidence interval, and M ;¢ represents the number of
samples for the MC estimator.

eEMc =
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Fig. 2: Relative error of the Monte Carlo (MC) estimator of
P(Z(T) > w) with the following parameters " = 4, N = 100,
Io=Qo=1,k=05 8= and v = 0.5.

Fig. 2 displays the relative error for the range of w, using
Mpy;c = 10°. The relative error significantly increases ap-
proaching the right tail. This phenomenon implies that the MC
method requires more samples to achieve a given relative error
as the value of w increases. Notably, even with a sample size
of 10%, MC struggles to estimate P(Z(T) > w) accurately for
w > 3.5. Consequently, we must employ variance-reduction
techniques to minimize the required number of samples for
estimating the right tail of the CCDF. We employed IS as one
such technique.

Remark 1. Given the discontinuity in the CCDF when
Iy = Qo = 1, as shown in Fig. 1, we have calculated the
relative error in estimating the size of the jump at w = 0
and plotted it as a scatter point in Fig. 2. It is important
to note that, for certain parameter settings, the size of the
Jjump becomes very small, and consequently, leading to a high
relative error. For instance, by replacing k = 0.5 with k =5,
we find that P(Z(T) = 0) ~ 1075, resulting in a substantial
increase in the relative error for estimating the jump in the
CCDF (approximately 195%). In such cases, the utilization
of variance-reduction techniques becomes indispensable to
achieve a highly accurate estimation of P(Z(T) = 0).
This work focuses on rare events in the right tails of the
distribution, while future research may address specific cases
where P(Z(T) = 0) is exceedingly small.

B. Importance Sampling

We present the idea of IS in the general case before applying
it to SDEs. We consider the estimation of E[g(X)], where
X is an RV with probability density function (PDF) f, and
g is a given function. In scenarios where ¢ takes the form
of an indicator function, signifying probability estimation,
the region of rare events occurs when this quantity becomes
extremely small. In this case, standard MC simulations require
considerable number of samples to obtain accurate estimates.
In addition, the IS method is among the most popular variance-
reduction techniques used to overcome the failure of naive MC
simulations and reduce the computational work [41]-[43]. The
idea is to modify the sampling distribution so that the rare
event is generated with a higher probability than under the
original distribution [32]. We consider a new PDF f such that

supp{f(-)g(~)} c supp{f()}, (12)

where supp{f} = {x € R¢ | f(z) # 0}. The IS technique
consists of writing the quantity of interest as follows:

4
Bo(0)) = [ | o(o)f(@)da
f(@) ; 42
= g(x)=—=f(x)dx =E;[g(X)],
[ o@ F D Fade =B 5 ()
where §(z) = g(z) %7 and E; is the expectation under
which the RV X has the PDF f . Then, the IS estimator is
M
1 -
As =223 5 (x®), (14)
k=1

where {X(™}M | represents independent realizations of X
sampled according to f.

In the context of SDEs, if X (s) € R? solves the following
SDE:
dX(s) =a(s,X(s))ds+b(s,X(s))dW(s),0<s<T
X(0)

a
Xo,

5)
and we aim to estimate E [g (X (7"))], the change of measure
in the IS method is performed in the path space induced by
the Wiener process. We apply a change of measure to the
SDE in (15) such that we minimized the variance of the MC
estimator. We formulate the problem of finding an optimal
change of measure as a stochastic optimal control problem.
To better understand this, we let XV (¢) be the forward Euler—
Maruyama approximation of the proposed process X (¢). Then,

XN(tpi1) = XN (tn) + a(XN(t,), tn) At
+0(XN (tn), tn)VAte,, n=0,...,N —1
XN (to) = X(0) = 2o,

(16)
where €,,n = 1,--- , N are independent and identically dis-
tributed standard normal vectors. We let ¢, = (XN (t,),tn)
be the control at the time step t,, and we propose a measure
change on each ¢, of the following form:

€n = VAL(, + €.
Therefore, the new path X év satisfies
XY (1) = XN () + (a(X0 (b)) + DX (ta) )G ) At

(XY (tn), tn)VAte,
XCN(to) = XN (to) = Xg-

amn

(18)
The objective is to minimize the variance of the resulting
estimator. As the IS estimator is unbiased, minimizing the
variance is equivalent to minimizing the second moment.
To maintain unbiasedness, we introduced the likelihood as
follows:

. 1. 1.
Lo (en) = oxp { =3 enl? pexp { 30 ~ VAT |
19)
After replacing the expression of €,, the likelihood function
becomes

1
Ly, (en) = exp {_2At ”CnHQ — VAt (en, <n>} ) (20)
where (-,-) is the dot product between two vectors, and ||.|
is the Euclidean norm of the vector. Finally, the quantity of
interest can be expressed as follows:

E g (x¥(T)] = [g ) T1

II z- (m)] .Q@D

n=0
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The objective is to minimize the second moment; thus, the
cost function is defined as follows:

Ct,a:(C07 U 7CN—1)

HL en|X< t) = .L:|

n=0
=E[¢* (X{(T)
N-1

X Hexp

(=Dt = 2 ens o) VALY | X2 (1) = } :
22)

Taking the limit as At — 0 leads to the following:

T
QAO=EM%Xdﬂﬁw{—lIK@XdWWdS

T
2 [ (s X)W () | Xelt) =]
" (23)
where ( is the IS parameter that defines the measure change
and X is subject to the controlled SDE dynamics

dXc¢(s) = (a(s, Xc(s)) +b(s, Xc(s)) C(s,Xc(s)))ds
+b (s, X¢(s))dW(s), 0<s<T
Xct)=X({t)=x, 0<t<T.
(24)
We defined the value function as follows:
u(t,x) = Igrglrgl Ct.(C), (25)

where B is the set of admissible Markov controls. One con-
ceivable approach to identifying a suitable control ¢ involves
the application of a parametric family of change of measure
and solving the optimization problem in (25) to determine the
optimal parameters that provide the optimal control ¢ within
the preselected class of measures. In contrast, if the aim is to
determine the optimal control in the full spectrum of possible
Markov controls, it is best to apply Theorem 1 [44].

Theorem 1. We assume that the value function u(t, z) defined
in (25) is bounded and smooth and let D represent the support
of u, meaning that u(t,z) is nonzero for (t,x) € D. Then,
u(t, x) solves the following PDE:

Opu + Z?:l a;0z,u + % Z?,jg.k:l bikbjkOu,a;u
~& L (S dnuby) =0, (Lw)eD (6

U(Tv ) = 92a
where a; denotes the ith component of the drift vector a, b;;
represents the element in the ith row and jth column of matrix
b, 0;,u denotes the derivative of u with respect to the ith
component of vector x, and Oy, ;u is the second derivative of
u with respect to the ith and jth components of vector x. The
optimal control is computed as follows:

1
<*(t,l‘) = ib(tv‘r)VIOgu(t7I)v 27)
where V denotes the gradient vector.
Proof: See the proof in [45]. ]

We assume that g does not change the sign. If we introduce
the change of variable u(t, ) = v?(t, z) and substitute u(t, x)
with v?(¢, z) in equation (26), we can deduce, as developed in
[45], that v exactly solves the Kolmogorov backward equations

(KBEs) given by
{ v + Z?:l a,-@xiv + %Zij,kzl b,kbﬂﬁx%v =0,t<T,
o(T,.)=g.

(28)
The KBE formulates a deterministic PDE whose solution may
be written in the form of an expectation value of a terminal
condition [46]. The solution of the KBE (28) corresponds
to the conditional expectation E[g(X(T)) | X(¢) = z]. The
quantity u(t, z) defined in (25) represents the second moment
of the IS estimator. Given that v(t, z) precisely represents the
quantity to estimate, by employing the optimal control (27),
the second moment of the IS estimator equals the square of
the first moment, resulting in a variance of zero.

Remark 2. Solving the KBE in (28) suffers from the curse
of dimensionality, wherein the computational cost escalates
exponentially as the dimensionality d increases. Specifically,
applying the optimal change of measure on the SDE in (6)
necessitates solving a PDE with three spatial dimensions
and one temporal dimension, which can be computationally
expensive and, given limited resources, may even become
infeasible. One potential solution is to derive an SDE for the
square envelope R(s) = I%(s) + Q*(s), and then apply the
change of measure to the SDE for (R, Z) instead of (I,Q, Z).
This approach reduces the dimensionality by one, making
solving the PDE in (28) computationally feasible.

IV. ONE-DIMENSIONAL STOCHASTIC DIFFERENTIAL
EQUATIONS FOR THE SQUARE ENVELOP USING
MARKOVIAN PROJECTION

Based on the model in (3), the work in [29] has modeled the
dynamics of the square envelope R(s), subject to short-term
fading, by the following SDE:

{dR() (c1 — caR(s)) ds + c3y/R(s)dW (s
R(t) =
(29)

Ry, 0<t<T,

where c1, co, and c3 are constants in R. It used Ito’s differential
rule [47] and Lévy’s characterization theorem [48], to transi-
tion from a 2D SDE for I and @ to a 1D Markovian SDE for
R. The validity of the model in (29) has been established only
in the Rayleigh case. In this work, we employ MP to derive a
lower-dimensional, Markovian SDE for R(s) in more general
cases, such as when the envelope X (s) is asymptotically
Rayleigh, Rician, or Hoyt.

), t<s<T

A. Markovian Projection

The MP, in the context of SDEs, represents a powerful
technique to project a high-dimension SDE into a lower-
dimensional one, while preserving the marginal distribution.
The following lemma details the dynamics of the projected
SDE:

Lemma 1. Markovian projection [49]

We let X € R solve
dX(t) = a(t, X (t))dt + b(t, X (t))dW (1),
X(0) =z, x€RY,

O0<t<T

(30)
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and we consider the non- Markovzan process S = PX, where
S e R and PT = (Pl y o PT) represents the projection
matrix onto a dimension 1 < d < d.

We let 50) ¢ R solve for t € [0,T]
{dS(z“>(t) = a®) (1,8 @) dt + 5= (1,5 (1)) aw(z),

S’(IO)(O) = P.T(),

(3D
where W denotes a Wiener process, independent of W. The
drift and diffusion coefficients of the surrogate process S(*°)
are determined for 1 < i,j < d as follows:

*Wuﬁ E[Pa(t, X()) | PX(t) = 5, X(0) = 0]

(wT) ) (t,s) = E [(PTob" Py) (t, X (1)) | PX(t) = 5, X(0) = x0] .
(32)
Then, S()|;x(0)=zr = PX(O)|{x (02201 and S(@o) (t) have
the same conditional distribution for all t € [0,T.
Proof: See the proof in [49] for similar derivations. 1

In this context, we employed MP by taking X =
(I,Q,R)T, P = (0,0,1)T, and S = R, where I and Q are
solutions of (3), and R = I? + Q2. The MP of R, denoted as
R, is obtained by solving the following SDE:

dR(s) = a(s, R)ds+ b(s, R)dW (s),

{ R(0) = R(0).

O0<s<T

(33)
The determination of the drift @(s, R) and diffusion b(s, R)
components relies on the application of MP Lemma 1 and
depends on the characteristics of the fading environment,
whether Rayleigh, Rice, or Hoyt.

B. Rayleigh Case

When the Ornstein—Uhlenbeck processes I(s) and Q(s) are
identically distributed, and do not have a long-term mean
adjustment, the SDE (3) can be expressed as (2), where
B =2k and 0 = % Using Ito’s formula, R(s) solves the
following non-Markovian SDE:

dR(s) = B (cI*(s) — Q*(s)) ds

Boll(s) Qs)) [

R(0) = I?(0) + Q2(0).
From MP Lemma 1, the projected process R solves (33) with
the projected drift coefficient:

dW1(s) } 7 (34)

dW9(s)

a(s,r) = E [B (0* — I*(s) — @(5)) | B(s) = 1. 1(0) = [0, Q(0) = Qo]
=B (O’ — 7)
(35
and the projected diffusion coefficient:
52(s,r) =FE [2302 (12(5) + Q2(8)) | R(s) =r,I(0)=1,Q(0) = QO]
= 2Bo?r
= b(s,r) = oV2Br.
(36)
Therefore, for 0 < s < T, (33) can be written as
dR(s) = B (¢ — R(s)) ds + o+/2BR(s)dW (s)
R(0) = R(0).
(37

This result precisely corresponds to the SDE form stated
in (29). Consequently, we substantiated the validity of the

proposed model, derived using MP rather than Lévy’s char-
acterization theorem.

We studied the properties of the projected process R. First,
we checked the stationary distribution of R using the Fokker—
Plank equation. The limit distribution p(.) of the projected
process R satisfies

9 y

gy = (1= ) p), v>0. G
Moreover, the solution of (38) is
1 -

py) = —e . y>0. (39)

Therefore, R(s) is an asymptotic exponential distribution with
parameter %, which is the exact asymptotic distribution of
R(s). We also calculated the statistics of R in Appendix A.
The asymptotic means and variances are the same as the statis-
tics of RR. Furthermore, the expression for the autocorrelation
(78) is nonconstant in the stationary regime, in contrast to
the Clark model. Instead, it exhibits the same exponentially
decaying form as the autocorrelation of the fading in the
extended Clark model under the condition of a zero Doppler
shift, as developed in [22].

We solved the original SDE (3) and the projected SDE (37)
and compared in Fig. 3 the histograms of R(T) and I(T)? +
Q(T)?. The samples of R(T) produce a histogram that closely
resembles (T)? + Q(T)>.

10 PDF of 12(T) + Q*(T)

= R(T)
08 AT +Qim

Frequency
o
o

o
=

0.2

00

Fig. 3: Rayleigh Fading: Histogram of R(T) and I(T
using 10° samples with the following parameters: T =
Ip=0,Q=0,B=1,and 0 = 1.

)+Q()
4, N=1

C. Rice Fading

As explained in Section II-A, when I(s) and Q(s) have a
long-term mean adjustment 6, they solve the following SDE:

dI(s) =k (0 —1(s))ds + BdW D (s),

dQ(s) = k(0 —Q(s))ds + BdW @ (s), 0<s<T
1(0) = Io,
Q(0) = Qo.

(40)
Using Ito’s formula, R(s) solves the following non-Markovian
SDE, for 0 < s < T,

dR(s) = (2k0(I(s) + Q(s)) — Qk(Iz(}s) + Q%(s)) +28%) ds
el Q| el |

R(0) = I*(0) + Q%(0). an

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2025.3536615

Applying Lemma 1, we find that the projected process R
solves (33), with the projected drift:

a(s,r) = E [2k0(I(s) + Q(s)) — 2k(I*(s) + Q*(s))
+26% | R(s) = r,1(0) = Ip,Q(0) = Qo] ,
and the projected diffusion coefficient:
b2 (s, )
= 4E [8%(I*(s) + Q*(s)) | R(s) =1, 1(0) = I, Q(0) = Qo]
= 48%r
= b(s, 1) = 2BV/T.

(42)

(43)
We let us assume that, initially, Iy = Qo; therefore, I(s) and
Q(s) have the same Gaussian distribution at each time s, with
a mean of:

m(s) =Ipe * +0(1—e "), (44)

and a variance of
o2(s) = 5 (1—e2) (45)

2k '
Consequently,
a(s,r) = 49 E[I(s) | R(s) = r,1(0) = Q(0) = Io]
5 (46)
— 2kr +2p5°.

To derive an explicit expression for the drift a(s,r), we
compute the conditional PDF f7 () r(s)(z | ) as described
in Proposition 1. This computation allows us to determine the
conditional expectation E [I(s) | R(s) = r,I(0) = Q(0) = Iy
as follows:

E[I(s) | R(s) = 1] = / fropme (@ | Nde. @)

Proposition 1. If (I(s),Q(s)) solves (40), R(s) = I?*(s) +
Q?(s), and Iy = Qq, then, for r > z2,
exp(zm(s) ) ( - )_ZI,l (m,(s)m>

a2(s) ) \m2(s) 3 o2 (s)
Feom(TE)
(48)
where 1, is the modified Bessel function of the first kind with
order .

Jrs)res) (@ | 1) =

Proof: See Appendix B. [ |

However, if we use the expression (47) for the conditional
expectation to formulate the drift (46), solving the SDE (37)
becomes computationally expensive because we would need
to evaluate the integral in (47) at each time step and for
every sample. Alternatively, we can approximate the condi-
tional expectation (47) using affine prediction. The conditional
expectation can be approximated as follows:

E[I(s) | R(s) =71] = c1(s)(r — E[R(s)]) + ca(s),  (49)
where c¢i(s) = W, and ca(s) E[I(s)]. Here

Cov(.,.) is the covariance, and Var(.) is the variance. Using

the properties of the third and fourth moments of Gaussian

RVs, we can demonstrate that:

Cov(I(s), R(s)) = Cov (I(s), I*(s) + QQ(S)) =2m(s)o’(s),
(50)

Var(R(s)) = Var (12(5) + QQ(S)) = 4m?(s)o?(s) + 204 (s).
(51

Therefore,
m(s)o?(s) (r — 2 (o%(s) + m*(s)))

E[I(s) | R(s) = 1] ~ 4m2(s)o2(s) + 204(s)

+ m(s).

(52)
To assess the effectiveness of employing the affine approxima-
tion, we compared the exact drift a(s,r) obtained by evaluat-
ing the exact integral form for the conditional expectation,
with the approximated drift a(s,r) computed using affine
prediction. The drifts a(s,r) and a(s,r) depend on both the
time s (which ranges over [0,7]) and the square envelope r
(which can range from [0, 4+00]). To provide a clearer analysis,
we fix the time s and plot both drifts as functions of 7. The
range of r can be adjusted based on the values of the square
envelope for that specific time. To determine an appropriate
range for r at each fixed time s, we display in Fig. 4 several
samples of I%(s) + Q%(s) as a function of s, obtained by
solving the SDE in (40). For example, from Fig. 4, we observe
that for a fixed time s = 0.2, the range of I?(s) + Q?(s) is
approximately [0, 2]. Therefore, for s = 0.2, it is sufficient to
plot the drifts a(s,r) and a(s,r) as functions of r within the
interval [0, 2]. Fig. 5 shows a(s,r) and a(s,r) plotted against
r for different fixed values of s € {0.2,1,3,4}. The range of
r for each fixed s is determined from Fig. 4.

15.0

125

10.0

75

14(s) + Q“(s)

50

25

00

0 1 2 3 4
Time s

Fig. 4: Fifty samples of I(s)?4Q(s)? with the following parameters:
T=4,N=100,1po=0,Qy=0,k=1,0=1,and g = 1.

5=02 s=1
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Affine Approximation Affine Approximation
00
1
—25
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— Exact

\ Affine Approximation

— Bxact
= of
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-10
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= =
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Fig. 5: Comparison of the exact and approximated drift with the
following parameters: 7' = 4, N = 100, Ip = 0, Qo =0, k = 1,
0=1,and = 1.
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Fig. 5 reveals that the obtained affine expression is a
good approximation for the conditional expectation. Therefore,
we can use the linear approximation for the conditional
expectation, and finally, the approximated drift a(s,r) can be
expressed as follows:

(s)02(s) (r — 2 (c%(s) + m(s)?))
4dm(s)202(s) + 204(s)
+ m(s) — 2kr + 252,
where m(s) and 02(s) are given by (44) and (45).

To check the efficiency of the proposed projection, in Fig. 6
we plotted the histogram of the solution of the original SDE
in (40) and the histogram of the solution of projected SDE in
(33). The plot demonstrates that the paths of I?(T) + Q?(T)
and R(T) are almost the same; therefore, the approximation
is robust.

a(s,r) ~ 4k0 m

(53)

025
PDF of 12(T) + Q(T)
- R(T)

0.20 T +Q%(T)
T o015
[=
O
=1
g
I 0.10

0.05

0.00 —

0 5 10 15 20 25

r

Fig. 6: Rice Fading: Histogram of R(T) and I(T)* +
108 samples with the following parameters: T = 4, N
0,Q0=0,k=1,0=1,and g = 1.

Q(T)? using
=100, Ip =

D. Hoyt Case

Another commonly employed statistical distribution for
modeling wireless channels is the Hoyt distribution (also
known as the Nakagami-q distribution) [39]. This distribution
corresponds to the case in which the in-phase and quadrature
are independent jointly Gaussian RVs with a zero mean and
different variances. In this case, the processes I(s) and Q(s)
satisfy the SDE in (3), where §; = 63 = 0. By applying
Ito’s formula to derive the non-Markovian SDE for R(s) and
subsequently performing the MP, we can determine the drift
and diffusion of the projected SDE in (33) as follows:

a(s,r) = =2k E[I*(s) | R(s) = r,1(0) = In, Q(0) = Qo] + 57
— 2ky E[Q%(s) | R(s) =1, 1(0) = In, Q(0) = Qo] +£%,)
b2 (s,7) = 4BTE [I*(s) | R(s) = r,1(0) = Iy, Q(0) = Qo]
+4B5E [Q%(s) | R(s) =r,1(0) = Ip, Q(0) = Qo] -

We assume that Iy = Qg = 0; consequently, I(s) and Q(s) are
zero-mean Gaussian distributions with the following variances:

(55)

2 B% —2k1s 2 6% —2kgos
oi(s)==t(1-e ), o3(s)=-=(1- ).
2]'{}1 2k2
(56)
To compute the conditional expectation in (54) and (55), we
must determine f72(s)|r(s)(- | -), which is expressed as in

Proposition 2.

Proposition 2. If (I(s),Q(s)) solves (3) with 61 = 65 = 0,
R(s) = I?(s) + Q%(s), and Iy = Qo = 0, then, for r > z,

fr2(s)|R(s) (T [ 7)

-3 r—x T -1
_(rma) Fe (_2o§<s> _2af<s>)x ’ (57)
o r(02(s)+03(s)) r(a2(s)—a2(s)\
mexp (~CHEAT) T (")
Proof: See Appendix C. ]
Finally, we can compute the conditional expectation

E [I%(s) | R(s) =] as follows:
E [12(5) | R(s) = r] = /xsz(s)m(s)(:r | r)dx. (58)

Via the computation, we demonstrate that the simplified ex-
pression is given by

E [12(5> | R(S) = T’I(O) = IO7Q(0) = QO]

N . 4 (5(031@) - o%1<s>)) (59
o 5 T 1 1
To (1(03(5) - a%(s>)>
Similarly, we can express
E [Q*(s) | R(s) = 1,1(0) = I, Q(0) = Qo]
T 14 L (E(Jfl(s) o ng(s)) (60)
o 5 r 1 _ 1
To (4(a%<s> o§<s>>)

Hence, we have explicit expressions for the drift a(s,r) and
diffusion b(s,r) in the Hoyt case. By using them, we can
solve the projected SDE in (33), plot the histogram of the
corresponding samples of R(T), and compare them to the
samples of 1?(T)+Q?(T), obtained from the original SDE in
(3). The results illustrated in Fig. 7 indicate that the MP is an
appropriate tool to determine an SDE for the square envelope.

0.30 PDF of 12(T) + Q%(T)
B Markovian projection
0.25 PT) +QUT)

Frequency
o =]
s e
53 =

2
=]
o

0.00

o 10 20 30 40 50 60 70
r

Fig. 7: Hoyt Fading: Histogram of R(T') and I(T)? +
10° samples with the following parameters: T = 4, N
0,Qo=0,ki =01, k=05, 51 =p2=1

Q(T)? using
=100, Ip =

V. NUMERICAL RESULTS
A. Monte Carlo

This section provides numerical results for estimating the
CCDF of the fade duration, denoted as Z(T), in the context
of Rayleigh, Rice, and Hoyt fading. We let I(s) and Q(s) solve
(3), and let R(s) be the MP of R(s) = I*(s) + Q?(s) solving
(33). Initially, we erglployed the MC method to compare the
CCDF of Z(T) = Jo ]].{]2(8)+Q2(s)<72}d8 with the CCDF of
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Z(T) = fOT 14 f(s)<~2}ds, aiming to check the effectiveness
of working with the lower-dimensional SDE in (33) instead of
the original SDE (3). More precisely, the samples of Z(T') are
obtained by solving the SDE (6), while the samples of Z(T)
are obtained by solving the following projected SDE:

dR(s) = a(s, R)ds+ b(s, R)dW s),
dZ(s) =c(R(s))ds, 0<s<T, 61)
R(0) =13 +Q3, (
Z(0) =0,

where ¢(x) = 1{;<2}. The projected SDE in (61) is obtained
using the MP Lemma 1, by taking X = (I, Q, I*> + Q% 2)T
PT = (PF,P¥), P, =(0,0,1,0), P> = (0,0,0,1) and S =
(I+Q?, Z)T. We conducted this comparative analysis across
various parameter settings in the three fading cases. The results
for the Rayleigh, Rice, and Hoyt cases are presented in Figs. 8,
9, and 10, respectively.

1.0 S —— 20-SDE, b=1,0:=1,8=16=1

P(Z(T)>w)

w (s)

Fig. 8: Estimated complementary cumulative distribution function
(CCDF) in the Rayleigh case using the Monte Carlo (MC) method
with the following parameters: 7' = 4, N = 100, v = 0.5, and
M =10°..

—— 20SDE b=1,00=1,k=056=1,5=05
10-SDE, lo=1,Qs=1,k=0.56=1F=05

—— 10-SDE, 1h=0,Q=0,k=0.58=1£=1

P(Z(T)>w)
o o
= o

w (s)

Fig. 9: Estimated complementary cumulative distribution function
(CCDF) in the Rice case using the Monte Carlo (MC) method with
the following parameters: T = 4, N = 100, v = 1, and M = 10°.

The remarkable consistency observed across all cases sug-
gests that using the projected process R instead of (I, Q), does
not noticeably change the CCDF of the fade duration. The
discrepancy between the CCDFs of Z(T) and Z(T) in the
Rice case stems from using the approximated drift a instead
of the precise drift a. In contrast, for the Rayleigh and Hoyt
cases, we employed exact expressions for drift and diffusion.
Consequently, the divergence between the CCDFs primarily
arises from discretization errors. Significantly, an augmented
number of time steps /N results in a more accurate fitting of
the curves.

—— 20-SDE ki=1,k:=1p=1 =15

P(Z(T)>w}

00 05 10 15 20 25 30 35 40
w (s)

Fig. 10: Estimated complementary cumulative distribution function
(CCDF) in the Hoyt case using the Monte Carlo (MC) method with
the following parameters: 7' = 4, N = 200, v = 0.5, and M = 109,

In the next experiment, we employed the MC method
to examine how the distribution of the fade duration Z(T)
behaves when we manipulate the parameters of the channel.
Specifically, in the Rayleigh case, the parameters B and o
exert control over the autocorrelation of the complex envelope
I 4+ iQ. Notably, I(t) and Q(t) are independent; thus, we
can express the autocorrelation of the complex envelop as
Cri(At) + Coq(At) T2 52¢-3BAt . Consequently, B
represents the correlation time scale, and the autocorrelation
of the signal increases linearly with o2

Fig. 11 presents a comparative analysis of the behavior of
the estimated CCDF of Z(T) in the Rayleigh case by solving
(6), as we manipulated the parameters B and o. Altering the
parameter B has a relatively minor effect on the shape of
the CCDF and the associated calculated statistics. In contrast,
when the parameter o is adjusted, even a slight modification
can result in a significant transformation in the distribution
of Z(T). Furthermore, the results demonstrate that as both B
and o increase, the CCDF experiences a more rapid decay
towards zero. Additionally, as B increases and o decreases,
the probability P(Z(T) = 0) tends toward zero, signifying
that the RV Z(T') transitions towards a continuous distribution
when the signal exhibits lower levels of correlation.

0.8

CCDF of Z(T)
CCDF of Z(T)

02

00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
w (s) w (s)

(@) o =1 (b)yB=2

Fig. 11: Estimated complementary cumulative distribution function
(CCDF) using the Monte Carlo (MC) method, for various values of
B and o with the following fixed parameters: 7' = 4, N = 100,
In=1,Qy=1,~v=0.5,and M = 10°.

Another noteworthy experiment involves keeping the chan-
nel parameters fixed while varying the threshold . Fig. 12
presents the variations of the CCDF of Z(T'). The observations
indicate that as the threshold rises, the CCDF of Z(T)
undergoes a more rapid decay toward zero, and the magnitude
of the jump at zero diminishes.
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Fig. 12: Estimated complementary cumulative distribution function
(CCDF) using Monte Carlo (MC) method, for various values of ~y
with the following parameters: T = 4, N = 100, Ip = 1, Qo = 1,
B=2and o = 1.

B. Importance Sampling

This section presents the numerical results for the IS es-
timator employed in the right-tail estimation of the CCDF
of fade duration in the Rayleigh and Rice cases. We follow
the methodology outlined in Section III-B to determine an
appropriate change of measure and reduce the variance of
the proposed estimator. Obtaining the optimal change of
measure entails solving the KBE in (28). As discussed in
Remark 2, to circumvent the challenges posed by the curse
of dimensionality, it is crucial to apply the change of measure
to the projected SDE in (61).

In the Rayleigh case, we have derived the exact drift and
diffusion terms of the projected SDE (61). This guarantees
that the conditional distributions of (R, Z) and (R, Z) are the
same, leading to E[g,,(Z(T)) | I(t) = I+, Q(t) = Q, Z(t) =
2 = Elgu(Z(T) | 1) = 1,Q() = QuZ(t) = 2.
Consequently, we can solve the SDE (61) instead of the full-
dimensional SDE (6) and apply the change of measure to the
projected SDE without introducing any bias.

However, in the Rice case, where the exact expressions
for drift and diffusion cannot be determined, applying the
same strategy as in the Rayleigh case may lead to bias if we
solve the SDE (61) with an approximated drift. To mitigate
this bias, our approach involves solving the KBE for the
projected SDE, and then mapping the projected control from
the reduced-dimension SDE back to the full-dimensional SDE.
This method ensures the elimination of bias, as IS is applied
to the original full dimensional SDE. Further details will be
provided in Section V-B2.

1) Rayleigh Fading: We applied the optimal change of
measure on the projected SDE in (61), where the drift a(s, )
is determined by (35) and the diffusion b(s, r) is specified by
(36). The modified processes (R« , Z¢+) satisfy the following
controlled SDE:

dRC (s)=B (0' —R< (s ))

+0\/2BR¢+(s) C*(s, R+ (s), Z¢+(s))ds + o/2BR¢+(s)dW (s

dZ¢+(s) = &(Re-(s))ds, 0<s<T,
Z¢+(0) = 2(0),
(62)
where the optimal control is defined as
C*(t,x,z) = oV2Bx 0, logu(t, x, z), (63)

10
and v(t,x,2) = Elg,(Z(T)) | R(t) = x,Z(t) = 2] is the
solution of the following PDE, forx > 0, 0 <t <7, and t—
(T —w) <z<Ht,

du(t,z,2) + B (02 — 2) pv(t, z, 2) + &(2)d.v(t, z, 2)

+ 0% Bx0yv(t,x, 2) = 0,

(T, x,2) = gw(z), (+ Boundary conditions).

(64)

The optimal IS estimator is given by
Mrs T
Loz (o ) g 70
T)) exp{ /f 5(: 2 (S, REIL)(S),ZCII (s‘)) ds
Zélf)(s)) dW(s)},

Aps- = [ Z Juw (
e (e,
(65)

where Mpg is the number of samples for the IS estimator.
Moreover, the relative error of the IS estimator can be ex-
pressed as follows

Var [Ag+]
v MrsP(Z(T) > w)

It is important to note that our proposed estimator is
unbiased, as we use the exact drift and diffusion terms of the
projected SDE in the Rayleigh case, and both the original and
projected SDEs have the same initial condition. To verify the
unbiasedness of the IS estimator, we generated Fig. 13, which
shows the estimated CCDF for values of w greater than two,
along with the corresponding relative error.

€15 = (66)

P > w)
Relative Error

200 225 250 275 3.00 3.25 350 375 4.00 200 225 250 275 300 325 350 375 4.00
w (s) w(s)

Fig. 13: Estimated tail of the complementary cumulative distribution
function (CCDF) and the corresponding relative error using the Monte
Carlo (MC) and importance sampling (IS) methods in the Rayleigh
case with the following parameters: 7" = 4, N = 100, I = 1,
Qo=1,B=1,0=1,v=0.5and Myc = Mrs = 10°.

We observed consistency in the estimation of the CCDF
using the MC and IS methods for w < 3.5. The MC estimator
estimates P(Z(T) > w) as zero for w > 3.5 but exhibits
a remarkably high relative error. Conversely, the IS estimator
approximates the right tail of the CCDF at minimal values
with a reasonable relative error. Fig. 14 presents the number
of samples needed to achieve a 5% relative error using the IS
and MC methods. A substantial amount of variance reduction
occurs when using IS compared to the crude MC method.

For a better view of the results, Table I presents the esti-
mated value of P(Z(T) > w) and corresponding variance for
various values of w, using both estimators. We employed 10°
samples for the MC and IS estimators across the entire range
for w. Table I reveals that the optimal IS estimator effectively
estimates very small values, as low as 10~9, with a relative
error below 5%. In addition, it estimates P(Z(T') > 3.83) as
7.5 x 1071 with only a 10% relative error.
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Fig. 14: Number of required simulation runs for a 5% relative error
for the projected process, using the importance sampling (IS) and
naive Monte Carlo (MC) methods, in the Rayleigh case with the
following parameters: 7' =4, N =100, Ip =1, Qo =1, B =1,
o=1,and v = 0.5.

w Anc Ars» Var[Auc] | Var[Ars<]

2.5 0.003 0.0028 0.0034 2.09 x 10°°

3 [18x107%] 1.5x107% [1.8x107%] 1.16 x 10~"
325[1.7x107°| 1.34x 107 [1.7x107° | 1.11 x 1077
3.5 0 6.048 x 1077 1.41 x 10711
3.75 0 2.58 x 1077 2.59 x 10~ 1°
3.83 0 7.5 x 10711 1.51 x 107

TABLE I: Comparison of the Monte Carlo (MC) and importance
sampling (IS) estimators for values of w with the following param-
eters: N =100, Ip =1, Qo=1, B=1,0 =1, and v = 0.5.

2) Rice Fading: In this case, we do not have the exact
expression for the drift of the projected SDE (33); instead, we
only have the approximated drift a(s, ), as given by (53). If
we use this approximation to solve the projected SDE, it will
introduce bias in estimating E[g,,(Z(T)) | I(t) = I;,Q(t) =
Q¢, Z(t) = 2] relative to E[g,(Z(T)) | 1(t) = I;,Q(t) =
Q+, Z(t) = z]. To avoid this bias, we apply a change of
measure to the original SDE (6). The controlled processes
(I¢, Q¢, Z¢) then solve the following controlled SDE:

ale(s) = (K(6 = Ic(5)) + 58 Ga(s. 1e(5), Qe(5), Z (5)) ) ds
+ BdwW D (s),
4Qc(s) = (K(0 = Qcls)) + B Gals, Ie(5), Qc(5), Ze(5)) ) ds
+ BdW @ (s),
dZ:(s) = f(Ic(s),Qc(s))ds, 0<s<T,
1:(0) = I,
Q¢(0) = Qo,
Z¢(0) =0,

(67)

where (1, (2 represent the controls.

Obtaining an optimal control requires solving a high-
dimensional PDE, as discussed in Remark 2. As an alterna-
tive, we propose suboptimal controls by utilizing the optimal
change of measure for the projected SDE and mapping it
to the full-dimensional SDE. Specifically, the optimal con-
trols ({3, () for the full-dimensional SDE under the optimal
change of measure can be expressed as:

Gt x,y,2) = B 0z loguy (t, x,y, 2),

C;(ta z,y, Z) = 6 ay IOgvH(ta x,Y, Z)a
where vy (t, 2, y, z) is the solution to the KBE (28) associated
with the SDE (6). However, solving this KBE is computation-
ally expensive. Alternatively, we approximate vy (¢, x,y, z) by
vr(t, 2% + 42, 2), where vy (t, 7, 2) is the solution to the KBE
of the projected SDE (61), with approximated drift a(s, ) and
diffusion given by (43). The function vy, (¢,r,z) is therefore
the solution to the following PDE, for »r > 0, 0 < t <
T,andt — (T —w)<z<t

(68)

oor(t,r,z) + a(s,r)0vp(t,r, 2) + ¢(2)0.v(t, x, 2)

+2B8%r 0, (t,r, 2) = 0, (69)
v (T,r,z) = guw(z), (+ Boundary conditions).
Finally, the suboptimal controls (; and (, are given by:
Opvr (t, 22 + 9%, 2
Cl(taxayaz)ZQB'r v (t(xQ—l—yz Z))’
LY ) (70)

Opvr(t, 2% + 12, 2)
UL(ta 2 +y?, Z) .

C2(taw7y?z) = 25 Y

The IS estimator is given by:
M;s

_ 1 (k)
Ars = Vs kE:1gw (Z( (T)>
T
L. (k) (*) ()
e — = s, 17 (s), s),Z:7(s)) ds
o - [ 56 (5 106).00 ). 20 )

P11 09 oW (s) 2
- [ 56 (5 196.00 .20 ) as

t

T
[ 6 (5196,006). 20 (9) v

T
- [ @ (5 190.006.28) av @)},
‘ (1
In Fig.15, we plot the estimated CCDF for w values greater
than two using both the MC and IS estimators. The results
confirm that the proposed IS estimator is unbiased.

— Naive MC
—s

PZ(T)>w)
/
Relative Error

1072
200 225 250 275 300 325 350 375 4.00 200 225 250 275 3.00 325 350 375 4.00
w(s) w(s)

Fig. 15: Estimated tail of the complementary cumulative distribution
function (CCDF) and the corresponding relative error using the Monte
Carlo (MC) and importance sampling (IS) methods in the Rice case
with the following parameters: 7' = 4, N = 100, Ip = 0, Qo = 0,
0=1,k=18=1~v=0.5 and Myc = M;s = 10°.

Additionally, Fig.16 shows the number of samples required
to achieve a 5% relative error using the IS and MC methods.
The IS method reduced the number of simulation runs by about
20 times, compared to the MC estimator, for w > 3. This
demonstrates the effectiveness of the proposed suboptimal
change of measure in achieving variance reduction.
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Fig. 16: Number of required simulation runs for a 5% relative error
using the importance sampling (IS) and naive Monte Carlo (MC)
methods, in the Rice case with the following parameters: 1" = 4,
N =100,1p=0,Qo =0, =1, k=1, 8=1,~v=0.5, and
M = M;s = 10°.

VI. CONCLUSION

This work developed more realistic stochastic models to
represent time-varying wireless channels, using SDEs and MP
to investigate channel envelope dynamics across various fading
scenarios. The results for the Rayleigh case align with those
developed using a different method in [29]. Furthermore, we
extended this analysis to derive SDEs for more general cases,
including the Rice and Hoyt envelopes.

The paper also focused on the performance analysis of
stochastic channels. Notably, we introduced the fading du-
ration metric, which measures the time during which the
channel remains faded (i.e., below a given threshold). Using
the dynamical models derived in the first part, we estimated
the CCDF of this duration in the Rayleigh, Rice, and Hoyt
cases. We employed the MC method on the original and
projected SDEs and demonstrated the consistency of the
results, verifying the effectiveness of using MP. Additionally,
we explored how the CCDF behaves when altering the signal
autocorrelation parameters.

Finally, we used IS to estimate the tail of the CCDF
accurately. We proposed an optimal change of measure for the
Rayleigh case and a suboptimal optimal change of measure
in the Rice case, highlighting significant gains in terms of
variance reduction, yielding more precise tail estimations.

APPENDIX A -
STATISTICS OF I(T), Q(T) AND R(T)

From the SDE in (3), the expression of I(7") can be written
as follows:
I(T) = I e T 4 0, (1 — e T=0) 1 gy [T e=k(T—w) gy ()
(72)
Therefore, the statistics of I(7T') (and similarly Q(T")) are given
by

E[I(T)] = I, e 1 (T=D 4 g, (1 =g,

o (1

eikl(T*t)) T—o
2
Var [I(T)] = _ e—2k1(T—t)) T Bi

2k’
(73)

Crr(s, s+ As)

s s+As
ﬁf/ efk‘(sfu)dW(u)/ ekl(“’*As“)dW(u)}
t ¢

=F

s s+As
= ple s h(stAs) p {/ e’““dW(U)/ ekludW(U)}
t t

S
:ﬂ%672klsfk1As/ €2k1udu
t

— ﬁefklAs (1 -

72k19) §—00 181 7k1A9
2k

=3 i e
(74

By solving the SDE in (37), we have
dR(s) = B (0 — R(s)) ds + o1/ 2BR(s)dW (s)
eB*dR(s) + BeP*R(s)ds = Bo*eP*ds + o\/2BR(s)eP*dW (s)
d (eP*R(s)) = Bo®eP*ds + o\/2BR(s)e”*dW (s)
T T
eBTR(T) — R(0 :Bcr2/ eBsdera/ 2BR(s)eBdW (s
(T) — R(0) ; oV (s) (s)

1)+ (J’/T \/2BR(s)eP*dW (s)
’ (75)

Using the properties of Ito integrals, we can write the expecta-
tion, the variance, and the autocorrelation of R(7") as follows:

E[R(T) = ¢ BTR(0) + 02 (1 — e BT) 2562 (76)

—>
Var(R(T)) = 6°E </ \/2BR(s)e BT qw/ ( ))

T —
= 02/ E {2BR(5)6_QB(T_S)} ds
0

T
= QBUQ€_QBT/ [e"P*R(0) + 0% (1 — e P*)] e*Pods
0

— o2 [2 (R(O) _ 02) (efBT _ 672BT) + o2 (1 _ 672BT”

T—oo 4
— O
(77)
Crat,t + At) = U \/2BR(s)e” BE=9)dw (s)

t+At —
/ 2BR (s)e‘B(HAt_S)dW(s)}
0

t
:02/ E[2BR(s)]e 2B(=%) e~ BAL s
0

t
= QBUQE_QBte_BAt/ eBR(0) 4 o (1 — e_BS) e?Bsds
0

— 2o BAt (2 (R(O) - 02) (eth . 672Bt) + o2 (1 . 672Bt))
t_—)>oo ate BAL,
(78)

APPENDIX B
PROOF OF PROPOSITION 1

We write the conditional PDF f; () r(s)(z | r) for r > 22

as follows:
fres (@) _ R @7) f1(s) ()
fr) e (@ 1) = I(fi:i))(r) = )”(fz)us)(r)” == (19

First, we know that \/R(s) has a Rice distribution with
parameters (\/ﬁm(s),a(s)). The PDF of \/R(s), for z > 0,

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2025.3536615

is given by

zv/2m(s)

a?(s)
(80)

7205 P (‘W) T

Therefore, for r > 0,

fr(s)(r) = %ﬁf\/@(\/ﬂ
1 ox _2m2(s) +r m(s)v/2r
= g )5 ) |

202(s)
In contrast,

f\/@(ﬂf) =

(s)
1)

Fre)1s) (T | ) = Frais)+02(9)1(s)=2 (1) = fo2(s)(r — 2°)
) (82)
We know that 22 ((5)) has a noncentral chi-square distribution
with one degree of freedom and the parameter A(s) = 7;’22 ((SS)) :
Therefore, for r > x2,

Tres)1() (7 | )

- 2%)" (‘2?25) B Mf)) (A?siaf&)_i (83)
1, A(S;E:)— 2)

Finally, for » > 2, we obtain
1
am(s) [ r—a? \ "% m(s)\/(r=22)
eXp(o%))(m?(s)) I—l< )

2 02(3)

Jrs)res) (@ | 1) =

V2o (s)To (7’”;)({?)
(84)
APPENDIX C

PROOF OF PROPOSITION 2

We write the conditional PDF fr2 gy r(s)(z | 7) for r >
as follows:
Frewres (@ | 7) = Z20m0@D _ Treuze @00 @)

fr(s)(r fr(r :
r(s)(r) r(T) (85)

Additionally, R(s) has a square Hoyt distribution, and its PDF
can be written as follows [39]:

B r(of(s) +05(s))
fR(s)(T) = 201 (s)o2(s) P <_437%(8)0§(28)> (86)
oz (MO s
"\ dod(s)o3(s) ) T

We can express frs)r2(s)(2,7) and fr2(s(z) as follows
2 2
because i%g and gg (j))

one degree of freedom:

follow chi-squared distributions with

ol

Fronee @) = 7 (F5) ee(-2). @D

and
1
sz(s) (.%') = \/E}T%(S) (o’fazs)) €Xp (_ 20’?(8)) . (88)
Substituting (86), (87), and (88) into (85), we obtain:

1 1
_2)" 3 _r—x _ _x  \.—3
(r—=) exP( 203 (s) 26%(5))1

T re) (@ | r) =

40%(5)0‘%(5) 40%(5)0%(5)
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