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A ROCKAFELLAR-TYPE THEOREM FOR NON-TRADITIONAL COSTS

S. ARTSTEIN-AVIDAN, S. SADOVSKY, K. WYCZESANY

ABSTRACT. In this note, we present a unified approach to the problem of existence of a
potential for the optimal transport problem with respect to non-traditional cost functions,
that is costs that assume infinite values. We establish a new method which relies on proving
solvability of a special (possibly infinite) family of linear inequalities. We give a necessary and
sufficient condition on the coefficients that assure the existence of a solution, and which in
the setting of transport theory we call c-path-boundedness. This condition fully characterizes
sets that admit a potential and replaces c-cyclic monotonicity from the classical theory, i.e.
when the cost is real-valued. Our method also gives a new and elementary proof for the
classical results of Rockafellar, Rochet and Riischendorf.

1. INTRODUCTION

Mass transport problems have been widely studied in mathematics, and have a vast array
of applications and implications, for an overview see [1,30]. The classical mass transport
problem of Monge is that of finding, given probability measures p and v, the infimal total
cost of a mapping 7" mapping one to the other, that is,

inf{/c(a:, Tx)dp: Ty(p) =v}.

Here ¢ is a cost function, which one may or may not assume has some good continuity or
smoothness results (in case the integral is not defined, one may use an outer integral).

The celebrated theorem of Brenier [16] states that for the quadratic cost, c(z,y) = ||z — y||?
one may find 7" which attains the infimum, and moreover, this optimal map (which is called
the Brenier map) is given as the gradient of some convex function . The function ¢ for which
Vi = T is called a potential for the map 7T". This elegant result, which has many applications,
is proven using an important geometric interpretation of the notion of optimality, named
cyclic monotonicity of the support of the optimal plan. Rockafellar’s Theorem [26] states that
a set is cyclically monotone if and only if it lies in the subgradient of some convex function.
The generalization to other finite-valued costs was established by Rochet and Riischendorf
[25,28]. The notion of c-cyclic monotonicity (called simply cycylic monotonicity when the
cost is quadratic) is defined as follows : We say that a set G C X x Y is c-cyclically monotone
if for any finite set {(z;,y;)}7™, C G,

Z (i, yi) < Z (Tiv1, Yi),

1

i=1 1=1
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where x,,11 = 1. The Rochet-Riischendorf theorem states that a set is c-cyclically monotone
if and only if it lies in the c-subgradient of a c-class function ¢ (see definitions in Sections
2.3 and 2.4). In such a case we say that ¢ is a c-potential for the set.

This condition of c-cyclic monotonicity is very useful, and when the cost have only finite
values then a plan which is concentrated on a set G which is c-cyclically monotone must be
optimal, and admit a c-potential. However, this statement fails when the cost is allowed to
attain the value +oo, namely for non-traditional costs. In such cases optimality of a plan is
not equivalent to c-cyclic monotonicity of the support (see Example 3.1 in [2]).

In this work, we modify the condition of c-cyclic monotonicity in such a way so that we may
extend the results of Rockafellar, Rochet and Riischendorf to the non-traditional setting.

Definition 1.1. Fiz sets X, Y and ¢ : X XY — (—o0,00]. A subset G C X x Y will
be called c-path-bounded if c(x,y) < oo for any (x,y) € G, and for any (x,y) € G and
(z,w) € G, there exists a constant M = M ((z,y), (z,w)) € R such that the following holds:
For any m € N and any {(z;,y;) : 2 < i < m—1} C G, denoting (z1,y1) = (z,y) and
(T, Ym) = (2, w), we have

m—1

'_ (c(i, yi) = clwivr, v:)) < M.

=1

It is not hard to check that the above is a stronger condition than c-cyclic monotonicity (see
Section 3), and equivalent to it when the cost is finitely valued. We prove that a given plan
has a c-potential if and only if it is concentrated on a c-path-bounded set.

We stress that no measurability assumptions are needed, and the result is purely a set-
theoretic one, stripping measurability off of this part of measure-transport theory.

Our main theorem is:

Theorem 1. Let X, Y be two arbitrary sets and ¢ : X x Y — (—o0,00] an arbitrary cost
function. For a given subset G C X X Y there exists a c-class function ¢ : X — [—o00, 0]
such that G C 0% if and only if G is c-path-bounded.

Our main tool is a new, and seemingly unnoticed, fact about the solvability of an infinite
family of linear inequalities. We mention that using it for the case where o ; are all finite,
we get a new elementary proof for the classical Rockafellar-Rochet-Riischendorf theorem.

Theorem 2. Let {w; ;}ijer € [—00,00), where I is some arbitrary index set, and with o, ; =
0. The system of inequalities

o <xp—w, 4,5 €1
has a solution if and only if for any i,j € I there exists some constant M(1,j) such that for
any m and any o, -+ ,lym_1, letting i =iy and j = i,, one has that Zzlz_ll iy, < M(i,7).

While in this work we focus on the characterization of sets G C X xY that admit a c-potential
with respect to an arbitrary cost without mentioning measures, one should keep in mind that
in applications G will be a set on which a transference plan between two probability measures
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is concentrated. Such applications were studied by Ambrosio and Pratelli [2], Pratelli [24],
Bianchini and Caravenna [14,15] and Beiglbock, Goldstern, Maresch, Schachermayer [9]. It
was shown in the latter that the existence of a c-potential for a plan with finite total cost
implies optimality.

This work is also motivated by the case of the so-called polar cost, connected to the polarity
transform, which has received much attention lately [4-6]. This is an important example
to which the Rockafellar-Rochet-Riischendorf theorem does not apply. Indeed, when ¢ is
the polar cost, one may find c-cyclically monotone sets which are not contained in the c-
subgradient of any c-class function (see Section 2.8). Transportation with respect to polar
cost was first considered in [8], and the results obtained there are to appear in [3].

Special families of non-traditional costs were also studied, among others, by Bertrand and
Puel [13], and Bertrand, Pratelli and Puel [12], who considered relativistic cost functions of
the form ¢(x,y) = h(x —y), where h is a strictly convex and differentiable function, restricted
to a strictly convex set K, and infinite outside K, see also [20]. A special case of such a cost
is the relativistic heat cost, linked with the relativistic heat equation considered by Brenier
[17]. Further, a non-traditional cost function on the sphere is used in [11] for a proof of
Alexandrov’s theorem about prescribing the Gauss curvature of convex sets in the Euclidean
space, following Oliker [23]. Further results about existence of transport plans which admit
a c-potential with respect to non-traditional costs can be found in [7].

Structure of the paper: In Section 2 we provide the background for the problem, and de-
fine the notions of c-transform, c-subgradient, and c-cyclic monotonicity. We connect these
notions to the classical example of the Legendre transform and the more recent polarity
transform. We then explain the Rockafellar-Rochet-Riischendorf theorem and show that it
does not hold for non-traditional costs. In Section 3 we define c-path-bounded sets, prove
our main theorem, and show that it implies the Rockafellar-Rochet-Riischendorf theorem for
traditional costs. In Section 4 we show some consequences of our theorem under further re-
strictions, in particular that it implies many of the previous results. Finally, in the Appendix
A, we provide another proof of our main result in a slightly more restrictive setting, exposing
the combinatorial flavour behind it.

Acknowledgement: The first named author would like to thank Z. Artstein for useful con-
versations. The authors received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme (grant agreement
No 770127). The second named author is grateful to the Azrieli foundation for the award of
an Azrieli fellowship.

2. COSTS AND POTENTIALS

2.1. Mass transport. The initial data of a mass transport problem is (X,Xx), (Y, Xy),
where X, Y are sets and Yx, ¥y are o-algebras, and a cost function ¢ : X x Y — (—o0, o0],
which is assumed to be measurable (with respect to the product o-algebra). One usually
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considers X and Y which are separable metric spaces endowed with the Borel o-algebra, and
in particular X =Y = R"” serve as a good model space.

Given pu € P(X) a probability measure on X, and v € P(Y'), we say that a measurable map
T :X — Y is a transport map between p and v if

for all measurable B € Yy.

We say v € P(X xY) is a transport plan between p and v, and denote v € II(u, v), if its
marginals on X and Y are p and v respectively. In particular, to any transport map 1" there

corresponds (in the obvious way) a transport plan concentrated on its graph, denoted usually
by (Id, T) 4.

The total cost of transporting p to v is defined by
Cu,v) = inf{/ c(z,y)dy : v € I(p, V)}-
XxY

A central theorem of Kantorovich [21,22] states that in the case of a lower semi-continuous
cost function (for further generalisations see e.g. [10]), the above infimum is attained and is
given by

(1) Clu,v) = sup { /X iy + /y v+ 9 € La(X, dps), ¥ € Ly(Y, dv), (,) admissible} |

where a pair of functions is called admissible if ¢(x) + ¥ (y) < c(x,y) forallz € X, y € Y.

2.2. The c-class and basic functions. Given a cost ¢ : X X Y — (—00, 00] (no measur-
ability assumptions), and a function ¢ : X — [—00, 0], we define its c-transform ¢°: Y —
[—OO, OO] by

¥(y) = inf (c(z,y) — ().
Similarly, when ¢ : Y — [—00, 00], we use the same notation to define

¥¥(a) = inf (e(e.) = ¥(v)).

In the case where the expression considered on the right hand side is +oo—(+00), we stipulate
that this quantity is equal to +o0. This corresponds to the fact that for p(z) + ¥ (y) < oo to
hold true, no condition on ¢(z) or 1(y) is needed. To avoid arithmetic manipulations with
infinite numbers, one may instead consider the infimum in the definition of ¢° to be taken
only over those points x for which ¢(x,y) < oo, and similarly for °.

It is easy to check that if (p,%) is an admissible pair then ) < ¢¢ and ¢ < ¥ namely
the c-transform maps a function ¢ to the (point-wise) largest ¢ such that the pair (p, ) is
admissible. In particular, ¢° > ¢, since (¢, ¢°) is an admissible pair. As a result of this

observation we get that

= ¢°, since in addition the mapping ¢ — ° is order reversing.
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In light of this discussion, we define the c-class associated with a cost function c: X x Y —
(—o00, 00] as the image of the c-transform, namely

{¢°: p: X = [—00,00]} or {¢°: ¢ :Y — [—00,00]}.

When X =Y and ¢(z,y) = ¢(y, z) the two transforms coincide, as do the two c-classes. We
slightly abuse notation, since throughout this note we will be considering symmetric cost
functions, by referring to “the c-class” where in fact we should formally make a distinction
between the c-class of functions on X and the c-class of functions on Y.

Within the c-class, we define the sub-class of basic functions to be functions of the form
o(x) = e(x,y0) + B (and P(y) = ¢(xo,y) + B, respectively) for some zq € X, yop € Y and
B € R. By definition, every c-class function is an infimum of basic functions, and it is not
hard to check that the c-class is closed under infimum.

2.3. The c-subgradient. Given a cost ¢ : X x Y — (—o00, 00|, and a c-class function ¢, we
define its c-subgradient by

o ={(z,y) € X XY : p(x) +¢°(y) = c(z,y) < o0}
Clearly (z,y) € 0% if and only if (y,x) € 9%°.

As a motivation for this definition one may go back to Kantorovich’s theorem, recalled in (1),
and note that a one sided inequality is trivial, since for any v € II(u, v), and any admissible
pair ¢, 1), we have

/}(w@+/y¢dv:/Xxy(w(x)Jriﬂ(y))de /Xxy c(x,y)dy,

and for equality to hold one needs that y-almost everywhere in X x Y, we will have ¢(x) +
¥(y) = c(z,y). Since replacing ¢ by ¢ only increases the integral, we see that in fact for
equality to hold we need the plan v to be concentrated on the c-subgradient of some c-class
function ¢. We stress that this only serves as motivation and will not be used in this paper,
in particular we have not assumed any measurability for the cost or the functions, and the
functions we later consider might not be measurable or integrable.

2.4. c-cyclic monotonicity. Given a cost ¢: X XY — (—00, 0], a subset G C X x Y is
called c-cyclically monotone if ¢(x,y) < oo for all (z,y) € G, and for any m, any {(x;,y;) :
1 <i<m} C G, and any permutation o of [m| = {1,...,m} it holds that
(2) c(wiys) < Y el Yotiy).

i=1 i=1
To our best knowledge, this definition was first introduced by Knott and Smith [29], as a
generalization of cyclic monotonicity considered by Rockafellar [26] in the case of quadratic
cost. When G C 0°p, we have by definition that

c(wi,yi) = p(zi) + (i) and (@, Yori)) > ©(7:) + ¢ (Yo(i)),
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and summing these inequalities over i € [m] gives (2). In other words, c-cyclic monotonicity
is a necessary condition for a set G C X X Y to have a c-potential ¢, that is, a c-class
function for which G C 0%p.

2.5. Example: The quadratic cost. The most well studied example is that of quadratic
cost, namely X = Y = R" and the Euclidean distance squared ||z — y||?/2. From the
transportation perspective, since ||z —y||*/2 = ||z]|*/2 — (z, y) +||y||*/2, only the mixed term
is important. We will thus work with ¢(x,y) = —(x,y), bearing in mind that in this setting
the cost is no longer positive, and is unbounded both from above and below. It is, however,
traditional, namely does not assume the value +oo.

The c-transform is given by

¢(y) = inf (=(z,y) - ¢(2)),

z€Rn
which can be written as
" = L(=y),
where L1 (y) = sup,((z,y) — ¥ (z)) is the Legendre transform (for an overview see e.g. [27]).

It is easy to check that the associated c-class is that of all concave functions on R™ which are
upper semi-continuous.

2.6. The Rockafellar-Rochet-Riischendorf Theorem. For costs c: X XY — R, namely
traditional costs, this theorem states that the condition of c-cyclic monotonicity for a set

G C X x Y is equivalent to the condition that there exists a c-class function such that
G C 0° [26,28].

This fundamental theorem has a beautiful constructive proof. Indeed, one fixes some element
(x0,Y0) € G and sets

(3) p(z) = inf (C(93>?/m) — (2o, Yo) + Z (c(@iy yi1) — (s, yz))) :

@, (24,Y:) 1, CG i—1

Interestingly, examining the proof (which can be found in many places, see for example [30]),
there is only one step where the c-cyclic monotonicity is used, and it is to prove that at
(0,Y0) the function ¢ defined above is finite. For non-traditional costs the proof fails (as
does the theorem, as we shall shortly see), and the function ¢ defined above may be infinite
on points x with (z,y) € G, in which case (z,y) cannot belong to d°p.

Below we present a corresponding theorem for non-traditional costs. Applied to the case
of traditional costs, our method gives a new proof for the Rockafellar-Rochet-Riischendorf
theorem, which is, in our view, more intuitive.

2.7. Known results. Let us emphasize that in this note we are solely devoted to investi-
gating when, for a given set, one can find a c-potential, and therefore there are no measures
involved. However, the literature on the optimality of transport plans mentioned in the
introduction includes relevant ideas and results on the topic at hand.
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In particular, an equivalence relation on the elements of a set G C X x Y was introduced
[30, Chapter 5, p.75] and studied [9,14]. It is defined as follows: we may associate with
G a directed graph with a vertex set G in which there is an edge from (z,y) to (z,w) if
¢(z,y) < co. On the vertex set of this graph (namely on G) we define an equivalence relation
~, where two points are equivalent, (z,y) ~ (z,w), if there exists a directed cycle passing
through both (or, equivalently, if there is a directed path from each of the points to the
other). This is clearly an equivalence relation.

The following proposition, which will straightforwardly follow from our analysis (see Section
4), appeared in [9, Proposition 3.2.] in a slightly different form. Its formulation in [9] includes
a transport plan between two Borel probability measures, and the assumption that the cost
is bounded from below. It was proved using the Rockafellar-type function (3) whereas our
proof is different and elementary.

Proposition 2.1. Let ¢ : X x Y — (—00,00] be a cost function and let G C X x Y be
a c-cyclically monotone set. Assume the equivalence relation ~ defined above had just one
equivalence class. Then there exists a c-potential for G, i.e. a function ¢ such that G C 0.

It was further established in [9], that the existence of a c-potential for a finite transport plan
between two measures is equivalent to the plan being robustly optimal (see Definition 1.6. in

[9])-

2.8. An example of a c-cyclically monotone set with no c-potential. To end this
section, and before moving to the proof of our main result, let us present an example of a
c-cyclically monotone set which is not a subset of 0°¢ for any c-class . In other words, G
has no potential (no offense, G). One could extract an example from [2], but we shall use the
polar cost in one dimension, namely ¢(x,y) = —In(zy — 1) on R x R (where the logarithm of
a non-positive number is defined to be —oc0), to underline its importance and draw attention
to the fact that the regularity of the cost function does not play a role in the existence of a
c-potential.

For the polar cost, c-cyclic monotonicity is equivalent to the set lying on the graph of a
decreasing function. More precisely we prove the following lemma.

Lemma 2.2. Let ¢(z,y) = —In(zy — 1). A set G C RT x R is c-cyclically monotone if and
only if for any (x1,41), (22, y2) € G one has (x1 — x2)(y1 — y2) < 0.

Proof. In one direction, assume G is c-cyclically monotone and let (x1, 1), (z2,92) € G. In
particular x;y; > 1 and x2ys > 1. The c-cyclic monotonicity implies

c(x1,y1) + (w2, 92) < (@1, y2) + (w2, 91),
which we rewrite as

In(zys — 1) + In(zoy; — 1) < In(z1y1 — 1) + In(xeys — 1).
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We may assume that x1y2 > 1 and x5y, > 1, or else there is nothing to prove. We thus know
that (z1y2 — 1)(2oy1 — 1) < (191 — 1)(22y2 — 1), which after the rearrangement becomes
(x1 — x2)(y1 — y2) < 0, as claimed.

For the other direction, given some G which satisfies that for any (z1,v1), (z2,942) € G
one has (z1 — x2)(y1 — y2) < 0, pick some m-tuple in G. It is enough to show that the
subset {(z;,y;) : i € [m]} is c-cyclically monotone. However, as this is a finite subset, one
may consider all the sums C(0) = >, ¢(;, Yo;y) for some permutation o € S, of the
set [m]. The permutation with minimal cost C(¢) (not necessarily unique) will satisfy, by
definition, that the set {(;,yo;)) : @ € [m]} is c-cyclically monotone. In particular, by the
first direction, we will have (2; — 2;)(Yo() — Yo(;)) < 0. However, there is only one decreasing
rearrangement of a set {y; : i € [m]}, and we know already that the identity permutation Id
is such a rearrangement, so in particular C'(Id) is minimal. We conclude that G is c-cyclically
monotone. U

Our example set G will be the following
G={(zy): <o <ly=3-2}{G D}

It is easy to check that G satisfies the condition in Lemma 2.2, namely it is c-cyclically

monotone for the cost ¢(z,y) = —In(zy — 1). However, for the points (z,y) = (2,2) and
(z,w) = (,2), we may always add a third point (z2,y2) € G such that the following
expression

C(ZIZ’, y) - C(x2> y) + C(x2> y2) - C(Za y2)
is arbitrarily large.
Indeed, picking (z,y2) = (t,3 — 2t), compute

c(x,y) — c(x2,y) + c(z2,y2) — c(2, y2)

— s+ ln(% S —In((t—1)(1 —20)) + ln(; _

> ln8 —In2+ mg “n((t = 1)(1 = 2)).
Ast — 17, we have that (t — 1)(1 —2t) — 0. In particular the term depending on ¢ in the

lower bound for the expression tends to +o0o, and there can be no upper bound for it which

does not depend on ¢, but only on the endpoints (%, %) and (%, %)

This excludes the possibility for the existence of a c-potential, since if there existed some ¢
such that G C 0°p, it would necessarily satisfy (as (x,y) € G and (x2,y2) € G) that

c(@,y) — c(2,y) < p(x) — @(x2) and c(x2,y2) — (2, 42) < @(x2) — @(2),
so that in particular
c(z,y) — c(x2,y) + c(22,92) — c(z,92) < p(x) — p(2),

getting a bound for the aforementioned expression which does not depend on z,. We have
thus shown that G is a c-cyclically monotone set which does not admit a c-potential.
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3. A ROCKAFELLAR-TYPE RESULT FOR NON-TRADITIONAL COSTS

As we have demonstrated in the previous section, for non-traditional costs it may happen
that a set is c-cyclically monotone but fails to have a c-potential ¢ in the c-class, even when
¢ is continuous and the spaces considered are simply R™. The example in Section 2.8 gives a
clue as to what condition to consider. We call it c-path-boundedness.

Definition 1.1. Fiz sets X, Y and ¢ : X XY — (— oo,oo] A subset G C X x Y will
be called c-path-bounded if ¢(z,y) < oo for any (x,y) € G, and for any (x,y) € G and
(z,w) € G, there exists a constant M = M ((x,y), (z,w)) € R such that the following holds:
For any m € N and any {(z;,y;) : 2 < i < m—1} C G, denoting (z1,y1) = (z,y) and
(T, Ym) = (2, w), we have

m—1

Z c(wi, i) — (xi—l—layi)) < M.

i=1

It is not hard to see that a c-path-bounded set must be c-cyclically monotone (indeed, if
(r,y) = (z,w) then if there is some path for which the sum is positive, one can duplicate
it many times to get paths with arbitrarily large sums). It is also not hard to check (using
the same reasoning we used in the example above) that c-path-boundedness is a necessary
condition for the existence of a c-potential (we do this in Section 3.3). Our main theorem is
that the condition of c-path-boundedness is in fact equivalent to the existence of a c-potential.

Theorem 1. Let X, Y be two arbitrary sets and ¢ : X x Y — (—o0,00] an arbitrary cost
function. For a given subset G C X X Y there exists a c-class function ¢ : X — [—o00, 0]
such that G C 0% if and only if G is c-path-bounded.

3.1. Reformulation of the problem. One can reformulate the problem of finding a c-
potential for a given set G C X x Y as a question regarding the existence of a solution to a
linear system of inequalities (possibly infinitely many of them).

Theorem 3.1. Letc: X XY — (—o00, 0] be a cost function and let G C X xY . Then there
exists a c-potential for G, namely a c-class function ¢ : X — [—o00,00] such that G C 0°p if
and only if the following system of inequalities,

(4) c(r,y) —c(z,y) < plr) — 9(2),

indezed by (z,y),(z,w) € G, has a solution ¢ : PxG — R, where PxG = {z € X : Jy €
Y, (z,y) € G}.

Proof. Assume that there exists a c-potential ¢ : X — [—o00,00] such that G C 0°. We
may restrict ¢ to PyG, on which it must attain only finite values, because G C 9°¢ means
in particular that ¢(x) + ¢°(y) = ¢(x,y) < co. For every z € PxG we have

p(2) = inf (c(z,w) = ¢ (w)) < ez, y) = ¢°(y).
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At the same time, since (z,y) € 0%,
plx) = nf (e, w) — @*(w)) = el y) ~ °(v).
Taking the difference of the two equations we get
c(z,y) —clz,y) < o(z) —p(2).

For the other direction, assume we have a solution to the system of inequalities. We would
like to extend it to some c-class function defined on X. To this end let

P(z) = inf {c(z,y) — c(z,y) + ¢(z)}.
(z,y)EG
We need to show that the function ¢, which is clearly in the c-class, satisfies that it is an
extension of the original function ¢ : PxG — R, and that it is a c-potential, namely G C 9.
The assumption (4) implies that for z € PxG we have
(p(Z) < C(Z,y) - C(LU, y) + QO(LU)

and so the infimum in the definition of the extended ¢ is attained at z itself. In particular,
we get that ¢ is indeed an extension of the original function . This means that if (x,y) € G
then

¢°(y) = inf (c(2,y) —(2))

zeX
= inf sup (c(z,y) —c(z,y) + (2, y) — o(2'))
zeX (x’ y)eG

> inf (e(z,y) = e(z,y) + c(z,y) = ¢(2))
As the opposite inequality is trivial, we get (z,y) € 0°p, as required. O]

The above theorem, while very simple in nature, reduces the question of finding a c-potential
to the question of determining when a set of linear inequalities has a solution. The index set
for the inequalities are pairs ((z,y),2) € G X PxG (or, equivalently, pairs ((x,y), (z,w)) €
G x G, where we ignore w as it does not appear in the inequalities). The solution vector
we are looking for is indexed by PxG, and we denote it (¢(z))zepyq. In fact, formally, we
should be using (¢ (2, ¥))@,y)ec, Which seems to allow multi-valued ¢. However, note that if
(x,y) and (z,y’) are both in G then

c(z,y) — clz,y) < p(z,y) — @(2,9)
and
c(@,y) —clz,y) < p(z,y) — p(x,9)
which means
p(z,y) = p(z,y).

In other words, even if we do index the vector by (z,y) € G instead of z € PxG, the solution
vector depends only on the first coordinate.
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3.2. Solutions for families of linear inequalities. Our main theorem will follow from
the next theorem regarding systems of linear inequalities.

Theorem 2. Let {«; ;}; jer € [—00,00), where I is some arbitrary index set, and with «;,; =
0. The system of inequalities

(5) 7% S T 'l,j el

has a solution if and only if for any i,j € I there exists some constant M(z J) such that for
any m and any ig, -+ ,iym_1, letting i =iy and j = i, one has that Zk L Qi < M3, 7).

Instead of proving the theorem directly, we shall prove the following theorem, which at first
glance might seem weaker.

Theorem 3.2. Let {a; ;}ijer € [—00,00), where I is some arbitmry index set. Assume that
for any m > 1 and any 1,12, - - , iy, it holds that a;, ;,, > Zk L @iin, .- Then the system of
inequalities

a,;j <z —x5, t,J€1

has a solution.

Clearly, Theorem 2 implies Theorem 3.2. In fact, the reverse implication holds as well. We
will show this by proving Theorem 2 under the assumption of Theorem 3.2.

Proof that Theorem 3.2 implies Theorem 2. The “only if” part of Theorem 2 is easy and does
not require Theorem 3.2. Indeed, let {c; ;}; jer € [—00,00), where I is some arbitrary index
set, and with o;; = 0. Assume that the system of inequalities

ai,j S[L’i—l’j, i,jEI

has a solution, (z;);c;. Summing the relevant inequalities we see that M(i,j) = z; — z;
provides the required bound.

For the opposite direction, we will use Theorem 3. 2 Assume that for any i, j € I there exists
some M (i, j) such that for any m and any {i,}7-,, letting i, = 4 and i,, = j it holds that

iy, < M(i, 7).

Define new constants a; ; € [—00, 00) as follows:
m—1
a;j = sup{z Qg - MENM > 2 4y, iy € T}
k=1
By the above condition, the right hand side is bounded from above and so the supremum is
not +oo.

We first claim that the system of equations a; ; < x; — x;, satisfies the conditions of Theorem

3.2. Assume we are given iy, s, - -+ , im—1, im, and we want to prove that a;, ;,, > Zk 1 Qi in -
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Fix ¢ > 0. For each k € [m] use the definition of a;, ;,,, to pick some m; and iék), . ,igfi_l
such that, letting z'gk) =, and zS,’i,Z = 111, we have
mp—1

Qi yigeg1 < § : aigk),igi)l +5/m'
=1

We have thus identified some finite set of indices in I, the set

J={ip, i i ke im = 13U {in),

» ‘mp—1

which is naturally arranged as a path from ¢; to i,,. Using again the definition of a;;, the
path thus defined participates in the supremum, and we have that
Qi1 i, > Z(aikvik+l - 5/m) = (ZaikyikJrl) — &
k=1 k=1
As this holds for any ¢, we get the inequality in the condition of Theorem 3.2.

Applying Theorem 3.2, we see that the system of inequalities
(6) ai,j S Xr; — .flfj,

admits a solution. Moreover, since a;; > «;; by definition, the resulting vector z is also a
solution of the original system of inequalities. OJ

Having made the reduction from Theorem 2 to Theorem 3.2, we proceed by proving the
latter.

Proof of Theorem 3.2. We use Zorn’s Lemma. Consider the partially ordered set of pairs
(J, fs) where J C I and f; : J — R are such that for any ¢, j € J we have f;(i)— f;(j) > a; ;-
We know the set is non-empty because it contains pairs ({ig}, ¢). The partial order we consider
is (J,fs) < (K, fx) if J C K and fk|; = f.

First let us notice that every chain has an upper bound. Assume (J,, f;,)aca is a chain
(namely any two elements are comparable). Consider J = U,J, and f; = U,f;,. This
function is well defined because of the chain properties (at a point ¢ € J it is defined as f_(7)
for any a with ¢ € J,). The pair (J, f|;) is in our set because if 4, j € J then for some o we
have i, j € J,, so f|,, satisfies the inequality on f;(i) — f;(j) > o, ; and so does f;. Finally,
(J, f7) is clearly an upper bound for the chain. So, we have shown that every chain has an
upper bound, and we may use Zorn’s lemma to find a maximal element. Denote the maximal
element by (Jy, f1,)-

Assume towards a contradiction that Jy # I, that is, there exists some element iy € I such
that ig & Jo. If we are able to extend f;, to be defined on {ip} in such a way that all
inequalities with indices of the form (ig, j) and (j, o) with j € Jy still hold, we will contradict
maximality and complete the proof. Note that the inequalities that need to be satisfied in
order to extend the function are

aip; < fio) — f(j) and a5, < f(j) — f(io).
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That is, f(ip) is to be defined in such a way that

sup (ai,; + f1,(4)) < flio) < Jigfo (f7(J) — ajiq) -

J€Jo

For there to exist such an element, f; must satisfy that

(7) sup (aiy,; + f5,(7)) < Inf (f5,(5) = aj40) ,
j€Jo Jj€Jo

or, in other words, that for any j, k € Jy

Qo5 + fJo(.j> < fJo(k> = Qk,ig-

We can rewrite the condition as a;, ; + ax,i, < fs,(k) — fs,(4). Recall that under our assump-
tions ay,; > ag;, + a4, 5. Since fy, already satisfies the inequality ay; < f, (k) — f1,(4), we
know the above inequality holds for any j, &k, and so the inequality (7) holds and we may
extend the function f;,. This is a contradiction to the maximality, and we conclude Jy = I,
so that we have found a solution to the full system of inequalities.

O

3.3. Summary. The reader will have noticed that the above arguments already provides

454

a proof for the “if” part of Theorem 1. The other direction is simple, and we present the
complete proof below.

Proof of Theorem 1. Assume G C X x Y satisfies that for some c-class ¢ : X — [—00, 00,
G C 0%, then

c(x,y) — c(z,y) < o(x) — @(2)
holds for all (z, y), (z,w) € G. So, given a pair (z,y), (z,w) € G weset M = M((x,y), (z,w)) =
o(z) — ¢(z). Any sum, as in the definition of c-path-boundedness, will be bounded by the

corresponding sum of differences ¢(z;) — ¢(x;41), which make for a telescopic sum adding up
to M. So we conclude that G is c-path-bounded.

Assume, in the other direction, that G C X x Y is ¢-path-bounded. By Theorem 3.1 we
needed to show that the family of inequalities
C(']:vy) - C(Zvy) < SO('I) - (p(Z),

where (z,y), (z,w) € G, has a solution. By Theorem 2, as G is ¢-path-bounded, a solution
exists.

O

3.4. Rockafellar-Rochet-Riischendorf theorem. As a corollary we have a new and sim-
ple proof for the real-valued Rockafellar type theorem for traditional costs.

Corollary 3.3 (Rockafellar-Rochet-Riischendorf). Let ¢ : X x Y — R be a traditional (i.e.
finitely valued) cost function. Assume we are given a set G C X X Y which is c-cyclically
monotone. Then there exists a c-class function ¢ : X — [—o00,00] such that G C 0°p.



14 S. ARTSTEIN-AVIDAN, S. SADOVSKY, K. WYCZESANY

Proof. In order to apply Theorem 1 we proceed to show that G is c-path-bounded. Let
(z,y), (z,w) € G, and let M := M((z,y), (z,w)) = c¢(z,w) — c(w, z). To show this indeed
satisfies the condition, namely that there is an upper bound on the total cost of any path,
we use the c-cyclic monotonicity. Let m > 2 and let (za,42), ..., (Tm-1,Ym—_1) € G. Denote
(z,y) = (x1,11) and (z,w) = (2, Ym). The condition of c-cyclic monotonicity implies that

m—1

D (@i i) = c(@igr, 40) + (T Ym) — (@1, Ym) < 0.

=1

In particular,
m—1

Z xwyz - xl—l—lu yz)) < C(wi) - C(Za w)
i=1

O

It is important to note that we relied heavily on the fact that c(z,w) < oo, otherwise this
upper bound might be infinite, and therefore meaningless.

4. SPECIAL CASES

We now show that under certain assumptions, c-path-boundedness is implied by c-cyclic
monotonicity, even for non-traditional costs. This is motivated by the fact that usually, when
considering optimal transport plans, they are concentrated on sets which are automatically
c-cyclically monotone (see [9,24]). So, it is useful to indicate cases in which the c-cyclical
monotonicity property implies that the set is also c-path-bounded.

In this section we collect several such results. Recall the equivalence relation ~ described in
Subsection 2.7, and note that if the points (z5,ys) and (xf,ys) are in the same equivalence
class, then there is a constant M as required in Theorem 1. Indeed, fix an arbitrary path
from (xr,yy) to (zs,ys), say (21, wn1), ..., (2k wy), the edges of which are graph edges, and let
k—1
M = —|c(zp,ys) — clz1,y5) + Z (c(zi, wi) = c(zig1, wi)) + c(zr, wi) — ¢z, W) | < 00
j=1

Any path from (z5,ys) to (z,ys) (paths not on the graph have total cost —oo) is completed
to a cycle using the above path, and using c-cyclic monotonicity we have for any m and any
(@i, yi)ite C G

-1

c(xs,Ys) — (T2, Ys) + (C(xia Yi) — c(Tira, yz)) + (@ Ym) — c(Tf,Ym) < M.

%

3

||
N

Summarizing, we gave a proof of Proposition 2.1, since by Theorem 1 a c-path-bounded set
admits a c-potential.

Corollary 4.1. Let ¢ : X XY — (—00,00] be a continuous cost function on separable metric
spaces X, Y and let G C X XY be c-cyclically monotone and path connected. Let T > 0 and
assume G satisfies that c(z,y) < T for all (x,y) € G. Then G is c-path-bounded.
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Proof. 1t is enough to show that any two points (x,y), (z,w) € G satisty (z,y) ~ (z,w). By
path connectivity we may find a continuous v : [0,1] — G with v(0) = (z,y) and (1) =
(z,w). The compact set v([0,1]) is of positive distance to the closed (by continuity of ¢) set
{(z,y) : c(z,y) = oco}. In particular, there exists some § > 0 such that if |(n,&) —v(t)] < ¢
then, denoting v(t) = (x¢, y:), we have c¢(x;,§) < oo. Since 7 is uniformly continuous, we
may find m and tp =0 <t; <--- <t, =1 such that |y(t;) —v(t;—1)| <dforj=1,....m
Denote ’}/(tj) = (IL’j, y]) Since ‘(SL’j+1, y]) - (Ij, y])‘ < |(Ij+1, yj—l—l) — (l’j,yj)| < (5, we get that
c(xj41,yj) < oo, which means that the path (v(¢;))7L; connects the points (z,y) and (2, w)
in the graph. By symmetry, we get that any two points are connected and there is only one
equivalence class for the relation ~. Applying Proposition 2.1, the proof is complete. O

As may be apparent from the proof of the corollary, the connectedness of G is not elemental,
and we may replace it with other assumptions, so long as these imply that there is only
one equivalence class for ~. Another useful variant, in which there may be more then one
equivalence class, is the following.

Proposition 4.2. Let ¢ : X XY — (—00,00] be a continuous cost function on separable
metric spaces X, Y and let G C X XY be c-cyclically monotone and bounded. Let T > 0
and assume that for every (z,y) € G we have that c(x,y) <T. Then G is c-path-bounded.

Proof. By the argument given at the beginning of this section, we only need to address pairs
which lie in different equivalence classes of the relation ~, that is, show that for such pairs a
bound on the total cost of a path between them exists.

We first observe that under the assumptions we have made, there are only finitely many
equivalence classes for ~. Indeed, let Sr = {(z,y) : ¢(x,y) < T}, then by continuity of ¢
on the compact set G C Sr, we can find some § > 0 such that if |(z,w) — (x,y)| < § and
(x,y), (z,w) € G then max(c(z,w), c(z,y)) < T+1. In particular, any two points in G whose
distance is less than § belong to the same equivalence class. Using compactness of G again,
we may cover it with a finite number of -balls, so there can be no more than a finite number
of different equivalence classes. Denote the number of equivalence classes of ~ by ko € N.

Next, we claim that for each equivalence class ( denoted by [v]) there exists a bound M =
M ([v]) (depending only on the equivalence class) such that for any two points (xs,ys) and
(xf,ys) in [v], the total cost of any path between then is bounded by M. To this end define
the function F : [v] X [v] — R to be the supremum over the total cost on any path from the
first given point to the second one, namely let F'((zs,ys), (xf,ys)) be given by

m—1
sup {C(xs, ys) = c(@1,y) + D (cl@r, ye) = c(@ni, Ur)) + (T, ym) — (s, ym)}
k=1

where the supremum runs over all me N and any (z;,y;)", € G. We have already shown
(using c-cyclic monotonicity and the definition of the relation ~) that F' is finite. To see
that it is bounded, it suffices to show that F' is uniformly continuous (since the domain is
bounded as well).
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Let (w4,ys), (1, yf) € [v]. Given some path (z;,y;)i, joining (xf,y;) and (2, y}), we may
add to it the two points (z,,ys) and (zy,yy) as the first and last points, getting a new path
between (x;,ys) and (xf,ys). We thus see that

F((xlsa y;)? (xlfa y})) + C(zsays) - C(l{wys) + C(z}a y}) - C(xf>y}) < F((l's,yg), ($f>yf))'

However, as c is continuous on the compact set G C Sy, it is uniformly continuous, and for
any € > 0 we may pick § = d(¢) such that if |(z, ys) — (2, yi)| < d and |(zy,yy) — (2, yf)| < 0
then |c(zs, ys) — c(a),ys)| < e/2 and ‘c(m},y}) — c(xf,y})‘ < £/2 so that we get

F((xls>y;)> ([L’},y})) - F((zsays)> (zf>yf)) <e.

By symmetry of F in its arguments, we get that F' is indeed uniformly continuous on [v] X [v],
and in particular bounded. Denote this bound by M([v]).

Finally, by the definition of our equivalence relation, any path joining two points in G can
be split into at most kg paths, each one within one of the equivalence classes, and at most
ko — 1 extra steps, each joining two equivalence classes.

To bound each of the “single steps” joining two different equivalence classes, say joining
(z,w) € [v1] and (2/,w') € [vg], notice first that the cost ¢ is bounded from below on
PxG x PyG by continuity. Therefore,

c(z,w) — (2, w) < T —inf{c(z,w) : (z,y) € G,(z,w) € G} =: Ms.

To sum up, denoting the ko equivalence classes by ([v;])F2,, the total cost for any path in

G C Sr is bounded from above by Zfil M([vi]) + (ko — 1)Ms. As a result we have a
uniform bound for any path with any beginning and end point in G, that is, G as a whole is
c-path-bounded (in fact, uniformly, which is a much stronger statement). O

Summing up, we have seen that under additional geometric or topological conditions, c-cyclic
monotonicity is in fact enough, and does imply c-path-boundedness (and in particular, the
existence of a c-potential). For example, in the results of [19], where the assumptions on the
cost are that it is continuous, and infinite only on the diagonal, it is easy to check that a
compact c-cyclically monotone set satisfies the conditions in Proposition 4.2.

APPENDIX A. AN ALTERNATIVE ROUTE

The course of proving our main theorem was not as linear as presented in this note. One of
the methods we developed was more hands on, but worked only for countable sets G. Upon
trying to generalize it to uncountable ones, we came up the current proof. However, our first
proof entails much more combinatorics, is interesting in its own right, and the methods we
found may be useful in other scenarios, and we present it here as well.

A.1. Graph theoretical component of the proof. We shall make use of a decomposition
of a nearly balanced weighted acyclic directed graph into weighted paths. A directed graph
is called acyclic if there are no directed cycles in the graph. We call a weighted graph nearly



A ROCKAFELLAR-TYPE THEOREM FOR NON-TRADITIONAL COSTS 17

balanced if we have some control over the difference between the in-coming and out-coming
total weight in each vertex. We assume that all the weights are non-negative.

Proposition A.1. Let I' = (V, E, (w.)ecr) be a finite directed weighted acyclic graph. As-
sume that it is almost balanced in the following sense: for some fized vector (€,)vey with
non-negative entries, we have for every vertex v € V that
D Wew) = D, Wy € [~eu ]
(Z‘,U)EE (’U7y)EE
Then there exists a weighted decomposition of 1" into paths P, = vgk) — Uy
with equal weights py, for each edge in Py, such that

(8) Wwe = Z . and Zﬂk<%zgi-

k:e€ Py, k

B o

Moreover, it holds individually for each v € V' that

(9) Z L < Ey.

{k:v=s or v=Fi}

Here s, = U§k) denotes the starting vertex of the path Py, and f, = U,(,flz denotes its end point.
In fact, if 320, yyer Waw) < Dowy)er Wy then v # fi for any k and if 37, yep W) =
Z(v,y)eE Wy, then v # sy for any k.

Remark A.2. Note that (9) implies (8), which can be seen by summing the inequalities in
(9) over all v € V. Then the right hand side becomes )¢, while the left hand side is

> >

v A{k:sp=v orfp=v}

and since every path has precisely one starting point s, and one final point f;, we get that
each py, was summed twice, that is we get exactly 2> .

Proof of Proposition A.1. Note that if |V| = 2 then the claim is trivial as we can use just
one path. We then have that ) = &, = w(;,2) = 1, where we used 1 and 2 as labels of the
vertices, and assumed the only edge is (1,2).

We shall use induction on the number of edges. If V' is any set and |E| = 1 then the situation
is exactly as in the first case we considered and there is nothing to prove.

Assume we know the claim for |F| < k and we are given a graph I with |E| = k. Consider
an edge e, = (x,y) with minimal weight w, and pick a maximal path P which includes it
(maximal in the sense that it cannot be extended to a longer path), say s = vy — vg — + -+ —
vy, = f. Maximality implies that there is no outgoing edge from its end vertex f = v,,, and
no edge going into its start vertex s = v;. In particular, the “almost balanced” restriction
on s reads Z(&y)eE W(sy) < €5 and on f reads Z(W%E Wz, 5y < 7. Moreover, since w, was
a minimal weight in the whole graph, it follows that e, > w, and €5 > w,.
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Define I'' to be a graph with the same vertices V' and edges e € F, whose weights are defined
as

, We — Wy ifeec P,
we = .
We otherwise.

Since w, was chosen as the minimal weight, we see that all new weights remain non-negative.
Note that the edge e, = (x,y) now has weight zero and thus can be omitted. Therefore,
the graph IV is a directed weighted acyclic graph with at most & — 1 edges. It satisfies the
almost-balanced condition with a new vector £/ given by

€, =6 — W, €f =e5—w,, and g, =¢, for v € V\ {s, f}.
Note that Y el = > o €0 — 2w,

By the induction assumption, the new graph I" has a weighted decomposition: that is, we
can find paths (Py)res and weights ju, such that > cp\ pe = w; and for every v € V, we

have
S msd

{k: sp=v or fr=v}

We add to the collection the path P with a weight w, on each edge. We claim that this
constitutes the desired weighted decomposition of T'.

Indeed, if we compute > (ke sumv or v} M for a vertex which is neither s nor f, i.e. not an
end point of P, we get the same result as in I'" and hence it is at most €/ = ¢,. If we compute
the sum for v = s or v = f, we get the sum in IV with added w,, which is thus bounded by
el 4+ w, = &,, as needed.

Finally, by construction, a vertex can be chosen as a starting vertex s for some path P, only
if, after equal weights were removed from its inwards and outwards pointing edges, there
was no weight left in the inwards pointing edges. In other words, only if Z(m)e B Waw <
> (wyer Wy Similarly, a vertex can be chosen as fj for some path Py only if 0, e g Wiwv) >
) Wvy): which completes the proof. O

A.2. A result of Ky Fan. For the proof, we use the following result of Ky Fan [18]:

Theorem A.3 (Ky Fan). Let E be a locally convex, real Hausdorff vector space. Let x, € E
be an indexed set of vectors with indices v € I, and let o, € R. Then the system of inequalities
f(x,) >« for v €I has a solution f € E* (that is, f a continuous linear functional on E)
is and only if the point (0,1) € E X R does not belong to the closed convex cone C € E x R
spanned by the elements {(x,,a,) : v € I}.

Since the proof is a direct application of Hahn Banach theorem, we include it here for
completeness.

Proof of Theorem A.3. Denote by C the closed convex cone spanned by (x,, ). Assume the
system has a solution f, then f x (—idg) > 0 on C. On the other hand f x (—idg)(0,1) = —1,
so (0,1) € C.
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For the other direction, we use the Hahn-Banach theorem to separate (0, 1) from the closed
convex cone C. That is, we find a linear functional (h,a) € E* x R such that for any
(x,a) € C one has h(z) +ac > b > h(0) + a = a. Since C is a cone, (0,0) € C and so
0 > b > a. In particular we see that h(x) + aa > b can be written as f(z) —a > b/(—a) >0
for f = h/(—a) € E*. That is, we have found a solution f satisfying f(z,) > a, for allv. O

A.3. Completing the (alternative) proof. We are ready to provide our alternative proof
for Theorem 3.2, in the case where the family of inequalities is countable. This in turn implies
a countable version of Theorem 2 and thus a countable version for Theorem 1.

Proof of Theorem 3.2. We will use Theorem A.3 for the space R! with the box topology.
It is clearly Hausdorff and locally convex. The convex cone is generated by the vectors
(e; —ej,a;;), and so we must show that the point (0, 1) has a neighborhood separated from
this cone.

The neighborhood we pick is of the form ], ,(—¢;,&;) x (1/2,00), where the sequence ¢; will
be chosen in a way which depends only on {a; ;}; jer.

To define the neighborhood, using that [ is countable we fix an ordering < of it, and for

every 1 € I we define
1 . 1
g =-2"" — .
5 max{ag;:k<i,j<i}+1

Note that ¢; > 0 for every 1.

Then, towards a contradiction, assume that the set [],.;(—¢i, &) x (1/2,00), which is an
open neighborhood of (0,1) € R x R in the box topology, intersects with the closed convex
cone generated by the vectors (e; — e;,a; ;). This means that there is some finite J C I,
and a positive combination ZZ e Aij(e; — ej,a; ;) which is inside this neighborhood. This
condition amounts to

(10) Z )\i,j — )‘j,i € (—52', Ei) VieJ and Z )\Z’Jai,j Z 1/2

jeJ ijed

Let A be the matrix with entries )\; ;. Note that subtracting any positive multiple of a
permutation matrix from the matrix A has no effect on the sum on the left and only increases
(by cyclic monotonicity) the sum on the right. Thus we may assume without loss of generality
that the matrix A is not larger (entry-wise) than any positive multiple of a permutation
matrix.

Consider the elements of J as vertices of a weighted directed graph I', where we define
the weights to be w(; = A; ;. The assumption that A contains no positive multiple of a
permutation matrix implies that the graph I' is acyclic. Moreover, the first condition in (10)

means that the graph I is almost balanced, up to the weights (g;), in the sense of Proposition

(k) (k)

A.1. Using Proposition A.1 we find paths P, = o™ Uiy o U and weights

(51

that cover the graph I' and satisfy for every vertex v; that

Z e < &

{k: si=v; or fr=1;}
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(where we let s, = U ) and f, = v; )k as before).
Denote by Ay the adjacency matrix of the path Py, so that A = > uiAx. Then
> Aijaig = Zﬂk D (Aw)ijai;.
i,j€J i,j€J
Moreover, by the assumption on a;; in the statement of the theorem we are proving, and

since (Ag);; € {0,1} and are indicating a path, we get that

Z (Ak)i,jaw < sy, fr.-

i,7€J

Z Ai G < Zlukasmfk -

1,j€J

Therefore,

Let us now decompose the sum S according to the start and end vector of the path P in the
following way. Fix an ordering of the (finite number of) elements in J, and write

/]

S = Z Z HEQs, f, -

I=1 {k: max(sk,fr)=l}
Indeed, each path is summed exactly once, according to the quantity | = max(sy, fx).

From the definition of ¢;, it follows that

k. S 1 2—max{j7k}‘
55max{j,k}

Using this estimate for the sum S, we get

s<S ot S

I=1 {k: max(s,fi)=l}

Recall that the set {k : max(sy, fr) = [} is the set of all paths which either start or terminate
at [, but their other endpoint (start or end point) is smaller than . From Proposition A.1

we know that
Z 1227 S €1,
{k:sx=l or fr=I}

Z e < €.

{h: max(sg, f,)=1}

so in particular

We thus may conclude that
=1
S<Yy —27g=1/5<1/2

which is a contradiction to the assumption and the proof is complete. O]
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