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Abstract

Let A(f) = K[xIly; f %] be an Ore extension of a polynomial algebra K[x] over an
arbitrary field K of characteristic p > 0 where f € K[x]. For each polynomial f, the
automorphism group of the algebras A ( f) is explicitly described. The automorphism group
Autg (A(f)) = S x Gy is a semidirect product of two explicit groups where G 7 is the
eigengroup of the polynomial f (the set of all automorphisms of K[x] such that f is their
common eigenvector). For each polynomial f, the eigengroup G r is explicitly described. It
is proven that every subgroup of Autg (K [x]) is the eigengroup of a polynomial. It is proven
that the Krull and global dimensions of the algebra A (f) are 2. The prime, completely prime,
primitive and maximal ideals of the algebra A( f) are classified.

Keywords A skew polynomial ring - Automorphism - The eigengroup of a polynomial -
A prime ideal - A completely prime ideal - A primitive ideal - A maximal ideal -

Simple module - The Krull dimension - The global dimension - The centre - Localization -
A left denominator set - An Ore set - A normal element

Mathematics Subject Classification (2010) 16D60 - 13N10 - 16S32 - 16P90 - 16U20

1 Introduction

In this paper, module means a left module, X is a field of characteristic p > 0 and K is its
algebraic closure, K* := K\{0}, K[x] be a polynomial algebra in the variable x over K,
Derg (K[x]) = K [x]% is the set of all K-derivations of the algebra K[x],

d )
A= A(f) = Klxlly; 8= -] = K(x,y | yx —xy = f) = D Klx]y’
i>0

is an Ore extension of the algebra K [x] where f = f(x) € K[x]. Given an algebra D and its
derivation §, the Ore extension of D, denoted D[y; 6], is an algebra generated by the algebra
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D and y subject to the defining relations yd — dy = §(d) for alld € D. The algebra A is a
Noetherian domain of Gelfand-Kirillov dimension 2.

The aim of the paper is for each polynomial f to give an explicit description of the
automorphism group Autg (A(f)) of the algebra A(f).

We can assume that the polynomial f is monic, i.e. its leading coefficient is 1 provided
f # 0 (by changing the generators from (x, y) to (x, = 'y) where [ is the leading coefficient
of the polynomial f). Then the algebras {A(f)| f € K[x]} as a class is a disjoint union
of four subclasses: f = 0, f = 1, the polynomial f has only a single root in K and the
polynomial f has at least two distinct roots in K .

If f = O then the algebra A(0) = K[x, y] is a polynomial algebra in two variables and
its group of automorphisms is well-known [16]: The group Autg (K [x, y]) is generated by
the automorphisms:

Ly @ X > px, y =y,
Dppixt>x+1Y", y oy,

I y >y + Ax",

wheren >0, u € K*,andand A € K.
If f = 1 then the algebra A(1) is the (first) Weyl algebra

d
Al =K(x,0|0x —xd =1) ~ K[x][y; —1]-
dx
In characteristic zero Dixmier [10], and in prime characteristic Makar-Limanov [13], gave
an explicit set of generators for the automorphism group Autg (A1) (see also [4] for more
results on Autg (A1)): The group Autg (Ay) is generated by the automorphisms:

Dpa x> x+ A", Yy oy,

D, ;x> X, y >y 4 Aax",

wheren > 0and A € K.

The first Weyl algebra A belongs to a wide class of algebras - the class of generalized Weyl
algebras. In [3], Bavula and Jordan found explicit generators for generalized Weyl algebras
over a polynomial algebra in a single variable over a field of characteristic zero. Alev and
Dumas [1] initiated the study of automorphisms of Ore extensions A ( f) in characteristic zero
case. Their results were extended also to prime characteristic by Benkart, Lopes and Ondrus
[6]. The algebra A(x?) (the Jordan plane) was studied by Shirikov [14], Cibils, Lauve, and
[9], and Iyudu [11]. The example of the enveloping algebra of the nonabelian Lie algebra of
dimension 2 studied by Martha K. Smith [15, Corollary 18]. Gadis [8] studied isomorphism
problems for algebras on two generators that satisfy a single quadratic relation.

Isomorphism problems for the algebras A (f). Theorem 1.1 is an isomorphism criterion
for the algebras A.

Theorem 1.1 Let f, g € K[x] be polynomials. Then A(f) ~ A(g) iff g(x) = A f(ax + B)
for some elements ., € K* and 8 € K.

In characteristic zero, Theorem 1.1 was proven by Alev and Dumas [1, Proposition 3.6]
(1997) and in prime characteristic — by Benkart, Lopes and Ondrus [6, Theorem 8.2] (2015).
Benkart, Lopes and Ondrus [6, Theorems 8.3 and 8.6] gave a description of the ser of
automorphisms groups of algebras A (f) over arbitrary fields and if the automorphism group
of A(f) is given they presented information on the type of the polynomial f, [6, Corollary
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8.7] (in general, if one fixes the type of the polynomial then the automorphism group is larger
than the one which is naively expected). In this paper, we proceed in the opposite direction: if
the polynomial f is given then the automorphism group Autx A(f) is explicitly described.

The eigengroup G ;(K) of a polynomial f < K[x]. Recall that Autg (K[x]) =
{oa,ulr e KX, ue K} where o), ,(x) = Ax + .

Definition 1.2 [5] For a polynomial f € K[x],
Gr=Gs(K):={o €Autg(K[x])|o(f) = Ay f for some A, € K>} (1)
is called the eigengroup of the polynomial f.

Clearly, the set G r(K) is a subgroup of Autg (K[x]), it is the largest subgroup of
Autg (K [x]) such that the polynomial f is their common eigenvector. For all scalars t € K,
G, = Autg (K[x]). For all scalars v € K*, G ¢ = G,y. So, in order to describe the eigen-
group G y(K) we can assume that the polynomial f is a monic polynomial. It is proven that
every subgroup of Autg (K[x]) is the eigengroup of a polynomial (Theorem 4.35). For each
subgroup G of Autg (K[x]) all the polynomials f € K[x] with Gy = G are explicitly
described in the case when the field K is algebraically closed. The most interesting and dif-
ficult case is when the group G is a finite group. There are three types of finite subgroups in
Autg (K[x]) that are not the identity group. For each such group G, the polynomial f with
G ¢ = G has a unique form/presentation the, so-called, eigenform of f.

The eigengroup G ; has an isomorphic copy in the automorphism group Autg (A(f)):
The map

G (K) = Autg (A(f)), 0oy > 0oy X > Ax +p, y > 2980Ty 2)

is a group monomorphism where deg( f) is the degree of the polynomial f. We identify
the group G ;(K) with its image in Autg (A(f)). The group G /(K) is the most impor-
tant/difficult part of the group Autg (A(f)). Approximately half of the paper is about how
to find it. If the group G (K) is a finite group it is a semidirect product of two subgroups,
G;(K) =G ;(K) x G ;(K) (Theorem 4.4).

There are four distinguish cases:

.G #1e). G # o).
.Gy #1e) Gy =(eh,
. Gr=1{e).Gy # (e},
. Gy={e}, Gy ={e}.

In the case when K = K, Theorem 4.24, 4.27,4.30 and 4.32 are criteria for each case to hold,
respectively (see also Proposition 4.10). These four theorems are also explicit descriptions
of the eigengroup G 7 (K). They also show that in each of four cases the polynomial f admits
a unique presentation — the eigenform of f (introduced in the paper).

At the end of Section 4, a finite algorithm is given of finding the eigengroups G ¢ (K) and
G r(K), and the eigenform of f.

In the case when K # K, similar results are obtained, see Theorem 4.33. Proposition 4.34
gives criteria for the groups éf(K), Ef(K) and G y(K) to be {e}.

AW =

The group of automorphisms of the algebra A (/). Given a group G, a normal subgroup
N and a subgroup H. The group G is called the semidirect product of N and H, written
G=NxH,ifG=NH :={nh|ne N,h e H} and N N H = {e} where e is the identity
of the group G.

@ Springer



2392 V.V.Bavula

The automorphism group Autg (A (f)) of the algebra A ( f) contains an obvious subgroup

S:=8S(K) :={sp|p e K[x]} = (K[x], +), sp > p where 5sp(x) =xand sp(y) =y + p.
3)

Theorem 1.3 Suppose that f € K[x] is a monic non-scalar polynomial. Then

Autg (A(f)) =S(K) »x G s (K).

The Krull and global dimensions of the algebra A( f). It it proven that the Krull and
global dimensions of the algebra A(f) are 2 (Theorem 2.5).

Classifications of prime, completely prime, primitive and maximal ideals of the alge-
bra A(f). Theorem 2.3 classifies prime, completely prime, primitive and maximal ideals of
the algebra A(f). The height 1 prime ideals were classified in [6, Theorem 7.6]. It is proven
that every nonzero ideal of the algebra A (f) meets the centre of A(f) (Corollary 2.2).

Classifications of simple A (f)-modules. In [2], simple modules were classified for all
Ore extensions A = Dl[x; o, d] where D is a Dedekind domain, o € is an automorphism of
D and 9 is a o-derivation of D (for all a, b € D, d(ab) = 0(a)b + o (a)d(b)). Recall that
the ring A is generated by D and x subject to the defining relations: For all elements d € D,
xd = o(d)x + 9(d). The algebras A(f) is a a very special case of the rings A.

Theorem 2.4 classifies simple left A ( f)-modules, see also [7]. For each simple left A(f)-
module an explicit K-basis is given and the actions of the canonical generators x and y of the
algebra A(f) on the basis is explicitly described.

A classification of simple right A(f)-modules is obtained at once from the classification
of simple left A (f)-modules by using the fact that the opposite algebra A ( f)°P of the algebra
A(f) is isomorphic to

AP = A(— ). “)

Recall that the opposite algebra A°P of an algebra A coincides with the algebra A as vector

space but the multiplication in A° is given by the rule a - b = ba. Every right A-module is
a left A°’?-module and vice versa.

2 Spectra, the Centre, the Krull and Global Dimensions of the Algebra A

In this section, K is a field of characteristic p > 0 (not necessarily algebraically closed)
and f = p|'--- p§* is a non-scalar polynomial of K [x] where py, ..., p, are irreducible,
co-prime divisors of f (i.e. K[x]p; + K[x]p; = K[x]foralli # j). The aim of this section
is to find the centre of the algebra A (f); to classify simple A ( f)-modules; to classify prime,
completely prime, primitive and maximal ideals of the algebra A(f); and to prove that the
Krull and global dimension of the algebra A(f) is 2.

The centre of the algebra A (f). It follows from the direct sum
p—1
A= P KixP. 97 1x" ]
i,j=0
and the commutation relation [, x] = 1, that the centre Z(A) of the Weyl algebra is equal

to K[x?, d7], a polynomial algebra in two variables. Let K (x”, 3”) be the field of fractions
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of the polynomial algebra K [x”, d”]. The localization .A; of the Weyl algebra A by the Ore
set K[xP, 8P]1\{0} is a simple p>-dimensional algebra

p—1
A= @ K@r,o7)xo7.
i,j=0
This follows from the relation [3, x] = 1. So, Z(A;) = K (x?, d7). Hence, every nonzero
ideal of the Weyl algebra A1 meets the centre of Aj.
The polynomial algebra K[x] is a left Aj-module where 9 acts as the derivation %.
Furthermore, the kernel of the corresponding algebra homomorphism

Ay — Endg (K[x]), x> x, 0+ [;ix 5)
is generated by the central element 97. So, A{/(3?) = @f:ol K[x]0' € Endg (K[x]). The
factor algebra A;/(0?) is a subalgebra of the algebra D(K[x]) of differential operators on
the polynomial algebra K[x] and the Weyl algebra A is not. This is in sharp contrast with
the characteristic zero case where A| = D(K|[x]).

The algebra A = A(f) can be identified with a subalgebra of the Weyl algebra A; by the
monomorphism:
A— A, x+—>x, y— f0. 6)

So, A = K(x,y = fd) C A;. Theorem 2.1 describes the centre of the algebra A(f). It
also gives explicit expressions for the p’th power of various elements of the algebras A (f)
and A that are key facts in finding the centre of A(f).

The fact that the centre of the algebra A(f) is equal to K[x”, y? — (8P72(f)) y] was
proven by Benkart, Lopes and Ondrus, [6, Theorem 5.3,(2)]. Here we present a short proof
of this fact.

Theorem 2.1 Let § = f% € Derg (K[x]) where f € K[x]\{0}, and g’ := Z—i’ where

g € K|[x]. Then:

1. 87 = (8P72(f))'s € Derg (K[x]).

2. In the algebra A(f), y? = PP + (8P~2(f))'y. In particular; in the Weyl algebra Aj,
(f0)P = fPIP 4+ (8P72(f)) fo.

3. The centre Z(A(f)) of the algebra A(f) is the polynomial algebra

K[xP, y? — (8P72(f)yl = K[xP, fPa7]
and fP3P = yP — (8P72(f))y.

4. The algebra A(f) = ,p;io Z(A(f))xiy/ is a free Z(A(f))-module of rank pz.

5. The localization of the algebra A(f) at the Ore set Z(A(f))\{0} is A;.

Proof 1. Since 87 € Derg (K[x]), we have that §” = gﬁ where ¢ = 87 (x) = 8P~1(f) =
(8772(f))' f. Therefore,

d
8 = (Sp‘z(f))’f% = (8772(f))'s.

2. Notice that y? = (f9)? = fPoP + Zf:ll a; 9" for some elements a; € K[x]. Recall
that A;/(9P) = @f:ol K[x]8' C Endg (K[x]). By statement 1,

p—1
(FO)P = aid = (@"2(£)8= P F0= P72y mod (7),
i=1
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2394 V.V.Bavula

andso a; = (8P 72(f)) fanday = --- = a,_1 = 0.
3-5. By statement 2, f797 = yP — (8P2()'y € Z(A(S)). Hence,

7' = KIxP, yP — @72yl = K[xP, fP971 S Z(A(f)

and A(f) = @F1 Z'xiy/. Now,

i,j=0
p—1 p—1
Z\OD A = @ K a7ty = @) K, aP)at el = A,
i,j=0 i,j=0
and so statement 5 is obvious and statements 3—4 follow. O

Let A be an algebraanda € A. Themapad, = [a,—]: A —> A, b+ [a,b] :=ab —ba
is a derivation of the algebra A which is called the inner derivation of A associated with the
element a.

Corollary 2.2 Every nonzero ideal of the algebra A(f) meets the centre of A(f).

Proof Let I be a nonzero ideal of the algebra A(f). Fix a nonzero element of 1, say a =
Zf7i0 zijx'd/ for some elements z;; € Z(A(f)), by Theorem 2.1.(4). Then applying
several times the inner derivation ad, := [x, —] of the algebra A(f), we obtain a nonzero
element, say b € I N Z(A(f))[x]. Then 0 # bP € I N Z(A(f)). O

The prime, completely prime, primitive and maximal spectra of the algebra A. An
ideal p of a ring R is called a completely prime ideal if the factor ring R/p is a domain. A
completely prime ideal is a prime ideal. The sets of prime and completely prime ideals of
the ring R are denoted by Spec(R) and Spec.(R), respectively. The annihilator of a simple
R-module is called a primitive ideal of R. Every primitive ideal is a prime ideal of R. The set
of all primitive ideals is denoted by Prim(R). The set of all maximal ideals of R is denoted
by Max(R). Clearly, Max(R) € Prim(R) € Spec(R).

An element a of an algebra A is called a normal element of A if Aa = aA. An element
a of an algebra A is called a regular element if it is not a zero divisor. The set of all regular
elements of the algebra A is denoted by C4. Each regular normal element a of the algebra A
determines an automorphism of the algebra A given by the rule:

wg:A— A, b+ w,(b) where ab = w,(b)a. (7)

The elements pj1, ..., ps are regular normal elements of the algebra A = A(f) (recall
that f = [[;_, p;") since

ypi = pi(y — p;' f) and xp; = pix.

Therefore, w), (x) = x and wp, (y) =y + pi_lf.

For an ideal a of an algebra A, we denote by V (a) the set of all prime ideals of A that
contain the ideal a. Let min a be the set of minimal primes of a. These are the minimal
elements of the set V (a) with respect to inclusion. Suppose that the set S, := {a'|i >0} is
a left Ore set of a domain A. The algebra A, := Sa_lA ={a"'b|i > 0,b € A} is called the
localization of A at the powers of the element a.

For a commutative algebra C and a non-nilpotent element s € C, the map

Spec(C)\V (s) — Spec(Cy), p+— Ss_lp
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is a bijection with the inverse map q — C N g. We identify the sets Spec(C)\V (s) and
Spec(Cy) via the bijection above, i.e. Spec(C)\V (s) = Spec(Cy).

Recall that the centre of the Weyl algebra Ay = K[x][0; dd—x] is the polynomial algebra
K[xP, 0”] (the result is well-known). Then

P e KxP1 S Z(A(f)) = K[xP, fPoP] € K[xP, 871 = Z(Ay)

and
p—1
L=A(f)SLy=Ay=Lpp=A =D ZL)prx'y
i,j=0
p—1 p—1
=P zAnpx'' = @ KxP, 871 pox' 0. (8)
i,j=0 i,j=0

In particular, Z(L) rp = Z(Ay) ;p = K[x?, 9] fp, and so we can write

Spec(Z(L)\V (f?) = Spec(Z(L) yr) = Spec(Z(A1) yr) = Spec(K[x?,37]»)
= Spec(Z(A))\V (fF) = Spec(K[x”, d"D\V (f7).

Theorem 2.3 gives explicit descriptions of the sets of prime, completely prime, primitive
and maximal ideals of the algebra A. Let Spec,.(A, ht = 1) be the set of completely prime
ideals of height 1 of the algebra A(f).

Theorem 2.3 Let K be a field of characteristic p > 0, A = K[x][y;§ = f%] where
f € K[x]\K. Let f = p;” .- py* be a unique (up to permutation) product of irreducible
polynomials of K [x]. Then:

1. The elements pi, ..., ps are regular normal elements of the algebra A (i.e. p; is a

non-zero-divisor of A and p; A = A p;).

min(f) = {(p1). ..., (ps)}.

3. Spec.(A) ={0, Ap;, (piq) i =1,...,5; g; € Irr,, (F;[y])} where F; :== K[x]/(p;)
is a field and Irry, (F;[y]) is the set of monic irreducible polynomials of the polynomial
algebra F;[y] over the field F; in the variable y. If. in addition, K = K and A1, ..., ks
are the roots of the polynomial f then Spec.(A) = {0, A(x —A;), (x =X,y — ) |i =
1,...,s; weK}

N

4. Spec(A) = Spec,(A) [[{Ap[p € Spec(Z(AN\{(0), V(fP)}.
5. Forallp € Spec(Z(A)\V (fP),
k(p) ®za) A/ () = €D kp)x'y' = @D k(p)x'9" = M, (k(p)),
i,j=0 i,j=0

the algebra of p x p matrices over the field of fractions k(p) of the domain Z(A)/p.

6. Max(A) = Prim(A) = {(pi,qi), Am|i = 1,...,s; ¢qi € Ity (Fi[y]),m €
Max(Z(AD\V (/7). B

7. Spec.(A,ht = 1) = {(p1), ..., (ps)}. If, in addition K = K, then Spec.(A,ht = 1) =
{(x = X1), ..., (x — X))} where {A1, ..., At} is the set of roots of the polynomial f.

Proof 1. Statement 1 is proven above.
2. Since
A/Api >~ Fily] (C)]
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2396 V.V.Bavula

is a polynomial algebra with coefficients in the field F; (since yx — xy = f € Ap;), the
ideal A p; is a completely prime ideal of A. Now, statement 2 follows from the equality of
ideals (f) = (pD)"" -+ (ps)™.

5. Since p € Spec(Z(A)\V(fP), the element f7 is a unit in the field k(p). Now, the first
isomorphism and the equality in statement 5 follows from Eq. 8. Then using the equalities,

1 1

[y,xi] =ix'"! and [yi,x] = iy’; ,

and the fact that k(p) is a field, we see that the algebra @lp ]_'lo k(p)x'd' is a simple, central
k(p)-algebra of dimension p2 over the field k(p). Therefore, it is isomorphic to the matrix
algebra M, (k(p)).

3-4. The algebra A is a domain, hence 0 € Spec.(A). We have seen in the proof of
statement 2 that the ideals (p;), ..., (ps) of the algebra A are completely prime ideals. By
Eq. 9,

V() ={Api, (pi,q)i=1,...,s5; qi € Irr,,(F;[y])} € Spec.(A).

Given a nonzero prime ideal P of A suchthat P ¢ V(f) = V(f?). Then Py is a nonzero
prime ideal of the algebra A yp = Ay yp. By Corollary 2.2, the intersection p := P N Z(A)
is a nonzero prime ideal of the centre Z(A) of the algebra A. By Theorem 2.1.(4), A =

ﬁ;io Z(A)x'y'. Now, by statement 5, Ap € Spec(A)\V(f) and the prime ideal Ap is
not completely prime. Now, statements 3 and 4 follows from statement 5.

6. Statement 6 follows from statement 4.

7. Statement 7 follows from statement 3. O

Classification of simple A ( f)-modules For a A-module M, we denote by annp (M) the
annihilator of the A-module M. For an algebra A, we denote by X, the set of isomorphism
classes of (left) simple A-modules. An isomorphism class of a simple A-modules M is denoted
by [M]. Let elements ay, ..., a, € A be generators for a left ideal I of the algebra A. Then
we write | = A(ay, ..., a,). Theorem 2.4 is a classification of simple A (f)-modules.

Theorem 2.4 Let K be a field of characteristic p > 0, A = K[x][y;§ = f%] where
f € K[xI\K. Let f = p;” - ps* be a unique (up to permutation) product of irreducible
polynomials of K [x]. Then:

1. The map
Max(A) - A, m+— L(m)

is a bijection with inverse [M] +— annp (M) where L(m) is a unique (up to isomorphism)
simple direct summand/submodule/factor module of the (simple) matrix algebra A /m.
In particular, for allm € Max(A)\V (f?), dimg (L(Am)) = p-dimg (Z(A)/m) < oo.
2. For each maximal ideal (p;, g;) of A, wherei =1, ..., s and q; € Irr,, (Fi[y])},
L(pi.qi) = A/(pi, qi) = K[yl/(gi)

and dimg (L(p;, gi)) = dimg (K[y1/(g:)) = deg,(gi) < oo.
3. Supposethat K = K. For each maximal ideal Am of A, wherem € Max(Z(A)\V (fP),

p—1
L(Am) ~ A/A(m, x — J&) = ) K»y'1

i,j=0

p—1
~ Ay pr/Arpr(m,x — Y€)= P Kol

i,j=0
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where xP — & € m for a unique element £ € K, 1 = 1+ A(m, x — &) and 1 =
1+ Ay pr(m,x — ¥§), dimg L(Am) = p < oo.
Proof 1. Statements 1 follows at once from Theorem 2.3.(5,6).
2. Statement 2 is obvious.
3. Notice that (x — {/&))? =x? —& e m.
By Theorem 2.1.(4) and the choice of the ideal m, we have that
p—1 p—1
A/Am =P Ky @ K[x]/(x” — &) = P Ky' ® K[x]/((x — J&)P).
i=0 i=0

direct sums of tensor products of vector spaces. Hence,

p—1 p—1
A/Am,x — Y& ~ P KY @ Klx)/(x — J&) ~ @ Ky'l
i=0 i,j=0
is a p-dimensional A-module that is annihilated by the maximal ideal m. By statement 1, it

must be L(Am). Sincem ¢ V(f?), the central element f7 acts as a bijection on the module
L(Am). Therefore,

p—1
L(Am) = L(Am) sp = Ago/Agr(m, x— /&) > Ay o /A1 o (m, x— /) = @) Ko'l.
i,j=0
O

The action of the elements x and y on the K-basis {y1|i =0, ..., p — 1} of the A(f)-
module L(Am) of Theorem 2.4.(3) is given below:

i-1 .

xyT=gryie ) (;)s,-,-y-fi where &= (—1)Jgi;(E7). ¢iy=8 ' (f)eKIxl,
j=0

y-y'1=y* where 0<i <p—2,
y-y?7'T = pl where y» —pem for a unique element p € K.

The Krull and global dimensions of the algebra A(f).

Theorem 2.5 Let K be a field of characteristic p > 0, A = K[x][y;§ = f%] where
f € K[x\K. Then:

1. The Krull dimension of A is K.dim (A) = 2.
2. The global dimension of A is gldim(A) = 2.

Proof Let A = A(f).

1. By Theorem 2.1.(4), the algebra A is a finitely generated Z(A)-module. Therefore, the
Krull dimension of the algebra A is equal to the Krull dimension of the polynomial algebra
Z(A) in two variables (Theorem 2.1.(3)), and statement 1 follows.

2. By [12, Theorem 7.5.3.(1)], gldim(A) < gldim(K[X])+1=1+1=2.

Let f = p'l” ... p¥ be a unique (up to permutation) product of irreducible polynomials
of K[x]. By Eq. 9, gldim(A/Ap;) = gldim(F;[Y]) = 1 < oo. Now, by [12, Theorem
7.3.5.31)],

gldim(A) > gldim(A/Apy) + 1 L gldim(F[Y]) +1=1+1=2.
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Therefore, gldim(A) = 2. ]

3 Isomorphism Problems and Groups of Automorphisms for Ore
Extensions K[x][y; f%]

In this section, a proof Theorem 1.3 is given. It can be deduced from Theorem 1.1 but we
give a different proof.

Let K(x) be the field of rational functions in the variable x. Then the Ore extension
By = K(x)[0; %] is the localization B = S~'A; of the Weyl algebra A at the Ore
set § = K[x]\{0} of A;. The multiplicative set S is an Ore set of the algebra A such that
Bi = S~'A, by Eq. 6.

Notice that

S(K)NGf(K):{UA"M’p|)"EKX,MEK,pEK[x]} (10)
where
hpp () =A%+ and 0 p () =2y 4 p

since oy, u,p = §-d+1,0%,, Where d = deg(f).

p

Proof of Theorem 1.3 Let o be an automorphism of the K-algebra A = A(f). It can be
uniquely extended to a K -automorphism, say o, of the algebra K ®x A. Let Ay, ..., 4, be
the roots of the polynomial f in K. By Theorem 2.3.(7), the automorphism o permutes the
set

Spec.(K ®k A, ht = 1) = {(x = A1), ..., (x = A,)}

of height 1 completely prime ideals of the algebra K ®g A that are generated by regular
normal elements x =7 M, ..., x — i of the domain K ®x A and the set K™ is the group of
units of the algebra K ® ¢ A. So, we must have that

o(x)=Ax+u
for some elements A € K - and u € K. Since K[x] = A N K [x], we must have that
o(x) eo(A)No(K[x]) = ANK[x]=K[x],

and so A € K* and u € K. So, the automorphism o respects the polynomial algebra K[x].
In particular, it respects the Ore set S = K[x]\{0} of the algebra A. The automorphism ¢ can
be uniquely extended to an automorphism of the algebra Bj = S™'A. Then o (3) = A~'d+¢
for some element ¢ € K (x). In particular,

oM =0(fd)=a(HH(A'9+¢q) = rl%f)y + p where p:=o0(f)q € K[x]

ando (f) = y f forsomeelement y € K *. Clearly, y = A¢ where d = deg(f) is the degree
of the polynomial f (since o (x) = Ax + w). So,
o(x)=ax+p and o(y) =21y +p,
i.e.o € S(K) x G y(K), as required. 0.
By Theorem 1.3,
Gr(K)=S(K) % Gs(K)=A{oauplrhe K*, uek,peKl[x]} (11)
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where the multiplication and the inversion in the group G (K) are given by the rule (where
d = deg(f)):
Ohtop, P12, 12,92 = )05 dopr+p2. 28 pr4pa
U)»-,MVP = U}L—]7ik—],u”7)h—d+]p.

The algebra B; and its automorphism group The element f is a regular normal element
of A (i.e. Af = fA) since

d
fy=yf—=ff=0G-f)f where f’:di_

X

It determines the K -automorphism w ¢ of the algebra A:
fu=wr)f, ucA,
wfixt>x, y>y— f

We denote by Ay and Ay s the localizations of the algebras A and A at the powers of
the element f; i.e.

Ap=587"A and Aj s =5;"A; where Sf={f}iz0.

By Eq. 6,
d
A C Ay CAf=A17f=K[x,f_1][3;E] C By. (12)
Recall that Autg (K [x]) = {oa |2 € KX, u € K}, 03, (x) = Ax + p and
ax+b
Autg (K (x)) = {oy | M € PGL2(K)} >~ PGL,(K), oy — M where oy (x) = ﬁ’
cx

M = <[Z Z) € PGLy(K) := GLy(K)/K*E and E = (é ?) .

The maps

Autg (K[x]) — Autg (A1), o> Oy X > AX+u, 0> A_la,
ax +b 1

Autg (K(x)) — Autg(B1), oy oy :x = xtd = Wa’

are group monomorphisms where g’ = Z—f for g € K (x). We identify these groups with their
images, i.e.
Autg (K[x]) € Autg (A1) and Autg (K (x)) C Autg (By).

Notice that oy (y) = op(f0) = f(i% ((J;)), fo = ﬁ% ((];)),y. The automorphism group

Autg (B) acts in the obvious way on the algebra Bj. Let
St 1= Staug () (x) == {0 € Autg (B1) |0 (x) = x},
the stabilizer of the element x € By in Autg (B1). Clearly,
St ={sq:1qg € K)} = (Kx),+), sq ¢
where 54 (x) = x and 54(0) = 3 +q.
Lemma3.1 /. Autg(By) = S; x Autg(K(x)) = {oy,g := sqom | M € PGLy(K), q €
K(x)}.
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2. Autg(B1, K[x]) := {0 € Autg(By)|o(K[x]) = K[x]} = S; x Autg(K[x]) =
{o1uqlk € KX, u € K,q € K(x)} where 07, 4(x) = Ax + p and 0, 4(0) =
2719 +q.

Proof 1. Since S1 := Stautg (B,)(x), we must have S1 N Autg (B1) = {e} and 6Sio7l CS;
for all automorphisms o € Autg (B1). Hence, Autg (By) 2 Sy x Autg (K (x)).

To prove that the reverse inclusion holds we have to show that every element o €
Autg (K (x)) belongs to the group S; x Autg (K (x)). The group of units K (x)* := K (x)\{0}
of the algebra Bj is a o-invariant set, i.e. o (K (x)*) = K (x)*. Hence so is the field K (x).

Let t be the restriction of the automorphism o to the field K (x). Then o := 7o €Sy,
and so 0 = 1o € S1 X Autg (K (x)), as required.
2. Statement 2 follows from statement 1. ]

Below is a different proof of Theorem 1.1 is given.

Proof of Theorem 1.1 Leto : A(f) — A(g) be an isomorphism of the K-algebras. It can be
uniquely extended to a K- isomorphism o : K Qx A(f) > K @k A(g). Let A1, ..., A
(resp., Ay, ..., A 1) be the roots of the polynomial ' (resp., g) in K. By Theorem 2.3.(7), the
automorphism o maps bijectively the set {(x — A1), ..., (x — i)} of height 1 completely
prime ideals of the algebra K ®x A(f) to the set {(x — }Jl), .y (x — A})} of height 1
completely prime ideals of the algebra K ®x A(g). Therefore, s = ¢. Since the elements
X — A’l, X = A; are regular normal elements of the domain K Qk A(g) and the set K>
is the group of units of the algebra A(g), we must have that

o(x) =Ax 4+ i

for some elements » € K and u € K. Since K[x] = A(g) N K[x], we must have that
o(x) € o(A(f) No(K[x]) = A(g) N K[x] = K[x],andso A € K* and u € K. So,
the isomorphism o respects the polynomial algebra K[x] of the algebras A(f) and A(g).
In particular, it respects the Ore sets S = K[x]\{0} of the algebras A(f) and A(g), i.e.
o (S) = S. The isomorphism o can be uniquely extended to an isomorphism

o:B =S"'A(f) > B =S""A(g).
Then o (3) = A~ 19 + q for some element g € K[x]. In particular,

o) =o(f3) =a(fHd+q) = A~ (f) v+ p where p =0 (f)q € Klx]

and o (f) = yg for some element 0 # y € K|[x]. Applying the same argument for the
isomorphism o~ A(g) — A(f), we have thata’l(g) = y1 f for some element 0 # y; €
K[x]. Therefore,

f=olo(H=c"'ye) =0 nf,

andsoy,y; € KX, and y; = y~!. Clearly, y = A¢ where d = deg(f) is the degree of the
polynomial f (since o (x) = Ax + ), and the theorem follows. Furthermore,

o(x)=Ax+u and o(y) = kdﬁly + p.
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4 The Eigengroup G¢ of a Polynomial f

For each non-scalar monic polynomial f(x), Proposition 4.10, Theorem 4.24, 4.27, 4.30 and
4.32 are explicit descriptions of the eigengroup G s (K) in the case when the field K is alge-
braically closed. The case of an arbitrary field is obtained from these results, Theorem 4.33.
The aim of this section is to prove these results.

The eigengroup Gy (K)

Definition 4.1 [5] Given a group, a G-module V over a field K and a non-empty subset U
of V. The eigengroup of the set U in G, denoted by Gy (K), is the set of all elements of the
group G such that the elements of the set U are eigenvectors of them with eigenvalues in the
field K. Clearly, the eigengroup is a subgroup of G.

GU:ﬂGu

uelU

where G, := G,) = {g € G| gu = A(g)u for some A(g) € K}.If K is a subfield of a field
K’ then Gy (K) € Gy(K’) where U is a subset of the G-module K’ ® g V over the field
K’

Finite subgroups of Autx (K[x]) Let K be a field of prime characteristic p > 0, F, =
Z/Zp is the field that contains p elements, for eachn > 1, F,» is the finite field that contains
p" elements, F, = (J,| Fp» is the algebraic closure of the field F,. Clearly, F, € K and
group of roots of 1 in the field K is F; = ?,,\{O}. The group Autg (K[x]) = {oy,u | A €
K*, € K} where 0, (x) = Ax + p and

Autg (K[x]) @ Sh(K) x T~ K x K*
where Sh(K) := {01, |n € K} = (K, +), 01, = pand T := {0,,0} |A € K*} >~ K*,
05,0 — A is the the algebraic 1-dimensional torus.

The set U = U(K) = K N F; is the group of roots of 1 of the field K. The map
U — T, A — oy 0 is a group monomorphism and we identify the group U with its image,
i.e. U= {0;,0|A € U}. Let or(g) be the order of an element g of a group G.

Clearly,

Lemma4.2 The group Sh(K) x U(K) = {0y, |u € UK), u € K} is the set of all finite
order automorphisms of the group Autg (K [x]). The order of the element 0, ;, = 0,001, is

or(A) ifr#1,
or(os ) =3 p ifra=1,u#0,
1 ifr=1,u=0.

Proof Forall A € K*\{l}and u € K, al"’u = 01, and ai’ﬂ =0 , and statement 1

Aia 11:&”“
follows. O
By Lemma 4.2,
1 — Sh(K) — Sh(K) x U(K) £ U(K) — 1, where ¢(o; ) =2, (13)

is a short exact sequence of group homomorphisms.

Lemma 4.3 Ifan element A € U(K) is a primitive n’th root of unity then F,(A) =F,m where
m =min{k > 1| n|(pk — 1)} = the degree of the minimal polynomial of X over the field F).
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Proof The element A is algebraic over the field IF,. Let ¢ be its minimal polynomial over FF ,.
Then the field F, (1) ~ F,[x]/(p) is a finite field, and so F, (1) = F,m for some m > 1.
Now,

deg(p) = [Fp(A) :Fpl = [Fpm : Fp] = m.

Notice that the order of the group (1), which is n (since A is a primitive n’th root of unity)
divides the order of the group IF;,,, ,whichis p™ — 1. Clearly,m > m’ := min{k, | n| (pk — D}

We claim that m = m’. Suppose that m > m’, wee seek a contradiction. Then A" = A, and
SO A € Fpm/, hence Fpm =TF, (1) C Iﬁ‘pm/. Therefore, m|m’, a contradiction. O

The next theorem is a classification of all the finite subgroups of the automorphism group
Autg (K[x]).
Theorem 4.4 Let G be a finite subgroup of Autg (K [x]). Then:

1. G=G xGwhereG =Gn Sh(K) = {o1,u |l € V}, V C K is a finite dimensional
IF ), (An)-subspace of K and G = (Orn,(1=2,)v) 18 @ cyclic group of order n where A, is a
primitive n’th root of 1 and v € K.

In particular, the order of the group G is np! where | = dimp , (V) such that m|l where
Fp(An) =Fpm for some m > 1 (Lemma 4.3).

2. Conversely, given a finite dimensional F,(A,)-subspace V of K, an automorphism
O3,.(1—1,)v Where A, € K is a primitive n’th root of unity and v € K. Let G =
{o1,uln € Vyand G := (03, (1-1,)v). Then:

(a) The semidirect product GxGis a finite subgroup of Autx (K [x]) of order np* where
= dim]Fp(V) such that m|l.
(b) The element v € K is unique up to adding an arbitrary element of V, i.e.

G~ (0‘)\”,(1,)\”)1) ~G X (UAn,(l—An)v’> iff v —veV.
Furthermore, G = {o)‘;n,(li}\n)vm,u [0<i<n-—1,ve V}and
U)l;n,(l—x,,)valqv = 03 (1-ai)Olu D X > )Lﬁlx + (1 — )»ﬁl)v + .

Proof Let G be a finite subgroup of Autg (K [x]). Then, by (13), the group ¢(G) is a finite
subgroup of U(K) of order n, hence ¢(G) = (A,) where A, is a primitive n’th root of 1.
Fix an element, say 03, (1-1,)» € G where v € K, such that ©(03,,,(1=r,)v) = Ay. Then
G = (O, (1=2,)v) 18 a cyclic group of order n = |G| since aA (=i = 02, (1=3i)w for all
i > 1. Therefore,

G =G xG where G:=GNSh(K) = {0y, |ueV)
V C K is a finite dimensional I ,-subspace of K since al = o,y forali > 0.
Furthermore, 1,V C V,ie. the F) -vector space VisaFj(A)- module since
O')TnY(l_)m)‘,al,uo')h,,,(l—)hn)v =O0l,Au-
Clearly, |G| = |5||6| = pln and m|l since V is a F ,m-module and dimem (V) = %
The converse, is obvious.
Clearly, G % (o, (1—1,v) == G % {03, (1-a,)v) iff there is natural number i such that
1 <i <n-—1andavector v € V such that
T, (=2 = O, (1 w010 = T (13 0+ (1—2) )

iffi=1landVv =v+ (1 —2)"'ve Viffv/—v e Vsince (1 — A1)~V =V. |
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The automorphism group Autg (K[x]) acts on the set Max(K[x]) of maximal ideals of
K[x] in the obvious way. If K = K then Max(K[x]) = {(x — y) |y € K} and the action
takes the form: For all o € Autg (K[x]) and y € K,

o((x —y)) = —0o"'(y) where o~ () i= 0 (X)|szy. (14)

Let us identify the set Max (K [x]) with K via (x — y) + y. Then the action of the group
Autg (K[x]) on Max(K[x]) = K is given below:

Autg (K[x) x K = K, (0,y) > 0%y =0 (y) =0 (X)]rey. (15)

—1 —1
Ifo = oy theno, | = o031 -1, and oy xy = 0y (¥) = 05-1 _5-1,(y) =

Al y — Yy
Every automorphism o;, ;, € Autg (K [x]) with A # 1 can be uniquely written in the form
O, (1—)v Where v = (1 — 1)~ . Notice that

Oy (1= ¥ (V) = .

Furthermore, the set {v} is the only 1-element orbit in K of the cyclic group (o3 (1-1)v)
generated by the automorphism o3, (1—3)». The number of elements in any other orbit is equal
to the order of the group (0, (1—1)») Which is the order of the element X in the group (K™, -).

Suppose that K = K.Let f € K[x]be anon-scalar monic polynomial that has at least two
distinct roots in K = K. Recall that R(f) is the set of all roots of the polynomial f counted
with multiplicity and R4 ( f) be the set of all distinct roots of f (i.e. each root has multiplicity
1). Example. For f = (x — 1)2(x —2)3, R(f) = {1, 1,2,2,2} and R(f) = {1, 2}.

The group Gy permutes the roots in R(f) and Ry4(f) via the action Eq. 14. Let us
stress that the action of G y on R( f) respects the multiplicity. If the group G ; is finite then
Gr= 5f X 6f and GJ :jhv is a normal subgroup of G y. For a set R = R(f), Ra(f)
andagroup G = G, Gr, Gy, we denote by R/G the set of G-orbits in R.

Invariants and eigenalgebras of finite subgroups of Autg (K[x]) Notice that

P —x = H(x—i). (16)

i€k,
For each element u € K*, let

p—1 p—1
fu@) =TTol 0 =[[a-im=]e-im=x—p~x. a7
i=0

i=0 ieF,

The equality above follows at once from (16): f,(x) = 1—[;;:—01 (x—ip) =pur ]_[sz_o1 (!
x—i)=puP((ulx)? — pulx) = x? — uPlx. Foralla, g € F,:

fulox + Bx") = a fu(x) + B fu(x)

since y? =y forall y € F,. In particular, the map K — K, A > f () is a[F,-linear map.
Hence for all elements A € K,

xP =Py — P — P = fu(x) — fu() = fulx — 1)

p—1
=[[e-r—iw=]]ex=r=iw. (18)
i=0

ik,
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Given a K-algebra A, and a subgroup G of the automorphism group Autg (A). A group
homomorphism x : G — K* is called a character of the group G in K*. Let G(K) be the
(multiplicative) group of characters of the group G in K* . The multiplication in the group
6(1{) is given by the rule: For all x, ¥ € 5(1(), (x¥)(g) = x(g)¥(g) for all elements
g €G.

Definition 4.5 The direct sum of G-eigenspaces,

E(A) =E(A, G) .= @ AX, where A* :={a € A|g(a) = x(g)a forall g € G},
xeG(K)

is called the G-eigenglgebra of A. The direct sum is a G (K )-graded algebra since AXAY C
AXV forall x, ¥ € G(K).

If e is the identity element of the character group G(K) then A® = AC is the algebra of
G-invariants. In particular A® C E(A, G).

The set Supp(A, G) :={x € G(K) | AX = 0} is called the support of G in A. For each
character x € Supp(A, G), the vector space AX is called the y-weight/eigenvalue subspace
of the algebra A. If the algebra E(A, G) is a domain (eg, the algebra A is a domain) then
the support Supp(A, G) is a submonoid of 5(1() and the algebra E(A, G) is a Supp(A, G)-
graded algebra. If the algebra A is a commutative algebra then the Frobenius endomorphism
Fr: A — A, a+> a? is aF,-algebra endomorphism of A. It is a monomorphism if the
algebra A is a domain. By the very definition, the Frobenius endomorphism commute with
all endomorphisms of the ring A.

Lemma 4.6 Let A be a commutative K-algebra and G be a subgroup of the automorphism

group Autg (A).

1. The algebras E(A, G) and A® are Fr-stable (that is Fr(E(A, G)) € E(A, G) and
Fr(A%) C A9).

2. Suppose that the algebra A is reduced and Fr(K) = K. If g(Fr(a)) = x(g)Fr(a)

1

forall g € G then g(a) = (x(g))?a. In particular, Fr € Auty, (E(A, G)) and Fr €
Autp, (A9).

Proof 1. The Frobenius endomorphism commutes with all endomorphisms of the ring A, and

statement 1 follows.

2. The equality Fr(K) = K implies that Fr € Autr,(K). Since the algebra A is reduced

the Frobenius endomorphism A is a monomorphism. If g(Fr(a)) = x(g)Fr(a) forall g € G
1 1

then (g(a) — (x(g))7a)? = 0, and so g(a) = (x(g))ra for all g € G, and statement 2

follows. s

Let V C K be alF,m-subspace of K. The subgroup Shy := {01, |v € V} of Autg (K[x])
is called the shift group that is determined by the IF ,n -subspace V. Proposition 4.7 describes
the algebra of invariants and the eigenalgebra of the shift group Shy .

Proposition4.7 Let V. C K be a nonzero F,m-subspace of K. Then E(K[x],Shy) =
K[x]5v,

1. If dimp , (V) = oo then K[x]hv = K.
2. Ifl = dim]Fpm (V) <oocand{uy, ..., ) is abasis of the vector space V over IF ,m then

(a) the fixed algebra K[x]5hv = K[ fv]isapolynomial algebrain fy := ]_[vev(x —v),
the polynomial fy is divisible by the polynomial ]_[521 Sfuir
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(b) for all elements o, B € Fpm and A € K, fy(ax + BA) = afy(x) + Bfv(L). In
particular, the map K — K, L+ fy(X) is a F,m-linear map,
(c) IfV C V' are distinct F yn-subspaces of K then fy|fy and fv # fy,

(d) G #0.
3. In particular, for all elements € K>, K[x]°tn = K[ f,,].

Proof For all elements u € K, the map
ot —1:K[x] > Kx], ¥(x) > ¢¥x+u) — )

is locally nilpotent map. Therefore, the element 1 is the only eigenvalue for the map oy,
and so E(K[x], Shy) = K[x]5hv.
1. Statement 1 follows from statement 2. Let {i;};en be a family of IF,m-linearly inde-

i Fpmp,,-.Then V1 C VZCC

pendent elements of the vector space V and V; = € =1

Voo 1= @izl Fpmu; € V. Hence,

K™ 2 K™z 2 2 Kx ™ = (K™ = () KLfy]= K 2 K™ 2 K,

i>1 i>1

and so K[x]hv = K.
2. (a,b). For all elements v’ € V,

o) =[x =v —v) = fv.

veV

Therefore, K[x]Shv D K[ fv]. By Eq. 17, the polynomial ]_[521 l_[ue]Fp (x —up;) =
]_[5=1 fu; is a divisor of the polynomial fy. In particular, fy (0) = 0.

First, we prove that the statements (a) and (b) hold in the case when K = K and then we
deduce that the statements (a) and (b) hold for an arbitrary field K.

So, suppose that K = K. Let g(x) € K[x]3"V be a non-scalar monic polynomial. Let
y be a root of g(x). Then for all elements v € V, the element y + v is also a root of the
polynomial g(x). So, the set of all roots of the polynomial g(x) is a disjoint union of the sets
LI;_i{y: + V} for some roots y; of g(x).

Therefore, the polynomial

s =[[Te=r-v=[]fre-m
i=1lveV i=1

is a product of Shy-invariant polynomials fy (x — y;) of the same degree p™. In particular,
every non-scalar Shy -invariant polynomial has degree at least p™. Therefore, for all elements
A, u € K, the difference

Crp = fyrx+21) — fyvx +uw

of two monic Shy -invariant polynomials of degree plm must be a constant which is equal to
fv(X) — fv(w). Therefore,

frx+2) = fr) = frx+p) — frw.
When o = 0, we have that

fvix+1) = fvx)+ fv) — fr(0) = fv(x) + fr(D)
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since fy (0) = 0. Since for all elements u € IF;,,,,

fran =" [Ter—u'v) = u [T — v = ufv ),

veV veV

and fy(0x) =0 = 0 fy(x), we see that for all elements & € F,m, fy(§x) =& fy (x). Now,
the statement (b) follows.
Now, the polynomial

S )
g =[[ma—mw=]]Urv® - frm) eKifvl
i=1 i=l1
and the statement (a) follows.
Suppose that K is not necessarily algebraically closed field and g(x) € K [(xI%" be a
non-scalar monic polynomial. Then g(x) € K[ fy(x)]. Since the K = K @ W for some
K-subspace W of K and fy(x) € K[x], we must have that g(x) € K[ fy (x)] since

Kifv@l=Klfvle @ W) < Kixle @ W)
>0 >0

Now, the statements (a) and (b) hold for the field K.

(¢) The statement (c) follows from the statement (a).

(d) WLOG we may assume that K = K. Suppose that % = 0. Then fy = g? for some
polynomial g. This is not possible as every root of f has multiplicity 1.

3. Statement 3 is a particular case of statement 2. O

Notice that for all natural numbers m > 1,

" —x = ]_[ (x —i). (19)

iEFpm
By Eq. 19, for each element € K*, let

Fomn ) = fruu) = [] 6 —ip) =x"" —p"'x, (20)

iEFpm
Foralla, B € Fym:
fp’”,u(“x“l‘ﬂx/) Zafpm,u(x)+ﬂfp’",u(x/) 21

since me = y for all y € Fpn. In particular, the map K — K, A — fpm ,(X) is a
[F ,m-linear map. Hence, for all elements A € K,

P = =P T = fm y ()= o ) = o x=2) = [ | e—r—ip).

i€F ym

xp’ll

(22)

Theorem 4.8 describes the algebra of invariants and the eigenalgebra of a ‘generic’ finite
subgroup of Autg (K [x]).

Theorem4.8 Let G = G x G be a finite subgroup of Autg (K|[x]) (Theorem 4.4) where
G = (O, (1=2,)v) and G = {o1,ulm € VY, &y € K is a primitive n’th root of unity, n > 2
and v € K, Vis a nonzero finite dimensional I , (A,,)-subspace of K, and ¥ ,(A,) = Fpm for
some m > 1 (Lemma 4.3). Then:

1. 0, (=i (fr(x —v)) =4, fr(x —v).
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n
2. K[x]6 = K[ fy(x —v)]is a polynomial algebra in fj;(x —v) := (fv(x — v)) .
3. The G-eigenvalue subalgebra of K [x]is E(K[x], G) = @lr’;ol f"', (x—Vv)K[x]1°, adirect
sum of distinct G-eigenspaces.

Proof 1.Leto = oy, (1—2,)v- Suppose that [ = dim]ppm (V). Then deg(fv (x)) = pl’". Now,
by Proposition 4.7.(2b),

o(fyv(x—v) = fv(a(x =) = fyAn(x —v)) =4, fr(x —v)

since A, € K(Ay) =Fpm. ~
2 and 3. By Proposition 4.7.(2b), the G-eigenvalue subalgebra of K [x] is the fixed algebra
K[x]9 = K[fy(x)] = K[fy (x — v)] since

frx) = frx —v4+v) = fr(x —v) + fr(v).

By statement 1, o (fy(x — v)) = A, fy (x — v), hence the é—eigenvalue subalgebra of
K[x], K[ fv (x — v)], is o-invariant, and statements 2 and 3 follow. ]

Proposition 4.9 describes the algebra of invariants and the eigenalgebra of the subgroup
G = (o, (1-x,)v) Oof Autg (K [x]) where A, € K is a primitive n’th root of unity, n > 2 and
veKk.

Proposition 4.9 Let G = (o3, (1—x,)v) be a finite subgroup of Autg (K[x]) where A, € K is
a primitive n’th root of unity, n > 2 and v € K. Then:

1. 03, (1=w(x — V) = A, (x — ).
2. K[x]° = K[(x — v)"] is a polynomial algebra in (x — v)".
3. E(K[x],G) =K[x] = @1"2_01 (x — u)iK[x]G is a direct sum of distinct G-eigenspaces.

Proof 1. Statement 1 is obvious.

2. Statement 2 follows from statement 1 and the fact that A, is a primitive n’th root of
unity.

3. Statement 3 follows from statement 2. m]

The eigengroup G ;(K) of a polynomial f € K[x] that has single root in K For an
element v € K, the subset

Ty(K) == {05, 1—apw |+ € K™} (23)
of Autg (K[x]) is a subgroup which is isomorphic to the algebraic torus T = (K*, -) via
Ty(K) = T, o5 q-xp > A

since o, (1-2)wOw, (1—1)v = O/, (1—xn/yv forall A, A EKX.
Suppose that a monic non-scalar polynomial f € K[x] of degree d has single root, say
v € K. Thend = p"d; where for unique natural numbers r and d; such that p { d;. Then

f=@—n?=@—v)P =P — P = yP'd gl PG (04

Therefore, f = (x — )4 e K[x] iff v e K (since p { dy).

The next proposition describes all the monic polynomial f € K[x] such that G r(K) =
T, (K) for some v € K. Furthermore, it describes the group G ; for all polynomial f € K[x]
that has a single root in K.
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Proposition4.10 1. Let f(x) € K[x] be a monic non-scalar polynomial of degree d. Then
Fx) = (x —v)? for somev € K iﬁch(f) =T,(K).

2. Let f(x) € K[x] be a monic non-scalar polynomial of degree d that has a single root

T,(K) ifveK,

{e} fvé¢K.

3. Ler f(x) € K[x] be a monic non-scalar polynomial of degree d that has a single root
veK. Then f(x) = (x—v)dforsomevel(lﬂGf(K) T, (K).

ve K. Then G(K) =

Proof 1. (=) Suppose that f = (x — v)4. An automorphism o € Autg (K[x]) belongs to
the group G ;(K) iff o' (x — v) = A(x — v) for some element A € K . The last equality is
equivalent to the equality o = 03, (1—x)v, Or equivalently, Gy =T, (K).

(<) Suppose that Gy = T, (K). Then K[x] = @,., K (x — v)" is a direct sum of the
eigenspaces of the group T, (K). Therefore, fx)=((x-— V)4 for some d > 1.

2. Clearly, G f(K) = Gf(f) N Autg (K[x]) = To(K) N Autg (K[x]). By statement
1, Gy(K) # {e}iff e # o) 1—nyv € T,(K) N Autg (K[x]) where 1 # A € K* and
(necessarily) v € K> iff Gy (K) = T, (K).

3. Statement 3 follows from statement 2. m]

The eigengroup G 7 (K) of a polynomial f € K[x] that has at least two distinct roots
in K For each non-scalar monic polynomial f(x), Theorems 4.24,4.27,4.30 and 4.32 (resp.,
Theorem 4.33) are explicit descriptions of the eigengroup G y(K) in the case when the field
K is algebraically closed (resp., in general case).

Lemma 4.11 is an explicit description of the roots of the polynomials of the type g ( f{; (x —

v)).

Lemma 4.11 Suppose that A, € K is a primitive n’th root of unity, n > 2 andv € K, V
is a nonzero finite dimensional I, (A, )-subspace of K, and K (A,) = F,m for some m > 1
(Lemma 4.3). Then:

1. For all elements p € K,

i —v) = fi(p) = 1"[ [Je=v=2p—w.
i=0veV
2. Let g(x) = l_[ﬁ:l (x—§&)) € K[x] where R(g) = {£1, ..., &) is the set of roots oft}f
polynomial g(x) counted with multiplicity. Then §; = fy;(p;) for some element p; € K

and
k n—1

gfpc = =[[T]T]&x=v—2rip0;—v.

j=1i=0veV

Proof 1. By Proposition 4.7.(2b), the map fy is a K (1,)-linear map (since K (1,) = Fpn),
and the result follows:
n—1 n—1

fic=v) = fr) =[x —v) =2 v =] frx—v=2,p)

i=0 i=0
n—1
= l_[ H(x—v—)\;p—v).
i=0 veV
2. Notice that g(x) = ]_[];:1 (fy(x —v) — f(p;)), and statement 2 follows from statement

1. O
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Theorem 4.12 Suppose that a monic polynomial f(x) € K[x] has at least two distinct
roots in K. Then the group Gr(K)is a finite group, G r(K) = Gy(K) % 6f(K) where
Gr(K) = (on,,(1-2v) and G ¢ (K) = Shy(K), A, € K is a primitive n’th root of unity,
v € K, V is a finite dimensional F ,(\,)-subspace of K, and F ,(A,) = F ,m for somem > 1
(Lemma 4.3).

Proof Since Gy(K) = Gy (K) N Autg (K [x]), it suffices to prove the theorem in the case
when the field K is an algebraically closed field. So, we assume that K = K. Recall that Ry
be the set of distinct roots of the polynomial f. The subgroup C? f = G yNSh(K) is equal to
a group Shy where V is a finite dimensional vector space over the field ), since |V| < |Rq|
(asRg+V S Ra).

If G is a finite subgroup of G ; that contains the group Shy then G = Shy X (o3, (1-2,)v)
where A, is a primitive n’th root of unity and v € K. The cyclic group (03, (1-x,)v) of
order n acts on the field K and on the set R4, see Eq. 14. The point v is the only fixed
point of the action and the orbit of every element A % v contains precisely n elements. The
polynomial f contains at least two distinct roots. Therefore n < |Rg4|. Then, by Eq. 13,
the group ¢(G ) is equal to (03, (1-2,,)») Where A,/ is a primitive n”’th root of unity and
V' € K. By Theorem 4.4, Gy = Shy x (03.,,.(1=1,v) 18 a finite group. ]

Corollary 4.13 is a criterion for the group G ; to be an infinite group.

Corollary 4.13 Ler f(x) € K[x] be a non-scalar monic polynomial. Then the following
statement are equivalent:

1. The group G y is an infinite group.
2. f(x)=(x— v)dforsome veKk.
3. Gy(K) =T,(K) (see Eq. 23 for the definition of the group T, (K)).

Proof The corollary follows from Proposition 4.10.(3) and Theorem 4.12. O

Recall that the field K is an algebraically closed field, f(x) € K[x]is a monic polynomial
that has at least two distinct roots, and R(f) is the set of all roots of f counted with multi-
plicity. Recall that (Theorems 4.12 and 4.4) the group Gy = CTf x G 7 ¢ is a finite subgroup
of Autg (K[x]) where G s := (o3, (1—1,)v) provided G # {e} and Gy := {01, | n € V},
An € K is a primitive n’th root of unity, v € K, V is a finite dimensional I, (,)-subspace
of K, and IF,(A;) = Fpm for some m > 1 (Lemma 4.3).

There are four distinguish cases:

Gy #1e). Gy # (e},
G #1e). Gy = {e),
Gr=1(e).Gy # fe),
Gr=1{e}, Gy = {e}.

bl

Below, in the case of K = K, for the polynomial f criteria are given in terms of its roots for
each case to hold.

A description of the group (? 7(K) and a criterion for évf(K ) # {e}.

Definition 4.14 Let f(x) € K[x] be a non-scalar polynomial. Two distinct roots A, A’ € K
of the polynomial f(x) are called a K-shift pair of f(x) if

A—2" €K and F,(A — 1)+ R(f) € R(f) (25)
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where R(f) is the set of all roots in K of the polynomial F (x) counted with multiplicity.
The set of all K-shift pairs of the polynomial f(x) is denoted by SP(f, K). The vector
space over K,

Y ayese(r.) Fp(— 1) if SP(f. K) # 0,

V. K) = {0 if SP(f, K) = . 26)

is called the K-shift vector space of the polynomial f(x).

For fields K € L € K, we have SP(f, K) € SP(f,L) € SP(f,K) and V(f,K) C
V(f,L) S V(. K). ~
__ Proposition 4.15 gives an explicit description of the group G #(K) and a criterion for
Gr(K) # {e}.
Proposition 4.15 Let f(x) € K[x] be a non-scalar monic polynomial. Then:

1. éf(K) = Shy where V = V (f, K) is the K-shift vector space of f.

2. (~}f(K) = {e} iff SP(f, K) = @ iff for all distinct roots 1, ' € K of the polynomial f
such that .. — A" € K (if they exist), F,(, — A') + R(f) € R(f).

3. éf(f) = {e} iff SP(f, K) = @ iff for all distinct roots ,, ) € K of the polynomial f,
Fp(h— 1)+ R(f) ¢ R().

Proof 1.1t follows from the description of the group G 7(K) as a shift group, G r(K) = Shy,
that V. = V(f, K).

2 and 3. Statement 2 follows from statement 1 and statement 3 is a particular case of
statement 2. O

Definition 4.16 Let V be a nonzero finite dimensional IF,-subspace of K. The largest finite
field, denoted IF e, where e = e(V) > 1, such that F eV C V is called the multiplier field
of V. The natural number e = e(V) is called the p-exponent of V.

The multiplier field IF e is the composite of all finite fields IF,m such that F,mV C V. If
dimp, (V) = n then p™ < |V| = p",andsom < n.

Let A pe_1 be a primitive p® — 1’st root of unity (a generator of the cyclic group F[X)E).
Since Ape—1 € Fpe and Fpe V C V, we have that Ape 1V C V.

For each finite dimensional I ,-subspace V of the field K, Lemma 4.17 describes all the
roots of unity A, such that A,V C V.

Lemma4.17 Let V be a nonzero finite dimensional F,-subspace of the field K, T pe be its

multiplier field.

1. Suppose that A, is a primitive n’th root of unity. Then A,V C V iff n|p® — 1.

2. |IF;@| =1if(p,e) = 2,1) iff .,V € V (where A, is a primitive n’th root of unity)
implies L, = 1.

Proof 1.1,V C Viff ), € IF;;, iffnlllF;el iff n|p¢ — 1.

2. Statement 2 follows from statement 1. [J

Classification of subgroups G of Autg (K [x]) which are maximal satisfying the prop-
erty G N Sh(K) = Shy.

Corollary 4.18 Let V be a nonzero finite dimensional I p-subspace of the field K, I pe be
its multiplier field and X pe_ be a primitive p® — 1’st root of unity. Then the finite groups
Gy, := Shy x (U)\pe,l,(lfkpe,l)v), where v € K /V, are the maximal subgroups G of the
group Autg (K [x]) that satisfy the property that G N Sh(K) = Shy.
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Proof Recall that for all elements A € K* and u, v € K, ak,,ﬁo],vo,\_’:i = 0y ,-1,- Hence the
groups Gy, are well defined and every subgroup H of Autg (K[x]) such that H NSh(K) =
Shy is a finite group.

Given a finite subgroup G’ of Autg (K [x]) such that G'NSh(K) = Shy. By Theorem 4.4,
G’ = Shy X (o3, (1-2,)v) for some v € K and a primitive n’th root of unity 1, such that
n|p® — 1, by Lemma 4.17.(1), and so G’ € Gy . Since the groups {Gy ,} ek are distinct,
the corollary follows (Gy,, = Gy v iff 0y (1-3) = 0;’;,(1,;\)1,01,1; for some natural number
i such that 1 < i < pand ged(i, p) = 1 and an element v € V where A = Ape_; iff
Vv =v+ (=) usince o} (_,),010 = 03 (1_aiywa(1—a) -1y iV =v mod V since
F,(MV =F,V =V). O

Criterion for G ; # {e} and G s # {e).

Lemma 4.19 Suppose that K is an algebraically closed field, f(x) € K|[x] is monic non-
scalar polynomial that has at least two distinct roots, G f = Shy # {e} and éf =
(Ony,(1=2p)v) 7 e} where V is a nonzero I, (A,)-subspace of the field K and X, is primitive
n’th root of unity. Then:

1. Ay € IFpe where IF pe is the multiplier field of the I ,-subspace V of K, or, equivalently,
n|p®— 1.

2. The group Gy = Shy x Ef is a subgroup of Shy X (oy (1-r)v) Where A is a cyclic
generator of the group ]F;(,, i.e. A = Ape_y is primitive p® — 1’st root of unity.

Proof 1. Since 1,V € V, A, € F,e and the lemma follows from Corollary 4.18. ]

Definition 4.20 Let f(x) = )f +ag_1x47 ' +...4ax +ap € K[x]be amonic polynomial
of degree d > 1 where @; € K are the coefficients of the polynomial f(x). Then the natural
number

ged(f (x)) := ged{i = 1]a; # 0}

is called the exponent of f(x).

Clearly, the exponent of f (x) is the largest natural number m > 0 such that f(x) = g(x™)
for some polynomial g(x) € K[x].

Definition 4.21 For a non-scalar polynomial f € K[x], we have the unique product
ged(f) = p*ged, (f) where s >0, ged,(f) € N and ptged,(f). 27

Proposition 4.22 Suppose that f(x) = f{, (x — v) for some nonzero finite dimensional IF ,-
subspace V of K, v € K and a natural number i > 1 (i.e. R4(f) = v + V and each root of
f(x) has multiplicity i). Let F ,e be the multiplier field of V, F;g = (Ay) Wheren = p® — 1.
Then
Gy= Shy % {04, (1-1,v) # Shy if (p,e) # (2, 1),
Shy if(p.e)=(@2,1.

Proof Since [Ra(f)l = v+ V]|=1|V] =2, the group Gy = éf P éf is a finite group.
Clearly, Shy € G . Infact, Shy = G since Ry(f) =v + V.
Suppose that (p, e) # (2, 1). Recall thatn = p* — 1 > 1 and IF;e = (An), the multiplier
field of V. In particular, A,V C V. Therefore, G y = (03, (1-1,)v), by Lemma 4.17.(1).
The case (p, e) = (2, 1) is obvious, see Lemma 4.17.(2). ]
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Lemma 4.23 Suppose that Fr(K) = K (where Fr(a) = aP, the Frobenius endomorphism).
Then Gfpn (K) = G ¢(K) for all polynomials f € K[x] and all natural numbers n > 1.

Proof (i) G ;pn (K) 2 G(K):1f 0 € Gy(K) then o(f) = A f for some A € K, and so
o (fP")y = AP" fP" . This means that o € G (K).
(i) G gy (K) € Gy (K): I T € G ppr (K) then (f7") = uf " for some s € K, and so

(r(f) — /u'” f)” =0,1e. t(f) = ,up f. This means that T € G ¢ (K). O

Let f(x) =) a;x' € K[x]beamonicnon-scalar polynomial and ged( f) = p* gcdp(f).
Suppose that K = K. Then there is a unique monic non-scalar polynomial fi(x) € K|[x]
such that .

f@) = (). (28)

Clearly, gcd(f1) = gcd (f),deg(f) =p deg(fl) and fl # 0 (the derivative of f1).
Theorem 4.24 is a criterion for the group Gy = G, + % G 7 to have nontrivial subgroups
G r and G £ it also gives an explicit description of the group G .

Theorem 4.24 Suppose that the field K is an algebraically closed field and f(x) € K[x] is
a monic polynomial that has at least two distinct roots, gcd(f) = p* ged, (f) and f(x) =

flpx (x) for a unique monic non-scalar polynomial fi(x) € K[x], see Eq. 28. Suppose that
V # 0 is a finite dimensional F ,-subspace of K and I pe is the multiplier field of V. Then
the following statements are equivalent:

1. Gy =Shy # (e} and Gy = (o3, (1-3,) # e},

2. There is a primitive n’th root of unity Ay # 1 (in particular, n > 2) such that A,V SV,
and an element v € K such that either f(x) = fv (x —v) for some natural numberi > 1
and n = p® — 1 (in this case, (p,e) # (2, 1), Gf = Shy and Gf = (O‘A (= ,71)1,)
where Iﬂ‘pe = (Ape_1)) or otherwise f(x) = fv (x —v)g(fy(x — v))for some natural
number i > 0 and a monic nonn-scalar polynomial g(x) € K[x] such that g(0) # 0,
and the following two conditions hold:

(a) n >2and gcd(p ,gcd (&) =1, and
(b) R(f)+F ()»,,)(A 2) Q R(f) for all distinct roots A and )" of the polynomial f
such that k A

Suppose that statement 1 holds. Then:

e the natural number i and the polynomial g(x) in statement 2 are unique,

e the element v is unique up to adding an arbitrary element of 'V (i.e. v can be replaced
by v + v for any element v € V),

e the equality f(x) = f"} (x— v)g(f"} (x —v)) is unique (since fy(x —v—v) = fy(x —v)
forallv € V). Furthermore, o;,, (1-3,)v(f) = kﬁ;f, and f € K[x]6r iff nli.

e In the second case, i.e. f(x) = f"} (x —v)g(fyx —v)),

n= ng(pe - 15 ngp(h)
where h(x) € K|[x] is a unique polynomial such that f(x) = f‘i, x = v)h(fy(x —v))

(i.e. h(x) = g(x™)), and either v is a root of f(x) (i.e. i > 1) or otherwise (i.e.i =0) v
is a root of fl’(x) (the derivative of f1(x)).
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Proof (1 = 2) Suppose that statement 1 holds. By Theorem 4.12, é.f = Shy and G; =
(O, (1—x,v) for a nonzero F-subspace V of K, a primitive n’th root of unity A, # 1 (in
particular, n > 2) such that A,V C V and an element v € K. Then, by Theorem 4.8.(3),
either f(x) = f"} (x — v) for some natural number i > 1 or otherwise

f) = fi(x —v)g(fit(x —v))

for some natural number i > 0, n > 2, and a monic non-scalar polynomial g(x) € K[x]
such that g(0) # 0. ~ o

In the first case, by Proposition 4.22, Gy = Shy # {e} and G = (axpé,_l,(l_;\pl,_l)v) *
{e}.

Now let us consider the second case. By Lemma 4.17, n| p® — 1 (since A,, € IFpe). Suppose

that [ := gcd(pe”_1 , gcdp(g)) > 1. Then 03, (1—3,)v € Ef = (02,,,(1—x,)v) Where A, is a
primitive /n’th root of unity, a contradiction (since the order of the element 03, (1—3,,)v 1S
In>n= |§f|). Therefore, the statement (a) holds.

Suppose that the condition (b) does not holds, i.e. there are two distinct roots A and A" of
the polynomial f(x) suchthatv' :=A—21" ¢ Vand R(f) +F,(x,) (A —1) € R(f). Then

V=V +F,)0

isalF, (A,)-submodule of K that properly contains the I, (1, )-module V. Then Shy: C Shy,
a contradiction.

(2 = 1) In the first case, i.e. f(x) = f\’}(x — v), the implication follows from
Proposition 4.22. In the second case, i.e. f(x) = f{, (x —v)g(fyx —v)),

G 2 {on,.(1-aw) # fe} and Gy D {01, | € V) # fe).

The conditions (a) and (b) imply that the inclusions above are equalities, see the proof of
the implication (1 = 2).
Suppose that statement 1 holds. Then statement 2 holds and vice versa. So, we have the
equality A
F@) = fi@ —vg(fite —v)

ig statement 2 (the case g = 1 corresponds to the first case). The polynomial fy(x — v) is
G y-invariant, i.e. forallelements v € V, fy(x —v) = o1, (fv (x —v)) = fr (x —(v+v)).
Therefore, for all elements v € V,

f) = fix —@+o)eg(fix— (v +v),

i.e. the element v can be replaced by the element v + v for any element v € V. This is
the only freedom for the choice of the element v. Indeed, Gy = {0){n a op|0<j<

n—1,v € V}. Since

—An)V
i .
O (a0 = O30 (30 Olw =03 i iy, for T<j<n—1,

it follows that the only freedom in choosing the generator o3, (1-3,)» in Theorem 4.8 is an
element of the type

T3l =2 w+1=2))1v)

where j is a natural number such that 1 < j <n — 1, ged(j,n) = 1 and v is an arbitrary
element of V. Now, by Theorem 4.8, v is a unique (up to addition) element of V, and the
elements i and g(x) are unique.
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Clearly, 03, (1—1,)v(f) =Al f (Theorem 4.8.(1)),and so f € K[x]9/ iff n|i (Theorem 4.8.

(2,3)).
Suppose that g(x) # 1. Clearly, v is a root of f(x) iff i > 1. Suppose that v is not a root

of f(x),i.e.i =0and f(x) = g(fy(x —v)). Recall that f(x) = flp:(x) and Gy =Gy,
by Lemma 4.23. Then v is not a root of fj(x), i.e. fi(x) = gi (f\ﬁ (x — v)) for a unique
polynomial g{(x) € K[x] such that g = gf " Hence, v is a root of the polynomial fi(x)
since

0# fi(x) =nfy~" (x = v) fy (x — g (f (x = v))

n >2and fy(0) =0. 4
In the second case, i.e. f(x) = f,(x —v)g(fy(x —v)), n = ged(p® — 1, ged, (h), by
the statement (a). ]

Definition 4.25 The unique presentation of the polynomial f(x),
f@) = fye=v) or fO0) = fiyx = )g(fy(x =),

in Theorem 4.24.(2) is called the eigenform or the eigenpresentation of the polynomial f(x).
The scalars v + V and the natural number i > 0 are called the eigenroots of f(x) and their
multiplicity, respectively. The natural number n > 2 and the monic polynomial g(x) are
called the eigenorder and the eigenfactor of f(x). In the second case, the eigenroots may not
be roots of the polynomial f(x). They are iff i 7~ 0.

Corollary 4.26 Suppose that the field K is an algebraically closed field and f(x) € K[x]is
a monic polynomial that has at least two distinct roots, gcd(f) = p* gcd (f)and f(x) =

f (x) Jfor aunique monic non-scalar polynomial fi(x) € K [x] Suppose that the polynomzal
f satisfies the assumption of Theorem 4.24, and fi(x) = fv x —v)or filx) = fv (x —
v)g1(fy (x —v)), is the eigenform of the polynomial f1(x). Then f(x) = f‘f /(x — V) or
fx) = f (x - v)g1 (fv (x —v)), is the eigenform of the polynomial f(x).

Proof The statement follows from the facts that f(x) = flp ' (x), Gy = Gy (Lemma 4.23)
and the uniqueness of the eigenform (Theorem 4.24). O

Crlterlon for G r = {e} and G r # {e}. Theorem 4.27 is a criterion for the group
Gy = Gf X Gftobeequalton # {e}.

Theorem 4.27 Suppose that the field K is an algebraically closed field, f(x) € K[x] is a
monic polynomial that has at least two distinct roots, ged(f) = p* ged ,(f) and f(x) =

flpx (x) for a unique monic non-scalar polynomial f1(x) € K|x], see Eq. 28. Then the
Sfollowing statements are equivalent:

1. 6} = {e} and éf = (On,,(1=1,)v) 7 le} where A, is a primitive n’th root of unity and
veK.

2. f(x) = (x — v)ig((x — v)") for some natural number i > 0 and a monic non-scalar
polynomial g(x) € K[x] such that g(0) # 0,

(a) n>2, pfnandged,(g(x)) =1, and
(b) R(f) +F,(x — 1) & R(f) for all distinct roots h and )" of the polynomial f.

Suppose that statement 1 holds. Then:
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o The presentation f(x) = (x — v)ig((x — v)") is unique, i.e. the triple (v, i, g(x)) is
unique.

e Either v is a root of f(x) (i.e.i > 1) or otherwise (i.e. i = 0) v is a root of f{(x) (the
derivative of f1(x)).

e Ifvisarootof f(x)thenn = gcdp(x’if(x + v)).

e Ifvisnotarootof f(x)thenn = gcdp(f(x +v)).

o oy, (1—aw(f) = A, f,and f € K[x]C7 iff nli.

Proof By Proposition 4.15.(3), 5} = {e} iff the condition (b) holds.
(1 = 2) Suppose that statement 1 holds. Then, by Theorem 4.9.(2,3),

FO) =@ —v)ig(x —v)")

for some natural number i > 0 and a monic non-scalar polynomial g(x) € K[x] such that
g(0) # 0 (since |[R4(f)| > 2). Clearly, n > 2 and p 1 n.

Suppose that [ := gcdp(g(x)) > 1. Then oy, (1-1,)v € 5f = (o, (1—x,)v) Where A, is
a primitive [n’th root of unity, a contradiction (since the order of the element oy, (1—3,,)v 1S
In>n= |§f|). Therefore, the statement (a) holds.

(2 = 1) By the statement (b), 5} = {e}. Since f(x) = (x — v)'g((x — v)") for some
natural number i > 0, n > 2, p t n and a monic non-scalar polynomial g(x) € K[x] such
that g(0) # 0,

Gy 2 (o, (1-rv) 7 e}

The condition (a) implies that the inclusion above is the equality, see the proof of the
implication (1 = 2).

Suppose that statement 1 holds. Then statement 2 holds and vice versa. So, we have
the equality f(x) = (x — v)ig((x — v)") as in statement 2. To prove uniqueness of this
presentation it suffices to show that the element v is unique. The set of cyclic generators for
the group Gy = G ¢ = (o3, (1-3,,v) isequalto o], |1 < j<n—1,ged(j,n) =1}

. , _ . .
Since O (I = the element v is unique.

M, (=2v?

Clearly, v is a root of f(x) iff i > 1. Suppose that v is not a root of f(x),i.e.i = 0 and

f(x) = g((x —v)"), then fi(x) = h((x — v)") for a unique monic non-scalar polynomial
1

h(x) := g? (x) € K[x] (since p { n). Hence, v is a root of the polynomial f(x) since
0% f1(x) =nx —v)" W ((x —v)")

andn > 2.

If visarootof f(x)thenn = gcdp(x_if(x +v)) (since f(x 4+ v) = xgx™). If v is
not aroot of f(x) thenn = gcdp(f(x 4+ v)) (since f(x +v) = g(x™)).

Clearly, 03, (1-,v(f) = A, f,and so f € K[x]9/ iff nli. a]

Definition 4.28 The unique presentation of the polynomial f(x),
[ =@ =g =",

in Theorem 4.27.(2) is called the eigenform or the eigenpresentation of the polynomial
f(x). The scalar v and the natural number i > 0 are called the eigenroot of f(x) and its
multiplicity, respectively. The natural number n > 2 and the monic polynomial g(x) are
called the eigenorder and the eigenfactor of f(x). In general, the eigenroot may not be a root
of the polynomial f(x). Itisiffi # 1.

Criterion for G ; # {e} and G ; = {e}.
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Lemma4.29 Let g(x) € K|[x] be a monic non-scalar polynomial such that g’ # 0 (the
derivative of g), and V be an F,-subspace of K and [ e be its multiplier field (for V = 0,
fv(x) = x). Then:

1. g(fr(x) #0. |

2. Foreachv € K, g(fyv(x)) = f"/(v) (x —v)gv(fv (x — v)) for a unique natural number
i(v) > 0 and a unique monic polynomial g, (x) € K[x] such that g,(0) # 0, i(v) # 0
iff v is a root of the polynomial g(fy (x)). If n = ged(p® — 1, ged, (gv(x))) = 2 then
e # 03, (1-amv € Ga(fy(x)(K) where L, € K is a primitive n’th root of unity. If, in
addition, 1, € K then e # o0, (1-1,)v € 6g(fy(x))(K)~

3. Suppose that v is not a root of the polynomial g(fy (x)), i.e. i(v) = 0 and g(fy(x)) =
g (fv(x —v)), and gcdp (gv(x)) # 1 then v is a root of the derivative g( fy (x))' of the
polynomial g( fy (x)).

Proof 1. g(fv(x)) = g (fv(x)) fi,(x) # 0, by Proposition 4.7.(2d).

2.8(fv(0) = g(fr(x—v+v) = g(fr(x =)+ fr () = 1" ¢ =v)gu(fr (x = 1)
for a unique natural number i (v) > 0 and a unique monic polynomial g, (x) € K[x] such
that g,,(0) # 0. Since fy(0) = 0 and g, (0) # 0, we see that i (v) # 0 iff v is a root of the
polynomial g(fy (x)).

Ifn > 2thene # 03, (1-3,v € Gg(fy(x)) (K), by Theorem4.8.(1). If, in addition, A, € K
then e 7# o, (1-1,)v € Gg(fy (x) (K).

3. Suppose that v is not a root of the polynomial g( fy (x)) and m = gcdp (gv(x)) # 1,
ie. g(fv(x)) = g(fv(x —v)) = h,(fJ (x — v)) for some monic non-scalar polynomial
hy(x) € K[x]. Then

g(fv(x)) = h(ff(x =) = mfy = = v) i (e = R (=),

and so v is a root of the polynomial g( fy (x)). ]

Given monic non-scalar polynomials f(x), h(x) € K[x]. If f(x) = g(h(x)) for some
polynomial g(x) € K[x] then the polynomial g(x) is unique and necessarily monic. (Proof.
If f(x) = g(h(x)) then the polynomial g(x) is monic, deg(f) = deg(g) deg(h), K[h] >
fi:=f— hdeg(®) and deg(f1) < deg(f). Now, the induction on deg(f) completes the
proof).

Theorem 4.30 is a criterion for the group G 5 = 6} x G £ to be equal to 6} # {e}.

Theorem 4.30 Suppose that the field K is an algebraically closed field, f(x) € K[x] is a
monic non-scalar polynomial that has at least two distinct roots, gcd(f) = p* ged,(f)
and f(x) = f{TX (x) for a unique monic non-scalar polynomial f1(x) € K[x]. Suppose that
V # 0 is a finite dimensional F ,-subspace of K and I pe is the multiplier field of V. Then
the following statements are equivalent:

1. Gy =Shy # (e} and G s = {e).
2. fi(x) = g(fv(x)) for a (unique) monic polynomial g(x) € K|[x] such that
(a) either |Rq(g)| = 1 and (p,e) = (2, 1) or otherwise |Rq(g)| > 2 and ged(p® —
1, gcdp(g,,(x))) = 1 for all roots v € Ry(f1(x)) U Ry(f1(x)) where g, is as in
Lemma 4.29.(2) (i.e. fi(x) = fi” (x — v)gu(fv (x — 1)), and
(b) R(f1)+F,(x—2") & R(f1) for all distinct roots X and " of the polynomial fi such

that A — 2" ¢ V (& R(f) +Fp(n — LX) € R(f) for all distinct roots % and )" of the
polynomial f such that .. — ) ¢ V).
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Suppose that statement 1 holds. Then f, fi € K[x]°/ = K[x]%n.

Remark By Lemma 4.23, G = Gfp
)
properties of the polynomial fj rather than f.

s = G y,. This explains why statement 2 is given via

Proof By Proposition 4.7 and Proposition 4.15.(1), éf = éf, = Shy (# {e}) iff f1(x) =
g(fv(x)) for a (unique) monic non-scalar polynomial g(x) € K[x] such that the condition
2(b) holds.

Suppose that [R4(g)| = 1,i.e. R4(g) = {p} and leti(p) be the multiplicity of the root p.
Fix an element v € K = K such that fy (v') = p. Then f1(x) = (fy (x) — fy (V)@ =
f‘l,(p) (x — V), by Proposition 4.7.(2b). By Proposition 4.22, Gp = 5f1 = Shy iff (p,e) =
2,1).

Suppose that |R;(g)| > 2. By Lemma 4.29.(2),

i) =g(fv @) = i« =g (fr(x —v)

for a unique monic non-scalar polynomial g, (x) € K[x]such that g,(0) # 0 wherei(v) >0
is the multiplicity of the root v (if g,(x) = 1 then fi(x) = g(fv(x)) = fi'”(x —v) =
(fy(x) — fr()'™, and so |Ry(g)| = 1, a contradiction).

By Theorem 4.8 and Lemma 4.29.(2), éfl = {e} iff ged(p® — 1, gcdp(gv(x))) =1
for all v € K iff ged(p® — 1,gcdp(gv(x))) = 1forall v e Rg(f1i(x)) URag(f1(x)),
Lemma 4.29.(2,3).

Clearly, f, f1 € K[x]°r = K[x]Gf] (Proposition 4.7 and Lemma 4.23). m]

Definition 4.31 The unique presentation f(x) = gl’s (fv(x)) in Theorem 4.30 (where
ged(f) = p* ged p(f))is called the eigenform or eigenpresentation of the polynomial f(x)
and the polynomial g(x) is called the eigenfactor of f(x).

Criterion for G y = {e}. Given a monic non-scalar polynomial g(x) € K [x] with g'(x) #
0. By Lemma 4.29.(2) (where V = 0), for each v € K,

gx) = (x — 1) Mg, (x —v) (29)

for a natural number i(v) > 0 and a unique monic polynomial g,(x) € K[x] such that
gv(0) # 0. Clearly, i (v) # 0 iff v is a root of the polynomial g(x).
Theorem 4.32 is a criterion for G y = {e}.

Theorem 4.32 Suppose that the field K is an algebraically closed field, f(x) € K[x] is a
monic polynomial that has at least two distinct roots, gcd(f) = p* ged »( f)and f(x) =

gp: (x) for a unique monic non-scalar polynomial g(x) € K|[x], see Eq. 28. The following
statements are equivalent:

1. G¢ ={e}.
2. (ajc For each root v of the polynomial g(x), gcdp (gv(x)) = 1 where the polynomial g, (x)
is defined in Eq. 29,
(b) for each root V' of the derivative g'(x) of the polynomial g(x) such that g(v') # 0,
ged, (v (x)) =1, and
(c) R(g) +Fp(a — X) & R(g) for all distinct roots L and )’ of the polynomial g (&
R(f) +Fp(n — 1) € R(f) for all distinct roots ) and )" of the polynomial f).

Proof Notice that Gy = G o = G. The condition (c) is equivalent to the condition that
E;g = {e} (Proposition 4.15.(3)). It remains to show that provided Eg = {e} the condition
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G, = {e} is equivalent to the conditions (a) and (b). Equivalently, G, = {e} and G, # {e}
iff one of the conditions (a) or (b) does not hold and the condition (c) holds. This follows
from Theorem 4.27. Indeed, by Theorem 4.27, G ¢ = {e} and Eg # {e} iff the condition (c)
holds and g(x) = (x — v)ig., (x —v) foraunique v € K, a natural number i > 0 and a monic
non-scalar polynomial g, (x) such that g, (0) # 0 (since [R4(f)| > 2) and gcdp (gv(x)) = 2.
We have two options either v is a root of the polynomial g(x) or not. If v is not a root of
the polynomial g(x), i.e. i = 0, then g(x) = g,(x — v), and so v is a root of g’(x) since
gcd » (gv(x)) = 2. Now, it follows that statements 1 and 2 are equivalent. ]

Theorem 4.33 describes the group G ¢(K) in terms of the group G f(f).

Theorem 4.33 Suppose that the field K is not necessarily algebraically closed and
f(x) € KI[x] is a monic polynomial that has at least two distinct roots in K. Recall
that (Theorems 4. 12 and 4.4) the group Gf(K) = Gf(K) X Gf(K) where Gf(K)
(o, (1—2,)v) and Gf(K) ={oulmeVii, e K is aprimitive n’th rootofumtypmvzded
Gr(K) # {e}, v € K, V is a finite dimensional ¥ ,(A,)-subspace ofK and F,(Ay) = Fpm
for some m > 1 (Lemma 4.3). Then

G(K)=Gf(K) %G s(K)=Autg (K[x]) NG r(K), G;(K)=Shy

where V .= KﬂVandifEf(K) # {e} zhenaf(K) = (G}L;-”(l_,\z)wﬁ) where i = min{i’ =
I,... Jn— 1 |i’|n,)»f1/ ek, —)\i’,)v € V+K)andv €V is any (fixed) element such that
(I-Xx)v+7veKk.

Proof It is obvious that G ¢ (K) = AutK(K[x]) NGy (K). By Theorem 4.4, G¢(K) =
Gf(K) X Gf(K) It is obvious that Gf(K) = Shy where V := K N V. By Theorem 4.4,
Gr(K) = {on,.(1-a,)) Where &y € K is a primitive n’’th root of unity and v/ € K

provided G s (K) # {e}. Notice that
Oy (I=hy v = U)l\,,,(lf)\n)valj = 050, (1= WO T = O)i (1—A yv+v

for unique elements i and v € V such that 0 < i < n — 1. So, the elements i can be chosen
such that

i=min{i'=1,...,n—1]i|n, )\Z ek, (1 —)»f{)v—l—ie K for some element v € V}
=min{i'=1,....n—1|i'ln, A e K, 1 =1 eV +K}
andv € V is any (fixed) element such that (1 — )Lfl)v +vek. ]
Proposition 4.34 gives criteria for the groups éf(K), Ef(K) and G s (K) to be {e}.

Proposition 4.34 Suppose that the field K is not necessarily algebraically closed and
f(x) € Klx] is a monic polynomial that has at least two distinct roots in K. Recall
that (Theorems 4. 12 and 4.4) the group Gf(K) = Gf(K) X Gf(K) where G (K)
(O, (1=2,)0) and Gf (K) = {0} wlmweVii, e K is aprimitive n’th rootofumtyprawded
Gr(K) #{e},veK, V is a finite dimensional F p(An)-subspace of K, and F p(hy) = Fpm
for some m > 1 (Lemma 4.3). Then:

1. Gy(K)=1{e}iff VNK =0. o
2. Gy(K) = {e} szGf(K) {e} or otherwise G y(K) := (U)\,,,(lf)n”)ﬁ and there is no a
natural numberi’ suchthat1 < i’ < n—1suchthati'|n, ' € Kand(l—)\ﬁl/)v e V+K.

>
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3. Gy(K) = {e} iff Gf(K) = {e} or otherwise VN K = 0, G;(K) := (03, (1-1,)
and there is no a natural number i’ such that 1 < i’ < n — 1, i’|n, )\Z e K and
(1-2YeV+K.

Proof Statements 1 and 2 follow at once from Theorem 4.33. Then statement 3 follows from
statements 1 and 2. ]

Every subgroup of Autg (K[x]) is of type G s. Theorem 4.35 shows that all subgroups
of Autg (K [x]) are eigengroups of polynomials.

Theorem 4.35 Let K be an arbitrary field of characteristic p > 0. Then for each subgroup
H of Autg (K [x]) there is a monic polynomial fg such that G gy = H:

1. For H={e}, fu = x(x + D2

2. For H = (03, (1—,)v) Where A, € K is a primitive n’th root of unity and v € K,
fo=x—-v)' -1

3. For H = Shy where V is a nonzero F,-subspace of K,

(a) if K =Fpn then fg(x) = fy(x —v) — p where p is any element of F pn that does
not belong to the image of the map fy(x —v) : Fpn — Fpn, x = fy(x —v) (the
map fyv(x — v) is not a surjection since the set v + V is mapped to 0).

(b) If |K| = oo then fy(x) = fv(x)f‘%(x —v) wherev € K\V.

4. For H = Shy X (o3, (1-x,)v) Where V is a nonzero IF-subspace of K, Fpe is its
multiplier field, and A, is primitive n’th root of unity such that .,V < V, fg(x) =
Sv(x —v) ifn=p°—1,
i —=v)+1 ifn<p®—1
5. For H=T,(K) = {0, (1-mv A € K>}, fu=x—v.
1 ifIK| = oo,
6. For H = Autg (K[x]), fu = - K =T
Proof 1.1f 0 € G, then the maximal ideals (x) and (x 4 1) of K[x] are o-stable, hence
o=ce.

2.Clearly, Gy, 2 H.

1) éfH = {e}: The polynomial fy has n distinct roots, namely, {v +A£l |li=0,1,...,n—
1}, and p 1 n. Suppose that éfn = Shy # {e} for some nonzero F,-subspace V of K.
Then p||V|. Since V 4+ R(f) € R(f), we must have |V |||R(f)|, i.e. |V||n, and so p|n, a
contradiction.

(ii)) Gyy = H: Let o = 0, (1-,)v- By the statement (i), G, = éﬂ, = (o’) where
0 =03, (1-3,)v for some primitive m’th root of unity A,, and v’ € K. Since H € G f,;, we
must have v/ = v and n|m (since (x — V') is the only (o/)-invariant maximal ideal of K [x],
(x — v) is the only (o)-invariant maximal ideal of K [x] and (') C (o”)).

The polynomial [y is an eigenvector for the automorphism o’ with (necessarily) eigen-
value A since n = deg(fu). Now,

Mg =M ((x=v'"=-1)=0c'(fu)=M(x-v)"—1

Therefore, A}, = 1, and so (¢) = (¢”’). This means that G fun = H, and the statement (ii)
follows from the statement (i).
3(a). Clearly, G s, 2 H = Shy.
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6)) G fu = H:The statement follows at once from the fact that the polynomial fp has |V
distinct roots in K (if G 5 = Shy for some I ,-subspace V' of K that properly contains V
then the polynomial fp contains at least |V'| distinct ToOots in K, a contradiction).

(ii) G r,; = {e}: Suppose that G, # {e}. Then Gy, = (o) where 0 = oy, (1—r,)v'>
1 # A, € K is a primitive n’th root of unity such that 1,V C V and ' € K. Notice that

_ i d
o(fu) =Xy fuan

fH@) = fy(x—'—(=1)—p = fr(x—v)—fy(v—1)—p = fy x—v)+ fr V'—=v)—p.
By Theorem 4.8.(1), o (fy (x — V")) = A, fy(x —V'). Leta = fy (v — v) — p. Now,
Wl v =Y +a)y =Y fu=o(fu) =o(fyx —v) +a) =l fr(x =) +a.

Hence, k‘,,vl = Ap # land (A, — 1)a = 0, i.e. a = 0. The last equality implies that
p € im fy (x — v), a contradiction, and the statement (ii) follows.

(b). Clearly, Gy, 2 H = Shy.

@) GfH = H: The statement follows at once from the fact that R(f) = V]](v + V)32
where the upper index ‘2’ means that the multiplicity of each root in v + V is 2.

(ii) EfH = {e}: Suppose that e # o € EfH' Then o € Efv(x) N Efv(va)- Notice that
5]’\/ (x—v) = {On,,(1-1,)v) for some primitive n’th root of unity A, such that F,(1,)V C V.
Then there is a natural number i such that o = U/{,,,(l—x,,)u = Oy (1-aiy € Gy In
particular, V 3 07! % (0) = (I — Al)v,and so v € (I —AL)~!'V = V, a contradiction
(1 — AL # Osince o # e).

4. Statement 4 follows from Theorem 4.24.

5 and 6. Statements 5 and 6 are obvious.

O

Algorithm of finding the eigengroup G ¢ (K) and the eigenform of f. The algorithm
consists of finitely many steps and is based on Prpoposition 4.10, Theorems 4.24, 4.27, 4.30
and 4.32. We assume that K = K.

Step 1. If [R4(f)| = 1 then apply Proposition 4.10 to find G .

From this moment on we assume that |R4(f)| > 2.

Step 2. Use Theorem 4.32 to check whether G ¢ = {e} or G ¢ # {e}.

From this moment on we assume that G ¢ = {e}.

Step 3. By Proposition 4.15.(1), the group Gf = Shy can be found.

Step 4. Suppose that G f = {e}. Then necessarily G f # {e}, and using Theorem 4.27
the group G f is found. In more detail, we know that G f = {O%,,(1—r,)v) and that f(x) =
(x — ) g((x —v)") for aunique v € Rq(f) U Rq(f{) and n > 2 such that if v is a root of
f(x)thenn = gcdp(x_’ f(x 4+v)),and if v is not a root of f(x) thenn = gcdp(f(x +v)).

From this moment on we assume that G r = Shy # {e}, the IF,-subspace V of the field
K is non-zero. Let IF e be the multiplier field of V. It can be easily found since the multiplier
field IF e is the largest among finite fields F ,m such that F,mV C V and m < dim]Fp V).

Step 5. Now, we check whether the conditions of Theorem 4.30 hold or not. If they do
then G 5 = {e}.

If they do not then necessarily G s # {¢} and hence the conditions of Theorem 4.24 hold.
Using Theorem 4.24 the group G s and the eigenform of f are found in finitely many steps.

]
Algorithm of finding the eigengroup G ;(K) where K # K.
Step 1. Using the algorithm above the group G ;(K) is found.
Step 2. The group G ¢(K) is found by using Theorem 4.33. O
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