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A B S T R A C T

This paper presents a novel approach to active chatter control in milling operations using
a new concept called the virtual inerter-based dynamic vibration absorber (VIDVA). While
passive control methods, such as tuned mass damper (TMDs), have their merits, they may not
provide optimal performance and adaptability in certain scenarios. Moreover, the realisation
of an idealised inerter-based absorber as a localisation addition can be a difficult task to
achieve. In response of these challenges, the integration of the inerter concept into virtual
passive absorber (VPA) control to improve chatter stability performance is proposed. Four IDVAs
are numerically evaluated to enhance the absolute chatter stability limit, and the numerical
results are experimentally validated using cutting tests with a proof-mass actuator providing
the control force. The study also includes robustness and actuator saturation analysis to provide
a comprehensive evaluation of the proposed virtual IDVA. The findings demonstrate that the
virtual IDVA offers improved chatter suppression performance, making it a promising solution
for active chatter control and application of IDVAs in milling operations.

1. Introduction

Regenerative chatter is a significant issue in machining operations that hinders productivity by causing excessive vibrations,
noise, and poor surface quality. The understanding of the mechanism underlying the regenerative chatter starting in the 1950s [1,2]
has led to several methods for chatter suppression. Among them, both passive and active control methods have attracted significant
attention.

Earlier attempts for chatter suppression mostly focused on passive methods. For example, Hahn [3] applied a Lanchester damper
consisting of a damper with an auxiliary mass. Tobias [4] proposed vibration absorbers for chatter suppression in machine tools.
Rivin and Kang [5] introduced a design study for tooling structures, improving the applicability of dynamic vibration absorbers.
Tarng et al. [6] utilised a piezoelectric inertia actuator that acts as a tuned mass damper (TMD) in turning such that chatter stability
was improved by setting the natural frequency of the device to the natural frequency of the cutting tool. Tlusty [2] revealed that the
chatter stability is defined by the real part of the frequency response function (FRF). Following this principle, Sims [7] introduced
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analytical solutions that equal the peaks in the real part response, which provides optimal chatter suppression. Later, Miguelez
et al. and Rubio et al. [8,9] showed that Sims’ method is an effective method for chatter suppression in boring bars. There have
been many subsequent research efforts related to TMDs, for example investigating multiple TMDs [10,11], two degree-of-freedom
TMDs [12,13], and nonlinear TMDs [14,15] in machining operations.

Recent studies have shown that the inerter-based passive devices demonstrate superior performance compared to TMDs.
Smith [16] introduced the inerter in 2002 as a mechanical device that produces a force proportional to the relative acceleration
between its terminals. Since then, it has been employed in vehicle suspension systems [17], aircraft landing gears [18,19], and
civil engineering applications [20–23]. For machining applications, Wang et al. [24] showed that an inerter-based system can
effectively mitigate forced vibration in a milling system. However, the inerter required a grounded connection and was clamped
to the work table, which may not be applicable for practical fixturing systems. Most commonly-studied inerter networks (tuned
inerter dampers [21], tuned mass damper inerters [22], and tuned viscous mass dampers [20]) in the literature generally require
a grounded connection, which limits the versatility of their application into machining. Hu and Chen [25] introduced a set of
inerter-based dynamic vibration absorbers (IDVAs) without need for a grounded connection, similar to a classical TMD. Recently,
Dogan et al. [26] implemented an IDVA to suppress chatter in a milling operation. The experimental result verified improvement
in the absolute stability limit. However, the IDVA design employed in the experiment was not the ideal IDVA proposed in Ref. [25]
due to parasitic mass effects and extra stiffness introduced by the mechanical design [27].

Passive control methods, including TMDs, have several merits such as ease of implementation, elimination of need for additional
electronic components and complex control systems, and guaranteed stability compared to active control methods. However, these
passive methods have limitations in their performance and lack adaptability. To address this drawback, active control methods have
been considered in the machine dynamics literature, as well as in the broader structure dynamics community [28]. Researchers
have applied active chatter suppression methods to various machine tool components, such as the toolholder-spindle system
[29–31], the workpiece [32], the workpiece fixturing system [33], structure of the machine tool [34], and also to robotic-assisted
machining [35–37]. Several control methods including direct velocity feedback (DVF) [38,39], linear quadratic regulator [35,40],
H∞ optimisation [41,42], PID [43,44] and 𝜇- synethesis [45,46] have been considered. A comprehensive review including active
chatter suppression methods is available in the work of Munoa et al. [47]. To avoid instability, active control methods that
reflects passive systems’ behaviour, known as ‘virtual’ passive systems, have been proposed [48]. Huyanan and Sims [49] utilised
virtual skyhook control (also known as DVF), virtual passive absorber (VPA) control and virtual passive-active absorber controls
to evaluate their chatter suppression performances. They concluded that virtual passive absorbers, which reflect the behaviour of
TMDs, outperformed the other two methods. Franco et al. [50] used a virtual passive absorber approach, named virtual passive
absorber, to suppression forced vibration in grinding operation. They developed a model-free control law that can be applicable in
real-time but the focus was only the forced vibration, not chatter stability.

Integrating the inerter concept into VPA control could potentially improve chatter stability performance. This approach would
also enable the detailed examination of idealised IDVA layouts presented in Ref. [25] for chatter suppression without the drawbacks
of parasitic mass and extra stiffness introduced by components as well as the physical realisation of the inerter due to small inertance
values. Therefore, this paper proposes a new virtual IDVA for active chatter control. A comprehensive analysis of IDVAs using a
virtual passive absorber approach to suppress chatter in milling operations is presented. Four IDVAs, which demonstrate vibration
suppression improvements compared to a classical TMD (as described in Ref. [25]), are numerically evaluated to enhance absolute
chatter stability limit. The numerical results are experimentally validated with cutting tests, where the control force is provided by
a proof-mass actuator. Further analyses are conducted for robustness and actuator saturation, presenting a complete analysis.

The rest of the paper is organised as follows. Section 2 introduces the theory of regenerative chatter and IDVAs. Numerical
performance evaluation for four IDVA layouts for different mass ratios and experimental validation to justify the analyses in
the following sections are presented in Section 3. Section 4 examines the robustness of TMD and IDVAs. Actuator saturation is
investigated in Section 5. The results are discussed in Section 6, and finally, a conclusion is drawn.

2. Theory

2.1. Regenerative chatter

The regenerative chatter mechanism is explained using a two degree-of-freedom workpiece and rigid cutting tool as shown
in Fig. 1. The cutting tool-workpiece system causes the instantaneous chip thickness, ℎ(𝑡), which varies based on the workpiece’s
displacements in the previous and current cuts. Assuming the cutting force acting on the tool-workpiece is proportional to the chip
area, variations in instantaneous chip thickness result in a dynamic cutting force. The chosen cutting conditions (e.g. depth of cut
and spindle speed) could cause instability, leading to exponentially growing cutting forces and associated vibrations.

In orthogonal cutting, the cutting tool is perpendicular to the direction of tool motion, and the cutting forces are often assumed
to be proportional to the chip area and a specific cutting coefficient. The tangential and normal cutting forces arise on the cutting
edge as shown in Fig. 1 and are defined here as

𝐹𝑡(𝑡) = 𝐾𝑡𝑎ℎ(𝑡), 𝐹𝑛(𝑡) = 𝐾𝑛𝑎ℎ(𝑡) (1)

where 𝐾𝑡, 𝐾𝑛, 𝑎 and ℎ are the tangential cutting coefficient, the normal cutting coefficient, the axial depth of cut and the chip
thickness, respectively. In milling operations, the instantaneous chip thickness for the 𝑗th tooth is written as

ℎ(𝑡) = 𝑓𝑡 sin(𝜙) + 𝑟(𝑡 − 𝜏) − 𝑟(𝑡) (2)
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Fig. 1. Schematic view for regenerative chatter in milling operation [51].

where 𝑟(𝑡) and 𝑟(𝑡 − 𝜏) are the displacements of the workpiece where tool tip engages in the radial (𝑟) direction in the current and
past passes. 𝜏 and 𝑓𝑡 are the time delay and the feed per tooth. 𝑟(𝑡− 𝜏) and 𝑟(𝑡) are the functions of tool rotation (𝜙). The vibration
projected onto the 𝑥- and 𝑦- axis is written

𝑟 = −𝑥 sin(𝜙) − 𝑦 cos(𝜙) (3)

and the cutting forces projected onto the 𝑥- and 𝑦- axes are

𝐹𝑥 = −𝐹𝑡 cos(𝜙) − 𝐹𝑟 sin(𝜙), 𝐹𝑦 = 𝐹𝑡 sin(𝜙) − 𝐹𝑟 cos(𝜙). (4)

The cutting forces will only occur when the corresponding tooth is engaging with the workpiece. Therefore, the total cutting
forces considering all teeth engagement can be expressed as

𝐹𝑥,𝑡𝑜𝑡𝑎𝑙 =

𝑁𝑡−1
∑

𝑗=0

𝐹𝑥,𝑗𝑔(𝜙𝑗 ), 𝐹𝑦,𝑡𝑜𝑡𝑎𝑙 =

𝑁𝑡−1
∑

𝑗=0

𝐹𝑦,𝑗𝑔(𝜙𝑗 ) (5)

where 𝑁𝑡 is the number of teeth and 𝑔(𝜙𝑗 ) is the switching function indicating tool engagement (𝑔(𝜙𝑗 ) = 1 if 𝜙𝑠 ≤ 𝜙𝑗 ≤ 𝜙𝑒; otherwise,
𝑔(𝜙𝑗 ) = 0). Substituting Eqs. (1) to (4) into Eq. (5) yields

[

𝐹𝑥,𝑡𝑜𝑡𝑎𝑙 𝐹𝑦,𝑡𝑜𝑡𝑎𝑙

]𝑇
=

1

2
𝑎𝐾𝑡 [𝐴] [𝛥𝑥 𝛥𝑦]𝑇 (6)

where 𝛥𝑥 = 𝑥(𝑡) − 𝑥(𝑡 − 𝜏) and 𝛥𝑦 = 𝑦(𝑡) − 𝑦(𝑡 − 𝜏), which can be expressed in the frequency domain as

{𝛥(𝜔)} =
(

1 − 𝑒−𝑖𝜔𝜏
)

𝐺(𝜔)𝐹𝑡𝑜𝑡𝑎𝑙(𝜔), (7)

and [𝐴] is time-varying milling force coefficients matrix:

[

𝐴
(

𝜔𝑡𝑜𝑜𝑡ℎ

)]

=

[

𝑎𝑥𝑥
(

𝜔𝑡𝑜𝑜𝑡ℎ

)

𝑎𝑥𝑦
(

𝜔𝑡𝑜𝑜𝑡ℎ

)

𝑎𝑦𝑥
(

𝜔𝑡𝑜𝑜𝑡ℎ

)

𝑎𝑦𝑦
(

𝜔𝑡𝑜𝑜𝑡ℎ

)

]

, (8)

which is a periodic function of tooth passing frequency (𝜔𝑡𝑜𝑜𝑡ℎ).
For the stability analysis, substituting Eq. (7) into Eq. (6) and rearranging it, the characteristic equation can be expressed as

det
(

[𝐼] −
1

2
𝐾𝑡𝑎

(

1 − 𝑒−𝑖𝜔𝑐𝜏
)

[𝐴] [𝐺(𝜔)]
)

= 0 (9)

where 𝜔𝑐 and 𝐺(𝜔) are the chatter frequency and the frequency response function of the milling system. Solving Eq. (9) is
not straightforward due to the time-dependency of [𝐴]. To analytically solve this equation, the zero-order approach by Budak
and Altintas [52] expands the time-varying force coefficient matrix into a Fourier series and takes only the constant term into
consideration. The time-varying milling force coefficient matrix [𝐴] can be expanded into a Fourier series as

𝐴(𝑡) =
∑

𝑟

[𝐴𝑟]𝑒
𝑖𝑟𝜔𝑡𝑜𝑜𝑡ℎ𝑡, (10)

where

[𝐴𝑟] =
1

𝜏

𝑁𝑡−1
∑

𝑛
∫

𝑇

0

[

𝑎𝑥𝑥,𝑛 𝑎𝑥𝑦,𝑛
𝑎𝑦𝑥,𝑛 𝑎𝑦𝑦,𝑛

]

𝑒−𝑖𝑛𝜔𝑡𝑜𝑜𝑡ℎ𝑡𝑑𝑡. (11)
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Fig. 2. (a) A SDOF milling system controlled with a proof mass actuator, as shown in (b), representing (c) four passive inerter-based configurations with a
spring (𝑘𝑜), and an inerter network consisting of a spring (𝑘𝑖), a damper (𝑐) and an inerter (𝑏). L represents the IDVA configurations in (c), which is represented
by the controller of the proof mass actuator in (b).

Considering only the constant term 𝐴0 transforms time-varying terms in [𝐴] into averaged time-invariant term so that it allows
an analytical solution to be obtained. This approach is a widely recognised, fast, and accurate analytical method [53], which is
utilised in the present investigation. Considering a SDOF structure in milling with the assumption that the structure is rigid in the
𝑥− direction (𝛥𝑥 = 0), the stability limit can be expressed [51]

𝑎lim =
2𝜋

𝑎𝑦𝑦𝑁𝑡𝐾𝑡𝑅𝑒
[

𝐺𝑦

(

𝑖𝜔𝑐

)] (12)

where 𝑎𝑦𝑦 is directional coefficient in the 𝑦-direction, which is derived from the single frequency solution of the dynamic milling
coefficient matrix. The relationship between spindle speed and chatter frequency can be expressed as

𝑁 + 𝜖∕2𝜋 = 𝜔𝑐𝜏 (13)

where 𝑁 and 𝜖 are the integer number of oscillations between subsequent tooth passes and the phase of the oscillations, respectively.
All parameters in Eq. (12) are related to milling parameters except for the milling system’s FRF 𝐺𝑦

(

𝑖𝜔𝑐

)

. The critical depth of cut
𝑎lim is determined by the most positive or negative part of 𝐺𝑦

(

𝑖𝜔𝑐

)

, depending on the sign of 𝑎𝑦𝑦. It is worth noting that the method
presented here is identically applicable for negative values of 𝑎𝑦𝑦. Depending on the directional coefficient, the most negative or
positive real part determines the critical limiting depth of cut (absolute stability), below which the cutting is stable regardless of the
spindle speed. This paper will focus on the case where 𝑎𝑦𝑦 is positive; therefore, the most negative real part of 𝐺𝑦

(

𝑖𝜔𝑐

)

to improve
the absolute stability limit.

2.2. Inerter-based dynamic vibration absorber

The milling system is modelled with a damped SDOF system as depicted in Fig. 2(a). It is controlled with an inerter-based dynamic
vibration absorber, which is represented by a proof-mass actuator through an active control approach in this paper. Four layouts,
referred to as IDVA-C3, IDVA-C4, IDVA-C5 and IDVA-C6 in Ref. [25], are illustrated in Fig. 2(b). The damped SDOF in Fig. 2(a)
represents the milling system subjected to cutting forces and has parameters: mass 𝑀 kg, stiffness 𝐾 N/m, and viscous damping
𝐶 N s/m. The inerter-based layouts are attached to the milling system to suppress chatter. Each layout is created by replacing the
damper element in a TMD with an inerter network consisting of an inerter 𝑏 kg, a spring 𝑘𝑖 N/m and a viscous damper 𝑐 N s/m. It
also includes parameters for another spring 𝑘𝑜 N/m and an auxiliary mass 𝑚 kg.

The equations of motion of the SDOF system controlled with the IDVA, as shown in Fig. 2, are written in the Laplace domain as

𝑀𝑠2𝑌 (𝑠) + 𝐶𝑠𝑌 (𝑠) +𝐾𝑌 (𝑠) = 𝐹 (𝑠) + 𝐹𝑎(𝑠), (14)

where 𝐹 (𝑠) and 𝐹𝑎(𝑠) are the cutting force and control force:

𝐹𝑎(𝑠) = 𝑚𝑠2 = 𝐿(𝑠)
(

𝑌𝑎(𝑠) − 𝑌 (𝑠)
)

, (15)

where 𝑌 , 𝑌𝑎 and 𝜔 are the displacements of the main mass and auxiliary mass, and the excitation frequency, respectively. 𝐿(𝑠) is
the mechanical impedance of the IDVA in the Laplace domain, which gives the control force as being proportional to the relative
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Table 1
Structural parameters and milling parameters used in the optimisation and the stability lobed diagram.

Structural parameters

Natural frequency Stiffness Damping ratio
129.29 Hz 1.34 × 107 N/m 1.34%

Milling parameters

Milling type Radial immersion Number of teeth Tangential cutting stiffness K𝑡 Radial cutting stiffness K𝑟

Down milling Half immersion 4 660 × 106 N/mm2 180 × 106 N/mm2

Table 2
Optimal design parameters for the dynamic properties in Table 1 and 𝜇 = 0.0055.

𝛾 𝜁 𝛿 𝜂

TMD 1.0325 0.0473 – –
IDVAC3 1.0404 0.0427 0.0146 1.0030
IDVAC4 1.0440 0.0012 0.0144 0.9916
IDVAC5 1.0188 0.0518 2.1760 1.0985
IDVAC6 1.0367 0.0012 0.0142 1.0147

displacement. The transfer function of the SDOF system controlled with the IDVA is written as

𝐺(𝑠) =
𝑌 (𝑠)

𝐹 (𝑠)
=

1∕𝑀

𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔2
𝑛
+

𝐿(𝑠)

𝑀

(16)

where 𝜔𝑛 =
√

𝐾∕𝑀 is the natural frequency of the milling system, 𝜁 = 𝐶∕(2
√

𝑀𝐾) is the damping ratio of the milling system, and
𝐿(𝑠) = 𝐹𝑎𝑌 (𝑠) is the mechanical impedance of the control system, which is provided in Appendix A for each layout. In addition to the
natural frequency 𝜔𝑛 and the damping ratio 𝜁𝑚, a series of non-dimensional parameters are defined to derive the non-dimensional
transfer function: mass ratio 𝜇 = 𝑚∕𝑀 , inertance-to-mass ratio 𝛿 = 𝑏∕𝑚, auxiliary damping ratio 𝜁𝑎 = 𝑐∕(2

√

𝑚𝑘𝑜), corner frequency
ratio 𝜂 = 𝜔𝑏∕𝜔𝑚, natural frequency ratio 𝛾 = 𝜔𝑚∕𝜔𝑛, and 𝜆 = 𝜔∕𝜔𝑛, where 𝜔𝑚 =

√

𝑘𝑜∕𝑚 and 𝜔𝑏 =
√

𝑘𝑖∕𝑏. Using the non-dimensional
parameters and substituting 𝑠 = 𝑖𝜔, a non-dimensional transfer function can be written in the frequency domain as follows:

𝐺̃(𝜆, 𝛾, 𝜁𝑎, 𝛿, 𝜂, 𝜁𝑚, 𝜇) =
𝑅𝑛 + 𝑖𝐼𝑛

𝑅𝑑 + 𝑖𝐼𝑑
. (17)

Complete expressions for 𝑅𝑛, 𝑅𝑑 , 𝐼𝑛, and 𝐼𝑑 in Eq. (17) for each layout are provided in Appendix A. In the following section, the
dimensionless FRFs derived in Eq. (17) are employed in the numerical optimisation to initially obtain the optimal dimensionless
design parameters for a known mass ratio 𝜇 and the milling system’s damping ratio 𝜁𝑚. Subsequently, the dimensional design
parameters are determined for the identified dynamic structural properties.

3. Performance evaluation for absolute chatter stability

3.1. Numerical evaluation

The focus of this study is to improve the absolute stability limit and thus, the most negative real part of transfer function
in Eq. (17) is considered in the optimisation problem. To obtain the optimal design parameters for the TMD and IDVAs, the
self-differential evaluation algorithm [54] was utilised to minimise the objective function:

max
𝛾,𝜁𝑎 ,𝛿,𝜂

(

𝑚𝑖𝑛
𝜆

(

Re
(

𝐺̃ (𝑖𝜆)
))

)

. (18)

The damping ratio of the milling system was chosen as 𝜁𝑚 = 1.34% as identified from the experimental setup, which will be discussed
in Section 3.2. The dynamic structural properties and the milling parameters utilised in the numerical performance evaluation are
given in Table 1. These are the same values that were identified from the experimental setup for the most flexible part (the workpiece-
beam-actuator system) so that the experimental validation of these numerical simulations was possible in the same experimental
setup. The optimal dimensionless design parameters for 𝜇 = 0.0055 are presented in Table 2. The small mass ratio was intentionally
chosen based on numerical simulations to prevent actuator saturation during the experimental validation phase. This value is defined
by the behaviour of the FRFs near resonance region. In the numerical analyses, the actuator forces were evaluated for whether they
reach the actuator force limit for a range of depth of cuts and spindle speeds corresponding to the resonance region in the FRF,
which predominantly referred to the lobing effect region in the SLDs. Therefore, higher values than the chosen mass ratio would
lead to a saturation in the actuator for some depth of cuts and specific spindle speeds. To validate the absolute stability limit, the
spindle speeds and depth of cuts in the validation tests presented in Section 3.2 were chosen from the safe regions (where lower
actuator forces occur) as an extra precaution to avoid the actuator saturation.

For the properties in Table 1 and the optimal parameters in Table 2, the real values of FRFs for TMD and IDVAs are presented
in Fig. 3(a). Using the FRFs, the SLDs obtained are demonstrated in comparison to the uncontrolled structure in Fig. 3(b). Due to
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Fig. 3. (a) Real values of FRFs for the TMD and the IDVAs for the optimal parameters in Table 2, and (b) the SLDs obtained from the FRFs in comparison to
the uncontrolled structure.

Fig. 4. Performance improvement in the absolute stability limit for the IDVAs compared to a classical TMD.

the increase in the most negative real part values of IDVAs compared to the TMD, all IDVAs improved the absolute stability limit
in the SLD. The absolute stability limit, which was 1.2 mm for the uncontrolled structure, increased to 4.38 mm, 4.37 mm, 3.88 mm

and 4.38 mm for IDVAs C3, C4, C5 and C6, respectively. Considering the critical depth of cut of 3.62 mm in the case of the TMD,
the use of IDVA improved the absolute stability limit by 8 − 21% for 𝜇 = 0.0055.

The optimal design parameters for a selection of mass ratios 𝜇 (0.001, 0.0055, 0.01, 0.05, 0.1, 0.2, and 1) were also determined to
examine the performance improvement for different mass ratios. Fig. 4 shows absolute stability increment compared to the TMD
for all mass ratios evaluated. All IDVAs except IDVA-C4 increased their relative performance in comparison of the TMD with the
increasing mass ratio. The maximum performance improvement was around 14% when 𝜇 = 0.001 and reached to just above 50%
when 𝜇 = 1 for both IDVA-C3 and IDVA-C6. For small mass ratios for IDVA-C4, the improvements were comparable with IDVA-C3
and IDVA-C6 while it started to lose its effectiveness for the higher values of the mass ratio than 0.1. This is in agreement with
the vibration suppression performance of IDVA-C4 for H∞ optimisation presented by Hu and Chen [25]. Its effectiveness compared
to other IDVA layouts decreases with increasing mass ratios. It is worth pointing out that the improvements in Fig. 4 are given in
comparison with the TMD, which can be virtually applied as VPA. This means that the performance of the IDVAs increase even
more compared to the uncontrolled case as the TMD performance also increases with the increasing mass ratio.

3.2. Experimental verification

The experimental setup to verify the numerical results obtained is illustrated in Fig. 5. The stiffness of the workpiece setup was
highly reduced in the 𝑦−direction by using a flexure, where the Al-7075 T6 material with the dimension of (100 × 100 × 300 mm3)
was fixed. Its stiffnesses in 𝑥− and 𝑦− directions were identified as 3.79 × 109 N∕m and 1.34 × 107 N∕m, respectively. The inertial
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Fig. 5. Experimental milling setup consisting of a flexible workpiece system, an actuator supported by a beam, an accelerometer on the workpiece and a hall
effect sensor.

actuator was attached to the workpiece through a beam to support the flexible direction. An accelerometer (PCB 353B18) and a hall
effect sensor were utilised to measure the acceleration of the workpiece and the spindle speed, respectively. The acceleration data
was utilised as the feedback data so that the actuator produced the same actuation force virtually acting as a passive IDVA device.
The data was collected and processed by NI DAQ USB-4431. The collected acceleration data was analysed by applying the fast
Fourier Transform (FFT) for the chatter detection. The milling experiments were conducted with the feed of 0.05 mm/tooth using
a 4-tooth cutting tool with the diameter of 16 mm. The same milling parameters as listed in Table 1 were used for all experiments.
Table 1 also indicates the dynamic properties of the workpiece system and the specific cutting stiffness identified. It should be noted
that the tool’s dominant natural frequency was also identified much higher than (𝑓𝑛,𝑡𝑜𝑜𝑙 > 4000 Hz) the workpiece’s dominant natural
frequency.

The controller was developed following the IDVA-C3 layout formula outlined in Appendix A. The workpiece’s acceleration was
acquired as the primary input for the control system. Converting the acceleration data yields the velocity and displacement of the
workpiece. The control system parameters were fine-tuned for 𝜇 = 0.0055. The control system generated an input value in the form
of a voltage signal for the actuator. The actuator, in response to the magnitude of the acceleration, transformed this voltage output
from the control system into a control force. The actuator shows a linear behaviour for the frequency of interest by producing 3 𝑁

per voltage [37].
The actuation force was provided by the proof-mass actuator with a maximum force capability of 27 N. The maximum actuation

force was the primary limitation for selecting a small mass ratio, which prevents actuator saturation. In numerical evaluations,
IDVA-C3 and IDVA-C6 performances were comparable to each other and superior to the others. Experiments were conducted for
the validation of these most promising numerical evaluations.

The cutting tests were conducted to verify the chatter stability limits for uncontrolled and controlled cases. In the controlled
case, the actuator was utilised to represent the IDVA device and only IDVA-C3 was examined for the validation. Fig. 6 demonstrates
the experimental results with the predicted stability lobe diagrams. Firstly, the tests for the uncontrolled cases where the absolute
stabilty limit was predicted to be 1.2 mm were performed. The cuts with axial depth of cuts of 2 mm at 700 rpm and 1100 rpm were
verified as chatter. These spindle speeds were chosen deliberately to capture the largest unstable lobes. Then, the experiments were
conducted for the controlled IDVA-C3 case. In order to verify the control effect on the absolute stability limit, a series of depth
of cuts at 1100 rpm was examined until reaching the chatter. The once-per-revolution and FFT spectrum for these cuts that were
used for the chatter detection are given in Appendix B. The depth of cuts of 4 mm and 5 mm indicated stable and marginal cuts,
respectively. The chatter was observed for 6 mm depth of cut. The stability for 4 mm depth of cut was also verified with the cutting
tests at 700 rpm, 800 rpm, and 900 rpm. Having considered that the 2 mm depth of cut caused chatter for the uncontrolled case, the
absolute stability limit was improved with the IDVA-C3 as predicted from the stability lobe diagrams.

All the experimental results in Fig. 6(a) were conducted using an uncut Aluminium workpiece with subsequent cuts. Also, the
total material removal for all experiments was small compared to the total mass of the workpiece. Therefore, it can be assumed that
the change in dynamic properties initially identified was negligible. However, it is known that varying dynamic properties due to
change in the clamping conditions and/or material removal can be an issue and it can cause a detuning effect on the IDVA optimal
design parameters as is also the case for the TMD. To test this, further cutting tests were carried out by changing the dynamic
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Fig. 6. (a) Predicted SLD for the dynamic properties in Table 1 for the uncontrolled case, the TMD, and the IDVA-C3 where the cutting tests are marked for
the IDVA-C3. (b) Exploratory cutting tests conducted in comparison with the predicted SLDs obtained by initially identified and updated dynamic properties for
the IDVA-C3.

Table 3
The mean and standard deviation values for normally distributed dynamic properties used in
Monte Carlo simulation.

K (kN/m) fn (Hz) 𝜁𝑚

Mean (𝜇mean) 1340.3 129.29 0.0134
Standard deviation (𝜎) 0.2𝜇𝐾,𝑚𝑒𝑎𝑛 0.01𝜇𝑓𝑛 ,𝑚𝑒𝑎𝑛

0.2𝜇𝜁𝑚 ,𝑚𝑒𝑎𝑛

properties. For this, the workpiece used for previous set of experiments was replaced with a workpiece from which more material
had been removed (so its mass is smaller), and the clamping conditions were slightly changed. With the new workpiece setup, the
dynamic properties were identified: the natural frequency of 132.24 Hz, the stiffness of 1.22 × 107 N∕m, and the damping ratio of
0.0146. The experimental results conducted by this setup are presented with the introduction of new dynamic properties in Fig. 6(b).
As shown in the figure, the experimental results differ from the previous predicted SLD for the cutting tests conducted at 700 rpm,
800 rpm, 1100 rpm and 1300 rpm.

To illustrate the impact of the parameter variations more directly, if the stiffness is reduced by 15.7% to 1.13 × 107 N/m, then
the controller becomes so de-tuned that the performance only matches that of the uncontrolled system, in terms of the absolute
stability limit. This example and the results in Fig. 6(b) where all three dynamic parameters were changed indicates that the IDVA
tuned for a specific set of dynamic properties loses its effectiveness with the deviation in the dynamic parameters. Although the
adjustment of the design parameters is possible with the active control approach, this requires the identification of system parameters
during cutting. Even if the dynamic properties remain unchanged, uncertainties in the system identification can still cause similar
problems for the virtual passive absorber approach. Therefore, robustness analysis is important for a comprehensive investigation
such a method, which will be presented next.

4. Robustness

The effectiveness of the passive absorbers, or virtual passive absorbers as proposed in this paper, is highly dependent on their
robustness to changes in the dynamic properties of the primary systems. To evaluate the robustness of IDVAs in comparison to the
TMD, a Monte Carlo simulation in the frequency domain was conducted by randomly generating input parameters and observing
their effect on the stability limits. Uncertainty to the dynamic properties of the primary system (𝐾, 𝑓𝑛 and 𝜁𝑚) was applied using
a latin hypercube sampling method [55] to ensure a fair representation of the input parameter space. 500 samples were generated
and a normal distribution was applied to each input parameter. The mean values were set to the identified values presented in
Table 1. The mean values and standard deviations are given in Table 3. In this analysis, the stability limit (or SLD) is considered as
the output, applying Eq. (12). It is also assumed that the mass ratio is chosen such that no actuator saturation occurs even at the
maximum actuator force.

The results of the uncertainty analysis conducted for the TMD and the four IDVAs are evaluated with the mean value and standard
deviation for each spindle speed and each layout. The results are presented as the 95% confidence interval in the SLD form as well
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Fig. 7. (a) Coefficient of variance (cv) in percentage and (b) distribution of the stability limit for 𝜇 = 0.0055 for the TMD, the IDVA C5, and IDVA C6 after
running Monte Carlo simulation with uncertainties. Each curve and the filled region indicate the mean value and 95% confidence interval, respectively.

as coefficient of variance (CV) in percentage, which is the ratio of the standard deviation to the mean value:

𝑐v =
𝜎

𝜇𝑚𝑒𝑎𝑛
× 100. (19)

As the SLD consists of repetitive scaled lobes of the same lobe, the focus is mostly on the zeroth lobe in the presented figures for a
clear visualisation. The results for 𝜇 = 0.0055 indicated that the mean values and the standard deviations are very close for IDVA-C3,
C4 and C6. Among them, IDVA-C6 is slightly more robust than other two layouts as can be seen in Appendix C. Therefore, the rest
of this section will focus on the comparison of the TMD, IDVA-C5, and IDVA-C6.

Fig. 7 demonstrates the coefficient of variance and 95% confidence interval along the spindle speed for the TMD, IDVA-C5
and IDVA-C6 for 𝜇 = 0.0055 when three input parameters are varying. The results can be considered in three regions: the lobing
effect region (1500−2000 rpms), the absolute stability region (2350−3000 rpms), and ultra-high speed region (after 4000 rpm). All
absorbers show high variance in the lobing effect region. IDVA-C5 demonstrates a comparable coefficient of variance to the TMD
while IDVA-C6 performs worse than the TMD. In the absolute stability region, both IDVAs outperform the TMD robustness having the
coefficient of variances of 13.8%, 12.4% and 10.2% at 2700 rpm for the TMD, the IDVA-C5 and IDVA-C6, respectively. In between
the absolute stability region and ultra-high speed region, both IDVAs have higher values than the TMD. IDVA-C5 shows the worst
robustness in this region compared to other two absorbers. The coefficient of variance values get closer to each other as the spindle
speed increases in the ultra-high speed region.

As the standard deviations are normalised by the mean values in Fig. 7(a), the increment provided by each absorber is not taken
into account. In terms of that, Fig. 7(b) gives a better picture with the inclusion of the improvements. The lower boundaries of the
filled areas in the figure indicate the guaranteed stability limit with a 95% confidence for the uncertainties considered. For instance,
even though the TMD and the IDVA-C6 have the same coefficient of variance at 3057 rpm, the IDVA-C6 provides higher stability
limit (considering the lower boundaries of the confidence interval) with the depth of cut 2.83 mm compared to 2.36 mm provided
by the TMD. Also, it shows that the limiting depth of cut at 2700 rpm for the TMD is 2.69 mm whereas it is 3.46 for the IDVA-C6
with a 95% confidence. These spindle speeds chosen are close to spindle speed at which the absolute stability limit happens. These
lower boundary values lead to a 28.6% increment in the stability limit, which is 7.6% higher than the improvement presented in
Fig. 4 for the same mass ratio.

Fig. 8 presents the lower boundaries of 95% confidence interval for different mass ratios. The figure shows only the stable region,
where the grey zone is always stable regardless of the use of any absorber from the TMD, IDVA-C5 or IDVA-C6. The further increment
is shown with the colours for each absorber as indicated in the legend. It is clear from the figure that the best robustness in the
lobing effect region and the transition from that zone to the absolute stability region is provided by the IDVA-C5, especially up to
𝜇 = 0.05. The TMD shows a higher robustness towards ultra-high speed region. The absolute stability regions are mostly dominated
by the IDVA-C6 for all the mass ratio values from 0.0010 to 0.2. Moreover, the dominance of the IDVA-C6 increases with the mass
ratio. This is because of the increment in the improvement in this absorber compared to TMD.

Fig. 9 illustrates the results for the effects of uncertainty of only one parameter (𝐾, 𝑓𝑛 or 𝜁𝑚) on the stability limit for mass
ratios of 0.0055 and 0.05 by keeping two other input parameters constant. The CVs for only varying 𝐾 and 𝑓𝑛 cases show similar
behaviours to the CV in Fig. 7, where all input parameters vary. Unlike Fig. 7, the IDVA-C6 has better CV almost all spindle speeds
in three regions including the lobing effect region compared to the TMD. The increase in the mass ratio slightly affected the CV for
the case of 𝐾; however, it reduces the CVs for 𝜁𝑚 and 𝑓𝑛. Therefore, higher mass ratio increases the robustness for the IDVAs as
well as the TMD.
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Fig. 8. Lower boundaries of the 95% confidence interval region given for TMD, IDVA-C5 and IDVA-C6 for different mass ratios. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

The uncertainty analysis presented in this section evaluates relatively small variation in the natural frequency of the primary
system. It is considered that high variation in the natural frequency can be addressed by adapting the parameters of the controller
for estimated changes in the natural frequency (e.g., changes due to material removal). However, a case where the Monte Carlo
simulation was run with the parameters in Table 3 but taking the standard deviation for the natural frequency as 0.1𝜇𝑓𝑛 ,𝑚𝑒𝑎𝑛 is
presented in Appendix D as an extreme case.

5. Actuator saturation

Actuators have a limit on the maximum force that they can produce. When the control signal attempts to exceed this limit,
the actuator becomes saturated, resulting in a failure to achieve the desired control performance. Hence, it is essential to consider
actuator saturation effects in the control system. It is well-known that the higher the mass ratio, the higher the performance that
can be achieved for a traditional TMD. However, for a virtual passive absorber approach, a high mass ratio leads to higher actuation
forces that may not be achievable by an actuator. Therefore, actuator saturation is an important factor that limit the control system
performance. The investigation of the actuator force for four IDVA layouts with a comparison of the TMD is considered in this
section.

Rearranging the equations of motion in Eqs. (14) and (15), the transfer functions for the actuator force for the milling system
are derived in the Laplace domain:

𝐹𝑎(𝑠)

𝐹 (𝑠)
=

−𝐿(𝑠)𝑚𝑠2
(

𝑀𝑠2 + 𝐶𝑠 +𝐾 + 𝐿(𝑠)
) (

𝑚𝑠2 + 𝐿(𝑠)
)

− 𝐿(𝑠)2
(20)

where 𝐿(𝑠) is the mechanical impedance of the corresponding IDVA. Eq. (20) indicates the actuation force per unit cutting force.
The cutting force in milling in 𝑦-direction, which is given in Eq. (6), is periodic at the tooth passing frequency due to the directional
milling coefficient matrix [𝐴] as discussed in Section 2.

Considering the Fourier series expansion, the dominant harmonics of the cutting forces depend on the enter and exit angles of
the cutting tools, and radial immersion. For high radial immersion, only a few harmonics are sufficient to characterise the cutting
force with good accuracy. With a decrease in radial immersion, the repetitive milling force waveforms turn exceedingly narrow and
intermittent, containing multiple harmonics when expressed in the form of Fourier series. The latter especially becomes important
for the cases where the milling system is described by a multiple degree-of-freedom system as one of the harmonics can amplify the
actuator force. Three important points considered in the analysis actuator force are:

• Due to the SDOF milling system studied in this paper and the relatively high spindle speed selected, it is assumed that the
effects of higher harmonics, stemming from low radial immersion, on the actuator force will be limited.

• No helix angle for the cutting tool is considered for the sake of simplicity.
• Only steady-state response is examined.

The design parameters obtained in Section 3 were evaluated using Eq. (20) to account for the actuator saturation. The actuation
FRF (𝐹a∕𝐹 ) for 𝜇 = 0.0055 is presented in Fig. 10. The grey background indicates the frequency range corresponding to the lobing
effect zone, and the dashed line marks the frequency at which the maximum stable depth of cut occurs. As a SDOF system is
considered, the response is monotonic outside the frequency range presented in the figure. hh

In comparison to the TMD and IDVAs, significant differences in actuation forces only occur in the resonance region (120 Hz–
160 Hz). Therefore, this frequency band is critical in the decision between one absorber to another in terms of actuation saturation.
The tooth passing frequency or its harmonics that fall within this frequency range lead to an increase in the actuation force, mostly
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Fig. 9. Coefficient of variances (cv) in percentage and distribution of the stability limit for TMD, IDVA-C5, and IDVA-C6 after running Monte Carlo simulation
with uncertainties applied keeping all parameters the same except only one parameter: only stiffness (𝐾) variable for (a) 𝜇 = 0.0055 and (b) 𝜇 = 0.05, only
structural damping ratio (𝜁𝑚) variable for (c) 𝜇 = 0.0055 and (d) 𝜇 = 0.05, and only natural frequency (𝑓𝑛) variable for (e) 𝜇 = 0.0055 and (f) 𝜇 = 0.05.
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Fig. 10. The FRF for the actuation force per cutting force for 𝜇 = 0.0055, where the black dash line indicates the tooth passing frequency(𝜔𝑡𝑜𝑜𝑡ℎ) referring to the
spindle speed at which the maximum depth of cut occurs.

corresponding to the lobing effect zone. The TMD and IDVA-C5 produce lower actuator forces at all frequency ranges than the
IDVA-C3, IDVA-C4 and the IDVA-C6. For the absolute stability zone, which is around 160 Hz for this particular case, and beyond of
that zone, the actuation forces become very similar.

Since the actuation FRF in Fig. 10 is obtained for parameters optimised to maximise the absolute stability, it can be assumed
that the primary interest for the working spindle speed lies in the absolute stability region. Therefore, the actuator forces in this
region are the most important.

Fig. 11 presents the actuation FRFs for mass ratios of 0.0010, 0.01, 0.05 and 0.1 for all absorbers. As the mass ratio increases,
although the maximum actuation forces still occur in the lobing effect zone, actuation forces differ in the absolute stability region.
IDVA-C5 produces the lowest actuator force while the IDVA-C4 generates the highest actuator force when considering the maximum
actuator forces. With the increasing mass ratio, IDVA-C6 approaches the TMD. For the frequency at which the maximum stable depth
of cut occurs, the actuator forces become almost identical as the mass ratio increases. For the absolute stability region, the TMD
performs lower actuator force, whereas IDVA-C6 produces higher actuator force for large mass ratios. The validation of the results
presented in Figs. 10 and 11 was made through time-domain simulations [56] for both high and low immersion cuts and are given
in Appendix E.

Actuator force with uncertainty

Uncertainties in the system parameters affect not only the stability limit but also the actuation force. Selecting the mass ratio
and machining parameters to give the maximum actuator force possibly leads to actuator saturation due to uncertainties in these
parameters. Using the same normally distributed system parameters obtained from the Monte Carlo simulation in Section 4, changes
in the actuation forces with the uncertainty were analysed.

Fig. 12 shows the upper boundaries of 95% confidence interval for the actuator force at mass ratios of 0.0010, 0.0055, 0.05, and
0.1. The results are compared to actuator forces in ideal conditions, where no uncertainties are considered. Consequently, the values
in the figures are normalised to the ideal actuator force. For the uncertainties considered, up to approximately a 1.5 fold increase for
TMD and IDVAs is observed in the actuator force within the absolute stability region with 95% confidence. The maximum variation
in the actuator force reaches 2.5 fold in the lobing effect region. Therefore, the mass ratio should be cautiously chosen to avoid
actuator saturation caused by uncertain parameters.

Comparison of two equal peak methods

Thus far, optimal design parameters have been determined by applying equal peak method for the real part of the FRF, known
as Sims’ method [10]. This method maximises the absolute stability by minimising or maximising the real part values at the cost of
higher maximum actuator forces. Considering the actuator force saturation, Den Hartog’s method [57] might be more advantageous
as it generally requires lower actuator forces. However, it is important to evaluate each method’s effectiveness in the context of the
specific system being analysed and the actuator’s capabilities.

Den Hartog’s and Sims’ methods in the context of actuator saturation were compared for different mass ratios using the dynamic
parameters and milling parameters in Table 1. All design optimal design parameters were determined via numerical optimisation.
The maximum FRF for the actuator force and the minimum real part values of the FRFs are presented in Fig. 13. Each data point in
the figure shows the mass ratio for which the maximum FRF for the actuator force and the real part values. As demonstrated in the
figure, Sims’ method results in higher maximum actuator forces compared to Den Hartog’s method. This is expected because Den
Hartog’s method minimises the magnitude of the system, and the relative displacement between the main and auxiliary systems.
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Fig. 11. The FRFs for the actuation force per cutting force for (a) 𝜇 = 0.0010, (b) 𝜇 = 0.01, (c) 𝜇 = 0.05, and (d) 𝜇 = 0.1.

Fig. 12. The upper boundaries of 95% confidence interval for the normalised actuator force (𝐹a∕𝐹a,ideal) for (a) 𝜇 = 0.0010, (b) 𝜇 = 0.0055, (c) 𝜇 = 0.05, and (d)
𝜇 = 0.1.
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Fig. 13. (a) Actuation forces and real part responses for Den Hartog’s and Sims’ methods applied for different mass ratios. (b) The effects of two different
methods on the real responses (A and B) are shown for two maximum actuation forces.

Although the Den Hartog’s method leads to lower maximum actuator forces, it causes lower stability limit providing lower real part
responses.

An example with two cases (A and B) is shown in Fig. 13(b). Assuming an unit cutting force and maximum actuator force
of around 0.7 N, the mass ratio for Den Hartog’s method can be chosen to be 0.075. The same actuator force for Sims’ method is
obtained with a smaller mass ratio, which eventually leads to higher stability limit by providing a higher negative real part response
(as marked A). In the other case (case B), the mass ratio for Den Hartog’s method is chosen to be 0.02, assuming a unit cutting
force and maximum actuator force of around 0.8 N. The same actuator force for Sims’ method requires a choice of a smaller mass
ratio, which, this time, leads to lower stability limit by providing a smaller negative real part response. Two cases require different
optimisation methods to obtain the best performance. However, this example considered only the maximum actuator forces, which
occurs in the lobing effect region. The actuation FRFs presented in Figs. 10 and 11 provide smaller amplitudes outside the resonance
region, so Sims’ method becomes more effective again if the lobing effect will not be benefited. Therefore, there is a trade-off between
Den Hartog and Sims’ methods when the actuator saturation is involved. The decision of which method to use is case-specific.

6. Discussion

The analysis presented in this paper has clearly demonstrated that the virtual IDVA is more effective than the virtual TMD for
active chatter control. Nonetheless, there are several aspects that merit additional discussion.

The virtual IDVA has provided all the benefits of the virtual TMD, but with superior performance and robustness. The active
control approach offers the adaptability that can be useful for adjusting parameters in response to changes in dynamic parameters,
such as natural frequency, due to the material removal and/or clamping conditions. Although changes due to material removal can
be determined so that parameters can be adjusted, it is challenging to address deviations in system parameters identified in a static
position in the operational mode during cutting. This issue has been investigated in this paper through the robustness analyses,
showing that IDVAs provided a more robust solution. Even with material removal, determining changes in natural frequency can be
difficult for complex structures. The robustness analysis provided for varying 𝑓𝑛 is particularly interested, as the material removal
introduces this type of uncertainty. Uncertainties in milling parameters such as specific cutting coefficients or immersion, have
not been discussed because they act as a gain in the stability equation (as shown in Eq. (12)), making their importance less
critical for a SDOF milling system. Therefore, the focus was on the uncertainties in the structural dynamic part of the equation.
The uncertainty analysis conducted in this paper can also be viewed as an application of the digital twin concept. By simulating
the impact of uncertainties on system performance, a virtual representation that helps anticipate and mitigate potential issues in
real-world applications is created. This approach contributes to enhancing the adaptability and robustness of the virtual IDVA system.

It has been shown that the mass ratio influences performance and robustness similarly to that of the TMD. However, a high mass
ratio is limited by the actuator saturation, which can lead to instability and performance degradation. The experimental setup has a
high modal mass, making it difficult to achieve a high mass ratio. For smaller workpieces, higher mass ratios are possible, resulting
in increased robustness and performance compared to classical TMDs. It is important to note that only steady-state responses were
considered when assessing actuator force. Transient actuator forces, which initially occur in the time-domain response (as it appears
in time domain response presented in Appendix E), might be worth considering to avoid saturation and instabilities.

Since passive absorbers do not have saturation problems, Sims’ method provides the best performance for chatter suppression.
However, for active systems involving an actuator, Den Hartog’s method may be more preferable for parameter optimisation due
to smaller actuator force generated. Moreover, the uncertain system parameters causes higher actuation force than the case where
no uncertainty is considered. This further limits the performance improvement. Therefore, the choice of the optimisation method
is case-specific, and an ad hoc optimisation method could potentially offer better results than Den Hartog’s and Sims’ methods.
It should also be noted that a helical fluted tool will reduce the cutting forces and hence the actuator force. In this paper, only
a SDOF system was considered; however, for complex structures with multiple degree-of-freedom, higher harmonics may trigger
higher modes, particularly for low immersion cuts.
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The focus of this study was on the absolute stability limit, assuming that the working spindle speed lies within that region
of the SLD. Operating within the lobing effect region can result in higher actuator forces, especially for small mass ratios. If the
working spindle speed of interest lies within the lobing effect region, a different optimisation approach with an objective function
targeting performance maximisation for the lobing effect should be considered. It is also possible to use an approach by setting
design parameters differently for various regions of the SLD.

Since the analysis was based on an experimental setup with structural damping, the optimal design parameters were found via
numerical optimisation. For low structural damping, analytical solutions for Sims’ and Den Hartog’s methods can be directly utilised
for the optimal design parameters.

Performance evaluation and robustness analysis presented in this paper are also applicable for passive devices. Robustness
analysis can be particularly beneficial when applying these designs with passive control methods. However, the system’s modal
mass in machining operations is generally small, making the physical realisation of the IDVAs problematic because of the small
inertance required. Also, realising this structure without introducing parasitic mass effects or extra stiffness can be a challenging
task [27]. Therefore, the virtual IDVA method may be the most effective way to implement an ideal IDVA application for small
mass ratios.

Considering the practical implementation of such virtual passive systems is important. While the experimental setup may seem
impractical, its feasibility can be improved through approaches such as robotic assistance [37]. By employing an actively controlled
robotic arm to support the workpiece, the proposed approach can be applied in machining application while maintaining the desired
performance and robustness.

7. Conclusion

This paper has presented a comprehensive analysis of IDVAs for active chatter suppression with a focus on maximising the
absolute stability limit. While the main objective was to determine the optimal design parameters for achieving absolute stability
limit, evaluations were conducted across all regions of the SLD, including the lobing effect region, the absolute stability region, and
ultra-high-speed zone. Based on the analysis, the following conclusions can be drawn:

• Performance evaluation of IDVAs compared to a classical TMD has been demonstrated with all IDVAs outperforming a classical
TMD. The best performances are provided by IDVA-C3 and IDVA-C6 for all mass ratios, while IDVA-C4 performs well only for
small mass ratios.

• The performance improvement was experimentally verified for IDVA-C3. Additionally, it was shown that varying dynamic
parameters led to performance degradation with detuned design parameters.

• Robustness of IDVAs was assessed for the uncertainties in the main structure dynamic parameters through Monte Carlo
simulation. The results indicate that IDVA-C3, IDVA-C4 and IDVA-C6 are more robust than the TMD and IDVA-C5. Their
robustness increases with mass ratio. By combining robustness with performance improvement, IDVAs become increasingly
preferable over a classical TMD in virtual passive absorber approach.

• The performance of the virtual IDVA approach is limited by actuator saturation. The actuator forces generated by each IDVA
were first evaluated by neglecting uncertainties in the system parameters. The results revealed that actuator forces for IDVAs
and the TMD differ in the lobing effect zone for small mass ratios. However, there is no significant difference in the actuator
forces among IDVAs and the TMD for absolute stability region and beyond. Considering the uncertainties showed up to 1.5–2.5
fold increases in the actuator forces for all absorbers including the TMD.

• Unlike passive control methods, applying Sims’ method may not be the best option to achieve optimal suppression performance
due to high maximum actuator forces if actuator saturation is to be avoided across all spindle speeds with design parameters
tuned for the absolute stability limit. In such cases, an ad hoc optimisation approach may be more desirable.

In conclusion, this study has demonstrated the potential advantages and application of IDVAs for active chatter suppression.
Some of these techniques can also be applied to passive devices. However, there are some limitations and areas for future work
to further enhance the performance and applicability of IDVAs. Future research could investigate the use of IDVAs for complex
structures with multiple degree-of-freedom to broaden their applicability. Furthermore, examining additional sources of uncertainty,
such as machining parameters, would help better understand their impact on IDVA performance and robustness. Investigating
other optimisation objectives or incorporating multi-objective optimisation methods could lead to more versatile and robust IDVA
implementations.

The works presented in [37,49,58] provided comparisons of the VPA with other traditional active control methods. The analysis
in this study demonstrated that a virtual IDVA in an active control scheme is a better approach than the VPA. Therefore, it can be
commented that a virtual IDVA will provide a better performance than all traditional control methods that are outperformed by the
VPA. However, a direct comparison of the virtual IDVA with other traditional methods has been considered as the out of scope of
this study. A full comparison of a virtual IDVA with other traditional methods has remained a separate work for future.
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Appendix A. Complete terms for frequency response functions

Mechanical impedances (𝐹𝑎 = 𝐿𝑦(𝑡)) for the control device are presented in the Laplace domain as followings:

𝐿𝐼𝐷𝑉 𝐴𝐶3
(𝑠) =𝑘𝑜 +

𝑏𝑐𝑘𝑖𝑠
2

𝑏𝑐𝑠2 + (𝑏𝑠 + 𝑐)𝑘𝑖

𝐿𝐼𝐷𝑉 𝐴𝐶4
(𝑠) =𝑘𝑜 +

𝑏(𝑐𝑠 + 𝑘𝑖)𝑠
2

𝑏𝑠2 + 𝑐𝑠 + 𝑘𝑖

𝐿𝐼𝐷𝑉 𝐴𝐶5
(𝑠) =𝑘𝑜 +

(𝑏𝑠2 + 𝑘𝑖)𝑐𝑠

𝑏𝑠2 + 𝑐𝑠 + 𝑘𝑖

𝐿𝐼𝐷𝑉 𝐴𝐶6
(𝑠) =𝑘𝑜 +

(𝑏𝑠 + 𝑐)𝑘𝑖𝑠

𝑏𝑠2 + 𝑐𝑠 + 𝑘𝑖

Complete terms in Eq. (17) are given as follows:

𝑅𝑛,𝐼𝐷𝑉 𝐴𝐶3
= − 2𝛿𝜂2𝛾2𝜆2𝜁𝑎 + 2𝜂2𝛾4𝜁𝑎 − 2𝜂2𝛾2𝜆2𝜁𝑎 − 2𝛾2𝜆2𝜁𝑎 + 2𝜆4𝜁𝑎

𝐼𝑛,𝐼𝐷𝑉 𝐴𝐶3
=𝛿𝜂2𝛾3𝜆 − 𝛿𝜂2𝛾𝜆3

𝑅𝑑,𝐼𝐷𝑉 𝐴𝐶3
=2𝛿𝜂2𝛾2𝜆4𝜇𝜁𝑎 + 2𝛿𝜂2𝛾2𝜆4𝜁𝑎 − 2𝜂2𝛾4𝜆2𝜇𝜁𝑎 − 2𝜂2𝛾4𝜆2𝜁𝑎 + 2𝜂2𝛾2𝜆4𝜁𝑎 − 2𝛿𝜂2𝛾2𝜆2𝜁𝑎

+ 2𝛾2𝜆4𝜇𝜁𝑎 + 2𝜂2𝛾4𝜁𝑎 − 2𝜂2𝛾2𝜆2𝜁𝑎 + 2𝛾2𝜆4𝜁𝑎 − 2𝜆6𝜁𝑎 − 2𝛾2𝜆2𝜁𝑎 + 2𝜆4𝜁𝑎

𝐼𝑑,𝐼𝐷𝑉 𝐴𝐶3
= − 𝛿𝜂2𝛾3𝜆3𝜇 − 𝛿𝜂2𝛾3𝜆3 + 𝛿𝜂2𝛾𝜆5 + 𝛿𝜂2𝛾3𝜆 − 𝛿𝜂2𝛾𝜆3

𝑅𝑛,𝐼𝐷𝑉 𝐴𝐶4
= − 𝛿2𝜂2𝛾2𝜆2 + 𝛿𝜂2𝛾4 − 𝛿𝜂2𝛾2𝜆2 − 𝛿𝛾2𝜆2 + 𝛿𝜆4

𝐼𝑛,𝐼𝐷𝑉 𝐴𝐶4
= − 2𝛿𝛾𝜆3𝜁𝑎 + 2𝛾3𝜆𝜁𝑎 − 2𝛾𝜆3𝜁𝑎

𝑅𝑑,𝐼𝐷𝑉 𝐴𝐶4
=𝛿2𝜂2𝛾2𝜆4𝜇 + 𝛿2𝜂2𝛾2𝜆4 − 𝛿𝜂2𝛾4𝜆2𝜇 − 𝛿𝜂2𝛾4𝜆2 + 𝛿𝜂2𝛾2𝜆4 − 𝛿2𝜂2𝛾2𝜆2

+ 𝛿𝛾2𝜆4𝜇 + 𝛿𝜂2𝛾4 − 𝛿𝜂2𝛾2𝜆2 + 𝛿𝛾2𝜆4 − 𝛿𝜆6 − 𝛿𝛾2𝜆2 + 𝛿𝜆4

𝐼𝑑,𝐼𝐷𝑉 𝐴𝐶4
=2𝛿𝛾𝜆5𝜇𝜁𝑎 + 2𝛿𝛾𝜆5𝜁𝑎 − 2𝛾3𝜆3𝜇𝜁𝑎 − 2𝛾3𝜆3𝜁𝑎 + 2𝛾𝜆5𝜁𝑎 − 2𝛿𝛾𝜆3𝜁𝑎 + 2𝛾3𝜆𝜁𝑎 − 2𝛾𝜆3𝜁𝑎

𝑅𝑛,𝐼𝐷𝑉 𝐴𝐶5
=𝛿𝜂2𝛾4 − 𝛿𝜂2𝛾2𝜆2 − 𝛿𝛾2𝜆2 + 𝛿𝜆4

𝐼𝑛,𝐼𝐷𝑉 𝐴𝐶5
=2𝛿𝜂2𝛾3𝜆𝜁𝑎 − 2𝛿𝛾𝜆3𝜁𝑎 + 2𝛾3𝜆𝜁𝑎 − 2𝛾𝜆3𝜁𝑎

𝑅𝑑,𝐼𝐷𝑉 𝐴𝐶5
= − 𝛿𝜂2𝛾4𝜆2𝜇 − 𝛿𝜂2𝛾4𝜆2 + 𝛿𝜂2𝛾2𝜆4 + 𝛿𝛾2𝜆4𝜇 + 𝛿𝜂2𝛾4 − 𝛿𝜂2𝛾2𝜆2 + 𝛿𝛾2𝜆4

− 𝛿𝜆6 − 𝛿𝛾2𝜆2 + 𝛿𝜆4

𝐼𝑑,𝐼𝐷𝑉 𝐴𝐶5
= − 2𝛿𝜂2𝛾3𝜆3𝜇𝜁𝑎 − 2𝛿𝜂2𝛾3𝜆3𝜁𝑎 + 2𝛿𝛾𝜆5𝜇𝜁𝑎 + 2𝛿𝜂2𝛾3𝜆𝜁𝑎 + 2𝛿𝛾𝜆5𝜁𝑎 − 2𝛾3𝜆3𝜇𝜁𝑎

− 2𝛾3𝜆3𝜁𝑎 + 2𝛾𝜆5𝜁𝑎 − 2𝛿𝛾𝜆3𝜁𝑎 + 2𝛾3𝜆𝜁𝑎 − 2𝛾𝜆3𝜁𝑎

𝑅𝑛,𝐼𝐷𝑉 𝐴𝐶6
= − 𝛿2𝜂2𝛾2𝜆2 + 𝛿𝜂2𝛾4 − 𝛿𝜂2𝛾2𝜆2 − 𝛿𝛾2𝜆2 + 𝛿𝜆4

𝐼𝑛,𝐼𝐷𝑉 𝐴𝐶6
=2𝛿𝜂2𝛾3𝜆𝜁𝑎 + 2𝛾3𝜆𝜁𝑎 − 2𝛾𝜆3𝜁𝑎

𝑅𝑑,𝐼𝐷𝑉 𝐴𝐶6
=𝛿2𝜂2𝛾2𝜆4𝜇 + 𝛿2𝜂2𝛾2𝜆4 − 𝛿𝜂2𝛾4𝜆2𝜇 − 𝛿𝜂2𝛾4𝜆2 + 𝛿𝜂2𝛾2𝜆4 − 𝛿2𝜂2𝛾2𝜆2

+ 𝛿𝛾2𝜆4𝜇 + 𝛿𝜂2𝛾4 − 𝛿𝜂2𝛾2𝜆2 + 𝛿𝛾2𝜆4 − 𝛿𝜆6 − 𝛿𝛾2𝜆2 + 𝛿𝜆4

𝐼𝑑,𝐼𝐷𝑉 𝐴𝐶6
= − 2𝛿𝜂2𝛾3𝜆3𝜇𝜁𝑎 − 2𝛿𝜂2𝛾3𝜆3𝜁𝑎 + 2𝛿𝜂2𝛾3𝜆𝜁𝑎 − 2𝛾3𝜆3𝜇𝜁𝑎 − 2𝛾3𝜆3𝜁𝑎 + 2𝛾𝜆5𝜁𝑎

+ 2𝛾3𝜆𝜁𝑎 − 2𝛾𝜆3𝜁𝑎

Appendix B. Once-per-revolution and frequency spectrum for experiments

Once-per-revolution and frequency spectrum for the experiments in Fig. 6(a) are presentedn in Fig. 14.

Appendix C. Comparison of robustness results of IDVA𝐂𝟑, IDVA𝐂𝟒 and IDVA𝐂𝟔

Comparison of robustness results of IDVAC3, IDVAC4 and IDVAC6 indicates that three IDVAs performs comparable robustness
(see Fig. 15).
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Fig. 14. Once-per-revolutions and frequency spectra for the cutting tests in Fig. 6(a): (a) uncontrolled, 1100 rpm, 2 mm depth of cut; (b) controlled, 1100 rpm,
4 mm depth of cut; (c) controlled, 1100 rpm, 5 mm depth of cut; (d) controlled, 1100 rpm, 6 mm depth of cut.

Fig. 15. Robustness of IDVAC3, IDVAC4 and IDVAC6 for (a) 𝜇 = 0.0055 and (b) 𝜇 = 0.05.

Appendix D. Uncertainty analysis for high standard deviation for the natural frequency

The standard deviation for the natural frequency was considered as 0.1𝜇𝑓𝑛 ,𝑚𝑒𝑎𝑛 for mass ratio of 0.0055 to observe the effect

of high variation from the nominal natural frequency. For the rest of the dynamic properties of the primary system was taken as

presented in 3 and a Monte Carlo simulation was conducted for 500 samples for all four IDVA layouts and TMD. All SLDs are

demonstrated in Fig. 16(a). Since the high variation in the natural frequency causes high shift in the location of the troughs in the

SLD, it is not possible to obtain a meaningful results from the normal distribution of the results. Therefore, only the minimum stable

depth of cut for each layout is presented in Fig. 16(b).

Appendix E. Time domain simulations for actuation forces

Time domain simulations were conducted to verify the actuation force results presented in Figs. 10 and 11. Parameters to obtain

the time domain results in Fig. 17 are presented in Table 4. Milling parameters that are not given in Table 4 were taken from

Table 1. The frequency spectrum of the cutting forces for two cases in Fig. 17(a) and (b) where consider both high and low radial

immersions are also demonstrated in Fig. 17(c) and (d), respectively.
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Fig. 16. (a) Monte Carlo simulation results for each IDVA and TMD for the mass ratio of 0.0055 and (b) the minimum stable depth of cut for each layout.

Table 4
Milling parameters for the time domain simulations presented in Fig. 17.

𝜇 Spindle speed Feed Radial immersion Axial depth of cut

Fig. 17(a) 0.0055 2100 rpm (140 Hz) 0.05 mm/tooth 50% 2 mm

Fig. 17(b) 0.05 1950 rpm (130 Hz) 0.05 mm/tooth 2% 2 mm

Fig. 17. Time domain simulations comparing two scenarios: (a) low radial immersion with 𝜇 = 0.0055, 𝑁 = 2100 rpm and 50% radial immersion, and (b) high
radial immersion with 𝜇 = 0.05, 𝑁 = 1950 rpm and 2% radial immersion. The harmonics of the cutting forces obtained by the Fourier series expansion for high
and low radial immersions are illustrated in frequency spectra for time domain results in (c) and (d), respectively.
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