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Abstract Inerter-based-dampers have received substantial interest from the earth-
quake engineering community in the last two decades. These typically consist of an
inerter, a linear spring and a viscous damper arranged into various possible config-
urations. In this paper, for the first time, experimental results are presented from
shake table tests on a scaled three-storey structure with an inerter-based damper
included, in order to suppress vibration amplitudes at the resonant frequencies.
In particular two types of device are used to demonstrate the differences between
using viscous and hysteretic damping in the inerter-based device. The two different
types of experimental dampers were manufactured using eddy current dampers and
gel damping material. The inerter was manufactured based on a flywheel design.
The experimental results were compared with four analytical models tuned to sup-
press vibrations in the first resonance; namely the tuned-inerter-damper (TID), the
tuned-inerter-hysteretic-damper (TIhD), the tuned-mass-damper-inerter (TMDI),
and the tuned-mass-hysteretic-damper-inerter (TMhDI). These experimental re-
sults confirm the observations made from the models that the suppression of
higher resonance peaks is significantly different between the viscous and hysteretic
damped inerter-based-dampers. Consequently, it is recommended that future stud-
ies exploring the performance of inerter-based seismic mitigation systems pay close
attention to the damping mechanisms that are prevalent within the structure.
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1 Introduction

Research relating to the inerter, which is a two-terminal device generating force
proportional to the relative acceleration between its two terminals, for vibration
suppression systems has achieved a significant amount of interest in the last two
decades. The term ‘inerter’ was firstly introduced by Smith [1] in early 2000. How-
ever, the concept of an inerter had previously been patented by Okumura Atsushi
in 1997 [2]. In order to realise the inerter concept, the three most common physical
mechanisms that have been used are rack-and-pinion [1], ball-screw [3,4], and fluid
flow [5] — see recent review [6] and references therein. Numerous researchers have
studied the use of the inerter for vibration control systems, particularly passive
vibration control, by combining them with springs and dashpots in various con-
figurations, in order to create inerter-based-dampers. Three types of inerter-based
dampers that have received particular attention in the literature are the tuned-
viscous-mass-damper (TVMD) [7], the tuned-inerter-damper (TID) [8], and the
tuned-mass-damper-inerter (TMDI) [9].

The TVMD was firstly introduced by [7]. It consists of an inerter in parallel
with a dashpot, then together these two elements are connected in series with
a spring. The realisation of this device by [10] combines a viscous-mass-damper
(VMD) and a chevron bracing. The VMD is a realisation of a parallel connected
inerter and dashpot. The translational motion from the structure is converted
to rotational motions of a flywheel and at the same time also generates viscous
damping forces due to the fluid flow inside the VMD. A similar VMD concept
realisation was also discussed in [11] where a helical fluid inerter was proposed
as a parallel connected inerter-dashpot. To form a TVMD, this fluid inerter was
connected to a chevron bracing providing the stiffness.

The TID concept was firstly introduced by [8]. Its configuration is similar to
the tuned-mass-damper (TMD) but instead of a secondary mass element like the
TMD, an inerter element is used instead. Another inerter-based damper found in
the literature is the TMDI which is a TID with the addition of a secondary mass
between the inerter and the parallel spring-dashpot. This secondary mass could be
used to model the mass of the inerter or an additional mass element. The design
and optimum tuning of the TMDI has been extensively discussed in the literature,
see for example [9,12-14] and references therein.

All these inerter-based devices have some potential advantages over the TMD
because, as discussed in [8], they can be designed to have a very large mass ratio
with a small actual mass. This is due to the fact that a large inerter constant
(called the inertance) can be produced with a small gravitational inerter mass.
For example, an inerter designed by [15] is capable of generating 75kg inertance
while the actual mass of the inerter is only 2kg. Another potential advantage is
that, unlike the TMD, the optimum location of the inerter-based device in a multi-
storey building is between the first storey and the ground, saving space in the upper
storeys [8]. However, for the purposes of this paper, the most significant advantage
compared to the TMD is that inerter-based devices can reduce resonant amplitudes
at all the resonance peaks of a multi-storey structure. This is in contrast to the
TMD which can only mitigate the vibration amplitudes around a single resonance
peak.

In civil engineering applications, inerter-based dampers have been studied for
reducing structural response due to wind [16,17] and seismic loadings [18-22].
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Another interesting application of inerter-based devices in civil structures is as
an earthquake protection device for base-isolated structures (BIS). This inerter-
based-damper-BIS combined control strategy concept was proposed to solve two
long-standing issues with a BIS: (1) they suffer from long period earthquakes
due to resonance [23,24] (2) they require a large space on the isolation floor to
accommodate the base-isolation displacement [25]. Some interesting examples of
this combined control strategy can be found in [13,26-29].

Despite all of these promising applications of inerter-based-devices for reducing
vibrations in building structures, there are currently only a very few practical im-
plementations or experimental studies that have been carried out. The realization
of the TMDI was firstly presented in [30]. Then in 2017, Gonzalez-Buelga, et al.
[31] presented experimental results on a TID with nonlinearities. Recently, the first
shake table experiment of a TMDI attached to a single degree-of-freedom (SDOF)
structure was presented in [32] and [33]. To the best of the authors’ knowledge
there are no published shake table experimental results with a TID or TMDI that
have been performed on a multi-storey structure. This paper is therefore the first
to present shake table experiments of a multi-storey structure equipped with an
inerter-based device.

It is important to note that the viscous damping element in the TID and
TMDI models is an approximation to the real damping. This is often not physically
realistic, and it is possible that the damping can exhibit linear hysteretic behaviour,
particularly if a material damper is employed. The key modelling discrepancy
occurs because the dissipated energy per cycle from viscous damping is frequency
dependent. In contrast, most material damping is frequency independent [34]. As
a result, for multi-degree-of-freedom structures that have multiple resonance peaks
across a range of frequencies, there will be a difference in vibration suppression
behaviour between these two different types of damper.

Two novel models have been proposed in [35] to capture this phenomenon, by
introducing a hysteretic damper to give tuned-inerter-hysteretic-damper (TIhD)
and tuned-mass-hysteretic-damper-inerter (TMhDI) models. Instead of using vis-
cous damping, the damping in the TThD and TMhDI is assumed to be coupled
to the stiffness element modelled as a complex stiffness k(1 + jn). The concept of
complex stiffness was motivated by the fact that the energy loss per cycle in most
materials is independent of excitation frequency and proportional to amplitude
squared. This concept has been widely used in the literature. Although it is a
non-causal model, it has been proven to be accurate if used appropriately [34,36].

In this paper a set of shake table experiments of a three-storey fixed base
structure is presented. A hysteretic-inerter-based system was designed and in-
stalled between the first storey and the ground (shake table). It consists of two gel
dampers connected in series to a flywheel inerter. Four analytical models are pro-
posed to capture the structural performance: (1) TID; (2) TIhD; (3) TMDI; and
(4) TMhDI. The obtained results from the shake table experiments are compared
with the proposed models to find which model gives the best representation of the
system.

For comparison, a set of shake table experiment was also performed on the same
benchmark structure. But this time the gel dampers were replaced by eddy current
(i.e., magnetic) dampers and springs. This arrangement realises the viscous-inerter-
based device. The results were also compared with the four proposed models to
verify which of them gives the best prediction to the experiments. The rationale of
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these experiments is to show the difference between viscous and hysteretic damping
when used in a real physical inerter-based system, especially the difference in the
response amplitude around resonances at higher frequencies. The intention is to
experimentally validate the results previously shown analytically in [35].

In Section 2 the three-storey steel structure is introduced, including the experi-
mental test rig and the simplified mathematical model to be used. Then in Section
3 the design and specification of the experimental inerter and damper components
is described. This is followed in Section 4 by the results from the shake table
experiments. Conclusions are given in Section 6.

2 Three-storey steel structure
2.1 Structural system & mathematical model

The three-storey steel structure considered in this study is a 1:5 scaled model
and is shown in Figure 1(a). The schematic diagram used to derive a simplified
mathematical model is shown in Figure 1(b), where for now the structural damping
has been neglected. The structural dimensions are shown in Figure 2. The structure
is separated into three parts: bottom storey, ¢ = 1; middle storey, ¢ = 2; and top
storey, ¢ = 3. In this study, both hysteretic- and viscous-inerter-based systems will
be designed and installed to the structure between the first storey and the ground
(shake table).

The equations of motion of the 3-DOF structure equipped with an inerter-
based system, as shown in Figure 1(b), can be written (in absolute coordinates)
as

(m152 + ko1 + k1,2) X1 = k1,2X2 + ko 1R+ Fipo
(mas® + k1o + ko3)Xi = k1,2X1 + k2.3X3 (1)
(m352 + k’273)X3 = k2,3X2

where m; and k;—1,;, ¢ € [1 : 3] represents the mass and stiffness between storeys
i—1 and i; X, represents the Laplace transform of the ith storey displacement, x;,
for i =0, 1,2, 3. Note that when ¢ = 0, then X¢o = R which represents the Laplace
transform of the base displacement r (or zo). The initial conditions are assumed
to be zero, s represents the Laplace transform variable and F1,o denotes the force
transferred to the structure by the proposed numerical models of the inerter-based
device in Figure 4. F} o for each of the models is given in Table 2 (defined in the
Laplace domain).

2.2 Experimental test rig

A 1:5 scaled three-storey steel structure was installed on a multi-axis shaker ta-
ble (MAST) system in a test chamber, as shown in Figure 1(a). The shake table
dimension is 3m x 2m with a test frequency range of 3-70Hz. The MAST is con-
nected to a reaction mass system consisting of a 300-tonne concrete block and
springs. This system has natural frequency around 0.8-1.4Hz. Therefore, in order
to avoid this resonance, no sinusoidal excitation test below 3Hz is allowed. In this
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Fig. 1 Three-storey steel structure showing: (a) a photograph of the test rig installed in a
test chamber at the Laboratory for Verification and Validation, the University of Sheffield; (b)
a schematic diagram of the three-storey structure used to derive a simplified mathematical
model, where the structural damping has been neglected.

experiment, the minimum testing frequency was 3Hz, and the dimensions of the
three-storey steel structure were designed accordingly.

The scaled three-storey steel structure is 900mm x 900mm in plan with a
uniform inter-storey height of 780mm — see Figure 2. The cross section of the
steel columns is 80mm X 12mm which makes the structure considerably more
flexible in the direction of excitation (the direction from left hand side to right
hand side of the chamber in Figure 1(a)) and therefore stiffer in the out-of-plane
direction (the direction from outside to inside in Figure 1(a)). This design meant
that the structure behaves more like a two-dimensional structure, and that three-
dimensional effects (such as torsional modes) can be omitted from the current
study. The ground floor of the structure is bolted on to the shake table, and this
is where the support excitation to the structure is given.

The horizontal vibration response of the structure at each storey was measured
using uniaxial accelerometers. The accelerometer type is PCB Piezotronics: 353B18
with a nominal sensitivity of 10mV /g. The horizontal vibration of the ground floor
was also measured using a tri-axial accelerometer (only the horizontal axes are
recorded). The accelerometer type is PCB Piezotronics: 356B21 with a nominal
sensitivity of 10mV /g.

All accelerometer channels were sampled at 980Hz. For sinusoidal ground mo-
tions, the RMS of the signal was calculated at an update rate of 1Hz, and this was
used to calculate the peak acceleration and displacement at each location on the
shear building. At each frequency step, the building was left to settle for a period of
time. This was manually determined by monitoring the stability of the RMS value.
Measurements were taken when the RMS had visually stabilised. Measurements
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Fig. 2 The dimensions (in mm) of the three-storey steel structure.

were manually recorded at the ground level (using the MAST triaxial sensor), first
storey level, second storey level and third storey level. At each frequency point,
raw acceleration time domain data was captured for a period of 10 seconds.

Table 1 Properties of the structure

Storey/Mode  Mass (kg)  Stiffness (N/m) Natural frequency (Hz) Damping ratio, ¢

1 33.15 1.4048 x 10° 5.3 0.46%
2 24.15 1.6858 x 10° 15.1 0.19%
3 24.15 2.0792 x 10 24.2 0.17%

The first part of the experimental testing was to estimate the structural param-
eters. The structural mass of each storey was directly measured by firstly removing
the masses from the structure. Some hammer tests were carried out on the uncon-
trolled structure (Fp,1 = F1,0 = 0), and based on these results, initial estimates
were made for the stiffness parameters of the simplified mathematical model. At
the same time, estimates were made of the structural damping, based on the as-
sumption of viscous damping. These initial results were verified using shake table
tests performed on the uncontrolled structure. An example shake table test result
is shown in Figure 3 in comparison to the output from the simplified mathematical
model (with viscous damping terms added). The estimated structural parameters
are very close to the experimental results. These parameters are given in Table 1.
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Fig. 3 Top floor transmissibility of the uncontrolled structure. The dotted line shows the
output of the simplified analytical model (with added viscous damping) and the orange circles
show experimentally recorded data points from the shake table testing.

2.3 Proposed analytical models for the inerter-based devices

The inerter-based systems were built and installed between the ground (shake
table) and the first storey of the host structure. The hysteretic-inerter-based sys-
tem was designed by connecting an inerter and material (e.g. hysteretic) damping
element in series. The first terminal of the inerter was grounded and the other
terminal was connected to the material damping element which was also attached
to the first storey of the structure. In contrast, the viscous-inerter-based system
was built by using electro-magnetic devices to create a viscous damping effect —
a full description of the physical devices is given in Section 3.

In order to capture the behaviour of the physical devices, four analytical models
are proposed. These have all been previously defined and studied in detail and are
(i) the tuned-inerter-damper (TID) [8], (ii) the tuned-inerter-hysteretic-damper
(TIhD) [35], (iii) the tuned-mass-damper-inerter (TMDI) [9], and (iv) the tuned-
mass-hysteretic-damper-inerter (TMhDI) [35]. Schematic representations of these
models are shown in Figure 4. The distinction between the four models has been
extensively discussed in [35], but essentially the TID is the simplest model, and
each of the other models includes additional components that are likely to more
realistically capture the physics of the device in practice.

In Figure 4, F1,0 and Fp,1 represent the force transferred to the structure by
the four models given in Table 2 (defined in the Laplace domain), where bg, mg,
and cq4 are respectively the inertance, mass, and viscous damping coefficient of the
device. In addition, k4 and 1 denote the stiffness and the loss factor, and j = /—1.
Lastly, sp, is a constant with a unit of stiffness, such that n = s, /kq.
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(b) (d)

Fig. 4 Four models for the inerter-based devices, showing (a) TID (b) TIhD (c) TMDI (d)
TMhDI. Device parameters are mass, mg, stiffness, kg, viscous damping, c4, hysteretic damping
constant, sp, inertance, by. Note also that these models include an additional inertial degree-
of-freedom that is denoted here using, y.

Table 2 Force transferred to the structure by the inerter damper in the Laplace domain [35]

Analytical model  Fy g

deQ(CdS + kd)

TID — X (R—- X
bgs2 + cqs + kg ( )
2 2, 2
TMDI bas®(cqs + kq) (R—X1)— bgs“mgs X
(Mg +ba)s? + cqs + ka (mg +ba)s? + cas + ka
2 .
TThD wm ~X1)
bas? + kq(1+ jn)
2 . 2, .2
TMhDL bas*(ka(1 + jn)) (R—X,)— bas®mgs

X
(ma + ba)s? + ka(1+ jn) (ma + ba)s® + ka(L+jn)

3 Design of the inerter and dampers
3.1 Design of inerter

In this paper, the inerter-based devices are tuned to supress the resonance of
the first mode of vibration. A rotational flywheel was used to create an inerter.
This concept is based on the flywheel inerter proposed by John and Wagg [37].
However, instead of using living-hinge, the flywheel inerter used in this experiment
uses a linear guide to convert the translational motion from the structure into the
rotational motion of the flywheel.

Figure 5 shows the flywheel inerter on an experimental rig with a shaker that
was used to estimate the inertance value. The centre of the flywheel is held via a
fixed support and is acting as the first terminal of the inerter. The second terminal
of the inerter is on the carriage at the point where the shaker is connected. The
carriage is free to move along the linear guideway, and this mechanism allows
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Flywheel inerter

Linear guide

Fixed connection &\, Accelerometer
to the centre of the >

flywheel
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Connected
to the
amplifier

Fig. 5 Flywheel inerter experimental set-up

the flywheel to rotate during the input motion from the shaker. Note that the
inertance can be adjusted by changing the distance between its two terminals,
also called the lever arm, l,. Assuming the lever arm rotation () is small, the
estimated inertance generated by the flywheel inerter is given by [37]

1

bd:laj

(2)
where I is the inertia of the flywheel.

The inerter was tested using a sinewave displacement input from the shaker
with frequencies from 2-8Hz and amplitudes in the range 1-3 mm. The inertance
generated is given by
F(t)

b= D = ar (D)

(3)

where F'(t) is the force measured by using a force transducer at the second termi-
nal of the inerter, and a1 () and a2(t) are the acceleration at the first and second
terminals of the inerter, respectively. Note that a; is zero because the first ter-
minal was fixed. Figure 6 shows the comparison between the generated inertance
from the experiment and the prediction using Equation 2. As can be seen, the ac-
curacy of the predicted inertance from Equation 2 increases with increasing lever
arm, [,. This is because with the same displacement amplitude, smaller [/, causes
larger lever arm rotation 6, hence the accuracy of the small angle approximation
is decreasing, and there is increasing amplitude dependency on the inertance by.
Taking the average of the inertance across the frequency range, the relationship
between the inertance and the lever arm is given in Figure 7. The results from the
experiment are compared with the prediction given by the Equation 2, and the
agreement is sufficient for the purposes of our current study.

3.2 Design of gel damper

The hysteretic-inerter-based device was built by connecting two gel dampers and
one flywheel inerter in series. To build the gel dampers, silicone gel (Magic Power
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Gel, from Raytech) was used. This gel is normally used as an insulating gel in
electrical equipment. The design of this gel damper is based on the mechanical
properties given in [38]. Two gel layers were produced and placed between a sliding
plate as shown in Figure 8(a). A set of characterisation tests were performed on a
MTS machine using sinusoidal wave displacement input signals, z(¢), with a range
of frequencies and amplitudes.
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The forced response was measured by the force transducer on the bottom part
of the damper. For each of the frequency and displacement amplitudes selected,
the force versus displacement relationship shows a hysteresis loop. The area inside
the loop, which represents the energy dissipated, was measured using a MATLAB
script. The analytical formula for the energy dissipated by the hysteretic loop was
assumed to be given by

AW = ke Z? (4)

where Z is the maximum amplitude of displacement input signal z(t). The loss
factor n was obtained by comparing the area inside loop from the experiment and
the analytical formula in Equation 4. The stiffness k4 is the slope of the hysteretic
loop.

— = kdz + de\/Z2 — Z2
—F = kyz — nkqvV Z? — 2*

Force 4

Slope kg
nkaZ

| Z

Displacement

(b)

Fig. 8 Showing (a) the gel damper on a MTS test machine, (b) a schematic of the force-
displacement relationship for a system with linear hysteretic damping.

It is well known that most material damping exhibits a frequency independent
characteristic, meaning the energy loss per cycle represented by the area inside
the hysteretic loop (e.g. Equation 4) is independent of the excitation frequency
— see for example [34]. In this paper, a complex stiffness is proposed to model
the hysteretic behaviour of the gel damper. The theoretical force-displacement
hysteretic loop of a complex stiffness is shown in Figure 9 (a).

The comparison between this analytical model and the experiment is presented
in Figure 9. As can be seen, the model gives a reasonable approximation to the
real behaviour of the damper.

The tests were performed for frequency and displacement amplitude ranges
of 3-8Hz and 1-12mm, respectively. The overall results indicate that the energy
dissipated per cycle by the gel damper was slightly changed by the increase in
the excitation frequency — an example is shown in Figure 9 (b). Moreover, there
is also a dip around -0.2 mm and -1.8 mm. This is most likely due to possible
imperfections in the gel, and / or imperfect bolted connections in the test machine.
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Fig. 9 Showing (a) the model of complex stiffness F' = k(1+ jn)z for displacement amplitude
Z = 4mm, where n = 0.53Ns/mm and k = 10.5N/mm, and (b) data recorded from the
experimental tests of one gel damper.

Table 3 Stiffness and loss factor properties of two gel dampers

Frequency (Hz) Stiffness, kg (N/m) Loss factor, n
Experiment Numerical Experiment Numerical
3 19145.72 0.46
4 19250.00 0.52
5.6 20958.97 21000 0.55 0.53
7 22162.16 0.57
8 23603.21 0.57

Theoretically the energy dissipated by the linear hysteretic damping is independent
of the excitation frequency. However, despite this (relatively small) discrepancy,
the area inside the loop does change (approximately) in proportion to the ratio of
the square of excitation amplitude. This validates the assumed theoretically model
given by Equation 4. Taking the average of the experimental results, the obtained

stiffness and loss factor of the numerical model for the two gel dampers are given
in Table 3.

3.3 Design of the experimental viscous-like damper

To build an experimental inerter-based device that had viscous damping type
behaviour was non-trivial. The damping value of the damper needs to be selected
within quite a small range in order to give the appropriate tuned device behaviour.
As a result, it was decided to use eddy current dampers in order to produce a
viscous-like damping effect.

Eddy current dampers produce an electromagnetic damping force proportional
to the velocity of the conductor, therefore the dampers act in a very similar way to
an idealised viscous damper [39]. The dampers are made of permanent magnets as
shown in Figure 10(a). In the inerter-based device, the damping forces are gener-
ated by the relative motion between the permanent magnets and two aluminium
sliding plates connected to two springs as shown in Figure 10(b) and 10(c). To
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provide a sufficient amount of damping, a total of 632, 10x10x 10mm neodymium
magnets were used and arranged in a Halbach configuration. The dampers were

Side view
Shaker
Aluminium plates Accelerometer (control)/ Laser vibrometer
1. 0 Load cell
\ Magnet array
Springs
(b)
100
50
z
I 0
8
=
-50
-100
-4 -2 0 2 4

Displacement (mm)

(d)

Fig. 10 Viscous-like dampers, showing (a) one block of magnetic damper consisting of several
damper forks, (b) a detailed figure of the test rig, (c) a photograph of the test rig, and (d) force
versus displacement hysteretic loops obtained from the characterisation tests of the magnetic
dampers with a displacement amplitude of 3.5mm

firstly tested on an experimental rig shown in Figure 10(b) and 10(c) to obtain
the viscous damping coefficient and the stiffness of the springs. From the obtained
hysteretic loops shown in Figure 10(d), the viscous damping coefficient ¢4 and
stiffness of the four springs k; were identified as 0.32 x 10® Ns/m and 21400 N/m,
respectively. These values were identified by first calculating the area inside the
loops (which is equivalent to the energy dissipated AW). Then ¢4 was calculated
using Equation 4 where nkg; has been replaced by cqw, hence

AW
= R (5)

where w is the frequency of the harmonic input signal. Finally k; was estimated
by calculating the slope of the hysteretic loops.
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4 Shake-table experimental tests
4.1 Experiments with the hysteretic-inerter-based system

The hysteretic-inerter-based system was built by combining the flywheel inerter
and the gel dampers (described in Section 3) in series, as shown in Figure 11(b).
The three-storey structure was mounted on the shake table with the hysteretic-
inerter-based device installed, as shown in Figure 11(a).

Gel Gel
damper Flywheel inerter Linear guide damper

Hysteretic
inerter-
based
system

Shake
table

(a) (b)

Fig. 11 Experimental three-storey structure showing: (a) the three-storey structure with a
grounded hysteretic-inerter-based system, and (b) a close up of the hysteretic-inerter-based
system.

Figure 11(b) shows the detailed parts of the hysteretic-inerter-based system.
The first terminal of the inerter was fixed to a stiff frame which was fixed to the
shake table. The second terminal of the inerter was connected to the dampers
through an aluminium beam that was fixed to the middle plates between the two
gel layers. The flywheel inerter was supported at its centre via a joint that was
designed to allow the flywheel to be moved up and down. This mechanism makes
it possible for the inertance to be adjusted by changing the distance between its
two terminals before the experiment started.

In the first part of the experiment, the structure was equipped with only the two
gel dampers without the inerter. One end of the hysteretic-damper is connected to
the the first storey of the structure and the other end is grounded. This test was to
verify the damping and stiffness properties of the gel dampers. The results of this
experiment is presented in Figure 12(a). Two models are proposed and compared
with the test result: (1) hysteretic damping represented by a complex stiffness; (2)
viscous damping. The viscous damping coeflicient is obtained via the equivalent
viscous damping ¢q = nkq/wn, where n and kg are obtained from the experiment
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in Section 3.2 and w,, is the first natural frequency of the host structure. From
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Fig. 12 Results of the three-storey structure with the inerter-based device tuned to supress
the first resonance. Here showing the top floor transmissibility for: (a) the gel damper only (no
inerter), (b) the full hysteretic-inerter-based system compared to the TID and TIhD models,
(c) the full hysteretic-inerter-based system compared to the TMDI model, and (d) the full
hysteretic-inerter-based system compared to the TMhDI model.

Figure 12(a) it is clear that the hysteretic damping model has a good agreement
with the experimental test results across all tested frequencies. This implies that,
(as also discussed in Section 3.2) the gel dampers exhibit linear hysteretic damping

rather than viscous, and a complex stiffness model is a good representation of the
dampers in this case.

In the second part of the experiment, the structure was equipped with a
hysteretic-inerter-based system consisting of the two gel dampers connected in
series to a flywheel inerter as shown in Figure 11(b). This device was installed
between the first storey of the structure and the shake table as shown in Figure
11(a). The test result and its comparison with the four proposed analytical mod-

els is presented in Figure 12(b),12(c) and 12(d). The parameters of the numerical
models are given in Table 4.
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Fig. 13 Results of the three-storey structure with the inerter-based device tuned to supress the
first resonance. Here showing top floor displacement at steady state with a hysteretic-inerter-
based system compared to (a) the TMDI model, and (b) the TMhDI model. The excitation
frequency is 15.4Hz and the base displacement amplitude is 1mm.

Table 4 Parameters of the numerical models in Figure 12

Numerical model  bgq (kg) c¢q (Ns/m) kg (N/m) 7 mq (kg)
TID 18 340.65 21000 - -

TIhD 18 - 21000 0.53 -
TMDI 18 340.65 21000 - 16
TMhDI 18 - 21000 0.53 16

It is clear from Figure 12(b) that around the first resonance neither the TThD
and TID models are in very good agreement with the experiment. This suggests
that the mass of the flywheel my cannot be neglected in the model. The TMDI
model in Figure 12(c) does show an improvement around the first resonance be-
cause the mg value of 16kg is included (which is the self-weight of the flywheel
inerter system). But the TMDI model also shows much less agreement around the
second and third resonances compared to the experiment and the TThD model.
This suggests that the hysteretic damping model of the gel dampers must be
treated in its original form and cannot be converted to a viscous damping via an
equivalent viscous damping. As a result, the model which shows the best match
to the experimental results is the TMhDI model in Figure 12(d).

A further comparison is also presented in the time domain shown in Figure
13. A frequency of 15.4Hz (around the second resonance) is chosen to highlight
the difference between the TMDI and TMhDI models. The time domain analysis
method for hysteretic-inerter-based dampers proposed in [35] is adopted to plot the
time response of the structure with the TMhDI model. It can be seen in this figure
that the TMhDI model gives a more accurate approximation to the experimental
result. As also shown in Figure 12(d), the amplitude of the displacement response
from the experiment is 4.9mm. Compared to the TMDI model which has amplitude
of 3.06mm, the TMhDI model provides better approximation with the amplitude
of 5.2mm.
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4.2 Experiment with a viscous-inerter-based system

The same three-storey structure previously described was used in this experiment,
as shown in Figure 14(a). However, the inerter-based system was now built by
combining the flywheel inerter with the magnetic dampers and springs to provide
a viscous-inerter-based system, as shown in Figure 14(b).

Springs
Viscous-
inerter-
based Magnetic
system damper
Sliding
plate
Shake
table Flywheel
inerter

(a) (b)

Fig. 14 Experimental three-storey structure showing: (a) the three-storey structure with a
grounded viscous-inerter-based system, and (b) a close up of viscous-inerter-based system.

Similar to the previous test, there were two parts to this experiment. In the first
part, the structure was equipped with only the two blocks of magnetic dampers
without the inerter. This test is to verify the viscous damping coefficient of the
magnetic dampers and the stiffness of the springs obtained from the character-
isation test in Section 3.3. The results of this first part of the experiment are
presented in Figure 15(a). It is clear from Figure 15(a) that the viscous damping
model using the properties obtained from the characterisation test in Section 3.3
is in good agreement with the experimental results. From this figure, it also can
be concluded that the damper does not exhibit linear hysteretic damping due to
the frequency dependancy of the obtained results.

In the second part of the experiment, the 3-storey structure was equipped with
a viscous-inerter-based system installed between the first storey of the structure
and the table as shown in Figure 14(a). The result from the experiment was com-
pared with the four proposed models as shown in Figure 15(b), 15(c) and 15(d).
The parameters of the numerical models are given in Table 5.

As can be seen from Figure 15(b), it is clear that the first resonance of both the
TThD and TID models are not in a good agreement with the experimental data.
This suggests that the mass of the flywheel m4 cannot be neglected in the model.
The TMhDI model in Figure 15(d) shows a higher response around the second and
third resonances compared to the experiment, and would not be expected to fit
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the data, as the damping is not hysteretic. On the other hand, the TMDI model
in Figure 15(c) does accurately capture the physical behaviour of the structural
system equipped with the proposed viscous-inerter-based system.
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Fig. 15 Results of the three-storey structure with the inerter-based device tuned to supress
the first resonance. Here showing the top floor transmissibility for: (a) the magnetic viscous-
like dampers only (no inerter), (b) the viscous-inerter-based system compared to the TID and
TIhD models, (c) the viscous-inerter-based system compared to the TMDI model, and (d)
with the viscous-inerter-based system compared to the TMhDI model.

Table 5 Parameters of the numerical models in Figure 15

Numerical model

ba (kg) ca (Ns/m) kg (N/m) 7 my (kg)
TID 15 320 21400 - -
TIhD 15 - 21400 0.50 -
TMDI 15 320 21400 - 16
TMhDI 15 - 21400 0.50 16
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Fig. 16 Results of the three-storey structure with the inerter-based device tuned to supress
the first resonance. Here showing top floor displacement at steady state with a viscous-inerter-
based system compared to: (a) the TMDI model, and (b) the TMhDI model. The excitation
frequency is 13.2Hz and the base displacement amplitude is 1mm.

Furthermore, the comparison is also presented in the time domain shown in
Figure 16. A frequency of 13.2Hz (around the second resonance) is selected to
highlight the difference between the TMDI and TMhDI models. It can be seen
in this figure that the TMDI model gives a more accurate approximation to the
experimental result. As also shown in Figure 15(d), the amplitude of the displace-
ment response from the experiment is 5.7mm. Compared to the TMhDI model
which has amplitude of 7.50mm, the TMDI model provides better approximation
with the amplitude of 4.4mm.

It should be noted that the parameters of the numerical models in Table 4
and 5 are deliberately chosen not to be exactly the optimum ‘tuned’ values for
suppressing the first resonance. Instead, these parameters are selected to match
the real parameters of the physical devices described in Section 3. Initially, the
design of the flywheel inerter, gel dampers and eddy current dampers were fo-
cused on obtaining optimal parameters for suppressing the first resonance based
on fixed-point theory [8]. However, due to the physical constraints of the manufac-
turing processes, the obtained physical properties of these devices are not exactly
optimum. However, they are as close to optimum as it was physically possible to
manufacture. Therefore, there is not a ‘split peak’ in the targeted first resonance
in the results presented in Figure 12 and 15, (b), (c) and (d).

5 Discussion

In this paper experimental results are presented from shake table tests on a scaled
multi-storey structure with inerter-based devices that have both viscous and hys-
teretic damping characteristics. The inerter-based devices were designed to sup-
press vibration amplitudes at the first resonant peak. This gave a significant vi-
bration mitigation effect, but due to constraints in the manufacturing process, the
‘split peak’ typically seen in purely numerical studies was not possible to obtain
in the experiments.
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Despite this, the results of the modelling give very good agreement with the
experimental results. In particular, for the inerter-based device with hysteretic
damper, the TMhDI model gave the best fit to the experimental data, as shown in
Figure 12(d). For the inerter-based device with viscous damper, the TMDI model
gave the best fit to the experimental data, as shown in Figure 15(c).

In absolute terms, the inerter-based device with viscous damping performs sig-
nificantly better than the device with hysteretic damping in terms of reducing the
amplitude over all the three resonance peaks. This can be observed by comparing
Figures 12(d) and 15(c). The potential problem with this is that viscous damp-
ing is an idealisation, and is not always possible to implement in practice. So for
systems where the damping behaviour may be closer to hysteretic this should be
taken into consideration during the design of the system.

This has been noted before in terms of a comparison of the numerical models,
and discussed in detail by [35]. The results presented here provide experimental
validation of this phenomena. Furthermore, in [35] it was shown that the hysteretic-
inerter-based system cannot be effectively modelled using an equivalent viscous
damping approach. Therefore, the linear hysteretic damping must be treated in
its original form when performing both frequency and time domain analyses. In
this regard, the complex damping model has been shown in [35] to be a good rep-
resentation of the linear hysteretic damping of the hysteretic-inerter-based system
when comparing the analytical frequency-domain and time-domain results.

This confirms two important modelling considerations: (1) the mass of the
flywheel inerter mg cannot be neglected in either case; (2) the linear hysteretic
damping cannot be approximated (across a range of frequencies) by an equivalent
viscous damping, and it should therefore be modelled as a complex stiffness, if the
multi-mode behaviour is required to be accurately modelled.

6 Conclusions

In this paper, for the first time, experimental results have been presented from
shake-table experiments of a multi-storey structure equipped with inerter-based
devices with hysteretic and viscous damping. The rationale was to obtain sufficient
experimental data in order to validate mathematical models typically used to
model the dynamics of inerter-based devices that were tuned to supress vibrations
of the first resonance. The type of damping used in such models is very important,
as it leads to significant differences in the resonant behaviour of the structure being
controlled.

Overall, the experimental results presented in this paper demonstrate (within
the limitations of the type of system and parameter ranges considered) that the
TMDI model is the best for modelling viscous-inerter-based systems. However, for
hysteretic-inerter-based systems the TMhDI model needs to be used to accurately
predict the physical behaviour.

In terms of overall behaviour, the viscous-inerter-based system performs better

than the hysteretic-inerter-based system, particularly in terms of mitigating the
vibration of the second and third resonance peaks.
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