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Abstract

Joyce structures were introduced by T. Bridgeland in the context of the space of
stability conditions of a three-dimensional Calabi—Yau category and its associated
Donaldson-Thomas invariants. In subsequent work, T. Bridgeland and I. Strachan
showed that Joyce structures satisfying a certain non-degeneracy condition encode a
complex hyperkdhler structure on the tangent bundle of the base of the Joyce structure.
In this work we give a definition of an analogous structure over an affine special Kihler
(ASK) manifold, which we call a special Joyce structure. Furthermore, we show that it
encodes a real hyperkéhler (HK) structure on the tangent bundle of the ASK manifold,
possibly of indefinite signature. Particular examples include the semi-flat HK metric
associated to an ASK manifold (also known as the rigid c-map metric) and the HK
metrics associated to certain uncoupled variations of BPS structures over the ASK
manifold. Finally, we relate the HK metrics coming from special Joyce structures to
HK metrics on the total space of algebraic integrable systems.
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1 Introduction

The motivation for this work comes mainly from two sources: on the one hand, the
work of T. Bridgeland and I. Strachan on Joyce structures and their associated complex
hyperkéhler (C-HK) structures [8]; and on the other hand, the work in the physics
literature of D. Gaiotto, G. Moore and A. Neitzke, which associates a real hyperkéhler
(HK) structure to a variation of BPS structures over an affine special Kihler (ASK)
manifold [14].

Given a three-dimensional Calabi—Yau triangulated category D, the notion of Joyce
structure was introduced in [6] to describe a certain geometric structure on the space
of stability conditions Stab(D), encoded by the Donaldson-Thomas invariants of D.
Assuming certain non-degeneracy conditions are satisfied, the starting point of a Joyce
structure is a holomorphic symplectic manifold M with a compatible flat and torsion-
free connection. The data of a Joyce structure over M associate a family of flat
holomorphic Ehresmann connections A¢ on 7 : TM — M parametrized by ¢ €
C* = C\{0}, which must be symplectic and satisfy certain additional properties
that we omit for the sake of brevity. Joyce structures are locally encoded in a single
holomorphic function W on an open subset of 7'M, known as the Plebanski function,
which must satisfy a set of partial differential equations called Plebanski’s second
heavenly equations (see [8, Equation 1]). The way Joyce structures over Stab(D) are
built in the known examples (see [6, Section 8, 9 and 10], [7] and [4]) is by solving a
certain Riemann-Hilbert (RH) problem determined by the DT invariants and natural
structures on Stab(D) [5]. The solutions of the RH problem are then used to define the
corresponding family A% of flat holomorphic Ehresmann connections. In subsequent
work by T. Bridgeland and I. Strachan [8], they showed that a Joyce structure over
M naturally encodes a C-HK structure on (an open subset of) 7M. Since Joyce
structures are locally encoded by the Plebariski function W, the same holds true for
the associated C-HK structure.

On the other hand, there is a strong parallel between the way Joyce structures are
constructed and previous work in the physics literature by D. Gaiotto, G. Moore and
A. Neitzke [14]. In their work, they start with an ASK manifold M together with a
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variation of BPS structures over M.! Variations of BPS structures were introduced in
[5] and can be thought as abstracting the natural structures present in Stab(D) together
with the associated DT invariants, or as abstracting natural structures appearing in the
context of 4d N = 2 supersymmetric field theories (or the supergravity counterparts)
and their BPS indices. From these data they construct a real HK manifold on the cotan-
gent bundle 7*M by solving a certain RH problem which is related, but different, to
the RH problem considered by T. Bridgeland. Physically, this HK metric is an instan-
ton corrected metric of a moduli space associated to a 3d effective theory, obtained
from the 4d V' = 2 theory by compactifying on S!. The construction of [14] is math-
ematically well-understood when the variation of BPS structures is uncoupled? (see,
for example, [10, Section 3] for a mathematical treatment of this case). The harder and
not well-understood case of coupled variations of BPS structures is quite interesting
and important, since particular cases are conjectured to give rise to the HK metrics of
certain Higgs bundles moduli spaces [15, 17, 18]. Some results hinting that this might
be true have been obtained in the mathematics literature, for example [11, 13].

In this work, we try to relate the above two perspectives by encoding a real HK
geometry on the tangent bundle of an ASK manifold by something similar to a Joyce
structure. Given an ASK manifold M, we define a structure involving a C*-family
of complexified® flat Ehresmann connections A% on 7 : TM — M. Since such a
structure is defined over a special Kéhler manifold, we will call it a special Joyce
structure. We nevertheless emphasize that these are not particular cases of the Joyce
structures defined in [6], but only similar structures. We show in Theorem 3.15 that
special Joyce structures encode a real HK structure on 7'M, possibly of indefinite
signature. Analogously to Joyce structures, the family .A¢ of a special Joyce structure is
also determined by a complex-valued function J on (an open subset of) 7 M. Contrary
to usual Joyce structures, the function J must now be smooth (instead of holomorphic)
and must satisfy a more complicated set of partial differential equations (3.43) which
nevertheless have similarities to the Plebanski’s second heavenly equations (3.58)
appearing in [8, Equation 1].

We will see that particular examples of special Joyce structures recover the semi-
flat HK metric [1, 12], and the HK metrics associated to uncoupled variations of BPS
structures from [14] discussed in detail in [10]. While these examples of HK metrics
are more naturally defined in 7*M instead of T M, we will see that the HK structure
on T'M given by the special Joyce structure is related to the one in 7*M by the natural
identification w : TM = T*M, X — w(X, —) given by the Kihler form w of the
ASK structure on M. Furthermore, even though in general the HK metrics that we get
from special Joyce structures might be of indefinite signature, in the examples from
above it is known how to control the signature of the resulting HK manifolds in terms
of the signature of the ASK metric (see [10, Section 3]).

The HK metrics constructed from special Joyce structures have a close connection
to algebraic integrable systems. Indeed, when the ASK structure on M is described

' We remark that they did not have the notion of variation of BPS structures, since this was introduced later
in [5]. Hence, that terminology does not appear in [14].

2 Also known as mutually local.

3A complexified Ehresmann connection is not in general the complex linear extension of an Ehresmann
connection. However, the latter gives examples of complexified Ehresmann connections. See Sect.2.2.
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by a period structure (M, I', Z) (see Sect.4.2.1), then provided the HK geometry on
T M induced by the special Joyce structure is invariant under fiberwise translations by
27 - T c TM.,* we obtain an HK metric on X := TM/Q2r - T). We will then see
that the canonical projection 7 : X — M has the structure of an algebraic integrable
system compatible with the HK structure on X. The examples mentioned above of
semi-flat metrics and HK metrics associated to uncoupled variations of BPS structures
are instances of this.

The particular form of the family A% appearing in the definition of special Joyce
structures (3.38) is motivated by trying to generalize the family .A¢ that occurs for HK
metrics associated to uncoupled variations of BPS structures, discussed in Sect.4.2.
Nevertheless, it is currently unknown to the author whether special Joyce structures
are able to capture the missing case of HK metrics associated to coupled variations
of BPS structures. We comment on a possible strategy for checking this in Appendix
B.’ If the HK metrics corresponding to coupled variations of BPS structures are not
included in the HK metrics encoded by special Joyce structures, then this missing case
is likely described by a structure that generalizes the current definition of special Joyce
structures. In any case, the current definition seems to be general enough to possibly
allow other HK metrics beyond the examples discussed in Sect. 4. For instance, the
function J defining the family .4° must in general satisfy a set of non-linear Plebariski-
like PDE’s (3.43), while in the particular case of uncoupled variation of BPS structures,
the corresponding PDE’s satisfied by J simplify to linear PDE’s (4.31).

Finally, we note that part of the definition of Joyce structures from T. Bridgeland
requires the data of a holomorphic Euler vector field of M. While in general we do
not have the analog of this in the definition of special Joyce structure over M, what the
analog should be is obvious when M is conical affine special Kihler (CASK) instead of
just ASK. In such a case M comes equipped with a (real) Euler vector field, satisfying
similar properties to the holomorphic Euler vector field from Joyce structures. Further-
more, in [10] it was shown that HK metrics associated to uncoupled variation of BPS
structures over a CASK manifold admit an infinitesimal rotating action together with
a hyperholomorphic line bundle®. One can then apply the HK/QK correspondence to
obtain a quaternionic-Kihler (QK) manifold from the HK manifold. These QK met-
rics are related to QK structures of certain moduli spaces associated to Calabi—Yau
compactifications of type IIA/B string theory. Whether a similar construction holds
for HK manifolds associated to a special Joyce structure over a CASK base will be
deferred to future work.

4 In the work of T. Bridgeland [6], this kind of property is included in the definition of Joyce structure.
5 The author would like to thank S. Alexandrov and B. Pioline for suggesting this.

6 Here by infinitesimal rotating action we mean a Killing vector field which leaves invariant one of the
Kihler forms of the HK structure, and rotates the other two. On the other hand, by hyperholomorphic line
bundle we mean a line bundle with connection over the HK manifold, whose curvature is of type (1, 1) with
respect to the three complex structures of the HK structure.
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1.1 Structure of the paper

e In Sect.2 we start by recalling some well-known facts about affine special Kéhler
(ASK) manifolds and some particular sets of coordinates adapted to the ASK
structure. Everything we say about ASK manifolds is either contained in [12] or
[1]. We also recall the notion of Ehresmann connection and a slight extension of
it, called complexified Ehresmann connection, and give some facts that will be
useful for later.

e In Sect.3 we start discussing certain families .A¢ of complexified Ehresmann con-
nections parametrized by ¢ € C* and their relation to hypercomplex structures.
We then specialize the previous family .A¢ and discuss the notion of almost special
Joyce structure. When the family A associated to the almost special Joyce struc-
ture is flat for each ¢ € C* and satisfies a certain compatibility property with the
ASK structure on M, we obtain the notion of special Joyce structure (see Defini-
tion 3.12). Given a special Joyce structure over M, we show that one can associate
a natural hyperhermitian structure on 7 M. The main theorem (see Theorem 3.15)
shows that this hyperhermitian structure is actually hyperkéhler.

e In Sect.4 we discuss two classes of examples. The first corresponds to the trivial
special Joyce structure over an ASK manifold, which recovers the semi-flat HK
metric associated to the ASK manifold. The second class is a lot more interesting,
and recovers HK manifolds associated to uncoupled variations of BPS structures
over an ASK manifold. In particular, we write a function J specifying the special
Joyce structure explicitly (see (4.28)) and check that the required PDE’s (3.43) are
satisfied. For the convenience of the reader, we recall the notion of special period
structure and variations of BPS structures, required to understand the example.

e In Sect.5 we discuss the relation between special Joyce structures and algebraic
integrable systems. Namely, we consider the case where the ASK manifold comes
from a special period structure (M, I", Z) (see Definition 4.2) and the special
Joyce structure is compatible with the period structure. In such a case, one obtains
an HK structure on X = TM/(2x - I'), and the HK structure induces on the
canonical projection X — M the structure of an algebraic integrable system. All
our examples from Sect. 4 will be instances of this.

1.2 Conventions

Unless otherwise stated, all objects and morphisms are smooth. We will frequently
disregard the signature of pseudo-Riemannian metrics and refer to pseudo-Kihler,
pseudo-hermitian or pseudo-hyperkihler manifolds simply as Kihler, hermitian or
hyperkéhler. All Hamiltonian vector fields and Poisson brackets are with respect to
the symplectic structure on the vertical bundle induced by the special Kihler form (see
Sect.3.2.1). Einstein summation convention is used throughout the paper.
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2 Preliminaries

In this section we discuss some well-known facts about affine special Kéhler (ASK)
manifolds, and some basic facts about Ehresmann connections and the related notion
of complexified Ehresmann connections. All the results about ASK manifolds can be
found in [1, 12], but we include some proofs in order to be as self-contained as possible
and to fix notations.

2.1 Affine special Kdhler manifolds

Definition 2.1 An affine special Kéhler (ASK) manifold is a tuple (M, I, w, V) such
that:

e (M, I, w) is a pseudo-Kéhler manifold, where I is the complex structure and w
the Kihler form. The possibly indefinite metric is given by g(—, —) = o (—, I —).

e V is a flat, torsion-free connection on M.

e Vw = 0 and dy/ = 0, where in the latter we think of / as an element of
Q' (M, TM) (i.e., 1-form with values in T M) and dy is the natural extension of
V:Q9M, TM) — QY (M, TM) to higher degree forms dy : QkMm, TM) —>
QLM TM).

We now recall some well-known results from [1, 12].

Lemma 2.2 Giyen an ASK manifold (M, I, w, V), there exist locally flat Darboux
coordinates (x', y;) for . That is

w=dx' Ady;, V(dx')=Vdy)=0. 2.1

Proof Let v’ be alocal flat frame of 7*M with respect to V around p € M. There is a
constant linear change of frame (v');—1, . 2dime(m) — (€, &)i=1,... dime(m) such that
atpe M '

wly =& A&l 22)

Since Vo = 0 and (¢, &) are flat, (2.2) holds on an open set containing p. On the
other hand, the torsion-free condition can be written as

dv(Idry) =0, (2.3)

where Id7y € QY(M, MT) is the identity map on 7 M. Letting (n;, ni) be the flat
frame of T M dual to (¢, &), we conclude from (2.3) and Id7y = &' @ n; + & @ 1!
that ' _

d&'®n +d&; ®n' =0. 2.4)

It then follows that d§ ! = d& = 0, and hence, locally there is a coordinate system
(x*, y;) such that _ .
dxf = &', dy; = &. (2.5)

The result then follows. O
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Definition 2.3 Coordinates (x’, y;) on an ASK manifold as in Lemma 2.2 are called
affine special coordinates.

Lemma 2.4 [1, Theorem 1] Given an ASK manifold (M, I, w, V), locally around
any point p € M there are two associated systems of holomorphic coordinates
(Z")i=1,....dimcm) and (Z;)i=1, ... dime(m) for (M, I) such that Re(Z') = x', Re(Z;) =
—Vi define affine special coordinates.

Proof Consider the projection 710 : TM ® C — T1OM into (1, 0) vectors with
respect to I given by
1
a0 = z(IdTM —il). (2.6)

It can be thought as an element of QLOM, TM ® C). The fact that dy (/) = 0 and
the torsion freeness of V (2.3) imply that

dyr!'?=0. 2.7
By the Poincaré lemma, there is locally a complex vector field £ -0 such that
vell = 710, (2.8)

Let (y;, ¥') be a local flat Darboux frame of T M with respect to w around p € M.
Then

o_ Yoo
§7=3CYi—Ziy) 2.9

for some locally defined complex-valued functions Z’ and Z; on M. But then
1 . :
70— vel0 = E(dzl Ry —dzZ; @ y') e Q"O(M, TM ® C) (2.10)

implies that dZ idzi e QI'O(M ), and hence Z! and Z; are holomorphic functions on
(M, I). Note that
2Re(7 %) = Idy (2.11)

implies that (x’ = Re(Z'), y; = —Re(Z;)) is alocal coordinate system around p € M
and that y; = 0,4, yi= dy,. Hence, (x', y;) is flat and Darboux with respect to w.

We now show that both sets of holomorphic functions (Z') and (Z;) define coor-
dinates systems on M. To see this, note that (x’, y;) defines a Lagrangian splitting of
T*M (with respect to ™)

(2.12)
Due to the compatibility of @ and I, by possibly performing a constant symplectic
linear change of coordinates, we can assume that

L, NI*L, = {0}, L,NI*L,={0}. (2.13)
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Noting that ' ' '
dZ' =dx' —iI*dx', dz; = —dy; +il*dy;, (2.14)

it then follows from the independence of the dx! (resp. dy;) that the dz! (respt dZz;)
are independent at p € M, and hence locally around p € M. It follows that (Z') and
(Z;) are holomorphic coordinate systems of M. O

Definition 2.5 Two systems of holomorphic coordinates (Z?) and (Z;) on an ASK
manifold obtained as in (2.9) are called a conjugate systems of holomorphic special
coordinates.

Lemma 2.6 Consider a conjugate system of holomorphic special coordinates (Z")
and (Z;) for an ASK manifold. Define t;; by

dZ; = ;dZ". (2.15)
Then there exists a local holomorphic function §(Z') such that

925

In particular, we must have t;j = t;;, and with respect to the holomorphic coordinates
(Z") we have

w= %Im(fl‘j)dzi ~dZ' . @.17)

Proof Note that writing as in the proof of Lemma 2.4

1 .0 0
eN0=_ (72— —z,— (2.18)
2 dx! ay;
we find
201 (1Z"(x>i—z~dzf<g>i (2.19)
2 axi Y dyi ) ’
Evaluating the above at d,: one finds
1/ 9 0
9= — [ — — 7., — ) . 2.20
272 <3x’ o 3yz'> 220

On the other hand, using that w is of type (1, 1), we find
d 0 1
so that 7;; = tj;. It follows that the holomorphic 1-form

Z:dZ! (2.22)
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is closed, and hence, locally there is a holomorphic function § such that

, AT 3T
dg = Zile, — Z; = ﬁ, Tij = 571977 " (2.23)
Finally, note that
0 0 1 _ i
@\ 57 E = Z(Tji —Ti) = Elm(rij) (2.24)
so that . ‘
®= %Im(ri dzi AdZ’ . (2.25)
[}

2.2 Complexified Ehresmann connections

Consider a smooth submersion 7 : N — M andlet V; := Ker(dzr) C T N denote the
vertical bundle associated to 7. This gives rise to the short exact sequence of vector
bundles over N ‘

00—V, - TN 2% 25T M) — 0. (2.26)

Definition 2.7 An Ehresmann connection on 7 : N — M is a splitting of the above
short exact sequence. That is, a vector bundle map A : 7*(TM) — TN such that
dr oA = 1.Given X € n*(T M) we use the notation Ay := A(X) for the evaluation.

Definition 2.8 Let 7 : N — M as before and consider the complexified short exact
sequence

0— V,®C -5 TN®CY 7*(TM)®C —> 0. (2.27)

A complexified Ehresmann connection on ¥ : N — M is a complex vector bundle
map A: 7*(TM)®C — TN ® Csuchthatdr o A =1

Definition 2.9 An Ehresmann connection (resp. complexified Ehresmann connection)
A is flat if the distribution Im(A4) C TN (resp. Im(A) € TN ® C) is involutive.
Namely, given any local sections of X, Y of Im(4) — N, [X, Y] is also a local
section of Im(A) — N.

Remark 2.10 We frequently abuse notation and evaluate .4 on local sections of TM —
M (resp. TM ® C — M), with the understanding that we evaluate it on the canonically
induced local section Xorwr of 7*TM — N (resp.n*T MQC — N).Notein particular
that since 7*(T M) — N admits local frames of such pullback sections, in order to
check flatness it is enough to check that for every local frame (¢;) of TM — M, we
have

[Ae;s Ae;1 C span{ A, Ji=1....dimm) - (2.28)

We will also make frequent use of the following lemma
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Lemma 2.11 Assume that N = TM, and w : TM — M is the canonical projection.
Then an Ehresmann connection A (resp. complexified Ehresmann connection) on
w: TM — M is flat if and only if for all local sections X,Y of TM — M (resp.
TM ® C — M) we have

[Ax, Ayl = Aix.,y; - (2.29)

Proof We do the proof for an Ehresmann connection, with the proof for a complexified
Ehresmann connection following identically. If (2.29) holds, by Remark 2.10 the
connection is flat. On the other hand, assume that the connection is flat and take local
coordinates x’ on M. They induce coordinates (x', ¢’) on T M. By the definition of an
Ehresmann connection, we must have (with the usual abuse of notation from Remark
2.10)

= 2.
A=+ oz 230

for some functions fl.k on T M. In particular,

k k
[.Aa,Aa]—(f %>i (2.31)

oxt xJ axl ax/ 3(pk

But since the latter is a section of V,, the flatness of A implies that the above quantity
must be zero, and hence
[Aa,A@j|=0. (2.32)
ax! xJ
Now note that if X, Y are local sections of TM — M, then with respect to the local
coordinate system (x', ¢') from before

[Ax,.Ay]—X.Aa(YJ)Aa —YAa(X]).A +X’YJ|:A3,A3:|
axl axJ xJ axt axJ
= X’—(Y]).A 3 — —(XJ)A 3 (2.33)

axJ axJ
= Aix,y)-

where we used that the functions X’ and Y/ depend only on x’ (since X and Y are
local section of TM — M). ]

For future reference, we note that a connection V on M induces a natural Ehresmann
connection Aonm : TM — M as follows. Let V € TyM and X € T, M, so that
(V,X) € n*(TM). Furthermore, let y be a curve in M such that y(0) = p and
y(0) = X, and let

Py,t . Ty(O)M — Ty(l)M (234)

denote the parallel transport induced by V. We then obtain the curve t — P, ;(V) in
T M and define 4
=— Vv eTy(TM). 2.35
Aw.x) 3= 2 Ppu(V)| € Ty(TM) (2.35)
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It is easy to check that Ay x) is well defined (i.e., it does not depend on the curve y
chosen such that ¥ (0) = p and y(0) = X). Indeed, if (x") are local coordinates on
M and (x', ¢") the induced coordinates on 7 M, then one easily checks that

d (9 0

ad ;0

where X =X'—, V=Vi—, (2.36)
ox! ox!

and Ff‘. are the Christoffel symbols of V with respect to the coordinates (x’). From
(2.36) it immediately follows that A as defined in (2.35) gives an Ehresmann connec-
tiononmw : TM — M.

3 Special Joyce structures and hyperkahler structures

In this section we study certain families .A° of complexified Ehresmann connections
onmw : TM — M, and associated geometric structures on 7 M. We start with a rather
general family A° related to hypercomplex structures on 7'M, and then focus on a
more particular family to define special Joyce structures. A special Joyce structure
has a natural hyperhermitian structure defined in terms of the ASK structure and the
family A%, and the main theorem (see Theorem 3.15) states that the hyperhermitian
structure is actually hyperkéhler.

3.1 Complexified Ehresmann connections and hypercomplex structures

In this section we take a complex manifold (M, I) and take N := T M with the natural
projection 7 : N — M. We furthermore denote by TM @ C = T'OM @ T M the
usual splitting given by the eigenspaces of /. We consider a complex vector bundle
map

h:n"(T'"'M) > TN®C, (3.1

together with an anti-linear’

complex vector bundle map

v:a*(T"'M) - V; ® C = Ker(dn) ® C. (3.2)
That is, for X € 7*(TM) and 1 € C we have
Vix = AUx . (3.3)

We further assume the non-degeneracy condition

TN ® C =Im(h) ® Im(h) ® Im(v) ® Im(¥), drmohx =X, drohy=X. (3.4)

7 The reason for taking v complex anti-linear instead of complex linear is only a matter of convention. The
convention is such that in complex structure /3 on N (to be defined later), the (1, 0) vectors are spanned by
hy and vy for X € 7100, instead of hy and vy for X € T10pM.
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Remark 3.1 If we wish, we can extend the definition of 4, and for X € n*(Tl’OM )
let,
hy = . (3.5)

It then follows that % is the complex linear extension of a real vector bundle map
h:7a*(TM)— TN . (3.6)

The last two conditions in (3.4) then say that / defines an Ehresmann connection on
w : TM — M. A similar extension can be done for the definition of v, so that it
comes from the complex anti-linear extension of a real vector bundle map

v (TM) = V. 3.7

Nevertheless, we will continue think of z# and v as in (3.1) and (3.2).

From these data, we want to consider a family of complexified Ehresmann connec-
tions A% on 7w : N — M parametrized by ¢ € C* := C\{0}. We assume that 4° is
given as follows for X € 7*(T'-OM)

1
A =hy — —Ux

X ¢ (3.8)
A%=E+Cvx-

By (3.4), it immediately follows that A¢ is a complexified Ehresmann connection.
However, note that we always have

A # A (3.9)

so A? is not the complex linear extension of an Ehresmann connection.
We also let for £ = 0, 0o and X € 7n*(T"OM)

=0 R =0 -—
.A% = §A§(|g=o = —vyx, .A% = A%|{=() =hy

B B 1 (3.10)
Ag;oo = .A§(|;=oo =hy, A%_Oo = EA%IQ»:OO = vy

Note that A=0 and A= are not complexified Ehresmann connections on 7 :
™ — M.

For future reference, we reformulate the flatness condition of .A¢ for each ¢ € C*
in the following lemma.

Lemma 3.2 The family of complexified Ehresmann connections A% defined in (3.8)
is flat for all ¢ € C* if and only if the following equations hold for all X, Y local
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holomorphic sections of TV"OM — M:

[hx,hyl = hix.y), lhx,vyl+ [vx, hyl =7Vx.y], [vx,vy] =0

e 3.11)
[hx,hy]l = [vx,vyl, [hx,vy]=0.

Proof We make use of Lemma 2.11. From the condition [Ax, Ay] = A[x,y] and the
definition (3.8) we obtain the constraints

[hx,hyl = hix,y), lhx,vy]l+[vx, hyl =[xy}, [vx,0y]=0. (3.12)

With similar constraints from [Ay, Ay] = A[Y y)» hamely the conjugate from the
above

[hx,hyl=hixy), [hx,vyl+[vx, hyl = vix,y), [vx, vyl =0.  (3.13)

Finally, since X and Y are holomorphic, we have [ X, 7] = 0.Hence, from [Ayx, .Ay] =
-A[X,?] = 0 we obtain

[hx, hy]l = [vx,vyl, [hx,vy]l=0, [vx,hy]=0. (3.14)

O

Remark 3.3 Recall from Remark 3.1 that we can think of / as coming from an Ehres-
mann connection on TM — M, and hence as a complexified Ehresmann connection
by extending complex linearly. Note that while the first equation in (3.11) is a flat-
ness condition when X and Y are holomorphic sections of 7'M — M, we only
have [hy, hy] = [Ux, vy], so flatness of & as a complexified Ehresmann connec-
tion is not guaranteed. In fact, in the main example of Sect.4.2 one can check that
[hx, hyl #0= h[X,?]’ so in that case A is non-flat.

3.1.1 The associated hypercomplex structure

Now note that for £ € C* or ¢ = 0, oo it follows from the definitions (3.8), (3.10),
together with (3.4) that

TN ®C = Im(A%) @ Im(A?). (3.15)

Hence, we can define almost complex structures /; on N by letting Im(A¢) be the —i-

eigenspace and Im(ﬁ) the i-eigenspace of /. We furthermore define /; fori =1, 2,3
to be I; for ¢ =1, —1, 0 respectively.

Proposition 3.4 The almost complex structures I; on N satisfy the quaternion relations
11]2213, ]i]j:_[jli fOl" l;ﬁ] (316)
In particular, (N, I, I, I3) is an almost hypercomplex manifold.
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Proof From the definitions of [;, it easily follows that

I3(hx) =ihx, I3(vx) =ivy
Lihx) =vx, h(vx) =—hx (3.17)
L(hx) = —ivx, h(vy) =ihx,
with the other evaluations at iy and Ux determined by the fact that the /; are real
operators. From the above, the required quaternion relations follow. O

We remark that we can express the “twistor" family of almost complex structures
I for e C C CP! in terms of the I; via the stereographic projection formula

(—c4+ 00 —C+Dh+ -2
1+ g2 '

I = (3.18)

Corollary 3.5 If A% is flat for all { € C*, then the almost complex structures I; are
integrable. In particular, (N, 11, I2, I3) is a hypercomplex manifold.

Proof The flatness of A¢ forall ¢ € C* implies that the distribution of —i-eigenspaces
of I; isinvolutive for { € C*, soinparticular [} = I—jand I = I,—_1 areintegrable.
On the other hand, by Lemma 3.2 (in particular (3.11)) it follows that /3 = I,—g is
also integrable.

O

3.2 Special Joyce structures and the associated hyperkahler structure

We take as starting point an affine special Kéhler manifold (M, I, w, V) and let N =
T M with the canonical projection w : N — M. In the following, we introduce several
structures required to define special Joyce structures.

3.2.1 The induced symplectic structure on the vertical bundle

We first describe the symplectic structure on the vector bundle V; — N induced
from the ASK structure on M. The same discussion holds when we consider the
complexified bundle V;  C — N.

Onm : TM — M we have a flat Enresmann connection

H:7(TM)— TN (3.19)

induced from the flat and torsion-free connection V via the corresponding parallel
transport (recall the end of Sect.2.2). In terms of affine special coordinates (x', vi)
on M (which in particular are flat with respect to V) and the induced coordinates
(xi, Vi, (pi, ;) on N = T M, it follows from (2.36) that

0 d
= —, = —. 3.20
Ha% ax! H% ayi ( )
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If we consider a conjugate system of holomorphic special coordinates (Z) and (Z;)
inducing the affine special coordinates (x*, y;) (recall Lemma 2.4), we conclude from

(2.20) and (3.20) that
d

Furthermore, we have the canonical identification of vector bundles over N
v:a*(TM) — V; = Ker(dn) (3.22)

given by
d
v(Vp, Wp) = a(vp +tWp)|,_o € Valy, - (3.23)

We will use the same notation that we use for the evaluation of Ehresmann connections
and for X € 7*(T M) denote vy := v(X). As in the case of Ehresmann connections,
we will also sometimes abuse notation and evaluate v on local sections of TM — M,
with the understanding that we evaluate it on the canonical pullback section. In terms
of the above coordinates (xi, Vi, (pi, @;) on N, we have

_ 9 (3.24)

Vy =—, Vv —_—
d0;

9
dy;

while for future reference, we note that from (2.20) we find that the complex linear
extension of v satisfies
1 0 d
Vo =z\7— " Tj7—]) - (3.25)
YA 2 \ 0¢! 0p;

We now use v to induce from w a symplectic structure w” on the vector bundle
Vi — N.More precisely, letting p> : #*(T M) — T M denote the projection into the
second factor p2(X,, W) = W), and given Vi, V; € Vf,|xp where X, e T,M C N
we define

oy, Vi, V2) i= 0p(p2(0™ (V1)), p2 0™ (V2))). (3.26)

In terms of affine special coordinates (xf, y;) for (M, I, w, V) where
o =dx' Ady;, (3.27)

one easily checks that with respect to the induced coordinates (xi, Vi, (pi, pi)on N,
we can write '
o’ =d¢' Adg; . (3.28)

In what follows, whenever we consider Hamiltonian vector fields (denoted by
Hamy) or Poisson brackets (denoted by {—, —}), we do with respect to the sym-
plectic structure w” on V; — N.Namely, for V € V; C TN and f,g functions on
N we let

Vf=w"(V,Hamy), {f,g}="(Hamy, Hamy). (3.29)
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More concretely, in terms of the coordinates (xi , Vi, (pi, @;) on N from before

Ham; = ﬂi—ﬂi {f g}:a_fa_g_ﬂa_g. (3.30)

Ipt dgi  dg; dp' T dpt dgi g D¢
We will also frequently use the relation
[Ham s, Ham, ] = Ham( g . (3.31)
Finally, given X € 7*(T M)|y, and a function f on N, we will frequently write
Hamy, p, Hamyy p € Vly, . (3.32)
Since Hx f and vy f are just numbers, we clarify what we mean by the above expres-
sions. First note that X canonically extends to a section X of py : #*(TM MNr,m —

T,M, where p1 : n*(TM) — TM is the canonical projection in the first factor.
Indeed, if X = (V,, W)), then we have

Xz, =(Zp.Wp), Z,eTyM. (3.33)

We then have that ¢ f and vy, f are functions on 7}, M, and hence we can compute
the Hamiltonian vector fields Hame( f»and Hamuf( ron T, M. We then set

Hamyy, ¢ := Hamy ly,, Ham,y; :=Ham, |y, . (3.34)

Again, in terms of the coordinates (xi, Vi, (pi, @;) from above, if

3 3
X=\V,, W—| +W,— (3.35)
ax’ i lp
then
A 9*f 9% f ]
H =W — (V) —
A (8(p18x’( ”)ago, " ag00 o0 v
32 9 d° 9
+W; —f(vp)— ——f(vp)—.
dp/dyi T dpjly, ¢idyi @) |y,
[ 82 92 0
Ham,, s = W' f —— (V) — —fi(Vp)—.
I ¢! 890, v, O9¢pjdp 3¢/ |y,
32 a2 d
+W; f ——(Vp)— —f(vp)—. . (3.36)
I/ i 8<pJ dpjogi T 99l |y,

Note that the above quantities only depend on the vector X € 7*(T M)y, instead of
X , which justifies the notation in (3.34).
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3.2.2 Special Joyce structures

We now specialize the family A¢ of complexified Ehresmann connections given in
(3.8). The particular form of the maps % and v defined in (3.1) and (3.2) is motivated
by trying to generalize what happens in our main example in Sect.4.2.

Definition 3.6 Givenan ASK manifold (M, g, w, V), an almost special Joyce structure
over M is the data of a family of complexified Ehresmann connections A of the form
(3.8) such that 4 and v satisfy (3.4), and such that for some J : N — C we have®

hx =Hx +Hamy, 5, vy = 2ni(VY+HamVY]), X e n*(Tl’OM) . (3.37)

Namely, the family A° is given by

Ux/

2
Ag( = Hx +HamHXj+_(VX + Ham 7)
¢ (3.38)

A% = Hy + Ham,,_7 +27it (vy + Ham, ) .

The expressions (3.38) should be compared with the analogous but simpler expres-
sion in [6, Equation 40]. There, if (M, €2, V) is a holomorphic symplectic manifold
with a compatible flat, torsion-free connection V, the relevant family of (holomorphic)
Ehresmann connections A€ on 7 : T1HOM — M, € € C*, has the form

A =Hy +Ham, 7+¢ vy, Xen*T"OM), (3.39)

where now H is a flat holomorphic Ehresmann connection on 7 M — M induced
from V, J is a holomorphic function on 7'M, and Ham,, 7 is computed again by an

induced symplectic structure on the vertical bundle V; — T 1.0 M. Note in particular
that A€ is only defined for X € 7*(T"% M) and not for X € 7*(T%!' M).

Remark 3.7 Note that there are several functions J : N — C specifying the same
almost special Joyce structure A°. In fact, it is clear for (3.38) that if J specifies A,
then all other functions specifying A¢ have the form J + f where f € C*®(N, C)
satisfies that

Hamyy, r = Hamvyf =0, forall X e rr*(Tl’OM) . (3.40)

One easily checks using (3.36) that in terms of the coordinates (x, y;, ¢', ¢;) on N
from above, such a function must have the local form

f(Xi, Vi, </>i, i) = c,~<pi + ci<p,~ + g(xi, yi), forsome c;, decC. (3.41)

As in [6], one could impose certain symmetries on J to fix the above freedom. For
example, in our examples in Sect.4, J is invariant under the involutiont : N — N

8 Recall that v is complex anti-linear and the discussion in Sect. 3.2.1 regarding the expressions Hams, s
and Haml,Y J-
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given by «(V,) = —V,, which reduces the freedom of choosing J to adding the
pullback of a function from the base. In [6] a similar symmetry is imposed, where the
corresponding J is odd under the involution ¢.

It will be convenient to write in detail the flatness condition for the family A% in
the particular case of an almost special Joyce structure.

Proposition 3.8 Consider an almost special Joyce structure A over an ASK manifold
M. Furthermore, let J : N — C be any function describing A* as in (3.38). Then the
family of complexified Ehresmann connections A is flat for all ¢ € C* if and only if
the following holds for all local holomorphic sections X, Y of T'OM — M°:

e The following local functions on N = T M descend to the base M
{HxJ, HyJ}, {vgJ.vyJ}, {HxJ,vypJ}. (3.42)

o The following equations are satisfied, up to addition of functions that descend to
the base M

vx(Hy (J = J)) — vy (Hx(J — J)) = {vyJ, HxJ} — {vx J, Hy J}

Hy (Hy(J — J)) +4n% - vx(vp(J — D)) = {HxJ, HyJ} — 4 {vx T, vy ]} .
(3.43)

Proof In what follows, we translate the flatness equations obtained in Lemma 3.2 to
the specific case of an almost special Joyce structure.
Using the flatness of H and (3.31), it easily follows that

[hx, /’ly] = h[X,Y] < [HamHXJ, HamHYJ] = Ham{HXJ)HYJ} =0. (3.44)

This in turn implies that {Hx J, Hy J} must descend to a function on the base, since
the Hamiltonian vector fields are taken with respect to the induced vertical symplectic
structure.

On the other hand, using [vy, vy] = 0, Eq. (3.31) and

[vy, Ham,_ ] — [vy, Ham, ], = Hampy o7 =0 (3.45)

it follows that
[vx,vy] =0 <— Ham{vYJ,WJ} =0 (3.46)

so {v%J, vyJ} must descend to a function on the base.
Now, if (Z;) and (Z") are a conjugate system of holomorphic special coordinates
on M, we have the relation
dz; = v;dz/ (3.47)

9 Recall that in the expressions below we mean the evaluation of H and v in the corresponding pullback
local sections of 7*(T1-0M) — N.
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for holomorphic functions 7;; on M symmetric in i and j (recall Lemma 2.6). In
particular, by taking exterior derivatives we obtain the identity

ik _ Ok (3.48)
0Z1 97!
Using the above, one can verify using (3.25) and (3.21) that
[Hx,vy]l—[Hy,vx] = vix y]- (3.49)
Using the previous equation, we see that
[hx, vyl + [vx, hy]l = V[x v] (3.50)
reduces to
[Hx, Hamvyj] — [Hy, Havaj] + [vx + Havaj, Hamyy, ;]
—[vy + Hamvﬁ, Hamyy, ;]
= Hamleﬂj. (3.51)
Which can be rewritten using (3.49) and
[vx, Hamy, 71 =Ham, 4, 7, [Hx,Ham,, J]=Ham, . 7 (3.52)
as
Ham,, 3, (1T —vy 0 =T0) = HAM 7 53400 gy 0y Ty 0y - (3.33)

We then obtain that the following equality holds, up to additions of functions descend-
ing to the base M

vx(Hy(J — 7)) —vy(Hx(J — ) = {vyJ, HxJ} — {vxJ, Hy J}. (3.54)
Continuing with the equations from Lemma 3.2, using [Hx, vy] = 0, the equation
[hx,vy] =0, (3.55)
similarly gives that {{xJ, vyJ} should descend to a function on the base.

Finally, using that [Hx, Hy] = O (since X and Y are holomorphic and H is flat)
and [vx, vy] = 0, the equation

[hx, hy] = [Ux, vy] (3.56)

reduces to the condition that, up to the addition of functions descending to the base
Ms
Hyx (Hy(J — D) +4n% vy (vy(J =) = {HxJ, Hy T} —drx*{vx T, vy} . (3.57)

O
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Remark 3.9 e Equation (3.43) should be compared to the Plebariski equations encod-
ing the flatness of the family of holomorphic Ehresmann connections A€ of [6].
Following the notation of (3.39), the flatness of A€ reduces to imposing that the
holomorphic function 7 should satisfy the following equation for local holomor-
phic sections X, ¥ of 7% M — M up to addition of functions descending to the
base M (see [8, Equation 13])

vx(HyJ) — vy (HxJ) = {vx T, vy J} . (3.58)

In the above setting, J can always be redefined so that (3.58) is satisfied exactly
(see below [6, Equation 14]). To write (3.58) in coordinates, it is convenient to
choose flat holomorphic Darboux coordinates (Z', Z;) on M and (Z, Z;, ¢', . ¥i)
the induced holomorphic coordinates on T'1: M. Note that the coordinates ¢’ , ;
are complex in this case. With respect to the above coordinates

4=, (3.59)

while the Poisson bracket is given by the induced vertical symplectic form dg’ A
d(pi.

e Similarly, if one wishes to write the equations in Proposition 3.8 in coordinates, a
convenient set of coordinates on T M is given by (x', y;, ¢, ¢;) as in the begin-
ning of Sect.3.2.1. Namely, (x', y;) are affine special coordinates on M and
(x', yi, ¢', ¢;) the induced coordinates on T M. If (Z) and (Z;) denote conju-
gate systems of holomorphic special coordinates on M associated to (x’, y;), then
we have

a 1 a a
Ho =— =-(— —7;— ).
8zt 07! 2 \ dx! 3)1]'

1/ d il ,
v =\t ), dZi=7;dZ’. (3.60)
oz 2 \d¢' 0¢;

Using (3.60) together with (3.30) one can write explicitly the equations in Propo-
sition 3.8 in coordinates by taking X = 9, Y = 9, as holomorphic sections of
T19M — M. Note that contrary to the case of (3.58), there is a special geometry
relation imposed in (3.60), and the coordinates <pi , @i are real.

Assume now that we have an almost special Joyce structure 4% over M such that
the family A¢ is flat for all ¢ € C*. By Corollary 3.5 we obtain a hypercomplex
structure (N, I1, I, I3) on N. We now want to extend this hypercomplex structure
to a particular hyperhermitian structure. That is, a tuple (g, I1, I, I3) where g is a
(pseudo)-Riemannian metric, and /; are complex structures satisfying the quaternionic
relations and preserving g:
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For this, we will require the following lemma, which will also motivate the definition
of special Joyce structure.

Lemma 3.10 Consider the almost complex structure I3 induced on N by an almost
special Joyce structure AS. Then the almost complex structure I3 on N restricts to
an almost complex structure on the bundle V, — N. Furthermore, the symplectic
structure ¥ on V; — N is of type (1, 1) with respect to 13 if and only if for all local
sections X, Y ole*OM — M we have

{vxJ, vy} =0. (3.62)
Proof The fact that I3 restricts to an almost complex structure on V; — N follows

directly from (3.17). Now consider the local holomorphic sections % of TVOM — M
given by holomorphic special coordinates on M. By (3.4) we have that

Vii=va, V=V, , (3.63)

give a local frame of V; ® C — N. Furthermore, by (3.17) the v; (resp. v;) are of
type (1, 0) (resp. (0, 1)) with respect to I3. Since w" is real, to check that it is of type
(1, 1) with respect to I3 it is enough to check that

o’ (vi,vj)) =0 (3.64)

]

forall i, j. Denoting vy = v

(3.29) shows that

a_, a direct computation using (3.37), (3.25), (3.28) and
Afl

o’ (v, v)) = —4n2d(pk A dgg (v; + Ham,,j, v;+ Ham,ﬁj)
= —7(Tj — Tji) — 4 vy, v 10 — dm (v, vsd ) (3.65)

= —4n2{\7], 17]} ,

since 7;; is symmetric and [v7, \7] = 0. The result then follows. O

Remark 3.11 Note that from Remark 3.7 it follows that (3.62) is independent of the
function J used to represent 4%, so it only depends on .4%. Condition (3.62) can be
thought as a compatibility condition between the ASK structure on M and the almost
special Joyce structure A¢.

The previous remark motivates the following!?

Definition 3.12 Consider an almost special Joyce structure Al on (M, I,w,V). We
say that A° is a special Joyce structure if

e The family A¢ is flat for each ¢ € C*.
e The symplectic structure w” on V,; — N is of type (1, 1) with respect to /3.

10 Ultimately, what really motivates this definition is that it guarantees the existence of an HK structure on
TM, due to Theorem 3.15.
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3.2.3 The hyperhermitian structure associated to a special Joyce structure

Consider a special Joyce structure A° over M. We now extend the associated
hypercomplex structure (N, I, I, I3) from Proposition 3.4 and Corollary 3.5 to a
hyperhermitian structure (N, g, I1, I, I3). To define g, we first define a real non-
degenerate 2-form w3 on N as follows'!

— 1
03(vx, Ty) = w3(hy, hx) == = 0" (x, 7), X, ¥ ex"(T'M),  (3.60)
T
with all the other pairings being 0. From (3.66), (3.17) and the second condition in

Definition 3.12 it follows that w3 is real, non-degenerate and preserved by I5.

Proposition 3.13 Given the real two-form w3 as in (3.66), let
g(—, =) == w3(—, I3-). (3.67)

Then g is a pseudo-Riemannian metric preserved by [;, i = 1, 2, 3. In particular,
(N, g, I, I, I3) is an almost hyperhermitian manifold. Furthermore, given a conju-
gate system of holomorphic special coordinates (Z') and (Z;) for M and denoting
h; = hazi, Vi =V, Vi =V, Wecan write!2

w3 = a)j,-hi /\ﬁ—}—wijvi /\E,
g = —2iw;ih'hi — 2iw;jvivi (3.68)

__ i - _
wij = —wj; = EIm(tij) +vv;(J = J) = {viJ,v; J},

.....

Tij = 3Z,‘/3Zj.

Proof Since w3 is preserved by I3, it follows that g is a pseudo-Riemannian metric
preserved by I3. To check that it is preserved by 7, using (3.17) and (3.66) note that

g(hhx, Ithy) = g(Ux, vy) = —iw3(vy, Ux) = —iw3(hx, hy) = g(hx, hy),
(3.69)
with an analogous computation showing that g(/yvyx, I1vy) = g(vyx, vy). Similarly,

gy, Ithy) = g(—hx,vy) = —iw3(hx,vy) = 0= —iw3(vx, hy) = g(vx, hy) .

(3.70)
The computations showing that I, preserves g follow in the same way using (3.17) and
(3.66). Finally, since the almost complex structures from (3.17) satisfy the quaterion
relations, it follows that (N, g, I1, I, I3) is almost hyperhermitian.

11 We remark that the —1 /47r2 factor is only conventional, and it is chosen in order to match certain
conventions when we discuss examples.

12 Recall that the map v : 7*( T10M) — Vi @ Cis defined to be complex anti-linear, while v is complex
linear.
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To check (3.68) we note that the first identity for w3 with

1 _
wjj = —ma)”(vi,vj) (3.71)

follows immediately from (3.66), while the expression for g follows from (3.17). The
last expression in (3.68) for w;; follows from Lemma 3.16 below, while w;; = —@;;

follows immediately from the formula of w;; and [v;, 17] = 0 (or the reality of w3). O

Besides w3, we also define fori =1, 2
wi(—, =) =gi—, —), (3.72)

and
Q= w +iw;. (3.73)

It is easy to check using (3.17) and
Q=w3(=L+il1—,—) (3.74)
that 2 is of type (2, 0) in the almost complex structure /3, and that
Q(hx, hy) = Q(vx,vy) =0, Q(hx,vy) =2iw3(vx, vy). (3.75)
Definition 3.14 Given a special Joyce structure over an ASK manifold M, we call
the hyperhermitian structure (g, 1, I2, I3) from Proposition 3.13 the hyperhermitian
structure associated to the special Joyce structure.
We would like to now show that the hyperhermitian structure (N, g, I1, Iz, I3) is
actually hyperkéhler. For this, it is enough to show that the forms w; are closed for

i =1, 2, 3. Our main result is then as follows

Theorem 3.15 Given a special Joyce structure A% over (M, I, w, V), the associated
hyperhermitian structure (N, g, I1, I, I3) is hyperkdhler.

We give the proof of this theorem in the following section.

3.2.4 Proof of the main theorem
In order to prove Theorem 3.15, we discuss several preliminary results.

Lemma 3.16 For X, Y local sections ole’OM — M, we have the expression (recall
that vy is anti-linear, while vy is linear)

w3(vx, vy) = (Y, X) + vy (J — 1)) — {vgd, vy J} (3.76)
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Proof Consider (Z') and (Z;) a conjugate system of holomorphic special coordinates,
(x', y;) the associated affine special coordinates, and (x, y;, ¢', ¢;) the induced coor-
dinates on N. We compute locally with respect to holomorphic special coordinates
(Z") and the coordinates (Z¢, (pi, @;) on N. Denoting v; := Vy/azis Vi = Vyazis

VP =V, 070 and using (3.66), (3.28), (3.37), (3.29) and (3.25), we find

_ 1 -
s 7)) = _mwv(“i’ vj) = —dg* A dgx(v; + Ham,,y, v; + Ham, 7)
- %Im("’f' ) = vpvid vt — v, viJ) BT

i — _
= zlm(rij) +vvi(J = J) = {viJ, v J},

where on the last line we used that [v;, v7] = 0.

The final expression (3.76) then follows by taking into account that v is complex
anti-linear, while v is complex linear. O

Lemma 3.17 The forms w; are closed if and only if with respect to any system of
holomorphic special coordinates (Z;) on M and the associated h; = h, Jazi»> Vi =
Vygzi we have

viw3(vj, o) = vjw3(v;, Ug)
hjaws3(vi, %) = w3(v;, [k, V]
w3([vi, hel, vj) = w3(lv), hil, vi)

viw3(vj, %) = w3(v;, [vj, v])

(3.78)

Proof The proof amounts to computing dws and d€2, and then simplifying the equa-
tions obtained by setting dws = d2 = 0 using the flatness conditions from Lemma
3.2, together with the definition of w3 (3.66) and the relation between 2 and w3 in
(3.75). Since the computations are rather long (but simple), we write the detailed
computations in Appendix A. O

We now check the above equations one by one. We recall that in the computations
below the Hamiltonian vector fields and Poisson bracket are with respect to the vertical

symplectic structure from Sect.3.2.1.

Lemma 3.18 Given a special Joyce structure, the equation
viw3(vj, ) = vjw3(vi, k) (3.79)

holds.
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Proof By Lemma 3.16 and (3.37), we obtain

Vi3 (vj, k) = 27i(vy + Hamy ) (e (] = ) = (v3/, T )
= 2mi(vpvui (] = J) + (=velvg/, v J ) + Hamy s (v () = J)))

— Ham,,_;{v;J, v })
(3.80)

Now note that since [v;, 17] = 0 (recall (3.25)), the quantity
v (] — J) (3.81)

is symmetric in i and j. On the other hand, using (3.29) and the Jacobi identity for the
Poisson bracket

Ham,_; {v;J, v J} = (v ], (v, v })
= —{v7J, (e, vpd ) = {d v v ) (3.82)

= Ham, {viJ v} — {ued s {vJ v}
Recalling from Proposition 3.8 that
{viJ, v;J} (3.83)

must be a function that descends to the base (in fact is must be 0 by the second property
of a special Joyce structure), it follows that

(v d, {vs ], v =0 = HambTJ{lﬁJ,vkj} = Ham,_s {v;/, wJd).  (3.84)

On the other hand, by using again that [v7, 17] = [v;, 17] = 0 and {v7J, 17]} =0it
easily follows by an explicit computation that

— vi{vJ, wied} + Hamy g (vju(J = ) = —vi{vid , e} + {vpd s viue(F — )

(3.85)
is symmetric in i and j. Hence we conclude that
viw3(vj, V) = vjw3(vi, k) (3.86)
O
Lemma 3.19 Given a special Joyce structure, the following holds
viw3(vj, ) = w3(v;, [vj, ] . (3.87)
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Proof On the one hand, by an explicit computation using (3.37) and (3.31) we obtain
— 2 2
[vj, o] =4 Ham—ﬁv;c(l—7)+{n71,vﬁ} = —47 Hamjyk (3.88)

where we have set _ _
ij = \71);{(] —J) + {vJ, 17J}. (3.89)

On the other hand, we have
3(vi, [V}, D) = —27)i(w3 (v, Hamy, ) + w3 (Ham,, g, Ham ). (3.90)
Now note that by (3.66), (3.30) and (3.29)

—(27)*iw3(Ham,,;, Ham 1) = 2midg’ A dg;(Ham,,y, Hamy )
= 2mi{v;J, J}
= 2mi(Ham,_j (v;ue(J — J)) + Hamyy {vieJ, v7J}) .
(3.91)

Finally, an easy computation using again (3.66), (3.30) and (3.29) shows that
— (271)3ia)3 (v7, Hamjjk) = 27Ti1rl.J7k = 2ni(\717vk(.] —-J)— 17.{17], wJ)) (3.92)
Hence, we conclude using Lemma 3.16 that

viw3 (v, Uk) = w3 (v, [vj, %)) . (3.93)

Lemma 3.20 Give a special Joyce structure, the following holds
hjws(vi, %) = w3(vi, [, Vi) (3.94)
Proof We start by noting that
lh;, %) = 2ni (—[Hj, el + HamHjVk(,_j)_mj]’vm_mj,W) (3.95)

Setting _ _
Jjk =Hjve(J = J) —{H;J, v J}, (3.96)

one finds that
w3(vi, [hy, 0g]) = 4w w3 (vy + Ham,, g, [, vl — Hamy, 3¢, 000) . (3.97)
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We compute this by parts. On the one hand, using as in the previous proposition,
(3.66), (3.30) and (3.29), together with [H;, v7] = 0 (since 7;; is holomorphic), we
find

42 w3(vy, [H. vl — Hamy, _3¢,.0,17)

= 4n2w3(1f,-, [(Hj, ve]) — 47t2w3(\7, Hamy;, 3 v10)

1 0ty
= 1377 T Cidik = vilHj vl
1 3Tk, —
43Z1 +Hjvrve(J — J) vi{H;J, v J}
—vi[H vlJ (3.98)

On the other hand, using the Jacobi identity, together with the fact that {vJ, H; J}
is a function that descends to the base due to Proposition 3.8, we find

—4r w3 (Ham, g, Ham 134, 000) = (iJ s Jj = [H, vl J)
= (vd, Hjue(J = D)} — (v, {(H; T, v T 1)
—{viJ, [Hj, wlJ}
= (il Hjw(J — D} = {H;J . {vi ], v T }}
—{vid, [Hj, wlJ}.

(3.99)
The remaining term gives, using that [v7, [H;, v]] = 0,
4> w3(Ham,,y, [H;, vel) = [Hj, vidvp = vilHj, wlJ (3.100)
Combining everything we obtain
_ 107 ATk _
w3(vi, [hj, vk]) = 1327 + H v (J — J) — {(H;J, {vid, v J}}
+ {vd, Hjv(J — DY — vi{H;J, v J Y = {vid, [Hj, welJ}.

(3.101)

We rewrite the last three terms as follows, using that [H;, v;] = [v;, v;] = 0, and that
{v=J, H;J} is a function that descends to the base

il Hjue(T = ) = v(H T wT) = upd [ v )
={vsJ, HjuJ} = {vsJ, vakj} —{H;vJ, wJ) — {H;J, vaj} —{ved [Hj, eI}
= {vpd uH I — {vrd Hjud Y — {H jvrd v Ty = (H T, v T}
= —{voue . HjJ} = Hj{vsd, v} — {H;J, 17\/;(7}
=—Hj{vi, u Y+ {HjJ, veoe(J — )3}
(3.102)
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hence, overall we have

_ 1 31’](, _
i»[hj, H J—17 Hid, {vid, ved
w3 (v;, [hj, vg]) = 4321 + j‘ka( ) —{ j {"T veJ 3} (3.103)
— H{ved , veJ Y+ {H T, v (0 — D)}
The latter is easily seen to be equal to & ;w3 (v;, Vk), so
hjws(vi, k) = w3(vi, [hj, kD) . (3.104)
O
Lemma 3.21 Given a special Joyce structure, the following holds
o3 ([vi, hicl, vj) = w3([vj, hicl, vi) (3.105)
Proof Following a similar computation to before, we now have
[vi, hi] = 27i([v;, Hy] + Hamy_) (3.106)
where _ _
Jz == viHg — Hpvid + {viJ, HgJ}. (3.107)
With this we find by similar computations from previous propositions
1075
w3([vi, hi], vj) = _287 —viJg + g, Helvy ) + {Jg v} (3.108)

Now note that the first term is symmetric in i and j. Furthermore, expanding the next
two terms we see that

—\7Jk+[1rH ]W]——lﬁlﬁlHkJ-f-(WH veJ + v Hp \r]) Hyvy J W{w] Hy J}.

3. 109)
In particular, using that [v7, v7] = O we see that all the terms above are symmetric in
i and j, except possibly the last. Hence, to check the identity that we want, we just
need to show that the following expression is symmetric in i and j

—w{w] HkJ}—i—{Jk,wJ} (3.110)
We have

—vi{vid, Hed ) + Ui vid ) = —vpvd, He /Y (v v Hg T (o7 Hg T vid )

— (Hgvpd v} + (v d He ) vy )
(3.111)
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The first term and the term in parenthesis are clearly symmetric in i and j. On the
other hand, {v;J, 17] } = 0 by Definition 3.12 and Lemma 3.10, so we find that

while from the Jacobi identity and the fact {v7J, 17J } = 0 it follows that

Hopd MY vidy = =g vpd Lovpd Y = vy d v d Y HE T} = g d M Th v}
(3.113)
so the last summand is also symmetric. The lemma then follows. O

From the previous Lemmas 3.17, 3.18, 3.19, 3.20 and 3.21, we find that the real
2-forms w; fori = 1, 2, 3 are closed. In particular, it follows that (N, g, I1, Iz, I3) is
hyperkéhler and Theorem 3.15 is proved.

4 Examples of special Joyce structures

In this section we discuss two examples. One is the case of a trivial special Joyce
structure, which recovers the semi-flat HK metric [1, 12] associated to an ASK mani-
fold, while the second concern HK metrics associated to uncoupled variations of BPS
structures over an ASK manifold [10, 14].

4.1 The trivial special Joyce structure and the semi-flat HK metric

We start with the easiest case, where we take the family A% from (3.38) determined
by
J=0. 4.1

In this case, the bundle maps % and v from (3.37) reduce to
hx =Hx, vx =2mivy “4.2)
and the family of complexified Ehresmann connections reduces to
2mi
.Agf =Hx + —vyx
¢ 4.3)
g’ .
AY = Hx +27migvy.

It is easy to check that 47 and v from above satisfy (3.4). Furthermore, the flatness
conditions of Proposition 3.8 are trivially satisfied, while the second point of Definition
3.12 follows from Lemma 3.10. Hence, the corresponding A% gives a special Joyce
structure.

The Kéhler form w3 is simply given by (recall (3.66) and Lemma 3.16)

47’ ws (v, vy) = w3(Hy, Hy) == o(Y, X), w3(Hx, vy) = 03(Hx, vy) = 0.
“4.4)
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where X, Y are local sections of T19M — M. In particular, in terms of affine special
coordinates (x', y;) on M and the induced coordinates (x', y;, ¢',¢;) on N = TM,
we obtain using (3.66), (3.27), (3.28) and (4.4) that

. 1 4
w3 =dx' Ady; + 47_[—2(1(,0[ Ade'. 4.5)

In terms of a conjugate system of holomorphic special coordinates (Z") and (Z;)
inducing (x', y;), we can further write using Lemma 2.6

i . —j 1 i
w3 = Elm(l'ij)dzl ANdZ" + md%‘ Adg'. (4.6)

On the other hand, 2 = w; + iwy can be determined by using (3.75). One finds in
local coordinates that

1 . .
Q= —2—le A (dg; + 7ijde’) . 4.7)
b1

Now in order to compare with the semi-flat HK structure, we remark that this
structure is more naturally defined on 7*M instead of T M. In order to relate them,
we use the natural identification TM = T*M given by

X - owlX,-), (4.8)

where w is the Kéhler form of the ASK manifold.

With such an identification, if (xi, y;) are affine special coordinates on M,
(x', vi, @', ¢;) the induced coordinates on T M, and (x', y;, 6;,0") the coordinates
induced on 7*M, then the identification by w is given in terms of the above coordi-
nates by ' . ' ' ' .

oy @t i) = (X v~ 9') = (X, i, 6;,0"). 4.9)

In particular, in the above coordinates on 7*M the induced HK structure on 7*M via
w: TM = T*M has the local form

; 1 . 1 . .
w3 =dx' Ady; — —do; AdO', Q= —dZ' A (dO; — ‘L','jd@J). (4.10)
472 2

Comparing with the formulas from [10, Equation (2.25) and Equation (2.26)], one
checks that the induced HK structure on 7 * M matches the usual semi-flat HK structure
associated to an ASK manifold.

4.2 HK metrics associated to uncoupled variations of BPS structures
Here we present our main non-trivial example. In order to present this example, we

give a brief review of variation of BPS structures and a slight reformulation of certain
ASK geometries.
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4.2.1 Special period structures and ASK geometries

Consider a complex manifold M of dimension dim¢ (M) = n.

Definition 4.1 A period structure over a complex manifold M is a tuple (M, T, Z)
such that

e ' - M isabundle of lattices. Furthermore I'" has a fiberwise integral skew-pairing
(= =)p:TpxT),—>Z, peM. 4.11)

e Z is a holomorphic section of Hom(T", C) — M. If y is a local section of ", we
can contract Z and y to obtain a local holomorphic function on M. We denote this
contraction by

Z, =Z(y). (4.12)

Now we explain the notion of special period structure over M. As we will see below,
this should be thought as encoding an ASK structure on M where the flat connection
V comes from a certain “integral" structure on TM — M.

Definition 4.2 A period structure (M, I', Z) is special if
e I' C T M is a bundle lattices of rank 2n = dim(M) (i.e., ') ® R = T, M for all

p € M) and furthermore the pairing (—, —) is non-degenerate. We assume that
around any point p € M we can find a local Darboux frame (y;, y*') of (—, —).
Namely '

viov) =8, vy =" y)=0. (4.13)

We denote by w the non-degenerate 2-form on M induced by (—, —).

e If ] is the complex structure of M, then w is compatible with I (i.e.,w(I—, [—) =
(=, —)).

e If V is the flat connection on M induced by I' € TM and &0 is the complex
vector field on M determined by

L 0
2Z =wE", -), (4.14)
then we have
a0 =vell (4.15)
where
a0 TMeC—>TM (4.16)

is the canonical projection into (1, 0) vectors with respect to /.

Proposition 4.3 Givena special period structure (M, ", Z), one obtains an ASK struc-
ture (M, w, V) with Kahler form w induced from the pairing (—, —) and flat connection
V induced from T'. Furthermore, given a local Darboux frame (y;,y') of T — M,
the associated holomorphic functions (Z' = Z,i), (Zi = Zy,) are conjugate systems
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of holomorphic special coordinates, and the affine special coordinate system (', vi)
induced from (Z') and (Z;) satisfies that

Vi=0u, vy =20,. (4.17)

Proof Since w is induced from the pairing (—, —) on I', and V is induced from I',
then we clearly ha\_/e Vw = 0. Now note that if (y;, y*) is a local Darboux frame of
(T, (—, —)) and (&', ;) denotes the dual frame on I'* C T*M then

Z=27'8+7Z, w=5 A6 (4.18)

implies that

1 . .
¢ = (Zlvi = Zivh). (4.19)

Since 710 = V&0 and 2Re(7 %) = Idryy, it follows that (x! = Re(Z), y; =
—Re(Z;)) is a coordinate system such that (4.17) holds, so in particular it must be a
flat Darboux coordinate system for w, and hence an affine special coordinate system.
We then obtain that

o =dx' Ady;, (4.20)

so w is closed, and hence symplectic. Since w is compatible with I, we then obtain
that (M, I, w) is pseudo-Kéher. Furthermore, the flatness of V implies d% = 0 (recall
that dy denotes the extension of V to higher degree forms valued in 7 M, namely
dy : QX(M, TM) — QY (M, T M)), and hence

210 — %(1TM —il) = VeM0 = gyl 0 (4.21)
implies that

1
0=dyr!? = S @v(ry) —idv(D) = dv(lrm) =0, dv()=0. (422)

The condition dy (17,7) = 0 is equivalent to the torsion freeness of V (which already
follows from previous arguments), while dy (/) = 0 is the remaining condition needed
to obtain an ASK structure. Hence, we conclude that (M, I, w, V) is affine special
Kihler. It then follows from the same argument given in Lemma 2.4 that (Z') and
(Z;) are conjugate systems of holomorphic special coordinates. O

4.2.2 Variations of BPS structures

Variations of BPS structures were introduced in [5]. As mentioned in the introduction,
they can be thought as abstracting certain natural structures associated to a triangulated
3d Calabi—Yau category, and its associated Donaldson—-Thomas invariants and stability
condition space. From the physics perspective, they can also be thought as abstracting
natural structures associated to 4d N' = 2 supersymmetric field theories and their BPS
states [14].
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Definition 4.4 A variation of BPS structures is a tuple (M, I', Z, Q) such that

e (M, T, Z) is a period structure.

e Q:I'\{0} — Qis afunction satisfying the Kontsevich—Soibelman wall-crossing
formula (see [5, 16]) and Q2(y) = Q(—y). We will not state the wall-crossing
formula, since it requires to introduce several notions and we will restrict to a
simpler case where the statement of the wall-crossing formula becomes easier.'?
The numbers 2 (y) are called the BPS indices.

e Support property: Given any compact set K C M and a choice of norm | — | on
the vector bundle I'| x ®7 R — K, there should be a constant C such that for any
y € I'|k N Supp(£2), we have

1Z,| > Cly|. (4.23)

Here Supp(£2) denotes the set of y € I" such that Q(y) # 0.
e Convergence property: for any R > 0, the series

D 1)l R (4.24)

vell,
converges normally on compact subsets of M.

Remark 4.5 Our support and convergence property are stronger than as stated in [5],
but the same as in [10]. We use this stronger version to guarantee that certain infinite
sums involving the €2 (y) below give rise to smooth functions. We do not rule out that
weaker assumptions also guarantee the above.

Definition 4.6 A variation of BPS structures (M, I', Z, 2) is uncoupled (or mutually
local) if forany p € M and y,y’ €T,

Q). Q) #0 = (y,y) =0. (4.25)

We say that (M, T, Z, €2) is coupled if it is not uncoupled.

In the case of an uncoupled variation of BPS structures, the wall-crossing formula
implies that €2(y) must be locally constant and monodromy invariant.

4.2.3 The special Joyce structure and the associated HK metric

Our starting point is an uncoupled variation of BPS structures (M, I', Z, ©2) such that
(M, T, Z) is a special period structure. In particular, we have an ASK geometry on M
determined by (M, I, Z) according to Proposition 4.3. In [10] a hyperkiher structure
on T*M is constructed from this data, based on previous work in the physics literature
[14].

13 Roughly speaking, the numbers €2(y) jump along a real codimension 1 subset of M determined by
(M, T, Z). However, they do not jump arbitrarily, but the jump is uniquely determined by the Kontsevich—
Soibelman wall-crossing formula.
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It is shown in [10, Lemma 3.14] that in the above setting, we can always find
a local Darboux frame (y;, ') of I" around any point p € M such that Supp(Q2) C
spany{y'}i=1... . The frame (y;, y') induces a conjugate system of holomorphic spe-
cial coordinates (Z') and (Z;) on M as in Proposition 4.3, which in turn induces affine
special coordinates (xF, yi) on M. We denote as before (xF, Vi, (pi , ¢;) the induced
coordinates on 7'M and (xi, vi, 6, i ) the induced coordinates on 7* M . Furthermore,
in such a situation if y € Supp(£2) has the expression

y =ni(y)y', (4.26)

then we write ' ,
gy =ni(Y)¢', 0, =ni(y)o". (4.27)

Finally, in order to write the function J specifying the special Joyce structure, we
denote the modified Bessel functions of the second kind by K, (x). The function J is
then defined by

1 ein(py

n>0

In Appendix B we discuss a relation between the function J from (4.28) and the
instanton generating function G studied in [2], which in turn is related to the formula
of the Plebariski potential found in [3].

Proposition 4.7 The function J given in (4.28) defines a global smooth function on N
and it is imaginary-valued.

Proof By the same arguments given in [10, Lemma 3.9], the support property ensures
that the summands are well defined (i.e., | Z, | # 0), while the normal convergence of
the sum follows from the exponential decay of the Bessel functions K (x) asx — oo,
together with the convergence property of the BPS structure and the support property
(which guarantees that |Z,| — oo as ||y|| — ©00). The normal convergence then
implies that J is smooth. Furthermore, the monodromy invariance of the €2(y)’s and
the fact that we sum over all y implies that the above expressions is actually a global
function on N. Finally, the fact that J is imaginary follows from the parity property

Qy) =Q(=y). o

We can now use J to define A° via (3.38). The exponential decay of the terms
involving J as |Z, | — oo (which follows from the same argument in [10, Section
3.2]) and the fact that (4.3) is a special Joyce structure implies that the non-degeneracy
conditions (3.4) are satisfied at least on 7 ~'(U) C N for some open subset U C M.
By restricting M if necessary, we assume that (3.4) holdson allof N = T M.

Proposition 4.8 The family of complexified Ehresmann connections A* onmw : N —
M specified by the function J via (3.38) defines a special Joyce structure.

Proof ansider as before a local Darboux frame (y;, ) of I' such that Supp(Q) C
spany{y'}i=1....,. Furthermore, consider the corresponding induced conjugate system
of holomorphic special coordinates (Z') and (Z;) as in Proposition 4.3, and the induced
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coordinate system (x', y;, ¢, ;) on N. With respect to the coordinates (Z', ¢, ¢;)
on N, we then find that the function J only depends on (Z, ¢'). This implies that
all the expressions involving Poisson brackets in Proposition 3.8 vanish, while the
second condition of Definition 3.12 is satisfied due to Lemma 3.10. Hence, using that
J = —J, the condition from Proposition 3.8 that remain to be checked is that for local
holomorphic sections X, Y of TM0M — M

vx(HyJ) —vy(HxJ) =0

4.29
HX(HVJ)+4n2~vX(v7J)=O, ( )

up to the addition of functions that descend to M. In fact, we will see that these
equations are satisfied exactly. To check this, we note that now we have

aJ 19J
HBJZ—.,USJ_

=2 4.30
8zl aat T 20¢0 (4.30)

where the latter is due to the fact that J is independent of the ¢;. Equation (4.29) then
simplifies to checking that
3%J 3%J 3%J a2 32J
— = —, -4 ——
0Z'd¢p’ 0Z710¢"  g7i97’ dpldgp/

=0. 4.31)

The first one follows easily, while the second follows from the following identities
involving derivatives of the Bessel functions

Ky(x) = —Ki(x), (xKi(x)) =—xKo(x). (4.32)

We then conclude that the corresponding family .A¢ defines a special Joyce structure.
]

Remark 4.9 Note that in the general description of special Joyce structures in
Sect. 3.2.2 there is no reality condition imposed on the function J : N — C. Never-
theless, if one is looking for a solution of the flatness conditions (3.42) and (3.43) in
the case that J(Z¢, <pi, ¢;) is independent of the ¢; (like in the uncoupled case from
above), only the combination J — J is relevant, since the terms with vertical Poisson
brackets vanish automatically. Hence, in this case it is natural to look for an iR-valued
J. In the above case of (4.28) we can locally deform J — J 4 f with any R-valued
function f(Z', ¢') independent of the ¢;, and obtain a C-valued function satisfying
(3.42) and (3.43).

We now discuss the induced HK structure. The maps # and v from (3.37) in this
case reduce to

9 927 9
hi=h sy =—+ - - —
iz AZ1 3Zidgl dg;
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9 9 %] 3
V=V =7l —-Tj—+———7—]). (4.33)
17 dp;  0¢'dp/ dg;

On the other hand, from Lemma 3.16 and the fact that J is imaginary-valued we have

(vi, vj) ) ) +2 @)) iI ( )—i—1 G (4.34)
o3(vi, V) =w| —,— V.o Vg = -Im(g;j) + -————. .
3 Vi, Uj 97 871 % ﬁ 2 1 2 09t dgp)
If we introduce the notation from [10, Equation 3.9]
V, = izei”‘/’rl(o(znmz D
Yo 2 14
n>0
_ (4.35)
1 in dz, dz,
Ay = —4— e ‘py|Zy|K1(27T}’l|Zy|) Z——_— s
T n>0 14 Zy
we then obtain
_ — i
031, 7)) = w3(hj, i) = = | Im(zij) + QU Ini(r)nj()Vy |
Y
w3(hi, j) = w3(vj, hi) =0. (4.36)
One can check by an explicit computation that we can write
= m@indzi A dZ + —dgs Adgl
w3 = 5 m(7;; 42 Qi 2
i - 1
+ Xy: Qy) <§vydzy AdZy + S—dgy A Ay> : (4.37)

by evaluating the right-hand side of (4.37) on the local frame given by #;, hi, vi, U;
and checking that it matches with (4.36). Similarly, using (3.75) one checks that the
following expression for €2 holds

1 . ; i
(4.38)

As in the semi-flat case, using the identification w : TM = T*M given by X —
w(X, —), we can induce from the above HK structure an HK structure on 7* M. After
doing so, we obtain in the coordinates (Z', 6;, 6") the follows local expressions for w3

@ Springer



Special Joyce structures and hyperkahler metrics Page 37 of45 124

and Q

1. . i
Q= S—dZ' A (6 = 7ijdo) + Xy: Q) (dZV A Ay + 5= Vydty A dZy)

i . =j 1 .
w3 = EIm(le)le ANdZ' — 47[—2d91 A d6*

i

= 1
+ zy:sz(y) <2Vydzy AdZy + ——doy A Ay) :
(4.39)

matching with the expressions from [10, Equation (3.10) and (3.11)]. Hence, this
special Joyce structure recovers the HK metrics associated to uncoupled variations of
BPS structures studied in [10].

5 Relation to hyperkahler metrics on algebraic integrable systems

In this section we consider an ASK manifold M whose ASK structure is given by
a special period structure (M, I', Z) (recall Definition 4.2), together with a special
Joyce structure A¢ over M. We further assume a certain simple compatibility condi-
tion between A% and (M, T, Z), introduced below. We then show that such special
Joyce structures induce an HK metric with a compatible algebraic integrable system
structure.

Definition 5.1 Consider a special period structure (M, T, Z) and a special Joyce struc-
ture A% over the induced ASK manifold (M, I, w, V). We say that Al is compatible
with the period structure (M, I', Z) if the induced hyperkiher structure on N = T M
is invariant under the action by fiberwise translations by 277 - I' ¢ TM.'4

In the above situation, we get an induced HK structure on the quotient X :=
TM/2m -T'. Note that if dim¢ (M) = n, then the fibers X, of the canonical projection
7w X — M satisfy

X,=T,M/2m -T,=(sH*". (5.1

If (M, T, Z) is a special period structure, then special Joyce structures from our
examples in Sect.4 are compatible with (M, I', Z). Indeed, note that if (y;, yi) isa
local Darboux frame of I, then by Proposition 4.3 we have that the induced affine
special coordinates (x’, y;) satisfy

vi=u, ¥ =0dy . (5.2)

Hence, with respect to the induced coordinates (xi, Vi, <pi, @;) on T M, translations by
27t - I amount to the shifts

o > @' +2wn', @i — @i +2wn;, n',nie€l. 5.3)

14 This type of condition is already included in the definition of Joyce structure in [6].
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It is easy to check from the expressions of the corresponding HK structures on Sect. 4
that the HK structures are invariant by translations by 2 - T.

We now recall the definition of an algebraic integrable system, taken from [12,
Section 3].

Definition 5.2 An algebraic integrable system is a tuple (7 : X — M, Q, [p]) such
that:

m : X — M is a holomorphic submersion.

Q € Q>9(X) is a holomorphic symplectic form on X.

The fibers X, := 7~ 1(p) are compact and Lagrangian, and hence tori.

[p] gives a family of smoothly varying classes [p,] € H'1(X,) N H*(X,, Z)
defining a possibly indefinite polarization of X .

Definition 5.3 Consider a hyperkihler manifold (X, g, I, Iz, I3) (possibly with indef-
inite signature) with associated Kéhler forms w;, i = 1, 2, 3; together with an algebraic
integrable system structure (7 : X — M, @, [p]). We will say that the two structures
are compatible if:

e 7 : X — M is holomorphic with respect to the complex structure /3 on X.
e The holomorphic symplectic form w; + iw, with respect to /3 equals €2.
e The polarizations of the fibers of 7 : X — M are specified by w3 in the sense that

[wslx,] = [ppl.
Proposition 5.4 Consider a special period structure (M, T', Z) and a special Joyce
structure A% over M compatible with the period structure. Then the associated HK

structure (X = TM/2n - T, g, 11, I, I3) has a compatible algebraic integrable
system structure where w : X — M is the canonical projection.

Proof To show that 7 is holomorphic with respect to I3 and the complex structure /
on M, it is enough to show that

dmolz =1odm. 5.4)

The latter follows from (3.17). On the other hand, the fact that the fibers are Lagrangian
with respect to 7 follows from (3.75). Finally, note that from (3.66), we have that

1
w3lr,m = _mwv|TpM- (5.5)

In particular, with respect to'afﬁne special coordinates (xi, y;) around p and the
induced coordinates (x', y;, ¢', ;) on T M, we have (recall (3.28))

1 .
w3|7,m = 77 dgi A de'. (5.6)

From this it follows that w3|x, is a closed form defining an integral cohomology class
onX, = (S1H2". The fact that it is of type (1, 1) follows from the second condition of
Definition 3.12. Hence, the cohomology class [w3]|x )1 defines a (possibly indefinite)
polarization on X . O
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Remark 5.5 Note that the above HK geometries obtained from special Joyce structures
satisfy a slightly stronger compatibility condition than the one from Definition 5.3.
Namely, w3 restricted to the fibers gives the unique invariant closed (1, 1) form speci-
fying the polarizations, rather than just specifying the polarization via its cohomology
class.

Note that by [12, Theorem 3.4], given an algebraic integrable system (7 : X —
M, 2, [p]), there is an ASK structure on the base M determined by the integrable
system structure. Roughly speaking, Qisusedtorelate X to T*M /A, where A C T*M
is a bundle of full rank lattices. One then uses the bundle of lattices A — M to
induce the flat connection on M of the ASK structure, while the Kéhler form w is
determined by the polarizations [0, ]. Suppose now that we start with an HK structure
on X = TM/(2x - ') having a compatible algebraic integrable system structure
(r: X - M, 2, [p]). We further assume that the HK structure lifts to 7M. By the
previous argument, one automatically obtains an ASK structure on M. On the other
hand, one can consider the CP!-family of complex structures I determined by the

HK structure via (3.18) and the corresponding involutive distributions TI(; o1 (TM) C
T(TM) ® C. The question is then whether the distributions TI(; ’l(TM ) for ¢ € C*

allows us to define complexified Ehresmann connections A° with the form (3.38).
Whether this “reverse" point of view on special Joyce structures holds will be deferred
for future work.
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A Proof of Lemma 3.17

In general we have
dwi(X,Y,Z) =Xwi(Y,Z) = Yi(X,Z) + Zoi(X,Y) — wi([X, Y], Z)
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+w,([X, Z].Y) — o ([Y, Z], X). (A.1)

For w3 in particular, since w3 is of type (1, 1) in complex structure /3, we know that

dws can only have a (2, 1) and (1, 2) component. Using (3.66) and Lemma 3.2, the
relevant equations for the (2, 1) component are

dws(hi, hj, hi) = hiw3(hj, ki) —=h jos(hi, hi)+@3(Thi, hid, hy)— w3 (Thy, b, hi)

dws(vi, hj, hi) = viw3(hj, h) + @3([vi, hil, hj) — 03([hj, hid, vi)

dws(vi, vj, hi) = w3([vi, hel, v;) — w3([v;, hel, vi)

dws(hi, hj, %) = w3([hi, k1, hj) — w3([hj, Vg, hy)

dws(v;, hj, vg) = —hjw3(v;, U) + o3([vi, ], hj) — w3([h;, vgl, vi)

dws(vi, vj, ) = viws(vj, V) — vjw3(v;, Ug) + w3([vi, ], v;) — w3 (v}, ¢, v;)
(A2)

foralli, j,k =1, ...,dimc(M). The (1, 2) component is automatically obtained by
conjugation and using the reality of ws3.

On the other hand, for Q = w| + iwy, d2 has a (3,0) and a (2, 1) component.
Using (3.75) and Lemma 3.2, the equations relevant for the (3, 0) component are

dQ(hi, hj he) =0
dQ(v;, hj, hy) = —h;Q2;, hy) + he (v, hj)

(A3)
dQ(vi, vy, hg) = viQ (v, hy) — v;Q(v;, hy)
dQv;,vj, 1) =0
while for the (2, 1) component we obtain
dQ(hi, hj, he) = QUlhi, hil, hj) — A, hil, hi)
dQ i, hj, hi) = heQ i, hj) + QU[vi, hel, hj) — QLh;, by, vi)
dQ (i, vy, he) = Q[vi b, vj) — Q([vj k. vi) (Ad)
dS2(h;, hj,vp) = Q([hi, k], hj) — Q([h;, vk, hi)

dQ(hi, vj, vk) = vkS2(hi, vj) + Q([hi, vl vj) — (v, i, ki)
dQ(Ui9 Uj? U_k) = Q([Ui,v_k], Uj) - Q([Uj9 U_k], Ui) .

The above equations should hold again for all i, j, k = 1, ..., dim¢(M).

In order to simplify the above equations, we note that by an explicit computation
using the definitions of & and v (3.37), one finds that

lhi, hj1, T, Byl Thi, U71, [, D51 € span{v, Ui, j=1,....dime (M) - (A.S)
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Using the above in conjunction with (3.66), the equations for dw3z simplify to

dw3(hi, hj, hg) = hiws(hj, hi) — hjw3(h;, hy)
dws(vi, hj, hi) = viws(hj, he) — o3([hj, hel, vi)

dws(vi, vj, hy) = w3([vi, hel, v;) — @3([vj, hel, vi)
dws(hi, hj,vx) =0

dws(vi, hj, ) = —hjw3(v;, vx) — w3([hj, vcl, vi)

dws(vi, vj, k) = viws(v), 0x) — vjw3(v;, V) + w3([vi, k], v;) — w3 (v}, ], v;)

(A.6)
while using (3.75) the ones for the (2, 1) component of dS2 simplify to
dQ(hi, hj, hi) = Q[hi, hel, hj) — ULk, hel, hi)
dQ (i, hj, hi) = Qi hj) + Qi hed, b))
90 =0 ) a7
dQ2(hi, hj, vp) = Q([hi, ], hj) — Q([hj, v, hi)
dQ(hi, vj, vx) =R (hi, vj) — Q([v;, k], hy)
dQ(v;, v, 7)) =0
Hence, overall we need to check if the following expressions are 0
(1) dws(hi, hj, hp) = hiws(hj, hi) — hjos(hi, hi)
(2) dw3(vi, hj, hi) = vios(hj, ) — 3k, hil, v)
(3) dws(vi, vj, h) = w3([vi, hil, v;) — w3([v;, hel, vi)
4) dw3(vi, hj, V) = —hjw3(vi, %) — w3([h;, V¢, vi)
(5) dws(vi, vj, ) = viws(v), V) — vjw3(v;, V)
" + w3([vi, k], vj) — w3([vj, V], vi) (AS8)

)
®)
€))
(10)
(1)

dQ(v;, hj, he) = —h;Qv;, hy) + hi2(vi, hj)
dQ(v,-, vj,hk) = viQ(vj,hk) — va(v,',/’lk)
dQ(hi, hj, he) = Qhi, hil, hj) — QLA hel, hi)
dQ i, hj, hi) = heQ (i, hj) + Qv hel, hj)
dQ2(hi, hj, vp) = Q([hi, k], hj) — Q([hj, vel, hi)
dQ(hi, vj, k) =0 (hi, vj) — Q([v;, vkl hy)

Asa next step to further simplify the above equations, we use (3.66), (3.75), (A.5),
and [h;, h;] = [v;, v;] from the flatness conditions in Lemma 3.2, obtaining (the
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equations with primes are the ones that were rewritten)

(1) dw3(hi, hj, hg) = hiws(vg, Vj) — hjws(vk, ;)

(") dws(vi, hj, hi) = viw3 (v, 0;7) — o3[, vil, v7)

(3) dw3(vi, v}, hy) = w3([vi, hil, vj) — w3([v;, hil, vi)

@) dwz(vi, hj, k) = —hjw3(v;, vg) — w3([h;, v¢], vi)

(5) dws(vi, vj, %) = viw3(vj, V) — vjw3(vi, k)

+ w3 ([vi, %], vj) — w3([vj, vkl vi)

(6") dQ(vi, hj, hy) = =2i(hjw3(vi, k) — hkw3 (vi, U))

(7" dQ(vi, vj, hy) = 2i(viw3(vj, Tg) — vjw3 (v, Ug))

(8) dQ(hi, hj, hx) = =2i(ws (¥}, [V7, w]) — @3(T7, [T}, v])
9 dQi, hj, hi) = =2ithkw3 (], vi) + w3(V7, [v;, hi)
(10")  dS2(hi, hj, ) = —2i(w3(©;, [hi, Uk]) — w3(v;, [h}j, ])
(A1) dQ(h;, vj, vr) = 23 (V7, v;j) + w3 (@7, [v;, Tk]))

(A.9)

From the above, together with the flatness condition [v;, & ;] = [v}, h;] from Lemma
3.2 we see that setting the equations to O for all i, j,k = 1, ..., dimc(M) gives
the following implications among them (a bar over a number means the conjugate
equation)

(1) < ), (7)and ®) = (5), @) < ©), 2)+@®) = (1)
(3) and ([vi, 7] = [vj, hi]) = (10)), (2) and (7) = (§),
@) and ([v;, h;] = [vj, hi]) = (1) (A.10)

Hence, we can reduce dws = 0 and d2 = 0 to just checking that (2'), (3), (4) and
(7") are equal to 0. Namely, we must check that

viw3(vj, k) = vjw3(v;, V)
hjaws3(vi, o) = w3(v;, [hj, vE])
w3([vi, hel, vj) = w3([v;, hel, vi)

viw3(vj, ) = w3 (v;, [vj, U] .

(A.11)

The result of the lemma then follows.

B Relation to the instanton generating function

In the work of [3], a certain integral formula is given for the Plebariski potential J1s
associated to a variation of BPS structures (M, I', Z, Q) [3, Equation (1.5)]. This

15 1n their notation it is denoted W.
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formula is in turn related to the so-called instanton generating function G studied by
the same authors in [2, Equation (3.22)], in the context of instanton corrections in
Calabi—Yau compactifications of type IIA/B string theory. We further remark that,
even though the BPS indices €2(y) jump across the walls of marginal stability, the
functions J and G are smooth across the walls [2, Appendix C].

In this appendix we show that the function J from (4.28), specifying the special
Joyce structure associated to an uncoupled variation of BPS structures, admits an
integral formula similar to the one in [3, Equation (1.5)].16 In this case a second
summand like in [3, Equation (1.5)] is not present due to the BPS structure being
uncoupled.

Proposition B.1 Consider an uncoupled variation of BPS structures (M, ', Z, Q) and
the corresponding function J from (4.28). Then J admits the representation

1
J=-—=) Q )/ —Lia (X, (5)) (B.1)

4mi
Y

where
z _
X, (£) = exp (n?y +ig, +ngzy> ., L,={teC | Z,/t eRy}, (B.2)

and Liy(z) denotes the dilogarithm function.

Proof For y with Q(y) # 0, we first parametrize [, by { = —s - Z, /| Z,, | for s > 0.
Recall that by the support property in Definition 4.4 we must have Z,, # 0 whenever
Q(y) # 0, so this parametrization makes sense. Now note that

Xy (=5 - Zy /1Z, D) = |lexp(=s~'7|Z, | +ip, —s7|Z, )| <1, (B.3)

so we can use the series expansion of Liz(z)

n

. Z
Lix@ =Y 5. Izl <1, (B.4)
n>0 n
to write
ey o0 gy
/ —Lix (X, (¢)) = Z — exp( s nrr|Zy| —snwl|Z,]), (B.S)

n>0

where we have used the Fubini—Tonelli theorem to exchange the sum with the integral.
Now note that by using the integral representation of the Bessel function K, (x) given
by

K, (x) Z/o dt exp(—x cosh(?)) - cosh(vt), x >0, (B.6)

16 The author would like to thank S. Alexandrov and B. Pioline for bringing this fact to his attention.
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one finds by the substitution s = ¢’ that

0 g . o)
—exp(=s~ nw|Z,| —snw|Z)|) = dt exp(—2nm|Z, | cosh(r))
0 N

o0
= 2/ dt exp(—2nm|Z, | cosh(t))
0
=2Ko(2nn|Z,)). (B.7)

Hence, it follows that

== ZQ(y)Z

n>0

—Z (v )f —Liz (X, ().

(B.8)
O

The above proposition suggests that a function similar to [3, Equation (1.5)], or

some other related function built out of it, might give a solution to (3.42) and (3.43),
and hence define a special Joyce structure in the case of coupled variations of BPS
structures. In this case &), from (B.2) should be replaced with a solution to the TBA
integral equations of [14, Equation (5.13)], and the integral kernel from the second
term in [3, Equation (1.5)] should be replaced with the kernel relevant to [ 14]. Whether
or not this is possible will be left for future work.
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