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Crossing Number in Slightly Superexponential Time (Extended Abstract)

Daniel Lokshtanov* Fahad Panolan' Saket Saurabh? Roohani Sharma$ Jie Xuel

Meirav Zehavil

Abstract

A drawing of an (undirected) graph G is a mapping ¢ that assigns to each vertex a distinct point in the
plane and to each edge uw a continuous curve ¢(uv) in the plane from ¢(u) to ¢(v), not passing through the
image of any other vertex. Two edges e and f cross in a point p if p € ¢(e) N @(f) and p is not the image
of a vertex of G. In a drawing no three edges are allowed to cross in the same point. The crossing number
of a drawing of GG is the number of points p such that some two edges e and f cross in p. In the CROSSING
NUMBER problem, the input consists of a graph G and integer k. The task is to determine whether there exists
a drawing of G with crossing number at most k, and to output such a drawing if it exists.

Grohe [STOC 2001, JCSS 2004] gave an algorithm for CROSSING NUMBER with running time f(k)n? where
29Q(k)
flk) = 92° . He conjectured that there exists an algorithm with running time 2°®)n. Kawarabayashi

k)
and Reed [STOC 2007] outlined an algorithm with running time f(k)n where f(k) = 22 Combining
the main combinatorial lemma by Kawarabayashi and Reed with the recent algorithm for CROSSING NUMBER
parameterized treewidth plus k by de Verdiere and Magnard [ESA 2021] would yield a running time of f(k)n

where f(k) = 90k o k) - Thig still falls far away from the dependency on k in the conjecture by Grohe.
Furthermore, critical details of the proof of the correctness of the algorithm of Kawarabayashi and Reed, and,
in particular, of the aforementioned combinatorial lemma, have never been published.

In this work, we give an algorithm with running time 2°*1°6%)y Thus, our algorithm resolves Grohe’s
23-year old conjecture up to a logarithmic factor in &k in the exponent. .

1 Introduction

A drawing ¢ of a graph G is a drawing of G on the Euclidean plane where each vertex of G is mapped by ¢ to
a point and each edge e of G is mapped by ¢ to a (continuous) curve between its endpoints, such that: (i) for
every two distinct vertices v,v’ € V(G), p(v) # o(v'); (i) for every two distinct edges e, e’ € E(G), ¢(e) and
p(€’) intersect in only a finite number of points, and for every point p in which ¢(e) and (e’) intersect, there
does not exist an edge €’ € E(G) \ {e, €'} such that p(e”) intersects p; (iii) for every vertex v € V(G) and edge
e € E(G), ¢(v) is not an internal point of ¢(e). With respect to a given drawing ¢ of a graph G, a crossing is a
point p such that there exist two distinct edges e, e’ € E(G) that satisfy the following condition: the point p is
an internal points of both ¢(e) and ¢(e’). The number of crossings in ¢ is denoted by cr(¢).

The crossing number of a graph G, denoted by cr(G), is the minimum number of crossings in a drawing of G.
Sometimes drawings are further restricted so that each pair of edges can only have one crossing. Importantly, this
restriction does not increase the crossing number of the graph because every crossing-minimal drawing satisfies
t [38]. Computationally, the input of the CROSSING NUMBER problem is a simpleﬂ graph G on n vertices and
a non-negative integer k € Ny, and the task is to decide whether cr(G) < k, and, if the answer is positive, then
output a drawing ¢ of G with cr(p) = cr(G). Sometimes the problem is formulated such that if the answer
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the sake of readability and allow G to not be simple.
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is positive, then one only needs to output a drawing ¢ of G with cr(p) < k. Up to a O(k)-factor in the time
complexity (or O(log k) using binary search), these formulations are equivalent

The crossing number of a graph G is a natural measure of how close G is to being planar (indeed, G is planar
if and only if cr(G) = 0). The notion of the crossing number of a graph was first considered in 1940 by Turédn [41]
for bipartite graphs in the context of the minimization of the number of crossings between tracks connecting brick
kilns to storage sites.

The problem has applications to VLSI circuit layouts [0, 35, B6] and is very well studied both from the
algorithmic and purely combinatorial perspectives. At least one book [40] (also see [39, B7]) has been fully
devoted to the study of crossing numbers, and yet the problem is very far from being well-understood. Even
obtaining tight bounds on the crossing number of complete graphs and complete bipartite graphs remain a well-
known open problems in mathematics [I5].

1.1 Known Results. The CROSSING NUMBER problem was shown NP-complete by Garey and Johnson in
1983 [22], and it remains NP-complete on graphs of maximum degree 3 [26], on graphs which can be made planar
by removing of at most one edge [9], and even on graphs which can be made planar by removing at most one
edge and have at most constantly many vertices of degree greater than 3 [31, 27] (see also [2I], Section 3.2).
Very recently, CROSSING NUMBER was shown to be NP-hard also when restricted to graphs of pathwidth 12 (or
treewidth 9), and therefore it is para-NP-hard parameterized by pathwidth (or treewidth) alone [29].

From the perspective of approximation algorithms, it is known that there exists a fixed constant ¢ > 0
such that (1 4 €)-approximating the crossing number of a graph is NP-hard [7]. No non-trivial approximation
algorithms are known on general graphs; the most general known results give approximation algorithms whose
approximation ratio is bounded in terms of the number n of vertices and the maximum degree A of the graph [12].
The current best such approximation algorithm by Chuzhoy and Tan [I3] achieves an approximation ratio of

20(108'% nloglogn) AO() - Better approximation algorithms were known for some restricted graph classes, such as
graphs embeddable on a fixed surface [23] [I1] and graphs from which few edges or vertices can be removed to
make them planar [3| [8] [10] [30].

In this paper, we focus on parameterized algorithms for the CROSSING NUMBER problem, specifically on
algorithms whose running time is allowed to depend super-polynomially on the number k of crossings (see the
textbooks [14], 19, 20] for an introduction to parameterized algorithms). It is easy to design an algorithm with
running time n®®) by guessing which pairs of edges cross (and in which order) in the drawing of G. In their
monograph, Downey and Fellows [I8] posed whether the problem is fized parameter tractable (FPT), that is,
admits an algorithm with running time f(k)n®®). This question was resolved in the affirmative by Grohe [24]
who gave an algorithm with running time f(k)n?. The running time dependence f(k) of the algorithm of Grohe is
an exponential tower of height at least 4. Grohe conjectured that both the dependence on k and the dependence
on n can be substantially improved simultaneously, all the way to 2°*)n. In 2007, Kawarabayashi and Reed [34]
outlined an algorithm with running time f(k)n, that is, they claimed a linear time dependence on n with an
unspecified (and also at least triple—exponential)lﬂ running time dependence on k. Unfortunately, the manuscript
[34] only presents a sketch of the proof—the critical details have never been published, shedding doubt on its
validity.

Recently, de Verdiere and Magrand [16] proved the following theoremﬂ

THEOREM 1.1. ([I6]) The CROSSING NUMBER problem is solvable in time 20((k+w)log(k+w)) Ly yyhere w is the
treewidth of the input graph.

Replacing the invocations of Courcelle’s Theorem in [24] and [34] with the algorithm in Theorem leads to
algorithms with running time dependencies on k of 22°" and ko(k4), respectively. Yet, as we argued above, the

second result cannot be substantiated due to its missing proof details.

2Indeed, to minimize the number of crossings of the output ¢, simply iterate over every k¥’ =0,1,...,k, terminating with the first
¢ that is returned.

3The fact that the dependencies are exponential towers of heights 4 and 3, respectively, can be derived from the formula that is
used in order to apply Courcelle’s theorem in these manuscripts.

4This result is implicit in [I6], who study a different problem. However, it follows from a reduction in [I7]. We comment that we
do not use this theorem in our work, but prove a generalization required for our purposes.
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On the negative side, Hlineny and Dernar [28] showed that the problem does not admit a polynomial kernel
unless coNP C NP/poly. When parameterized by the vertex cover number, CROSSING NUMBER was shown
to admit an FPT algorithm by Hlinény and Sankaran [32]. This algorithm was later modified to resolve the
more general problem of completing a partially specified drawing of G with at most k crossings by Hamm and
Hlinény [25].

1.2 Our Contribution. We prove the following theorem.

THEOREM 1.2. (Main Theorem) The CROSSING NUMBER problem is solvable in time 20*108%) .

The algorithm of Theorem [I.2] comes quite close to completely resolving the 23-years old conjecture of Grohe;
the running time of the algorithm is just off by a factor of logk in the exponent. Our algorithm is inspired by
the same general template as the previous two parameterized algorithms for CROSSING NUMBER: first reduce
the treewidth of G to a function of k and then apply an algorithm for CROSSING NUMBER parameterized by k
and the treewidth w of the input graph. Most importantly, our algorithm critically differs from the previous ones
in the implementation of the first step, that is, the treewidth reduction step. Having a radically new approach
for treewidth reduction, here, is essential as the previous ones hit a provable barrier, as we describe below. We
believe that this barrier is the reason why Grohe’s conjecture has remained opened for more than two decades.

Notably, for us, we will not have a single application of the treewidth reduction step, followed by a single
resolution of the case of a bounded-treewidth graph, but interleave the two steps for a (possibility large) number of
times on various subgraphs of the input graph. Thus, for us, it will be meaningless to consider them as a first step
and a second step. In fact, we will consider the “second” step before the “first” step (both in the Overview and
in the manuscript itself), since it will make the paper much more readable—specifically, the treewidth reduction
step will make repeated calls to the algorithm developed for the bounded-treewidth case, and will rely on concepts
and statements that are more naturally introduced there. Next, for each of these two components, we briefly
outline our contribution and compare our work with the literature on the subject.

Algorithm for Bounded Treewidth Graphs. Unfortunately, we cannot use Theorem in a black box
manner—we need to solve a more general and technical task (whose formal statement is omitted from this extended
abstract). Specifically, we need to compute a small representative sample of (combinatorial representations of)
partial drawings of boundaried subgraphs of G. More precisely, we will make repeated calls to an algorithm on
a subgraph of the input graph that has some set of “special vertices” (termed a boundary), and we will need to
“replace” this subgraph by a smaller subgraph in a way that, in particular, will not affect the answer (Yes or No)
to the problem. We cannot do exactly that, but, instead, “replace” this subgraph by a set of smaller subgraphs,
so that, at least one of them will be “good” in the aforementioned sense. It might be possible (though quite
non-trivial) to generalize the ideas of de Verdiere and Magrand [16] to replace at least some of the algorithmic
steps that we perform towards our task. However, this would yield a convoluted solution. Instead, we present a
direct algorithm to solve our more general task. In particular, throughout our proof, we make transparent use of
the concept of representation.

The Treewidth Reduction Step: A Completely New Approach to Break the Barrier. For the treewidth
reduction step, Grohe [24] proves that his upper bound on the treewidth w of the graph after the treewidth
reduction is not better than 2°*). Kawarabayashi and Reed [34] claim that they can reduce the treewidth of the
input graph all the way down to O(k*) (though the proof was left incomplete).

One might think that perhaps the authors of the previous works [24] [34] simply did not seriously optimize
the dependence of the treewidth w on k in their treewidth reduction step, and that some modifications to their
previous treewidth reduction steps could lead to a treewidth bound of O(k), thereby yielding a 20(klogk)p time
algorithm for CROSSING NUMBER when combined with Theorem However, there is an impassable barrier that
prevents the treewidth reduction steps of Grohe [24] and Kawarabayashi and Reed [34] from producing graphs
with treewidth 0(k3/ 2). Namely, both of the previous algorithms rely on repeatedly removing the middle vertex
of a flat Q(k)-wallin G. To keep the treewidth reduction steps efficient, the previous algorithms do not remove all
such vertices, but just enough to be able to prove their treewidth upper bounds. What if we pushed the previous
treewidth reduction algorithms to the limit and were somehow able to remove all vertices that are in the middle of
a Q(k)-wall? Even in that case, we would not be able to upper bound treewidth by o(k3/2)! To see this, consider
the k3/2 x k3/2 grid split into vk x vk sub-grids such that each sub-grid is of size k x k and has a crossing. This
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grid has crossing number k and treewidth Q(k®/2), but no flat ck-wall for some constant ¢. Therefore, even with
Theorem at hand, it is impossible to attain the running time of Theorem simply by a more exhaustive
application of the main reduction rule of [24] [34], or a better analysis of the reduced graph.

Critically, our treewidth reduction breaks the k3/% barrier. We start by finding a set F of at most 2k edges
such that G — F is planar. Such a set can be found in time 29 1°2%) ., ysing the algorithm of Jansen, Lokshtanov
and Saurabh [33].

Since G — F' is planar, we can apply the following (standard) trick. First, we computes an outer-planarity
layering of G — F. We peel off the outer layer of G — F', giving all the vertices of the outer layer label 0. Then
we peel off the next layer, giving those vertices label 1, and so on. We keep going until label 3(4k + 1); at this
point, we re-start from label 0. Since at most 2k vertices are incident to edges that participate in crossings (with
respect to a solution drawing of G, if one exists) and at most 2k vertices are incident to edges in F, there exist 3
consecutive labels 7,7 + 1,7 4+ 2 such that no vertex with such a label is incident to a crossing edge or an edge in
F. Let L be the set of all vertices labeled 7, 7 + 1, or 7 + 2.

If G — F is 3-connected, then we can prove a result that is, in a sense, a strengthening of the classic “cycle
separator planarity criterion” (see Theorem 3.8 in [4]) to (essentially) show that (i) no edge of F' connects two
different components of G—F—L, and that (ii) each connected component of G—L can be considered independently
(substantial technical details swept under the rug here). Since each connected component of G — L consists of at
most O(k) consecutive outerplanarity layers (plus at most k edges from F), the treewidth of each component is
at most O(k) based on a result by Bodlaender [6].

To handle the general case when G — F' is not 3-connected, we proceed by a two-level dynamic programming
over the tree decomposition of G— F' into its 3-connected components. In the outer layer we consider a 3-connected
component of G — F', assuming that all of its descendants in the tree have already been processed. We then reduce
the treewidth of this component to O(k) by the method for 3-connected graphs, before we apply the bounded
treewidth algorithm of Theorem 1] for the treewidth-reduced version of this 3-connected component to fill the
entries of the DP table (of the outer DP layer) corresponding to this component. Actually, executing this plan
requires us to handle a number of non-trivial technical difficulties, which we address formally in the technical
sections.

Lastly, we note that our layering-step is inspired by Baker’s technique [I]. However, generally speaking,
Baker’s technique is applied to problems closed under natural operations such as contractions. However, for
CROSSING NUMBER, contraction can turn a yes-instance into a no-instance (and a no-instance into a yes-instance).
This makes the application of Baker’s technique challenging and quite different than usual.

1.3 Structure of the Extended Abstract. We defer the definition of well-known concepts and standard
notations to the full version of this extended abstract. Also, for the sake of clarity of our overviews, we will
(over-)simplify some of the technical details. First, in Section 2 we outline the proof of our generalization of
Theorem [I.1}] Then, in Section [3| we outline the proof of Theorem Lastly, in Section [4] we conclude the
extended abstract.

2 Overview for the Proof of Our Generalization of Theorem [1.1]

Since the statement of our generalization of Theorem[I.I]required the introduction of several technical components,
whose presentation will make the overview much less readable, we refrain from doing that. Instead, for intuition,
suppose that our aim is to prove a generalization of Theorem where, roughly speaking, instead of just solving
the input graph, we aim to store a representation of it—that is, enough (but little) information on the input
graph so that if it will be “extended” in the future, then the information that we have will suffice to solve the
extension. This will be made more formal (and clearer) in the next two paragraphs.

The main concept used in our proof is that of the representation of a boundaried subgraph of an input graph
G or boundaried graph (G, Bg). Here, a boundaried subgraph is simply a subgraph H of G with a boundary
By C V(H) satistying Bg C By, which, intuitively, separates H from the rest of the graph: So, there do not
exist edges between V(H) \ By and V(G) \ V(H), and E(G[V(H) \ Bu]) € E(H) (i.e., all edges incident to
vertices in V(H) \ By in G are present in H). For context, given a tree decomposition 7 = (T, 8) of G of width
t and x € V(T), think of H as I'(x), the induced subgraph G[v(m)]ﬂ from which we remove the following edges:

5The notation y(z) refers to the union of the bags of x and all of its descendants in 7.
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Figure 1: An abstraction of the notion of representation. (A) The “ideal” notion, which is not implemented. (B)

The actual notion, which is implemented.
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those with (i) both endpoints in S(z), and (ii) at least one endpoint not in B(p) for the parent p of z. So, I'(x)
and I'(y) for siblings = and y do not share edges. Also, By = (8(x) N B(p)) U Bg and denote |By| = t. Now, we
would like to represent H in the following sense: We would like to obtain a new graph G’ by “replacing” H in G
with a “small” graph R (with O(k +t) vertices and edges) and k' by some k' < k so that (G, k) is yes-instance if
and only if (G, k') is a yes-instance. We refer to Fig. [I{A) for an illustration. Unfortunately, that is difficult—so,
instead of producing a single pair (G’,%’) in this manner, we will produce a “small” (of size 20((k+t)log(t+k)))
collection of such pairs, so that (G, k) is a yes-instance if and only if at least one of them is.

Intuitively, for every possible drawing ¢ of H with crossing number at most k, we will have one representative
pair (R, k') with a drawing ¢’ of R in our collection, so that ¢ can be extended to a drawing of Gﬂwith k crossings
if and only if ¢’ can be extended to a drawing of G’ with k' crossings. We refer to Fig. B) for an illustration.
Naturally, since our collection should be small, the mapping of drawings ¢ to triples (R, k’,¢’) will be far from
injective. Next, to discuss this mapping, consider some specific drawing .

Observe that at most 2k edges (or, more precisely, 2k minus twice the crossing number of ¢) drawn by ¢
should be crossed in the “future” (when drawing the edges in E(G) \ E(H)). For now, suppose that we know
this set of edges, and call its complement F' (the set of uncrossable edges). Practically, during the dynamic
programming, for edges between vertices in the current bag of the tree decomposition, this information will be
“guessed”, while for edges between vertices in descendant bags, this information will be already encoded in the
representatives for the (at most) two children bags. Then, we consider our four operations that reduce the size of
H while preserving the property that if its drawing ¢ can be extended to a solution, then also the drawing of the
reduced graph can be extended to a solution, and vice versa. For this overview, we only describe the modification
of H, but we note that the drawing ¢ is also modified accordingly in the “expected” manner.

The four operation are, informally, defined as follows. We refer to Fig. [2| for an illustration.

1. Planarizing H by adding new vertices on crossing points, and decreasing k by the number of newly added
vertices.

2. Contracting edges in F’ whose endpoints are not in the boundary By. Notice that this operation can create
self-loops and parallel edges.

3. Deleting self-loops and parallel edges in F' that do not correspond to closed curves separating By in a
non-trivial way, such that no other “uncrossable closed curve” already does this job.

4. Deleting or dissolving vertices of degree at most 2 that do not belong to By and which are incident to
neither edges not in F' nor self-loops and parallel edges.

We prove that after exhaustive application of these operations, we end up with an “equivalent” graph with
F and its own drawing ¢’, having only O(t + k) vertices and edges. This irreducible triple is said to represent
(H,F,¢).

To illustrate how to use this reduction notion algorithmically, consider some boundaried graph (H, By),
and suppose that we want to find a collection that represents it. Additionally, suppose that we already have
such collections for boundaried subgraphs of H that are, in some sense, “non-conflicting”. Naively, we can
obtain the desired collection by iterating over every tuple corresponding to choosing one representative per
boundaried subgraph (representing some possible drawings of it), and for each tuple, doing all the replacements
(simultaneously). Afterwards, for the part of H that is still not drawn (as it did not belong to any boundaried
subgraph that was replaced), we brute-force over every possibility to draw it with at most k crossings—it can be
shown that, if this part is “small” (say, of size r), there are not “too many” such options (specifically, (r4k)C(+5)).
Lastly, for every possibility, we perform the reduction operations to get a single representative. The representing
collection is then composed of all representatives obtained in this manner (removing duplicates). Practically,
we substitute this naive approach by dynamic programming, since we might need to consider a large number of
boundaried subgraphs of H, which will make the naive approach highly inefﬁcient[]

60r, more generally, we can consider here any graph that can be obtained by “gluing” (H, By) with another boundaried graph
with boundary By

7If we consider the context of a graph of bounded treewidth mentioned in the first paragraph in this overview, then we can
ensure that only two boundaried subgraphs (corresponding to the two children of z, assuming a binary tree decomposition) are to be
considered. However, to prove our main theorem, we will need to consider more general contexts, where this simplification cannot be
applied.

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited



Operation 1:

Operation 2:

Some
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Operation 3: | from By
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Operation 4 ¢ By ¢By MMy ¢By € By

B—=—

Figure 2: Four operation to reduce the size of a boundaried graph H.

With the above procedure of obtaining a representing collection in mind, the algorithm is quite simple.
Suppose that we are given a boundaried graph (G, B¢) of bounded treewidth w. We execute bottom-up dynamic
programming on 7" (the tree of the tree decomposition, obtained using a known algorithm). For every z € V(T),
we store a representing collection for T'(z) U Bg—this is computed by calling the above procedure. We remark
that if the input graph is not boundaried, we can determine whether the entire graph G has a drawing with
k crossings or not (i.e., obtain an alternative proof for Theorem just by checking whether the table entry
corresponding to the root of T stores a non-empty collection. The drawing itself can be obtained by backtracking
the brute-force decisions and reduction operations.

3 Overview for the Proof of Theorem [1.2]

We begin by finding a subset of edges F' C F(G) of size at most k& whose removal from G makes it planar, using
the algorithm for the EDGE PLANARIZATION problem of Jansen et al. [33], where, if such a subset F' is not found,
we simply say No. Then, we compute a Tutte decomposition 7 = (T, 3) of G — F, which, intuitively, is a tree
decomposition that partitions the graph into its triconnected components—more precisely, for every « € V(T'), we
have the property that the torso of G[8(x)] is triconnected. We refer to Fig. [3| for an illustration. We resolve the
CROSSING NUMBER problem while performing a dynamic programming computation by traversing 7" in postorder.

Notice that among the vertices in I'(x), only vertices in 8(x)N3(p), where p is the parent of x, can be incident
to edges in E(G) \ F that go to vertices outside I'(z), and |B(x) N B(p)| < 2. However, we also need to remember
that the Tutte decomposition is of G — F' and not G. Thus, accordingly, for every node x € V(T'), our purpose is
to compute a representation of I'(z) with the boundary (3(x)NB(p))U(V (F)Nv(x)). Again, we refer to Fig. [3 for
an illustration. Importantly, while the boundary (3(z) N B(p)) U (V(F)N~(x)) is bounded by a linear function in
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"*Crossing’’
edges must
belong to F,

Figure 3: Abstraction of the notions of a Tutte decomposition of G — F' and the boundary of I'(z). For clarity,
we show only edges in F', and vertices that belong to the intersection of two bags or are endpoints of edges in
F (one vertex belongs to both categories). Vertices that are endpoints of edges in F' are further highlighted by
dashed lines. Vertices colored black belong to the boundary of I'(z).

k, |B(x)| can be huge (indeed, 5(z) can even be the entire vertex set V(G)), and, more than that, the treewidth
of (G— F)[B(x)] can be huge as well, thus we cannot directly use the algorithm for the case of bounded treewidth
in Theorem [1.1jon G[B(x)].

Our main contribution in this context is to show how to reduce the treewidth of T'(x) (with the boundary
(B(x) N B(p)) U(V(F)N~(z))), which includes some edges in F', given that we have representations of I'(y) (with
the boundary (8(y) N B(z)) U (V(F)N~(y))) for all children y of x. Clearly, we cannot simply replace the graphs
I'(y) by brute-forcing through their representations, since the number of such graphs I'(y) (being the number of
children of ) can be huge. However, this can be handled by another layer of dynamic programming. For the sake
of the proof of Theorem this is done already in the proofs of other statements which are part of the proof of
our generalization of Theorem n Thus, for the sake of the (over-)simplicity of this overview, we next suppose
that the representation of each I'(y) contains just a single representative, and, so, it can be substituted.

For our treewidth reduction, we take an approach inspired by Baker’s technique [2] as follows. See Fig. [4] for
an illustration accompanying the labeling process described next. We consider some planar drawing ¢ of the torso
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of (G— F)[B(z)]. Then, we perform a breadth-first search on the radial completion of this torso[f| and starting the
search from all vertices on the boundary of the outer-face. Thus, the 0-th layer Ly can be defined as the set of
vertices on the boundary of the outer-face, the 1-st layer L can be defined as the set of vertices on the boundary
of the outer-face once Ly is removed, and so on. Now, we label the layers using o = O(k) labels, making the first
three get label 0, the next three get label 1, and so on, where when (and if) we reach the three that get label a —1,
then the next three (if exist) get label 0 again, and so on. It can be shown (using [6]) that the subgraph of the
torso of (G — F)[B(x)] induced on any ¢ consecutive layers has treewidth O(t). We call the union of any 3(k + 1)
consecutive layers that start and end with three layers having the same label a, an eztended a-piece. See Fig. [5]
for an illustration of this notion. In particular, the treewidth of G — F' (and hence also of G, since |V (F)| < 2k)
induced on such an extended a-piece is O(k).

Figure 4: Breadth-first search on the radial completion of the depicted graph, starting from all vertices on the
boundary of the outer-face. The layer to which each vertex belong is written inside of it.

The pigeon-hole principle implies that if we choose o > 4k + 3 and there exists a drawing 1 of G with at most
k crossings, then there exists a label a € [a— 1] (called exzcellent) such that for all layers labeled a, neither these
layers nor the graphs I'(y), for children y of z, that intersect these layers, contain any of the following vertices:
(i) vertices in V (F); (#) endpoints of edges crossed by v; (i) the (at most two) vertices in 8(x) N B(p). However,
notice that different extended a-pieces (and the graphs I'[y] “associated” with them) can be, potentially, highly
dependent on one another as the edges in F' can go between them, having one endpoint in one extended a-piece,
and another endpoint in another extended a-piece. Again, see Fig. [5|for an illustration. Our main insight—which
is, in fact, the reason why we use a Tutte decomposition in the first place—is that if a is excellent, then such
edges in F' cannot exist.

The non-existence of such edges in F' follows from a deeper result that we prove. Very informally, this result
states the following. Consider some three layers labeled by an excellent label a, L; 1, L; and L;11, and a simple
cycle C in the torso of (G — F)[3(x)] further induced on L;. Now, let Ext’ (resp., Int’) denote the set of all the
vertices and edges of (G — F)[3(x)] drawn by ¢ strictly outside (resp., inside) C. Also, informally speaking, let
Ext (resp., Int) denote the set of all the vertices and “real edges” (those that belong to G) in Ext’ (resp., Int’) as
well as all the vertices and edges in the graphs I'(y) associated with Ext’ (resp., Int’). Lastly, let C* be a cycle
obtained from C' by replacing each one of its “fake edges” (i.e., the edges in the torso and not in G) by a path in

8The radial completion is obtained by making, for each face, all vertices on the boundary of that face adjacent to one another.
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All edges of the torso of (G-F)[ Ax)]
have endpoints in the same or

consecutive layers Such an edge (of G) must belong to F
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I'(y) for some
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An extended 0-piece

Figure 5: An abstraction of the notions of labeling, extended pieces, and their intersection with a graph I'(y) for
some child y of z.

a ['(y) that yielded that edge. See Fig. |§| for an illustration. Then, we prove that, necessarily, ¥ draws all vertices
and edges in Ext outside C*, and all vertices and edges in Int inside C*. The reason why the non-existence of the
aforementioned edges in F' follows from this result is the following. Since ¢ does not cross C* (by the definition
of an excellent label), the existence of an edge between the exterior and the interior of C' (including the graphs
I'(y) associated with them) with respect to ¢ implies that their endpoints should be drawn on the same side of
C™, yielding a contradiction to the result.

With the above result at hand, we derive that, roughly speaking, the crossing number of G equals the sum
of the crossings numbers of subgraphs associated with the different extended a—piecesﬂ when we demand that all
edges incident to vertices in layers labeled a as well as in the subgraphs I'(y) associated with them are uncrossable.
This is why, in the first place, we will consider a slight generalization of the CROSSING NUMBER problem, which
we term CROSSING NUMBER WITH UNCROSSABLE EDGES.

Thus, we can iterate over every choice for a € [a — 1], knowing that if G has a drawing v with at most k
crossings, then there is a choice of a label that is excellent with respect to it. Given some choice of a, we proceed
to solve each of its corresponding extended a-pieces independently: we compute a representation for each one of
them independently by making use of our algorithm for the case of bounded treewidth in our generalization of
Theorem Then, we combine these representations to one that represents the entire graph I'(z) and can be
used when we proceed with the dynamic programming on the Tutte decomposition 7 of G. We note that some
technicalities here are “hidden under the rug”. For example, we need to represent both I'(z) with no uncrossable
edges and I'(z) with all of its edges being uncrossable, since the correctness of our arguments rely on making, for
different choices of a, different sets of edges uncrossable.

9That is, the subgraphs of G’ induced by the vertices in these pieces and in the subgraphs I'(y) associated with them.
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Figure 6: An abstraction of C, Ext’, Ext, Int’, Int and C*. The layer to which a vertex in (G — F)[3(x)] belongs
is written inside of it. Edges that belong to G are solid black, and edges that do not belong to G (but belong
to (G — F)[B(z)]) are dashed blue. Whether a vertex or an edge belongs to Ext’, Ext, Int’ or Int is indicated by
the initial letters (with or without ’) next to the entity. The vertices and edges of the cycle C' are shown in bold.
Two examples of graphs G[y(y)] for children y of  are shown in green and orange (their elements are not shown).
Then cycle C* is derived from C by replacing each of its two dashed blue edges by a path in a corresponding
components—this is illustrated for the bottom dashed blue edge, being replaced by the green path.

4 Conclusion

In this paper, we proved that the CROSSING NUMBER problem is solvable in time 20(Flogk)

logarithmic factor, this resolved a 23-years old open question.

We remark that the main obstacle towards shaving off the log k factor in the running time based on our
approach lies in the bound on the number of our different representatives. Specifically, we do not know how to
define the set of representatives differently so that their number will be 20+t and yet they will store “enough
information” as required for correctness.

Our algorithm also seems to be quite simple in comparison to previous works. Thus, besides being an
advantage on its own, the ideas behind it might find other applications in the resolution of problems in Graph
Drawing, particularly problems involving “almost planar” graphs as well as other notions of crossings.

-n. Up to one
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