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COHERENCY PROPERTIES FOR MONOIDS OF TRANSFORMATIONS
AND PARTITIONS

MATTHEW BROOKES, VICTORIA GOULD, AND NIK RUSKUC

ABSTRACT. A monoid S is right coherent if every finitely generated subact of every finitely
presented right S-act itself has a finite presentation; it is weakly right coherent if every finitely
generated right ideal of S has a finite presentation. We show that full and partial transformation
monoids, symmetric inverse monoids and partition monoids over an infinite set are all weakly
right coherent, but that none of them is right coherent. Left coherency and weak left coherency
are defined dually, and the corresponding results hold for these properties. In order to prove
the non-coherency results, we give a presentation of an inverse semigroup which does not embed
into any left or right coherent monoid.

1. INTRODUCTION

A monoid S is right coherent if every finitely generated subact of every finitely presented
right S-act itself has a finite presentation. The concept has several natural sources, including
the corresponding notion for rings [2], the model theoretic notion of model companion [17] and
questions of axiomatisability of classes of existentially closed or algebraically closed S-acts [9].
It is also intimately connected with notions of injectivity and purity for S-acts [1].

A monoid S is weakly right coherent if every finitely generated right ideal of .S has a finite
presentation. For rings the corresponding notions of right coherency and weak right coherency
coincide, essentially because every cyclic right module is determined by a right ideal. This is not
the situation for monoids. Not every cyclic right S-act is determined by a right ideal: one must
consider right congruences per se.

We remark that other notions of coherency exist in the literature. For example, a group is
coherent if every finitely generated subgroup has a finite presentation [18]. More broadly, one
can say that a (universal) algebra is coherent if every finitely generated subalgebra has a finite
presentation. Thus, a monoid S is right coherent in our sense if every finitely presented right
S-act is coherent in this latter sense.

Left coherency and weak left coherency are defined dually to the right-handed concepts. Left
and right coherency, and hence left and right weak coherency, are finitary conditions for monoids
in the sense that any finite monoid satisfies them. These notions were introduced in [9] and
developed in a number of articles. Groups, right noetherian monoids, free monoids and regular
monoids in which all right ideals are finitely generated are right coherent [5,10,12]. On the other
hand, free inverse monoids of rank > 2 are weakly left and right coherent but neither left nor right
coherent [11]. The pattern of these results does not guide us in drawing immediate conjectures
with respect to some very natural infinite monoids of transformations and partitions. The aim
of this paper is to remedy this situation. In particular, we resolve the question of (weak) left
and right coherency for a number of monoids of major interest. The following is an aggregate of
Theorems 3.4, 3.5 and 3.7 (for weak coherency), and Theorem 5.1 (for coherency).

Main theorem. Let X be an infinite set. The full transformation monoid Tx, the partial
transformation monoid PT x, the symmetric inverse monoid Ix and the partition monoid Px
on X, are all weakly left and right coherent but neither left nor right coherent.
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In order to prove the non-coherency results, we develop a new piece of methodology. Namely,
we give a presentation of a monoid P(g, h,e) such that if P(g, h,e) occurs as a subsemigroup of
any monoid M, it prevents M from being right or left coherent.

We summarise the concepts required for this paper in Section 2. In Section 3 we prove the
positive results for weak left and right coherency. In Section 4 we introduce the monoid P(g, h, €)
and show that it cannot be a subsemigroup of any left or right coherent monoid. We observe that
P(g, h,e) is isomorphic to a submonoid of Z. Having done the brunt of the work, in Section 5
we are rapidly able to prove our non-coherency results.

2. PRELIMINARIES

2.1. Monoids. Throughout this section, unless otherwise stated, S will stand for a monoid,
and its identity will be denoted by 1g. We use E(S) to denote the set of idempotents of S. A
subset T' C S is a subsemigroup of S if it is closed under the multiplication, and a submonoid if
additionally 1g € T'. A right ideal of S is a subset I C S such that [.S :={zs|ze€I,se€ S} CI.

2.2. Right congruences. For a relation p C X x X on a set X, we will use both (z,y) € p and
T py to mean that x and y are p-related. We also write p~! for the relation {(z,y) | (y,z) € p}.

A right congruence on a monoid S is an equivalence relation p C S'x.S which is right compatible,
i.e. satisfies apb = acpbc for all a,b,c € S. We denote by A the equality relation on S, which is
the smallest right congruence on S. For aset Y C S x S we denote by (Y) the right congruence
on S generated by Y, which is the smallest right congruence that contains Y. The following
criterion for a pair to belong to (Y') will be used throughout the paper: for a,b € S we have
(a,b) € (Y) if and only if there exists a Y-sequence from a to b, i.e. a sequence of the form

a = city, dity = cate, -+, dmtym = b,
where m >0, (¢;,d;) € YUY ™! t; €S,i=1,...,m. The number m is called the length of the
sequence. The case m = 0 is interpreted as a = b. For details see |14, Lemma 1.4.37]. A right

congruence p is finitely generated if there is a finite set Y such that p = (Y'). Equivalently, p is
finitely generated precisely when there is no infinite strictly ascending chain of right congruences

p1 C p2 C ... such that p =, cy pn

2.3. Right S-acts. A right S-act is a set A together with a function A x S — S, (a,s) — as,
such that (as)t = a(st) and alg = a for all @ € A and all s,t € S. For a set X C A we write
XS ={zs|x e X,s €S} Asubset BC Aisan subact of A if BS C B. The S-act A is said
to be generated by a set X C A if XS = A, finitely generated if it is generated by a finite set,
and monogenic if it is generated by a single element. For a more detailed introduction to actions
see [14, Section 1.4].

The right ideals of S are right S-acts via right multiplication by the elements from S. They
are precisely the subacts of the (monogenic) right S-act S. If p is a right congruence on S then
the quotient act S/p is the set of equivalence classes together with the action (ap)s = (as)p. It
is well known that there is a natural bijective identification between monogenic S-acts and right
congruences; see |3, Theorem 11.6].

2.4. Right coherence. We saw in the Introduction how the notions of right coherence and weak
right coherence both naturally arise from the notion of right coherence for rings. In addition to
the definitions given in the Introduction, in terms of finite generation and presentability of S-acts,
both these notions have a number of additional equivalent formulations. Here we present those
that are most convenient for our purposes. For this we need the notion of the right annihilator
congruence of an element a € S with respect to a right congruence p:

r(ap) == {(u,v) € S x S| au p av}.
It is straightforward to check that r(ap) is indeed a right congruence.
Theorem (|10, Corollaries 3.3, 3.4]). Let S be a monoid.
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(2.4.1) S is right coherent if and only if for all a,b € S and for all finitely generated right
congruences p the subact (ap)S N (bp)S of the right S-act S/p is finitely generated and
the right annihilator r(ap) is finitely generated.

(2.4.2) S is weakly right coherent if and only if for all a,b € S the right ideal aS NbS of S is
finitely generated (as a subact) and the right annihilator r(aA) is finitely generated.

2.5. Green’s relations. For a monoid S, Green’s preorder <gr is defined by a <g b if there
is an s € S such that bs = a. Green’s equivalence R is the equivalence relation induced by the
preorder <g, i.e. a R b if there are s,t € S such that as = b and bt = a. For details see
[13, Section 2.1].

2.6. Left-right duality. All the notions that have been prefixed by the word ‘right’ have obvious
left-right duals. Thus we have left congruences, left S-acts, weak left coherence, left coherence,
left annihilators, Green’s preorder <, and Green’s equivalence L.

2.7. Idempotents. Green’s preorder <% is related to the natural partial order on the set of
idempotents E(S), which is defined by e < f if and only if fe = ef = e. Clearly e < f implies
e <r f. Since < is defined purely in terms of the two idempotents involved, for a subsemigroup
T < S we have e < f in T if and only if e < f in S. The analogue is not true in general for the
<g preorder.

2.8. Regular and inverse monoids. An element a € S is said to be regular if there is y € S
such that aya = a and S is called regular if every a € S is regular. In this case ay and
ya are idempotents and we have ay R a L ya. In fact, S is regular precisely when every R-class
contains an idempotent. Furthermore, a regular a € S has a generalised inverse x, which satisfies
axa = a and zax = z. If every element has a unique generalised inverse, S is said to be an
inverse monoid; in this case we denote the unique generalised inverse of a by a~!. Equivalently,
inverse monoids are precisely the regular monoids in which the idempotents form a commutative
subsemigroup. For details see |13, Sections 2.3, 2.4, 5.1]. The link between the partial order
< on idempotents, and the Green’s preorder <g becomes tight for inverse semigroups, in the
sense that a <g b < aa~! < bb~!; see [13, Proposition 2.4.1] and its proof. If T' is a regular
subsemigroup of a monoid S then the Green’s preorders <r and <, on T are equal to the
restrictions to T of the preorders <x and <, on S; see |13, Proposition 2.4.2].

2.9. Transformation monoids. Let X be a set. The partial transformation monoid PTx is
the set of partial mappings from X to itself under composition of mappings. For o € PTx, we
define its domain, image and kernels as follows:

doma = {r € X | za is defined}, ima:={za|z e X},
ker o := {(z,y) € doma x dom« | ra = ya}, kera:=keraU{(z,y) : z,y € X \ doma}.

The full transformation monoid Tx and the symmetric inverse monoid Ix on X consist
respectively of full and injective mappings from PTx:

Tx ={a € PTx |doma = X}, ZIx={ae€PTx|kera= Adomal-

It is elementary that each of Tx,PTx and Zx is regular, and indeed Zx is inverse. Therefore to
describe Green’s relations on all three it suffices to state them for P7x and then appeal to 2.8.
Here is such a description:

a<,f o imaCimp, a<gf < doma C domp and ker 8 C ker a.

For more details on transformation semigroups we refer the reader to [3|, though do note that
while stated for finite X this assumption is not used. Also, the reader should note that in [3]
mappings are written to the left of arguments, and the relation ker o is denoted by 7.
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2.10. Partition monoids. Let X be a set, and let X' = {2’ | x € X} be a disjoint copy of
X. The partition monoid on X, denoted Px, consists of all set partitions of X U X’ under the
composition defined as follows. Each partition in Py is identified with any graph on X U X’
whose connected components are the blocks of the partition. These graphs are drawn with the
vertices in two rows, the vertices from X in the top row and those from X’ in the bottom row.
Given a, 8 € Px let oy and BT be the graph obtained by relabelling every lower vertex 2’ in «
and every upper vertex x in 8 by 2”. Then let II(«, 3) be the graph on {z,z’, 2" | z € X} with
edge set the union of the edge sets of oy and BT, The product a8 € Py is then the partition such
that the blocks are the subsets of X U X’ which are in the same connected component of II(«, 3).
The mapping a — «a*, where a* is obtained by swapping the top and bottom rows of «, is an
anti-isomorphism. Furthermore, o* is a generalised inverse of «, and hence Px is regular. The
product in Px and the anti-isomorphism a — «* may be nicely visualised in terms of graphs
II(«, 8), which may help a reader with subsequent arguments, for example see [7].

Let o € Px. A block of « is said to be upper if it is contained in X; lower if it is contained
in X'; or transversal if it contains elements from both X and X’. Green’s preorders on Px can
be described in terms of the following parameters:

e doma (resp. codom «) consisting of all z € X (resp. 2’ € X’) that belong to a transversal of
o

e ker « (resp. coker «), the partition on X (resp. X’) induced by «;

e Ny(«a) (resp. Np(«)) the set of all upper (resp. lower) blocks of a.

With this notation, for a, 5 € Px we have ([0, Theorem 4.4]):
a <r < ker 8 C kera and Ny (8) € Ny(a),
a <p < coker 5 C coker a and N(8) C Np(«).

3. WEAK COHERENCY FOR TRANSFORMATION AND PARTITION MONOIDS

In this section we prove that each of the monoids Zx, Tx, PTx and Px is weakly right and
left coherent. We begin with some general observations, which reduce the work needed to check
the conditions from (2.4.2).

Lemma 3.1. Let S be a monoid and let s € S. The right congruence ((1,s)) is given by
k={(u,v) € S x8|s"u=s"v for some m,n € Ny}.

Proof. It is easy to see that x is reflexive, symmetric and right compatible. Further, if s"u = s™wv

and s*v = s'w where m,n,k,l € Ny then s"t*u = s™w so k is a right congruence, which

evidently contains (1,s). Conversely, note that (1,s*) € {(1,s)) for any k € Ng. It then easily
follows that if s"u = s™v as above, then (u,v) € ((1,s)). O

Note that in Lemma 3.1 if s is idempotent then & is equal to r(eA).
Corollary 3.2. Let S be a monoid and let e € E(S). Then r(eA) = ((1,€)).

Corollary 3.3. A regular monoid S is weakly right (resp. left) coherent if and only if aS NbS
(resp. Sa N Sb) is finitely generated for all a,b € S.

Proof. We prove the first assertion; the second is dual. By (2.4.2), it is sufficient to show that,
when S is regular, each right annihilator r(aA) is finitely generated. Let b € S be such that
aba = a, and let e = ba € E(S). Note that for any =,y € S we have

ax = ay = bax = bay = abaxr = abay < ax = ay,

from which r(aA) = r(eA). The result now follows from Corollary 3.2. O

The condition that a5 N bS is finitely generated for all a,b € S is by virtue of distributiv-
ity equivalent to the condition that the intersection of finitely generated right ideals is finitely
generated. Monoids satifying this condition are the focus of [I| where they are called right ideal
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Howson; under the name of finitely (right) aligned they play a role in the theory of C*-algeb-
ras [10].

Theorem 3.4. The monoids Ix, Tx and PTx are all weakly right coherent.

Proof. As each of ZTx, Tx or PTx is regular, by Corollary 3.3 it suffices to check that the
intersection, S N GBS for S = Tx,Tx or PTx, is finitely generated. We give a detailed proof for
S = PTx, and then outline how to adapt it for S = Tx and S = Zx.

Recall from 2.8 and 2.9 that for 4 € S we have
wuS ={v eS| domv C dompu, keru C kerv}. (1)
Also, for any p,v € S with dom v C dom p we have

ker u C kerv < every ker v-class is a union of ker p-classes. (2)

Now consider arbitrary a, 8 € S. Let Y be the union of the equivalence classes of ker a V ker 3
contained in dom a Ndom 3. Note that Y may be empty. Define ¢ € S to be any element with
dome =Y and kere = (ker a V ker B)|y.

We claim that aS N 35S = eS. The reverse inclusion (2) follows by observing that dome =
Y C dom andom 3, and that ker e classes are unions of both ker a-classes and ker 8-classes, and
then appealing to (2) and then (1) to deduce € € aSNBS. For the direct inclusion (C), suppose

0 € aSNBS. By (1) we have
domd C dom e, domé C dom 3, kerae C ker §, ker 8 C ker 3.

From this it immediately follows that domé C doma N dom 3, and that every ker d-class is a
union of (ker aV ker )-classes. Since Y is by definition the largest subset of dom oM dom /3 that
is a union of (ker vV ker 3)-classes, we deduce domé C Y = dome. Now, using (2) we have that
ker 6 C ker e, and therefore § € €S by (1), proving that oS N BS = €S as claimed, and hence the
theorem for S = PTx.

For S = Tx and S = Zx the same proof works, but with some conditions concerning domains
and kernels omitted. Specifically, as dom o = X for every a € Ty, all requirements concerning
domains become vacuous in this case, and furthermore ker v = ker . Likewise, for a € Zx we
have ker & = Agom o, 50 that the conditions regarding kernels are equivalent to those for domains,
and only one set needs to be kept. O

Theorem 3.5. The monoids Zx, Tx and PTx are all weakly left coherent.

Proof. The proof is analogous to, and easier than, that of Theorem 3.4. This time, given
a,B8 € S = PTx, we need to establish existence of ¢ € § such that Saa N SG = Se. This is
equivalent to ime = ima Nim B, and it is clear that such € exists. The modification to S = Tx
is equally straightforward, but it should be noted that the possibility Sa N S3 = @ arises when
imaNim B = &. No modification is needed for Zx. O

Remark 3.6. One can prove the assertions for Zx in Theorems 3.4 and 3.5 by using the fact the
intersection of any two principal right ideals in an inverse monoid is again principal |13, Lemma

5.1.6 (2)].

Theorem 3.7. The partition monoid Px is weakly right coherent and weakly left coherent.

Proof. Yet again, by Corollary 3.3, it is sufficient to show for a, 8 € Px that aPx N SPx is
finitely generated.

If aPx N BPx = & we are done. Suppose therefore that there is some v € aPx N fPx, so
that 7Px C aPx and vPx C SPx. From 2.10, kera C kervy, Ny(a) € Ny(y), ker f C ker+y
and Ny(8) € Ny(v). Let Y be the union of the vertices in Ny(a) U Ny (5). Note that as
Ny(a) U Npy(B) € Ny(y) any block of Ny(a) either coincides with a block of Ny () or is
disjoint from all blocks of Ny (), and vice versa. Therefore Ny(a) U Ny () is a partition of Y.
Also, since 7 exists, there are no edges in a or 3 between X\Y and Y.
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Consider the partition I" of X\Y induced by (ker o Uker )] x\y- For each part Z in I" choose
some z € Z. Then consider the element 6 € Px which has Ny (d) = Ny(a) U Ny(8) and the
other non-trivial blocks are Z U 2’ for each Z € T'. By construction, § € aPx N BPx, and it is
clear from the definition of ¢ that if v € aPx N fPx then v € §Px. Hence aPx N fPx = §Px
and so Px is weakly right coherent.

Weak left coherence of Px follows by duality. O

4. ANNIHILATOR CONGRUENCES

In this section we prove a number of technical results in the context where we have several
elements in a monoid S satisfying some prescribed constraints. We then define a particular right
annihilator congruence and show that, under a few assumptions about the chosen elements, it
is not finitely generated. The results of this section will enable us to prove our non-coherency
results in the next section. Throughout the section, N stands for the set {1,2,...} of natural

numbers, and Nog = NU {0}.
Proposition 4.1. The semigroup P = P(g,h,e) defined by the presentation

P(g,h.e) =(g,h.e | hg=gh, ghg=g, hgh=h, ghe=egh=e, e=cee,
egfeh® = gFehFe, ehFegh = hFegFe, k € N).

s isomorphic to the inverse submonoid of the symmetric inverse monoid Iy generated by the
elements

vyiz—z+1l(z€Z), e:x—ax (xeZ\{0})

L e e

via g — 7y, h— v~
Proof. Let P’ denote the inverse submonoid of 77, generated by v and €. A routine computation
verifies that «, y~! and € satisfy the defining relations for P. Hence the above mapping induces
an onto homomorphism ¢ : P — P’. We will show that ¢ is also injective.

Working in P, it is immediate from the presentation that gh = hg is the identity element. In
the remainder of the proof we will write this element as 1. The element A is the group inverse of
g, so we will write ¢! instead of h.

m m

Since g"eg " gMeg™™ = gMeleg”™ = g"eg™ " it follows that all g"'eg™™ with m € Z are

idempotents. These idempotents commute:

n—m m—n

(g"eg ™) (gMeg ™) =g (g" "eg™ " )egT " = gMe(g" "eg™ M )g™ = (9"eg ") (g"eg™").

Every element u of P is equal to a product of the form u = g''eg2eg®®e. .. eg»~teg'™ with n > 1,
i1,7, € Ng and i; € N for 2 < j <n — 1, which in turn can be written as:

u = (gil eg*il)(giﬂriz eg*(ilJriz)) o (gi1+---+in—1eg*(il+---+in—1))gi1+---+in.
Using idempotency and commutativity, it follows that u can be written as
u=(g"eg™)...(g"eg " ")g", (3)

where p > 0, and where £y, ...,k, and k are integers with k1 < --- < k.

To show that ¢ is injective, let u,v € P be such that u¢ = vé. Let u be written as in (3), and
write v analogously as

v=(g"eg™)... (gleg M)d,
with ¢ > 0, and where [y,...,l, and [ are integers with [; < --- < ;. Now, u¢ is the element
of Iy, with domain Z \ {—ky,...,—k,} and zp = 2 + k for all = in that domain. Likewise, v
is the element v of 77 with domain Z \ {—1;,...,—[;} and zv = z + [ for all = in that domain.

From p = v we obtain k£ = [, and recalling that k4 <--- <k, and Iy <--- <, also that p = ¢
and k; = 1[; for t =1,...,p. It then follows that © = v in P, and the proof is complete. O
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From the concrete representation of P given in Proposition 4.1 it is easy to see that the group
of units of P is the infinite cyclic subgroup G generated by g. The decomposition (3) from the
proof of Proposition 4.1 implies that P is generated by G and the single idempotent e. Such
semigroups were considered by McAlister in [15]. It is possible to deduce that P is inverse via
this general approach, but the above argument seems more straightforward in this instance. In
fact, P is a semidirect product of G, and the semilattice of idempotents E(P), with G acting on
E(P) by conjugation; this can be derived from the proof of Proposition 4.1.

Motivated by P, we now list some properties of elements g, h,e in a monoid S, where g is
regular, h is a generalised inverse of g with gh = hg, and e is an idempotent. These properties
will transpire to be a barrier to coherence. Recall from 2.7 that the set of idempotents E(S) of a
monoid S is equipped with the partial order < defined via e < f < ef = fe = e. The properties
are:

(NC1) hge = e = ehg;

(NC2) e(g"eh™) = (g"eh™)e and e(h™eg™) = (h"eg")e for all n € N;

(NC3) for m,n € N we have g™eh™ & h"eg" and h"eg" % ¢g"eh™; furthermore, when m # n,
we also have g™eh™ £ g"eh™ and h"eg™ £ h"eg";

(NC4) for all n € N we have that eg?eh™ £ gFeh* for any 0 < k < n and eg”eh™ £ hFeg” for
any 0 < k <mn.

Note that, as in the proof of Proposition 4.1, conditions (NC1), (NC2) imply that all the
elements appearing in (NC3), (NC4) are idempotents.

Informally, condition (NC3) asserts that the conjugates of e by the integer powers of g are all
distinct and form an infinite antichain in F(S). Condition (NC4) then gives information about
the position of an element of the form eg™eh™ with respect to a finite portion {g*eh”, hFeg® :
k=1,...,n} of this antichain: it (obviously) lies below g"eh™ and nothing else.

Proposition 4.2. The elements g,h,e of the monoid P from Proposition 4.1 satisfy all the
properties (NC1)-(NC4).

Proof. The necessary pre-conditions for g, h, e, as well as properties (NC1) and (NC2), follow
from the defining presentation for P. To prove that (NC3) and (NC4) are satisfied we work in
the isomorphic copy P’ of P given in Proposition 4.1. From 2.8 and 2.9 we have that the relation
n < ¢ on E(Iz) is equivalent to dom(n) C dom((). Since

dom(ev®ey ™) = Z\{0,—k} and dom(yFey*) =7Z\{—k}

it follows that {y"ey™™ | n € Z} is an antichain with respect to the natural partial order on
E(Iz) and that ey"ey™" < 4*e¢y~* only when n = k or k = 0. Thus conditions (NC3) and (NC4)
are satisfied, and the proof is complete. O

Our main objective in this section is to prove the following result.

Theorem 4.3. Let S be a monoid, let g € S be reqular with h € S a generalised inverse of g
such that hg = gh, and let e € E(S). If these elements satisfy (NC1)~(NC4) then S is not right
or left coherent.

Corollary 4.4. If a monoid S contains the monoid P(g,h,e) from Proposition 4.1 as a sub-
semigroup, then S is not left or right coherent.

The remainder of this section comprises the proof of Theorem 4.3. We shall prove that the
conditions imply that S is not right coherent; as the conditions are left-right dual we deduce
that S is also not left coherent.

The first stage of our proof for Theorem 4.3 is the following technical lemma in which we give

an explicit generating set for a right annihilator congruence.

Lemma 4.5. Let g € S be regular, let h € S be a generalised inverse of g such that hg = gh, and
let e € E(S) be such that (NC1) and (NC2) hold. Let p := ((1,g)). Then the right annihilator
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r(ep) is given by
r(ep) = {(u,v) € S x S| for some n € Ny, g"eu =ev or h"eu = ev} (4)
= {(1,e)} U{(g"e, h"eg") | n € N} U{(h"e, g"eh") | n € N}). (5)

Proof. Note that (NC1) implies (hg)"e = e for all n. We remark, under the assumptions on
g, h,e, that g"eu = ev is equivalent to eu = h"ev. Indeed, suppose g"eu = ev, then
h"(ev) = h"(g"eu) = (hg)" (eu) = eu,

and the converse is analogous.

From the definition of the right annihilator and Lemma 3.1 we have that

r(ep) = {(u,v) € S x S| Im,n € Ny, g"eu = g"ev}.

The fact that g and h are inverses of each other in the subsemigroup of S generated by g, h,e
establishes (4).

For (5), let o denote the set on the right hand side. As r(eA) C r(ep), by Corollary 3.2, we
have (1,e) € r(ep). Also, for each n € N,

h™e(g"e) = e(h"eg™),

which implies that (¢"e, h™eg™) € r(ep). By the same argument, (h"e,g"eh™) € r(ep), hence
o Cr(ep).

For the reverse inclusion suppose that g"eu = ev, for some n € N. Then

v=1v o ev = g"eu = (¢g"e)eu o h"eg"eu = eh™eg"eu = eh"ev = eu o lu = u.

Analogously, h™eu = ev implies (u,v) € o, and thus r(ep) = o, as required. ]

The following provides the main step in proving Theorem 4.3, it is again technical and carries
forward several assumptions from the previous lemma.

Proposition 4.6. Let g € S be regular, let h € S be a generalised inverse of g such that hg = gh,
and let e € E(S) be such that (NC1)~(NC4) hold. For each n € N let

Yo ={(Le)} U{(g"e,h"eg") | 0 <k < n}U{(hFe,g"eh*) | 0 <k <n}.
Then (Y;,) # (Yp41) for any n € N.

Proof. It suffices to show that (¢g"e, h™eg™) ¢ (Y,,—1) for any n > 1. Aiming for a contradiction
we suppose that there is an n for which this is untrue. We note that g"e # h"eg™, since
g"e R g"eh™ and the elements g"eh™ and h"eg™ are incomparable by (NC3). Thus there is a
Y, —1-sequence of length m > 0 from ¢g"e to h"eg™. Consider such a sequence of minimum length,
explicitly:
g"e = Cltl, dltl = 62752, ey dmtm = hnegn‘

where m € N, ¢; € S and (¢;,d;) € Y1 U Ynill fori=1,...,m.

We shall show by induction that each (¢;, d;) is equal to (1,e) or (e,1) and that eg"e = et; for
each 4. This contradicts the fact that d,,t,,, = h™eg™ as we would then have

eg"eh” R eg"e = ety, = edpty, = e(h"eg") < h"eg"
which contradicts assumption (NC4).

We proceed with the inductive argument. We have g"e = cit1, so g"e <r c¢i;. By as-
sumption (NC3), we have g"eh” £ gFeh* or hFeg® for any 0 < k < n, which implies that
c1 # gFe,hFegk hFe,gFeh®. Therefore (c1,di) = (1,e) or (e,1). It then also follows that
ety = ecit; = e(g"e) as required.

For the inductive step we assume that (c;,d;) is (1,e) or (e,1) and et; = eg™e for each
1 <14 < [. Then we have that d;_1t;_1 = ¢t; and we know d;_; is equal to 1 or e; we consider
these cases separately. First suppose d;_1 = e so eg”e = et;_1 = ¢jt;, which implies that

eg”e <g ¢;. Therefore, by assumption (NC4), ¢; is not of the form g¥e, h¥egF, hFe or gFeh” for
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any 0 < k < n, so that ¢; is 1 or e. Now suppose that d;_1 = 1, so that ¢;_1 = ¢;#;. In this case,
if ¢, = g¥e then using assumption (NC2) we have

eg"eh™ R ege = et_y = ecit; = e(g*e)t; = (¢"hF)eglet; = (¢%e)(hFeg®t)) <r g"eh”.

By 2.8 this implies eg”eh™ < gFehF, which contradicts assumption (NC4). Very similar argu-
ments, using the condition that eg™eh™ £ h*eg”, g*eh”*, demonstrate that ¢; is also not h¥eg®, h¥e
or gFeh*. Therefore we have (c;,d;) = (1,€) or (e, 1). Furthermore, as d;_; = 1 or e we obtain
that

et; = ecit; = edj_1tj_1 = etj_1 = eg"e.
This completes the inductive step, which completes the proof. ]

We are now able to complete the proof of Theorem 4.3.

Proof of Theorem /J.3. Let o, = (Yy), where Y, is defined as in Proposition 4.6. By Lemma 4.5
we know that r(ep) = J,,cny 0n and by Theorem 4.6 we know that o1 C o2 C ... is an infinite
strictly ascending chain of right congruences. It follows that r(ep) is not finitely generated. [

Remark 4.7. We have seen in Corollary 4.4 that the monoid P(g,h,e) is a bar to left or right
coherency of over-monoids. We note that in this regard, the monoid P(g,h,e) is somewhat
special, in that it cannot be replaced by an arbitrary non-coherent monoid. For example, if F3
is the free monoid on 3 generators, then from [5, Example 6.1] the monoid F3 x F3 is not right
coherent, but it embeds into a group, and all groups are right coherent [10].

Remark 4.8. We remark that whereas the conditions in Proposition 4.6 are sufficient to imply
that the monoid is not left or right coherent, they are not necessary. For example, the non-right
coherent monoid F3 x F3 mentioned above has no regular elements, other than the identity.
Consequently, there are no suitable elements e, g, h to witness the conditions of Proposition 4.6.
An alternative example, this time with non-trivial group of units and a non-unit regular element,
may be found in Example 3.1 of [10]. In the monoid of this example the two idempotents are
comparable, violating the conditions of Proposition 4.6.

5. TRANSFORMATION AND PARTITION MONOIDS ARE NOT RIGHT OR LEFT COHERENT

In Section 3 we saw that the monoids Zx, Tx, PTx and Px are all weakly left and right
coherent. We proceed to show that none of these monoids are right or left coherent.

Theorem 5.1. For any infinite set X, the symmetric inverse monoid Lx , the full transformation
monoid Tx, the partial transformation monoid PTx, and the partition monoid Px are not right
or left coherent.

Proof. All the assertions follow from Corollary 4.4 and Proposition 4.1 via a number of embed-
dings. First, 77 naturally embeds into Zx, since X, being infinite, contains a countable subset.
Next, Zx is a submonoid of PTx by definition. It is also isomorphic to a submonoid of Py, if
we view partial bijections as partitions with trivial kernels and cokernels. Finally, P7Tx embeds
into Ty, where Y := X U {—}, via the standard trick of interpreting a partial mapping o on X
as a full mapping on Y, which sends to — all z € X such that za is undefined, as well as —
itself. But, X is infinite, so |Y'| = | X|, and thus P7Tx embeds into Tx. O

We conclude by remarking that the method of demonstrating that a given monoid is not left
or right coherent by virtue of the existence of a subsemigroup with particular properties is a
novel one. The subsemigroup P(g,h,e) we devise here for this purpose is inverse with a non-
trivial group of units and infinitely many idempotents. As already mentioned in Remark 4.8,
the method does not apply with this P(g,h,e), to some monoids that are known by ad hoc
methods not to be left or right coherent. Furthermore, there are whole classes of monoids, whose
coherency properties are unknown, to which the method, as is, cannot be applied, since all the
monoids in questions have only trivial subgroups or only one idempotent. We therefore pose the
question of whether it would be possible to find other configurations of elements within monoids
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that would prevent them from being left or right coherent, and such that our method could then
be applied to these classes. A particular case of interest would be that of cancellative monoids,
including cancellative monoids of transformations.
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