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WAVE MAPS IN DIMENSION 1+1 WITH AN EXTERNAL FORCING

ZDZISLAW BRZEZNIAK, JACEK JENDREJ, AND NIMIT RANA

ABSTRACT. This paper aims to establish the local and global well-posedness theory in L', inspired
by the approach of Keel and Tao [14], for the forced wave map equation in the “external” formalism.
In this context, the target manifold is treated as a submanifold of a Euclidean space. As a corollary,
we reprove Zhou’s uniqueness result from [27], leading to the uniqueness of weak solutions with
locally finite energy. Additionally, we achieve the scattering of such solutions through a conformal
compactification argument.
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1. INTRODUCTION

In this paper we consider the following forced wave map equation (forced WME) on a trapezoid
K C R'! with values in a compact manifold M (isometrically embedded into some Euclidean space
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R™) with a general forcing term
n n

(1.1) Gfui — Q,%ui = Z Tiji(w) (OpujOpur, — OpujOyuy) + ZPij(u)fj, 1<i<n,

Jok=1 j=1
where I';jx, Pij : M — R and f; : K — R, for 1 < 4,5,k < n, sufficiently regular functions for
the equation above to make sense. When the forcing (f;)j_; is equal to 0, equation (L.I)) is called
wave map equation (WME). A forced wave map is a function u : K — M that is regular enough
and satisfies the forced WME. Similarly, a wave map is a function v : K — M that is sufficiently
regular and satisfies the WME. Wave maps have been a subject of extensive research in the past 50
years due to several reasons. Firstly, because the equation (II]) without the forcing term represents
the most basic geometric wave equation providing an excellent setup to study the non-linear wave
interactions within a manifold setting. Additionally, wave maps become pertinent in the analysis of
more intricate hyperbolic Yang-Mills equations [I1] 12], where they appear as special cases.

The most natural question associated to forced WME (L)) is to study the well-posedness of the
associated Cauchy problem with initial data

(1.2) (u, D) =0 = (g, vo)
where (ug,v9) : R — TM with TM being the tangent bundle of the manifold M.

One of the most frequently studied questions has been to find the range of s € R such that the
Cauchy problem for WME with initial data (ug,vo) € Hj . x Hf;l is locally or globally well posed.
It has been established, see [14] and [15], that the Cauchy problem for WME is locally well-posed if
s> %. It has also been proved, see [23] for details, that it is ill-posed in the critical space H3 x 3.
For s > 1, the combination of local solution theory with energy conservation immediately yields
global well-posedness. This global solution theory extends to % < s < 1 in the scenario when the
target manifold is a sphere, see [14, Theorem 1.3]. Independently Zhou in [27] confirms the global
well-posedness result of Keel and Tao [I4] for s > 1. Zhou demonstrates that finite energy weak
solutions to the Cauchy problem for the WME are unique and, in fact, are global strong solutions.
For a more comprehensive understanding of the wave map equation, we recommend referring to the
insightful surveys [21] 22| 24].

The primary objective of the present paper is to establish the existence and uniqueness of global-
in-time solutions for the manifold-valued forced geometric wave equation (II). The solutions are
considered with an arbitrary initial data (I.2)) within the scale-invariant L'!'-space. The analysis is
conducted on the Minkowski 1 + 1-space and includes the external forcing f from the L} L!-space.
For the detailed existence results, we refer to Theorems and in Section The paper also
provides a complete proof of the uniqueness of such solutions, as stated in Theorems and
Notably, our approach to proving the uniqueness draws inspiration from Zhou’s methodology in [27],
but offers an independent and self-contained proof of his results. Additionally, through a conformal
compactification argument from [I4] Section 9.4], we establish a scattering result, as presented in
Theorem [TIl This scattering result can be somewhat surprising in view of the fact that solutions
do not decay in time. Nevertheless, the special null-structure of the non-linearity leads to scattering
for all initial data.

The motivation for considering forced wave map equations stems from the necessity to analyse
the solution theory to the associated deterministic controlled equation, known as skeleton equation
in the literature, while establishing the Large Deviations Principle (LDP) for a stochastic version of
these equations through a weak convergence approach developed in [9] and [I0]. These methods rely
on variational representations of infinite-dimensional Wiener processes. As an initial step, defining
an appropriate action functional with compact level sets is imperative. This functional is derived

2



based on the minimum energy required to generate a solution of the skeleton equation. The analysis
of large deviations for stochastic non-linear wave equations for manifold-valued processes remains
relatively unexplored. To the best of our knowledge, the LDP for solutions to the stochastic wave
map equation (SWME) has only been established in [4]. In this work, the authors considered the
Cauchy problem for both forced and stochastic WME with s = 2. The existence of a unique global
strong solution to stochastic WME has been established in [6].

Another direction of research is to study WME for initial data given by the Gibbs measure,
which are too rough to be covered by the deterministic theory resumed above. We mention that the
existence of (appropriately defined) global weak solutions of WME with values in the sphere was
established in [5], see also [3] for a local well-posedness result and [2] for global well-posedness in
the case of the target being a Lie group.

Since we plan to establish a stochastic version of the current paper in the near future, we refrain
ourselves to talk further about this topic. This forthcoming work will not only encompass a com-
prehensive proof of the existence and uniqueness of WMEs subjected to stochastic forcing but also
present results regarding the LDP. An earlier study by the first author and Ondrejat in [7] addresses
the existence of solutions to SWMEs within a framework akin to ours. However, it employs Sobolev
spaces based on the Lebesgue space L2, while our future work, like the present study, will employ
Sobolev spaces based on the Lebesgue space L!.

Let us point out that Section 2.2 of the paper [5] by the first two named authors, contain results
related to the present paper but for the so called Goursat problem, which can be seen as the wave
map equation (£2]) in the null coordinates:

0uyd(u,v) = —(Qu(u,v) - Bpp(u,v))d(u,v),  for all (u,v) € (0,00)?,
¢(u7 0) = ¢4 (’LL), ¢(07 U) = ¢ (U ) for all u,v € [07 00)7

where the boundary data (¢+, gb_), is assumed to be continuous and the compatibility condition
¢+(0) = ¢_(0) is given along the characteristic.

The organisation of the paper is as follows. In Section 2] we present the essential notation and
define the function spaces used throughout the whole paper. Section Bl delves into the classical
properties of the linear wave equation with Llloc-forcing, along with pertinent properties of solutions
to transport equations that become relevant later in the paper. Section M provides an in-depth
discussion on the framework adopted for the well-posedness of manifold-valued wave equation in
this paper. In Section [B we establish the local well-posedness of the R™-valued wave equation ([L.TI)
with small initial data (ug,v9) and forcing f, see Theorems [5.11] and The proof relies on a
continuity Lemma [A 1] presented in Appendix [Al Despite the absence of a well-established global
solution theory for large data R™-valued solutions to (LLI]), Theorem [E.I3] suggests that if such a
global solution exists, scattering of R™-valued solutions holds true. Section [6] focuses on the global
well-posedness theory for the forced WME ([I.T]), with arbitrary initial data and forcing. The proofs
of the key results, i.e. Theorems [6.1] and [6.6] rely on a specific “energy” method described
in Proposition and a special density argument, see Theorem [B.3] in Appendix [Bl Furthermore,
Theorem [7T] establishes a scattering result. In Section Bl we extend the findings from subsections
[6.1] and to accommodate weaker assumptions on the data. The paper concludes in Section @]
where we deduce the Zhou uniqueness result [27, Theorem 1.3] from Theorems and



2. NOTATION

When we write L > 0 we mean that L is a positive real number. All functions considered in this
article are R"-valued. On R" we always consider the ¢!-norm defined by

n
|z] = Z |zil, z=(z1,...,2n) € R™.
i=1

For a (Lebesgue) measurable function f = (fi,..., fn) : @ — R", where Q C R™ is a Lebesgue
measurable set, we put

1l = /Q IEIEE

where dz denotes the integration w.r.t. the Lebesgue measure on R™.
By Llloc(Q; R™) we mean the metrizable topological vector space equipped with a natural countable

family of seminorms defined by
pj(uw) = |lullL1(,n0), u € L, (% RY),j €N,

where (Bj)jen are open balls in R™ such that UjenB; N = Q.
Let us put, for T' € (0, 0o,

_Jo,7), T e (0,00), _J,1], ifT e (0,00),
0.7 = {[0,00), it T = oo, and (0.7} = {(O,oo), it T = oo.

For T € (0, 00] and a Banach space E, we write Cy([0,T")]; E) for the space of all E-valued bounded
and continuous function defined on interval [0,7")]. Moreover, for an open subset 2 C R™ and k € N
we write C*(; E) for the collection of all E-valued k-times differentiable functions such that the
k-th derivative is continuous. If f € C¥(Q; E) for every k € N, then we say that f € C®(; E) or
f is E-valued C*-class function. We will write C5°(§2; E) to denote the space of E-valued smooth
functions with compact support in €.

Remark 2.1. When the target space of a function is clear from the context we will not write it
explicitly. For example we write L(Q) instead L'(Q;R").

Proposition 2.2. If T € (0, o], the function
w:[0,T)] xR — R"

is locally integrable if and only if for every compact trapezoid K C [0,T)] x R, the restriction of u
to K 1is integrable.

Definition 2.3. Let I C R be an open interval. We say that a measurable function v : I — R"
belongs to W11 (I; R™) if and only if it is weakly differentiable and its weak derivative Duv is integrable
over 1.

Equivalently, a function v belongs to Wl’l(I ;R™) if and only if it is locally absolutely continuous,
so that it is almost everywhere differentiable, and the derivative function v’ is integrable over I and
Dv = v’ almost everywhere on I.

Remark 2.4. Assume that v € W' (I;R") for some I = (a,b). We can take (a,b) = (—o0,c0) for
example. In view of [19, Theorem 7.20], v(y) —v(z) = [ Duv(s)ds, for all z < y € I. In particular,
v is bounded and the following two limits

v(a) = }}11)1}1 v(z),

v(b) == lim v(z),

r—b
4



exist. Moreover, the function o(z) = [7 Dv(s) ds differs from v by a constant (and lim,_,q 9(z) = 0).
The space Wl’l(l ;R™) is a vector space endowed with a seminorm
ol = D0l

Moreover, the space

(L= N WY (I RY) = L(LR™) nWHHI;R™)
is a Banach space endowed with the norm

ull (oo mpirrnyry = el ooy + 1Dull Ly ny-

Let us note that

(L NWHY(LRY) = Cy(LR™) nWHH(LR™),
where Cp(I;R™) is the space of all R"-valued bounded and continuous function defined on I.

2.1. Trapezoids. In this subsection we provide definition of an abstract trapezoid, on which we
consider the wave maps equation later, and some examples of it. The following definition is moti-
vated from the notion of “initial set” defined in [17].

Definition 2.5. A closed, convex and of positive Lebesgue measure set K C [0,00) x R is said to
be a (-n abstract) trapezoid if and only if for every (¢,x) € K, the closed triangle Tt,) With vertices
(t,x), (0,2 —t) and (0,x + t) is a subset of K.

In this setting we further define, for any t € (0, c0),

Ky ={zeR:(t,z) e K} 2= KN ({t} xR).

Obviously, every set K; is convex and, possibly empty. If K; # () for some ¢ > 0 and s € [0, 1],
then K, # (0. Note that {t} x K; C K. If the set {t € [0,00) : K; # (0} is unbounded above, then
we define the height of K to be equal to co. Otherwise, we define the height of K to be equal the
maximum of that set. Note that if K' C K? are trapezoids, then for every ¢t > 0, K} C K?.

Let us see the following three natural examples of an abstract trapezoid.

Definition 2.6. A compact trapezoid is a subset K of [0,00) x R such that there exist zp € R,
L > 0 and ty € (0, L], see Figure Il which give

K ={(t,z) € [0,tog] xR:x € [xrg— L+t,x0+ L —t]}.

The points (0,z9 — L), (0,29 + L), (to,xo + L — to) and (to,zo — L + to) are called the vertices of
K. The number L is equal to the half-length of K and tg will be called the height of K. The set

Ky =[zo— L,xo+ L]

will be called the base of K.

Note that xy the middle point of Ky and that Ky is the “left bottom” boundary of K, i.e. the set
{0} x Ky is the projection of K onto line {0} x R. By the left boundary of K we will understand
the set {0} x K.

Remark 2.7. If tg = L, then K, the trapezoid in the Definition 2.6l is a triangle with vertices
(0,20 — L), (0,20 + L), (L, x), i.e. see Figure[I]

K={(t,x) e [0,L] xR:z € [xo— L+t,xzo+L—t]}.
Such a triangle K will be called the “maximal trapezoid” with base Ky and height L.

The next two examples consist of unbounded and semi-bounded closed trapezoids.
5



(to, o — L + to)

(0.2 — L)

t

FIGURE 1. A bounded trapezoid K with vertices (0,x9 — L), (0,z¢ + L), (to,zo +
L — tp) and (tg,zo — L + tg) for some xg > 0 and 0 < ¢y < L.

Definition 2.8. An unbounded closed trapezoid is a set K of the form [0, )] x R for some ¢y €
(0,00]. The height and base of such a trapezoid is to and R, respectively. In this setup, the
half-length L of K is, by definition, equal to oco.

Definition 2.9. A semi-bounded closed trapezoid is a set of the following form
KT (b,tg) ={(t,x) € [0,t0)] x R: 2 > b+t},
K™ (a,to) ={(t,x) € [0,%0)] x R:z < a —t},

for some a,b € R and ty € (0,00]. The number g is equal to the height of the trapezoids K (b, ty)
and K~ (a,tp), while the base of KT (b,ty) is the set Ky = [b,00) and the base of K~ (a,tg) is the
set Ky = (—00,a]. In both cases, the half-length L of K is, by definition, equal to co.

Remark 2.10. If a statement is valid for any abstract trapezoid in the sense of Definition 25 then
we will just write trapezoid without mentioning the words abstract or bounded or unbounded or
semi-bounded.

The following invariance property is well known. It plays a fundamental (somehow hidden) role
in our considerations.

Proposition 2.11. Assume that K is a trapezoid with base Ky. Then the following holds.
If (t,z) € K then (s,x+t—3s),(s,x —t+s) € K forall s €|0,t].
In particular, if (t,z) € K then z +t,x —t € K.
In what follows we will introduce somehow unusual notation.

Definition 2.12. Let K be a trapezoid. Define the double of K to be
K=KU(-K)CRxR,
where —K = {(—t,x) : (t,z) € K}. Then the space C§°((K)) is defined as

Coo((K)) = A{plk : ¢ € Cg°(int(K))},

where int(A) denotes the interior of set A. For T € (0,00), we say that a C*-class function
¢ 1 [0,T] x R — R™ belongs to a class C§°([0,T] x R;R™) if and only if there exist compact

trapezoids K and K such that K C int(K), supp(¢) C K and qﬁ\}:{ is of C*-class.
6



Remark 2.13. Note that if K is a compact trapezoid, as in Definition 2.6] and ¢ € C§°((K)),
then ¢ equal to 0 in a neighbourhood of every point (¢,2) € 9(K) \ ({0} x Kp) but not for points
belonging to the left boundary, i.e. (¢,2) € {0} x Kj.

Definition 2.14. If K is a trapezoid with basis K of height Tj € (0, o], then by 2 (K) we denote
the collection of all continuous functions u : K — R™ for which the weak derivatives d;u and O,u
in L'(int(K)) exist and satisfy

(2.1) dyu € Cy([0,Tp)]; L' (K.)),
(2.2) Oru € Cy([0,Ty)]; L (K)).

Let us recall that a measurable function v : K — R™ belongs to Cy([0,Ty)], L*(K.)) if and only if
the function v which is the extension of v to the rectangle [0,Tp)] x Ko by 0 in (][0,7p)] x Ko) \ K,
belongs to Cy([0,Ty)]; L (Kp)).

Let us point out that the continuity property of function u in Definition 214l is not needed as it
follows from (2.))-(2.2). Indeed, the conditions ([2.1))-(2.2) imply that

u € C([0,To)l; WHH(K)) n W ([0, Ty); L' (K.)).
It is easy to prove that #(K) is a separable Banach space with norm

lull ey = sup |u(t,z)|+ sup / (10zu(t, )| + |Opu(t, x)|) dz.
(t,x)eK t€[0,T0)] J K¢
Let us point out that if T} is finite, then
Co([0, To)]; L' (K.)) = C([0, To); L' (K.)).

Remark 2.15. In the two special cases of a trapezoid [0,00) X R or [0,T] x R, for T' > 0, the spaces
' (K) defined in the Definition (2.I4]) can characterized in the following simpler way:

H([0,00) x R) = {u :[0,00) x R — R"
u € Cy([0,00); L (RN W (R)), dyu € Cy([0,00); L' (R) },
and
A([0,T) xR) :=={u:[0,T] xR - R":
u e C([0,T); L= (R) n W (R)), du € C([0,T], L' (R))}.
Note that #(]0,00) x R) and 2([0,7] x R) are Banach spaces.

The definition above implies the following simple version of a trace theorem whose proof follows
by standard arguments.

Theorem 2.16. In the framework of Definition [2.13, if u € 7 (K), then for every s € [0,Tp)], the
“restrictions” (u(s, "), Oyu(s,-)) exist and belong to the space (L™ NWHH(K,)) x LY (K,). Moreover,
the corresponding linear map
trs : A(K) > u > (u(s,-), 0puls, ) € (L® NWHHK,)) x L' (Ky)
is a contraction. Moreover, if ¢ € C5°(int(Ky)) then the map
Ysp:H(K)>u— . o(x) u(s, ) - Owu(s,x) dr
18 continuous.



3. SOME CLASSICAL PROPERTIES OF SOLUTIONS OF THE LINEAR WAVE EQUATIONS

In this section we study some classical properties of linear wave equation with Llloc—forcing.

3.1. Weak/Mild solutions and their equivalence. We start with the following definitions of
weak /mild solution to problem (B.1).

Definition 3.1. Assume that K is a trapezoid with base Ky. Assume that h € L{ (K;R") and
ug, Vg € L%OC(KO;R"). A locally integrable function u : K — R" is called a weak solution in K of
the following initial value problem

Ou— %u=h

(3.1) u(0,7) =g, Hyu(0,) = vo,

if and only if for every ¢ € C§°((K))

(3.2) ﬂu(aqu—agqs) dzdt = ﬂ ohdzdt — /K uo(2)8:(0, ) dz + / v0(2)6(0, ) dz.
K K 0

Ko
We have the following trivial consequence of our definition.

Proposition 3.2. Assume that K is a trapezoid with base K. Assume that ug, vy : Ko — R™ and
h: K — R" are locally integrable functions. If a locally integrable function u : K — R" is a weak
solution of the problem (B.1) in K, then for every bounded trapezoid K C K with base Ko C Ko,

the restriction U is a weak solution in K of problem ([BJl) with the initial data and forcing being

the restrictions of (ug,vo) and h to K.

Proof of Proposition[32. Trivial because C$°((K)) € C5°((K)). O

Definition 3.3. Assume that K is a trapezoid with base Ko. Assume that h € L (K;R"™) and
ug, Vg € L%OC(KO;R"). A locally integrable function u : K — R" is a mild solution of the problem
1) if and only if for every (t,z) € K

1 1 T+ T+Ht—T
(3.3) u(t,x) = = (uo(x +t) + ug(z — 1)) —|——/ y)dy + = / / h(r,y)dydr.

2 2 T—t T—t+T7

In order to show that the Definition [3.3]is meaningful we claim that under the conditions on the

data (ug,vo, h) listed above, the function u defined by formula (83 is locally integrable in K. First
note that u(t, z) is well defined for every point (¢,x) € K. Next, we establish that u is continuous on
K and thereby establishing the claim. For this aim, without loss of generality it is sufficient assume
that K is not only closed but also bounded. Let us choose and fix & > 0. Then by [19] Theorem
6.11], we can find 1 > 0 such that for every Lebesgue measurable subset A C K, [, |h|dydr <,
provided Leb(A) < 7. It is obvious geometrically that we can find 6 > 0 such that if (¢;,z;) € K,
i=1,2 and |(t2,z2) — (t1,21)|1 <, then Leb(Ky,z, © Kiyz,) <1, where Ao B = (A\B)U(B\ 4)
is the symmetric difference between A and B. This implies that |u(te,z2) — u(t1, x1)| < € provided
(ti,xi) e K,i=1,2 and ‘(tg,.%’g) — (tl,xl)\l <.

Remark 3.4. For every i € {1,...,n}, the i-th component u; of u satisfies

rH+t—T7

1 1 =t
wi(t,x) = §(u07,~(9c +t) +upi(z — t)) + 5/ v0,i(y) dy + = / / (r,y)dydr.
r—t xr—

t+1

The following is a version of Proposition in the framework of mild solutions.
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Proposition 3.5. Assume that trapezoids K and data (ug,vo,h) are as in Proposition [32 If
u: K — R™ is a mild solution of the problem Bl in K, then for every bounded trapezoid K C

K with base IN(O C Ky, the restriction U g is a mild solution in K of problem (B.Jl) with data

(wolg, volgz, Plg,)-
Proof of Proposition [3.3. This follows easily from Proposition 2111 O

Next result shows that a mild solution to problem (BII), in the sense of Definition B3] is also a
weak solution to it, in the sense of Definition 311

Theorem 3.6. Assume that K is a trapezoid with base Ky. Assume that h € L (K;R") and

ug,vo € Li (Ko; R™). A mild solution u : K — R™ to the initial value problem BJ)) is also a weak
solution in K.

Proof of Theorem [34. Let ¢1 € C§°(Kp) and pp € C§°((K)) are two mollifiers. Let us also set
¢ = e Lp(x/e) and ¢§ = e 2p(t/e,x/e), for £ > 0. Then consider the following approximations,
ug = @] *ug, U= @i *vg, h°i=p5x*h.

Then it is well-known that uf — ug,vg — vg and h® — h as € — 0, respectively, in Llloc(Ko) and
Ll (K), see for e.g. [20]. Let us further denote the smooth mild solution of problem (3.I)), which

is given by (3.3]), with initial data (ug,u]) and external force h®, by u°.
Let us take an arbitrary ¢ € C§°((K)). Then by applying the integration by parts formula twice
[13, Theorem 2 in Section C.2| we get

[J (@26 — 2oy duat = [[ o(@bu — 2y dwde + | (v (016, -0,0)) dS
K J 24 0K

(3.4) + (v - (=0, 0,u®))dS,
oK

where v is the outward pointing normal vector field on 0K and dS denotes the integration w.r.t
the surface measure. Since ¢ € C§°((K)),

/ (- (Ob—0ud)dS  + [ b+ (—0s, D)) dS
0K oK

_ /K u§(2)26(0, ) da + | $(0, 2)05 () da.

Ko
Substituting back into ([B.4]) together with 92u® — 9%u® = h® gives

(3.5) g uf (926 — 02¢) da dt = g ohdz dt — /K 0 u50,0(0) dz + . $(0)v5 dz.

Now let any (t,z) € K and consider the associated bounded and closed triangle T'(¢,z) C K with
vertices (t,z), (0,2 —t), (0,2 +t). Since T'(t,z) is compact, u®,u € Li (K) and u§ — ug,v5 — vo
in L (Ko) and h* — hin Ll (K) as € — 0, by the Lebesgue Dominated Convergence Theorem we
can pass to the limit ¢ — 0 in (B3] and get (3:2). Since the point (¢,z) € K was chosen arbitrary,

we deduce the claim and complete the proof of Theorem O

The next theorem is the main result of this subsection which demonstrates the equivalence be-
tween the notions of weak and mild solutions for the linear non-homogeneous initial value problem
B.1.

Theorem 3.7. Assume that K is a trapezoid with base K. Assume that h € LL (K;R") and
ug,vo € L (Ko;R™). Then

loc
9



(i) Problem [BJ) has a unique weak solution which is given by [B3). In particular, a weak solution
is a mild solution.
(i) Moreover, sz C Kisa tmpezozd with base Ko and two triples of locally integrable functzons

(ug,vo, h) and (uo,vo,h) coincide on Ko, then the corresponding solutions u and 4 coincide on K.
Proof of Theorem [371. Without loss of generality, we can assume n = 1.

Proof of item (i). The existence follows by approximating ug,vy and h by smooth functions and
passing to the limit in the formula defining weak solutions. In order to prove uniqueness, let
u = u3 —ug be the difference of two weak solutions u; and ug of (B1]) with same initial and external
data. Then wu satisfies

(3.6) ﬂ (026 — 0%¢)dadt =0,  for all ¢ € CS°((K)).

We will to show that u = 0 Lebesgue almost everywhere on K. Such an assertion can be called a
generalization of the du Bois-Raymond Lemma.
It suffices to prove that

fj updxdt = 0, for every ¢ € C§°(R x R) : supp ¢ C int(K).

For this aim, let us choose and fix ¢ € C§°(R x R) such that supp+ C int(K). Then we can find
Ty > 0 such that
supp ¥ C ((—o0,Tp) x R) Nint(K).

Now set q~5 € C*°(R x R) be the unique classical solution to the following boundary value problem
on R x R:

024 (t, ) — O2P(t, ) = P(t, x),
$(To,) =0, 0p(Th,-) =0.
In other words, 5 is given by
ot,z) = { 3 I f;;%: »y) dy dr, ?f (t,z) € [To,0) X R,
ft ’ fm+f, _U(ry)dydr, if (t,z) € (—oo,Tp] x R.

Since ¥ = 0 on [Ty, 00) x R, we deduce that q~5 = 0 on [Ty, 00) x R. Moreover, function ¢ = q~5|K
belongs to C°((K)). Consequently, due to ([3.6), we have

[Jupdzdt = [{ u(0}6 - 020) dwdt = [{ u(9}¢ — 020) dwdt = 0.
K K K

By arbitrariness of ¢ we infer that u = 0 Lebesgue almost everywhere in K and the proof of the
uniqueness part is complete. Lastly, since from Theorem B.6] a (locally) integrable function u given

by ([B3)) is a weak solution, the last claim of part (i) follows by uniqueness. O
Proof of item (ii). The part (ii) follows from the formula (83]) and the uniqueness assertion from
part (i). O

Hence we complete the proof of Theorem B.71 O

Corollary 3.8. In the framework of Theorem [37 the notions of weak and mild solutions to problem
BI) are equivalent.

We can now formulate the following classical apriori estimate result about the solution to problem

(B on trapezoids.
10



Proposition 3.9. Assume that K is a trapezoid of height T € (0,00] and base Ky. Let h €
L (K;R"™) and ug,vo € L .(Ko; R™) such that Dug exists and is locally integrable. Assume that a

locally integrable function u : K — R™ is a weak solution of (B1]) on K. If subinterval I?o € Ky,

with I?t and K defined appropriately, is such that vy, Dug € L'(Kg) and h € LI(IA() then u satisfies
the following inequality,

max{tes[glg)] [/f{t |0z u(t, )] da:}, tes[lolg)} [/f(t |O¢u(t, )| dx]}

/ | Dug(x )|d:1:—|—/ [z |dx+/ Ih(s, )| dz ds.
Ko Ko
In particular, if v, Dug € L'(Kq) and h € LY(K), then u € #(K).

Proof of Proposition[3.9. This is a classical result. One can also give another proof by observing
that dyu, respectively J,u, satisfies integral equation (B3.20)), respectively ([B.21)), below and then
applying Lemma B.10] formulated in the next section. O

3.2. Zhou’s estimates. In [27|, Zhou’s proofs are based on properties of solutions of transport
equations, which can be solved in a manner somewhat similar to formula (3.3]).

Lemma 3.10. Assume g: R — R™ and f : [0,00) x R — R"™ are locally integrable functions. Let a
function v : [0,00) x R — R™ be defined by

(3.7) v(t,x) = gz —t) +/0 f(r,x —t+7)dr,

for all't > 0 and almost all (“almost” depending on t) x € R.
Then for all xg € R, L > 0 and ty € [0, L]

xro+L—tg Io—l—L to xro+L— t
(3.8) / [v(to, x)| dz §/ \da:—k/ / f(t,z)|dadt.

xo—L+tg 0— — L+t
The same estimate holds if v is defined by

(3.9) v(t,x) =gz +1t) ~|—/0 f(r,x+t—71)dr.

We can easily extend the above result to the case L = oo but we don’t do it here because we
never use such extension in the article.

Remark 3.11. The functions v, defined in ([3.7) and (3.9), respectively, are the unique weak /mild
solution of the following linear evolution equation on the Banach space L'(R) or Fréchet space
Li,(R):
(3.10) v+ Oyv = f(t,z), t>0, x € R,
v(0,2) = g(x), = €R,
and
(3.11) 0w — v = f(t,x), t >0, x €R,
v(0,2) = g(x), zeR.
We ask the reader to refer [1] for more details.

Remark 3.12. The above mentioned transport equations appear in the context of wave equation
in the following way. Suppose that u solves the linear non-homogeneous wave equation ([B.I) with
h = f and initial data (ug,u;). Define two new functions
(3.12) vy (t,x) = Owu(t, z) — Oyu(t, x),

11



(3.13) v_(t,x) = pu(t, z) + Oyu(t, ).

Since by definition, u € 7 (K) for some trapezoid K, we infer that v, and v_ are locally integrable
and are weak solutions to the transport equation (B.I0)), respectively (B.I1), with initial conditions

v4(0,2) = uy(z) — Dug(x),
respectively,
v_(0,2) = ui(x) + Dug(x).
Similar assertion holds for function defined by wave map equation ([B.9]), see Remark E.T]

Remark 3.13. Note that by the Fubini Theorem, for all ¢ > 0 equation (B.1) defines v(t,-) €
Llloc( ). Again by the Fubini Theorem and the change of measure theorem, applied to the locally
integrable function F(t,z,7) := f(r,x —t + 7), the function v is locally integrable. We also have
v € C([0,00); Li .(R)), by the Lebesgue Dominated Convergence Theorem.

We notice that v is a weak solution of the transport equation (0 + 0z)v = f in [0,00) x R if
and only if there exists g such that ([3.7) holds. Similarly, v is a weak solution of (9 — 9,)v = f in
[0,00) x R if and only if there exists ¢g such that (3.9) holds. This follows from the uniqueness of

weak solutions to the transport equations.

Proof of Lemma 310 Without loss of generality, we can assume that xg = 0. Let us choose and
fix L > 0 and tg € [0, L]. The formula (3.7) yields

L—to L—to
[ et |
—L+tg —L+tg
L—2t0 to L— to
§/ \dm—i—/ / (1, —to+7)|dedr
—L L-‘rto

L—2t0 to rL— 2t0+7'
:/ \dm—i—/ / f(r,z)|dxdr.
—L L+T1

Since —L < L —2tg < Land —L+7 <L —2ty+7 < L — 7, we obtain (B.8). The proof of (3.9) is
similar. O

to
gz —to) + f(r,z —to+7)dr|de

Lemma 3.14. Let g1,9- : R = R"™ and f4, f— : Ry x R — R™ be locally integrable functions, and
let vy and v_ be given for t > 0 by, for almost all x € R,

vilta) =gs(a— )+ [ frlra—t4r)dn
(3.14) 0

v_(t,x) = g_(z +1) —i—/o f-(r,x+t—7)dr.

Then for all xy € R, L > 0 and ty € [0, L],

to xro+L—t
/ / (s (4, 2)|[v_ (£, 2)| dar it
xo— L+t
1 xo+L to zro+L—t
<5( [0 te@laes [T i arar )
T xo— L+t
{E()—‘,-L to xro+L—t
><</ \dx+/ / £ tx)\da;dt)
To— xro—L+t

Remark 3.15. In particular, the left hand side of (B.I%)) is finite, which is not obvious apriori. We

do not claim that (3I5) holds when |v (t,)|[v_(t, )| is replaced by |vy (¢, z)[%.
12
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Proof of Lemma[3.14 First observe that, by triangle inequality we have
t
0460)| < lgsa — O] + [ |fe(ria— ¢+ 1)l
0

t
o_(t,2)] < lg_(z + )| +/0 fo(ra+t—7)dr

Thus it is enough to prove ([BIH) in the case when n = 1 and all the functions gy,g—, f+ and f_
are being non-negative.

Without loss of generality, let us choose and fix g = 0. Let us extend g4,g— by 0 for |z| > L
and fy, f— by 0 for t <0 or ¢t >ty or |x| > L —t. Then observe that the product

vy (t,x)v_(t,z) =0 on ([0,00) x R)\ {(¢t,x) : t € [0,L],z < L —t, o > —L+1t}

and it suffices to prove

/to/v+tx (t,z)dxdt
(3.16) to to
< 2</g+( )dx—i—/ /fJr (t,x) dxdt></Rg_(a:)dx+/0 /Rf_(t,a;)dmdt>.

By substituting the expression from (B.14), LHS in (B16]) can be rewritten as

/Oto /Rmr(t,x)v_(t,a:)dxdt:/OtO/Rng(x—t)g_(a:—Ft)dxdt
" w0 [ fratt-rdrdea
o Jr 0
+/0t0/Rg_(x—l—t)/()tf_F(T,x—t+7')d7'dxdt
+/0t0/R/Ot/othr(T,a:—t—l—T)f_(a,a:—i-t—a)deadxdt

= I+IT+IIT+1V.
To estimate these four terms we will work with the null coordinates (a,b) defined by
a=x+t, b=x—t.

Using this transformation we have for 0 < s < ¢y we have

/t0/9+ x—t)g_(x+t)dedt = //j)::to +(b)dadb
(3.17) <3 ( /R g (a) da> ( / NG db>

Now we estimate the most difficult term IV and leave the terms I1 and 117 to a reader. Let us set
gi(z—t):= fi(r,o —t+7) and g7 (x + t) .= f_(0,2 +t — o) and observe that by BI7) we get

/Oto//t/tf+(7,a;—t—l—T)f_(a,a;—l—t—a)deadxdt
/to/to {/T /g+ x+t)dxdt} drdo
§§/0t0 /Oto </Rgf(a)da> </Rgfr(b)db> drdo
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§%</Oto/ﬂgf_(a,a—a)dada> </0t0/Rf+(T,b—|—T)dde>.

Hence the result follows. O
Definition 3.16. Let K be any trapezoid. If u : K — R™ and uf : K — R", then we define
Qu, ) = Qs w2y : K — RV,

where
Qjr(u,u ) = atujaguk &cuj@wu,ﬁg, L k=1,....n
and R™ ™ is the vector space of all real valued n x n matrices endowed with the ¢'-norm.

Proposition 3.17. Let h € L] (K;R") and ug,vo, L. . (Ko; R™). Assume that a locally integrable
function u : K — R™ is a mild solution of linear wave equation [BI) on K such that Dugy €
LL (Ko;R™). Then u € #(K) and Qjr(u,u) € LL (K;R™), for all j,k =1,...,n, and, for every
(to, o) € K we have

[ 1@ uu|dxdt<</ [vo(x) — Duo(w)|dz + | |h|dxdt>

Titg,20) Ttg,20)

><< . |vo(z) + Dug(z)| dx + fj \h[dxdt),

T(t() Q)

(3.18)

where Ty, »o) C K is the triangle with vertices (to,zo), (0,20 — to) and (0,29 + to), and Ty =
[z — to, 2o + to].

More generally, if uf is another solution (with initial data u%, vg : Ky — R" and forcing bt : K —
R™ satisfying the above assumptions), then

2 [ Qv |d:1:dt<</ [vo(w) — Dug(a)| dz+ [ |h|dxdt>

T(to z() T(to z()

</ [vh(@) + Duf(@) dz + [ \hﬁydxdt>

Titg,20)

+< ; [vo(x) + Dug(w)| dz + | |h|dxdt>

Titg,20)

X < - ]vg(az)—Dug(x)\da:—k jj \h”dazdt).

T(to»ro)

(3.19)

Proof of Proposition[3.17. Let us choose and fix a trapezoid K and two locally integrable functions
u,u : K — R™ which are mild solutions of linear wave equation (3.I) on K such that Duy, Du(ﬂ) €
Ll (Ko;R™). Let us take any arbitrary (to, 7o) € K. By Definition 2.5 the closed triangle Tto,20)
with vertices (¢, o), (0, 7o — to) and (0,20 + o) is a subset of K. Let us denote the base of T}
by To.

Then, from the representation formula (3.3) we infer that, on Tt9,z0), the following formulae hold
in the weak sense,

t0,%0)

Ou(t,z) = %(Duo(az +t) — Dup(x —t)) + %(vo(az +t) +vo(x — 1))
(3.20) '
+%/0 (h(ryx+t—7)+ h(r,z —t+7))dr,
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Buult, x) = 2(Duolz + 1) + Duol 1) + 3 (vol + ) — vo( — 1)

¢
+%/ (h(r,x+t—7)—h(r,z —t+7))dr.
0

(3.21)

Let us observe now, that the RHSs of the above two identities define respectively functions belonging
to spaces Cy([0,Tp)]; L' (K.)), respectively, Cy([0,Tp)]; L*(K.)). Hence we infer that u € 7 (K).

Moreover, form these last two identities we deduce that, in the weak sense,
t
Opu(t, x) — Opu(t,x) = —Dug(x — t) + vo(x — t) + / h(r,x —t+ 71)dr,
0

t
Opu(t, x) + Opu(t,x) = Dug(x +t) + vo(x + t) + / h(r,x +t—7)dr.
0

In other words equations ([3.I4]) are satisfied with

Vy = (8t — 8x)u, V- = (8t + 8x)u,
gy = —Dug +v9, ¢g- =+Dug+vg and f, =f_ =

Analogously, (3:14) holds with
vy = (O — az)uﬁ, v_ = (O + Ogg)uﬁ
g4 = —Dug + vg, g— = +Dug + vg and f, =f_ = R
Now we also choose and fix j, k € {1,...,n}. Then we have
2Qj1(u, u*) = (Byu; — Bog) (D], + Do) + (Dot + D) By, — Do)
=: Q}k(u,uﬁ) + Q?k(u,uﬁ).

Then by applying the scalar inequality ([B.15) with tg = L from Lemma [B14] we obtain

fj QY (u, u? \dxdt—z fj ]Q (u, u®)| da dt < fj |Opu — Opul|Opu® + Dpuf| dax dt

Tiag,20) L= 1T(to z() Titg,20)
< < [vo() — Dug(a) dz + | |h|dxdt>
7o Titg,0)
x < [vh(x) + Duf@)| dz + [ \hﬁydxdt)
To T
(to,z0)

Similarly, we get

{f |Q2(u,uﬁ)|dxdt:§n: [ 1@ v dzdt < [ 100+ dpulldr — dpuf| dadt

Titg,20) 63=1T(14,20) Titg,20)
§< [vo(w) + Duo() | dz + | \h!da:dt)
7o Tt9,20)
x < [vf(z) - Duf@)| dz + [ |hﬁ|dg;dt>.
To T
(tg,zq)
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Consequently, we have

2 fj (u, u?) ]dazdt<</T |vo(z) — Dug(z)|dx + ff \h[dxdt)

Titg,20) Tieg,20)

(/ [v() + Duf (@) dz+ ([ | hﬁ|dxdt>

Titg,20)

+< . |vo(z) + Dug(z)|dx + jj \h[dxdt)

T(t() Q)

X ( a |vg(x)—Dug(zn)|dx+£j|hﬁ|d;pdt>,

and we complete the proof of Proposition B.17] O

Remark 3.18. It is important to note that the results of Lemmata B.10] 3.14] and Proposition BI7]
are valid for every norm, e.g. the Euclidean and the ¢!, on R".

4. DEFINITIONS AND FRAMEWORK FOR WAVE MAP EQUATION

We consider a compact m-dimensional Riemannian manifold M. By the Nash embedding theorem
[16] there exists an isometric embedding of M into R™ for some n € N. In this note, we identify M
with the image of this embedding, so that from now on we assume that M C R™ and the Riemannian
metric on M is induced by the Euclidean metric on R".

We consider the following wave map equation with values in M with a general forcing term

(4.1) DPu(t, x) — 2u(t,z) — f(t,z) L Tou(t,2)M, for all (t,z) € Q,
where Q C R is an open set and f : Q — R” is sufficiently regular for the equation above to
make sense. A classical forced wave map is a sufficiently regular function u : Q — M such that (Z.T])

holds.
The equation ([@J]) can be written in the following explicit form

n
(4.2) OPu; — 0%uy = Z Lijk(u)(OpujOpuy, — OpujOyuy) + ZPU u)fj, 1<i<mn,
k=1 7j=1
for some Lipschitz functions
Fijk,PZ‘jZM%R, 1§’L,j,k‘§n
We extend L', P;; as bounded and Lipschitz functions from R" to R.

Remark 4.1. If u is a classical solution of equation (4.1l and R™-valued functions v4 and v_ are
defined by formulae (B.12) and (BI3) respectively, then these functions satisfy

Ovs(t,x) £ 0pvs(t,w) — f(t,2) L Ty M, for all (¢,x) € Q.

Similarly, if u is a classical solution of equation (A2]), then the functions v; and v_ satisfy the
following non-linear transport equations, for (t,z) € Q and 1 <i < n,

atvil: + a:cvil: - Z Fijk(u)Rjk Uy, Z sz f]7
1<j,k<n 1<j<n
where Rjj, is a bilinear map defined by

[Rjk(vg,vo)](t,2) = %[Ui(t,x)fuli (t,z) + U{(t,a:)vi(t,x)], (t,x) € Q.
16



Note that the system (4.2]) of n equations can be equivalently written in the following vector form

(4.3) Otu — 02u = Z Tk (u)(0puOuy, — OpujOpuy) + Pu) f,
jik=1
with Lipschitz functions
Ljp, Py : M —=R", jk=1,---,n, and P:M— L(R"),
where L£(R™) is the set of all linear maps on R".

Below we summarize the assumptions that we need to have.

Assumption 4.2. The extensions of functions I';j; and P to R™ are bounded and globally Lipschitz
functions with values in R™ and L£(R"™) respectively. We denote by = the supremum of all these
functions. We denote by L the common Lipschitz constant of all these functions.

Let 7+ be the complimentary projection map of the map 7 introduced in equation (B.I]) of Lemma
B2 i.e. for pe M, m, : R" — T,M be the orthogonal projection. Then the corresponding map

7T][,L =id —m, € L(R").
By the same symbol we denote the extension of that map to a C§°-map defined on the whole R".

In order to interpret equation (3] for functions u which are not twice differentiable, we use the
theory presented in Section [3l

Definition 4.3 (Manifold valued weak solution). Let K be a trapezoid with base Ky with
height T" € (0,00]. Let us assume that the initial data ug € C'(Ko; M) is an absolutely continuous
function such that Dug € L] _(Ko;R"). Let us also assume that vy € L. (Ko;R™) is such that

(4.4) vo(z) € Ty (oy)M for almost all z € Ko.

Assume finally that f € L (K;R").
A continuous function u : K — M is called a weak solution of equation (42) on K, with the
initial condition
(45) ’LL(O, ) = Uo, 8tu(07 ) = Vo
on Ky, if and only if the following conditions are satisfied.

(i) the weak derivatives d,u, Opu exist in the weak Li (K )-sense; in particular they are measurable
functions;
(ii) for every t € [0,T)],

(4.6) Opu(t, ) € Ty pyM for almost every z € K;.
(iii) for every compact trapezoid K C K with base I~(0, the restriction of the right hand side of

equation (E3) to K is integrable, and equation (E.3) holds in the weak sense on K, ie. if to is the
height of K then for every T' € (0,%y) and ¢ € C3°((K))

/~ u(T,z)0rp(T, x) de — - (T, x) (T, x) dz

—i—fj @90 <,0 dxdt—/~ uo(x)atgp(O,a;)da:—/~ vo(2)p(0,z) dx

Ko Ko

L @t~ ) + 32 P05t

K Jk=1 j=1

Let us observe the following result.
17



Proposition 4.4. Condition [@4), resp. ([A0), is equivalent to

(4.8) ng(uo,vo) = / Wjo(x) (vo(z)) @(x)dx =0 for every ¢ € C5°(int(Kyp)).
Ko

respectively, to

(4.9) Tg[(u(t), ru(t)) == /K Wi(m)((‘)tu(t,x)) o(x)dx =0 for every ¢ € C§°(int(Kp)).

Remark 4.5. If u is a M-valued classical solution of our problem (for example if u belongs to
C([0,T); HZ .(Ko;M)) see e.g. [4]), then by employing the Stokes Theorem [25, Theorem 1.1.2], one

loc
can show that u is also a weak solution in the sense of Definition .3}

Remark 4.6. Our definition of the weak solution is different than [27, Definition 1.1] as it involves
the “final” time 7. Hence apparently it is stronger. But we believe that both definitions are
equivalent. We need this apparently stronger version of a definition of a weak solution because of
the next result which we will use later on.

Definition 4.7 (Manifold valued mild solution). Assume that K, (ug,vo) and f are as in
Definition 43l A continuous function u : K — M is called a mild solution of equation ({3 with
the initial condition (£ if and only if the conditions (i)-(ii) from Definition 3] and the following
condition (iv) hold.

(iv) equation (€3] holds in the following mild (i.e. integral) sense: for every (t,z) € K

T+t
u(t,x) = %(uo(x + 1) +uo(z —t)) + % /_t vo(y) dy

r+t—T n
(4.10) / / [Z T (u) (Bpu;Opuy, — DpjOpuy, +ZP fj] dydr.

t+7 ]7k:1 ] 1

Remark 4.8. In view of Theorems and B.7 a function u : K — M is a weak solution in the
sense of Definition [4.3]if and only if it is a mild solution in the sense of Definition E.71

We finish this section with the following result which will be used later on.

Proposition 4.9. If a function u : K — M is a weak/mzld solution of equation (IE{I) m K with
the initial data (ug, U()) and external force f, and K is another trapezoid such that K C K, then the
restriction @ of u to K, is a weak/mild solution of equation [@3) in K with the initial data (i, o)
and external force f defined appropriately.

Proof of Proposition[{.9 The proof is obvious, see also the proof of the linear version, i.e. Propo-
sition O

Before proving the existence of mild solutions to equation (3]) with the initial condition (Z.5])
which satisfy (44]), in the next section we first develop the Cauchy theory for R™-valued solution to
the same problem.

5. CAUCHY THEORY FOR R"™-VALUED SOLUTIONS TO WAVE MAP EQUATION

In this section we develop a theory of R"-valued solutions to equation (£3]) with suitable initial
data (ug,vo) and forcing f. The results of this section have nothing to do with manifold M.
In particular, we not assume that wuy is M-valued, neither that (ug,vg) satisfy the compatibility
condition (4.4) nor that the solution takes values in M.

To shorten the notation and complexity in writing for interval I C R we set

LYY I RY) = (L®(L;R™Y) n WHY(I;R™)) x LY (I;R™),
18



and

(5.1) I Dl ey = I f ooy + 1 ey + gl -

First we give the definition of an R™-valued mild solution to equation (£3) with the initial
condition (4.5).

Definition 5.1 (R"-valued mild solution). Let K be a trapezoid with base Ky. Let us assume
that the initial data (ug,vo) € LY (Kp;R") and forcing f € L'(I;R™). A continuous function
u: K — R" is called a mild solution of equation (43 with the initial condition (.3), if and only if
the condition (i) from Definition 3] and u satisfy ([@I0) for every (t,z) € K.

5.1. Small data. We begin our investigation with the small initial data and forcing global (in time)
existence of R"-valued solutions for equation (3.

Remark 5.2. In the theorem below we assume that all the coefficients are bounded and Lipschitz.
Had we assumed them to be only locally bounded and locally Lipschitz, we would have to replace
the sentence “Then there exists > 0 such that the following is true.” by “Then for any p > 0 there
exists n > 0 such that the following is true.” and add the following condition to conditions (5.2H5.3]):

[[uollzee < p.
But such generalization will not be used in the present paper.

Theorem 5.3 (R"-valued global solution for small data on an arbitrary trapezoid). Let
K be a trapezoid with base Ky and let us assume that Assumption [{.9 holds. Then there exists a
number n > 0 such that the following is true. For every initial data (ug,vo) € LY (Ko;R™) and for
every external force f € L'(K;R") such that

(5.2) | Duo + voll L1 (ko) < 1, [ Duo — voll L1 (ko) <1,
and
(5.3) £l ) < s

there exists a function u belonging to the Banach space 7 (K) introduced in (2.14), such that u is
a mild solution, in the sense of Definition[3.1, to equation ([A3) with initial data (ug,vo).
Moreover, there exists a number R > 0 such that the solution u satisfying the following condition

(5.4) IT'(w)(Orw, Opu) — T'(u)(9pu, Opu) + Pu) fll L1y < R,

can be found and this solution is unique within the class of elements of 7 (K) satisfying (5.4)).
Finally, our problem is well posed in the Hadamard sense, i.e. the map

Oy 3 (ug,vo, f) = u e H(K)

is continuous, where u satisfies (5.4) and O, is a closed subset of LY (Ko;R™) x LY(K;R") defined
by conditions (5.2)) and (5.3)).

Remark 5.4. The above result contains the following uniqueness result. If w and uf are two
solutions to equation ({3]) with initial data (ug,vo) and external force f satisfying conditions (5.2)-
5.3), then u = u¥, provided condition (5.4)) is satisfied by both u and uf.

In Theorem [5.8 we will prove the following stronger uniqueness result. If u satisfies condition
(B4) and is a solution to equation ({3 with initial data (ug,vo) and external force f satisfying
conditions (5.2)45.3), then u = uf, provided u! is a weak solution of equation ([3) with the same
initial data (ug,vg) external force f such that

uf € L°([0,00); L (K.) N WY(K.)) such that duf € L=([0,00); L} (K.)).
19



Remark 5.5. For large initial data, in general one can have blow-up in finite time. An example of
an equation exhibiting this behaviour is 02u — 92u = (9yu)? — (9,u)?. For wave maps with values
in a compact Riemannian manifold, for initial data of finite energy there is no blow-up. Even for
absolutely continuous initial data there is no blow-up, and in fact scattering holds. All this was
proved by Keel and Tao in [14]. Note however, that the uniqueness of solutions with finite energy
was proved by Zhou in [27]. We extend their findings to forced wave maps with values in a compact
Riemannian manifold.

Proof of Theorem [5.3. We will use the Banach Fixed Point Theorem. Usually, one finds a suitable
norm for the set of possible solutions and proves that the natural map constructed from the equation
in question, in such a way that its fixed point is a solution, turns out is a strict contraction. Here we
follow a different path. We consider a suitable norm on the RHS of our equation (4.3]) and construct
a different natural map from that space into itself so that its fixed point correspond to a solution
of equation ([43]). We also prove that this map is a strict contraction provided the initial data and
the forcing satisfy conditions (5:2H5.3)) for suitably small positive 7.

To pursue the idea, we choose and fix initial data (ug,vg) € L (K;R™) and the external forcing
f € LY(K;R"™). We define a mapping

(5.5) D =Dy LHEGR™) — LYK R™)

as follows. For h € L'(K;R") and the corresponding u given by Theorem .7, see formula (B.3]), we
put

®(h)(t,z) = F(t,x,u, Opu, Oyu)
(5.6) = () (Qru;Opuy, — OpuiOpur) + > Pi(u)fy, (tz) €K.
j J

Note that once we get the unique fixed point & of the map ®, a mild solution to (4.3])) with the given
initial data (ug,vo) and forcing f will be given by formula (B.3)).

First, we show that the map ® is well-defined. Let us choose and fix h € L*(K;R"). Let u be the
corresponding unique mild solution of ([B) in K, which is given by formula (3.3). Thus, ug,vo, h
and u satisfy the assumptions of Proposition B.I7 and therefore, by applying inequality (BI8]) from
Proposition 317 we get that

el = [ | 3 I Q]kuu]JrZ]P 5]

K “jk=1

(5.7) g7[</R(|v0—Du0|)d:n+fj|h|dxdt>
X (/R(\v0+Duoy)dx+H\hydxdt> +fjé]fj]dxdt],

where « is the bound of the extensions of I'j;, P; from Assumption Thus, we infer that the
map P satisfies the following inequality, for every suitable data (ug,vo; f),

(5.8) 1@ (h)1ery < v [(lvo + Duollpi gy + 1Al x)) (lvo — Duol|pr k)

+ 12l ) + 1L o) -
Hence the map ® is well-defined. It is important to note that we will use again the computations
from (5.7) in the next paragraph, where we will prove the invariance of a closed ball in L'(K;R")

of sufficiently small radius under the map ®.
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Let us set B(0; R) := Br1 (g, (0; R) as a closed ball of radius R, whose value will be set later,
centered at the origin in L!'(K;R").
Assume that the initial data and forcing satisfy conditions (B2H5:3]). Then for any h € B(0; R) by
inequality (5.8]) we have

@A)l () < v[(n + R)* +n].
Hence, if n > 0 and R > 0 are such that

R
m+RP+n§;,

then the ball B(0; R) is invariant with respect to the map ®.

Remark 5.6. Let us first observe that it is sufficient to find R, 7 such that
R

(5.9) 2% +2R? + < =.
7

First we find R > 0 small enough such that 4R? < I—j. After that we find n > 0 small enough such

that 4n% 4 2n < % We infer that the so found pair (R, n) satisfies condition (5.9]) and therefore the
function ® maps the ball B(0; R) into itself.

As the next step we show that there exists R > 0 and 1 > 0 satisfying the condition (5.9) and
such that the restriction of map ® on B(0; R) is a -contraction. Let us recall that f € L'(K;R") is
given. Let us choose and fix h, g € B(0; R) and let v and v given by ([B3]) with A and g, respectively
but with the same initial data, i.e.,

up=v9 and U3 = ;.
Thus we observe that the Lipschitz and boundedness properties of the extensions I'j;, and P followed
by inequality ([B.19) from Proposition 317 give
|®(h) — (I)(g)HLl(K

ik(w) = Tk (0)}Qjn (u, u) dz dt

J’f Q]k( 7u)

i(v)}fi| de dt

ﬂ erm)@jk(v
K jk
§:|Qﬂxuﬂo|dxdt

1 THt—T
fi// —9(r,y)dydr
K r—t+T1 I
fZ\ng \dxdt—i—’yij]ijvu v)|da dt
K jk

+LH ‘/ /:+t ' —g(r,y)dydr Ej:|fj|d$dt

t+7
1
<3 [2L\|h — 9l {Ulur + Duoll L1 (i) + N0l L2 (se)) (lr — Duoll ooy + 121 L1 o))

+ 902 = gll L2 k) {Ilur + Duoll 2 xy) + 21|l L2 50y + llur — Duol|p1(rp) }
+ IR = gl Ly {Ilor — Dvollpr (o) + 2ll9ll (1) + o1 + Dvoll 1 (o) }

(5.10) +Luh—g||L1(K>||f||L1(K)]

21



Hence, if the initial data and forcing satisfy conditions (5.2H5.3)), then for any h,g € L*(K;R")

1@ (h) — @(9)ll11 (s = IIh = gllz(ae)[L(n + R)* + 5yn + 4y R.
Thus, by choosing numbers n > 0 and R > 0 sufficiently small such that (5.9) holds and

L(n+ R)* +5yn+4yR < %,
we infer that the map ®g(o,p) maps the ball B(0; R) into itself and moreover is a %—contraction.
In view of the Banach Fixed Point Theorem, since the initial data and forcing (ug,vg, f) satisfying
conditions (5.2 and (5.3, we can find a unique element h € B(0; R) such that @, ., s)(h) = h.
As in the construction above of the map @, ., r), let u be the corresponding function given by
Theorem B.71 Because h a fixed point of @, ., r, by definition (5.6]) of @, 4., we infer that

h(t,o) =Y Tjp(u)QpusOpur — dpujdpur) + Y Py(u)fj, (t,a) € K.
ik '

J

Then, by Theorem 3.7 in particular formula (B3], we deduce that for every (t,z) € K, u(t,z)
satisfies equality (Z.I0).

Hence, u is a mild solution to problem (f3). Moreover, such a solution u belongs to .7 (K)
because of Proposition or Proposition B.I7l This completes the first part of the Theorem [5.3]

Remark 5.7. For the later reference, let us note that above in the we proved the following fact.
Under the assumptions of Theorem [5.3] there exists n > 0 and R > 0 such that for every R"-valued
initial data (ug,vg), defined on Kj satisfying condition (5.2 and every R"™-valued integrable function
[ defined on K satisfying (5.3)), the map ®(,, ) defined in (E.3)) is an %—contraction.

Let us note that in view of Proposition the constructed mild solution u to problem (4.3]), sat-
isfies condition (5.4)). The uniqueness of such solution, i.e., which satisfy (£.4)), follows immediately
as a consequence of Banach fixed point theorem for the map ®g(o;r)-

Now we move to the last part of this theorem, i.e., the continuity w.r.t. the initial data and

the external forcing. For this aim let us consider an L' (Kg;R") x L'(K;R")-valued sequence
(U0,m> V0.m, frm)5_1 and an element (ug,vo, f) € L1 (Ko; R™) x L1(K;R™) such that

(w0,m» V0,m» fm) = (w0, v0, f) in Ll’l(Ko;]R”) X LI(K;R") as  m — oo.

We further assume that Dug ,, Dug, vom,v0 € L'(Ko;R") and fi,, f € L*(K;R") are such that
the bounds (B215.3) hold true for all m with n independent of m.

Let the maps ®,,, ® : L' (K;R") — L!(K;R") defined, as (5.5)), based on (ug m, vo,m) and (ug, vo),
respectively, and forcing f,, and f, respectively.

Thus, in view of the Remark [5.7) we infer that there exists R > 0, a sequence h,, € L'(K;R")
and h € LY(K;R") such that ®,,(hy,) = hy, € B(0; R) and ®(h) = h € B(0; R). We need to show
that h,, — h in L'(K;R") as m — oo. But this will follow from Lemma [A.T] once we show that for
every h € L'(K;R"),

(5.11) [®m(h) = (M)l (xy =0 as  m— oo
Proof of (5.10)). Let us choose and fix h € L'(K;R"). Recall that
®(h) = erk(u)ij(u’u) + P(u)f,
jk

where u is given by (83). Similarly, we can define ®,,(h)(t,z) and u,,(t,z) by replacing ug, vo, f

by uo,m, V0,m, fm, respectively.
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Consequently, by following the computation in (G.I0), we obtain

[@m(h) = @)1 sy < L | ‘%{uom(az + ) — uo( + 1) + g m(x — £) — ug(x — t)
K

+ /x o vo,m(y) — vo(y) dy}

—t+7

Z |Q ke (Um, U) | dz di

ik

3 [ D1 wm — wwm) dwdt + 7 [ 37 1Q; k(w, w — w) da dt
K jk K jk

+ LLI ‘%{uo,ﬂ(az +t) —ug(x +t) + uom(x —t) —up(x — 1)

N /x " (tom) — ) dy}‘

—t+7

X gl da dt + ]| fm = fllze
J

< g@HUOm — gl Lo (k) F [[v0,m — voll 21 (&) HlIv0,m — Duomll (ko) + 10l 21 ()}
x {llvo,m + Duollpr(xy) + 10l L1y}
+ %[{Hvo,m —vo — D(ug,m — vo)ll 1 (&) Hllvo,m + Duomlzr + 1Rl L1 (ko) }
+ {l[vo,m — vo + D(uom — o)l L1 (x0) Hllvom — DuomllLr ko) + 12I L1 (x)}]
+ 2 [{llvo = Datoll 1) + a1l 3 a0y Hiloo.m = 0 + Detom = 0)ll 1 1)}
+ {llvo + Duoll (k) + Il (ay Hlvo.m — vo — D (wom — uo)ll 11 (k) }]
+ 22l — voll i) + o0.m — voll s aco) M mlLzscae + 1l = ey

Thus limyy, o0 || @ (h) — @(h) | L1 (k) = 0, since ugm — ug in L®(Ko; R") NW L (Ko; R™), Vo,m — Vo
in L'(Ko;R") and f,, — f in LY(K;R") as m — oo.
Hence, h,, — h in L*(K;R") as m — oo due to Lemma [A.1l This proves (5.11]). O

Consequently, from (5I1)), due to (B3), we deduce that u, — uw in L*°(K;R"™). The proof of
Theorem [£.3] is complete. O

Let us now formulate the following uniqueness result which is stronger than the uniqueness part
of Theorem [5.3] because the smallness assumptions (5.2)45.3]) are not required.

Theorem 5.8. Assume that Ty € (0,00]. Assume that (ug,vo) € LY (R;R™) and f € LY([0,Tp)] x
R;R™). Assume that u,uf € ([0, Tp)] x R) satisfying

(T (w) (Oru, Dyu) — T'(u)(Ozu, D) + P(w) fl L1 (jo,m) xr) < 00,

T () (O — OpufOpuf) + P(u) f| 11 (j0. 1)) xR) < 00

are mild solutions to equation (L3) with the same initial data (ug,vo) and the same external force
f. Then u = ut.

Proof of Theorem [5.8 The proof follows the lines of the proof of Theorem Note that both

Theorems (.8 and are concerned with the uniqueness result without the existence. But the

proof of the latter result depends on the existence of solutions for small data as formulated in
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Theorem B8 In a similar fashion, the omitted proof of the present Theorem [5.8] depends on the
existence of solutions for small data as formulated in Theorem O

The following result is essential in our proof of the finite speed of propagation for large data
formulated later in Corollary [6.10

Corollary 5.9. Let K be a trapezoid with base Ko and assume that Assumption[{.9 holds. Assume
that numbers 7 > 0 and R > 0 are as in Theorem [I.3  Let us assume that f : K — R™ is an
integrable function, that (ug,vo) : Ko — R™ x R"™ satisfy the smallness conditions (0.2)12.3). Let
K C K is another trapezoid, and (ﬂo,ﬁo,f) be another choice of the initial data and the forcing
which coincides on IN(O and K , respectively, with the initial data and the forcing (uo,vo, f). Then
the corresponding mild solutions u and @ to problem ([A3)), which exist by Theorem[5.3, are equal on
K.

Proof of Corollary[2.9. Let us assume the assumptions of the Corollary. It is obvious that (ag, 0, f)
also satisfy the smallness conditions (5.2])45.3]).

Let ® : L'(K) — L'(K) as in the proof of Theorem B3 for the trapezoid K. Let ® : L'(K) —
L'(K) be the corresponding map for the trapezoid K.
The following important relationship between the maps ® and ® play a crucial role in our analysis.

Lemma 5.10. If h € LY(K;R"), then

®(h) » = <T>(hu~{) in LY(K;R™).
Proof of Lemma[510. Let us begin by recalling the definition of the map ® : L'(K) — L'(K) for
fixed data (ug,vo, f). For h € L}(K) and the corresponding u € (K ), which is given by Theorem

3.7 and Proposition 3.9, we put

®(h)(t,x) = > Tjr(w) (Oru;Opu — Opu;Opur) + Y Py(u) fj.
Jk ]

J

The definition of ® is analogous but with data (g, 09, f ).~
Let us choose and fix h € LY(K) and put h = flff € LY(K). Since the restrictions of the functions

(ug, vo, f) to Ky and K as appropriate, by the second part of Theorem 3.7 we infer that the
corresponding solutions v and @ are such that

Hence, we infer that the restriction of the function > I'jk(u)(Opu;Opuy, — OpujOpuk) + >, Py(u) f,
defined on K, to the set K is equal to >k D (@) (O 0wy, — Opi;0puy) + 35 Pj(@) f7. This implies
that

The proof of the Lemma [5.10]is complete. d

Let h, respectively h be the unique fixed point of the map ®, respectively d. By Lemma E10]

we infer easily that l}| 7 € Ll(IN( ) is also a fixed point of . By the uniqueness of the fixed point

we infer that h| 7 = h. Hence, by the second part of Theorem [3.7 we infer that the corresponding
solutions u and @ to problem (3] satisfy U = @. The proof of Corollary [5.9]is complete. O
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5.2. Large data. In the whole subsection we assume that Assumption holds. This subsection
is about the local existence and uniqueness of R™-valued solutions to problem (3] with arbitrary
initial data and arbitrary external forcing. We first formulate (and prove) the result for bounded
trapezoids (in the sense of Definition together with Remark 2.7)).

Theorem 5.11 (R"-valued local solution for large data on a compact trapezoid). Assume
that L > 0 and K is the compact trapezoid of height L and base K of half-length L. Assume that
the initial data (ug,vo) € LY (Ko;R™) and the forcing f € L'(K;R™). Then there exists Ty € (0, L]
such that problem [E3) has a unique mild solution in class A (K) where K is the compact trapezoid
base Ky and height Tj.

Proof of Theorem [2.11. Let us take n > 0 and R > 0 as in Theorem 5.3l Let us choose and fix a
closed trapezoid K and function (ug,vg) and f as in the statement of Theorem [5.11]
By [19, Theorem 6.11] we infer that there exist d; > 0 such that for every zg € Kj,

(5.12) [ Duo + voll 21 (kon[zo—61,w0+51)) =M [[Duo — vol| L1 (Konfwo—s1,20+01]) < 7-
By the Lebesgue Dominated Convergence Theorem we can find d2 > 0 such that

(5.13) 1A 22 (R (0,621 x o) = 1

Set § = 01 A 27‘/3(52 A & and note that the conditions (EI12) and (5I3) are satisfied with 6. Put
temporarily Ko = [a,b] and K, = [a + 0,b — ¢]. Since 6 < 5 L we infer that K # (). Let us put

K=Kn([0,0] x Ko) = | Kau,

onK'

where K, is a closed trapezoid with base [xg—d, z¢o+9], and height 6. Note that [xo—3, z9+d] C Ky,
as xo € K{j and K is a closed trapezoid with base Ky and height §. Thus, due to Theorem [5.3]
on each K, there exist a unique mild solution in class J#(K,,), denoted here by ug,, to problem
(3) with data (uol(zg—s,20+6]> V0l[zo—6,c0+4)s flK.,)- Note that, due to Corollary 5.9, uy, = ug, in
trapezoid K, N K,, for z1,29 € K{. This allow us to define a function u by gluing together
functions uy,, i.e.

u(t,x) = ug, (t,z) for (t,x) € Ky,.

Then, by employing the partition of unity we can show that u is the required mild solution of (£.3))
in class (K. Moreover, u is unique by Theorem [0.8l Hence the theorem follows with 7Ty =4§. O

Next we formulate a generalization of the previous local existence result to the closed and un-
bounded trapezoids.

Theorem 5.12 (R"-valued local solution for large data on an unbounded trapezoid).
Assume that K is a closed and unbounded trapezoid with height L € (0,00] and base Ky. Assume
that the initial data (ug,vo) € LY (Ko;R™) and the forcing f € LI(K R™). Then there ezists a
To € (0, L)] such that @3) has a unique mild solution in class ' (K), where K := ([0, Tp] x Ko)NK.

Proof of Theorem [5.12. Let us take n > 0 and R > 0 as in Theorem [5.3] Let us choose and fix and
functions (ug,vo) and f as in the statement of Theorem

We begin by observing that there exists a bounded interval [a,b] C Ko and L € (0,L) such that
a+L<b—Land

(514) HDUO + UO”Ll(K;,b) S n and ”D'LLO — ’U()”LI(K;:J)) S n,

where

K¢y =Ko ((—o0,a+ L]U[b— L,00)).
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Moreover, w.l.o.g., we can choose L such that together with (5.14) the following estimate hold
(5.15) HfHLI(K;E) <nand HfHLl(K;E) <n,

where Klj_i = K*([b — L,00) N Ko, L) and K_; = K~ ((—00,a + L] N Ko, L) are semi-bounded
trapezoids, see Definition 2.9] with height L and bases [b — L,00) N K and (—oc0,a + L] N Ky,
respectively. B

Let K, 1, be a compact trapezoid with base [a,b] and height L. By Theorem [5.11] there exists
Ty € (0,L] such that equation (£3) has a unique mild solution u’, with initial data and forcing
(u0[a,p]s V0l [ap)s f K, , 1), in the compact trapezoid K,p 1, with base [a,b] and height 7.

Next, due to smallness condition (£.14) and (E.I5), by the global existence result for small data,
see Theorem [5.3, we can find the unique mild solutions u* and u~ for problem (3] on the semi-
bounded trapezoids K;E and K 7, respectively, with initial data (U0l (p— 1, 00)n Ko s V0l (b L 00)nK,) a1
(u0|(_Oo atL]NKo> v0|(_oo a+i]mK0)v and forcing f|,+ and f,- , respectively. By gluing the solutions

’ ’ b,L a,L

u?, ut and u~ we construct a function u € defined in the trapezoid with base K, and height 77,

ie., on K == ([0,T1] x Ko) N K. B
From here we conclude as in the proof of Theorem bE.IT and get that u € J#(K) is the required
unique mild solution of (A3]) on the trapezoid K. O

5.3. Scattering result. As it is well-known, we don’t expect that the forced wave map equation
(#3) have a R™-valued global solution theory in the framework of Theorems [E.ITand [5.121 However,
our next result shows that if such a global solution exists then the scattering of solutions hold true.

Theorem 5.13 (Scattering for R"-valued solution). Assume that K = [0,00) X R is a given
trapezoid and u € H(K) be a unique mild solution to [3) with initial data (ug,ve) € LY (R;R™)
and forcing f € LY(K;R™). Then, there exist (uo,vo) € LY (R;R™) such that the corresponding
solution u,, of the linear homogeneous wave equation [BI) with h = 0 and initial data (g, Vo)
satisfies

(5.16) Jim ([[e(t) = up ()| oo m) + 102u(t) — Opur(t)|| 12wy + [|Ovu(t) — Opur(t)] 11(w)) = O

Proof of Theorem [5.13. Let us choose and fix initial data (ug,vg) € LY!'(R;R"). Let us set, for
t € [0,00),

1 1 T+t
(5.17) (S(t)(ug,vo))(x) = §(uo(x +1t)+up(z—1t)) + 3 /_t vo(y)dy, = €R.

Denote S(t) = (S(t),dS(t)) the linear group on Banach space L'!(R;R™) associated with the
1) with h = 0, that is the operator associating to given initial data the solution of the free wave
equation and its time derivative evaluated at time t¢.

Let u € L=([0,00); L% N W) be the unique mild solution to (@3] with data (ug,vo) and such
that Oyu € L°°([0, 00); LY (K.)).

Then by the Duhamel formula, we have the following identity

(5.18) (u(t), dyu(t)) = S(t)(uo, vo) +/0 S(t—7)(0, f(r))dr.

By the formula (5.I7) defining S(t) and the assumption that (ug,vg) € LY (R; R™) we deduce that,
for each t,

1
(5.19) 15 () (wo, vo)l Lo ) < lluollzoo ) + 5 lvoll e )
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Moreover, since Dug € L*(R;R") and vy € L!(R;R™), we have

(5.20) 102 (S(#) (w0, vo)) | L my < [[PuollLrm) + [[vollLr @),
' 10:(S (8) (w0, vo))ll L1 (m) < [I1DuollLr () + [lvoll L w)-

So, for every ¢, S(t) is a bounded linear operator in L'!(R). By standard methods we can show that
for every t, S(t) is an isomorphism of the Banach space L (R). In particular, S(—t) := [S(t)]~!
exists.

Next, applying S(—t) to both sides of (5I8), we obtain

(:21) S(=0(u(t)Bru(t) = (a0, + [ (=)0, f()dr
By the above bounds (5.19)-(520) we infer that

IS(=m)(0, F) L1 @) S IF (Dl @)-
Since f € LY([0,00) x R), we can pass to t — oo in ([5.21]),

lim S(—t)(u(t), du(t)) = (uo, vo) + /OOO S(=7)(0, (7)) dr,

t—o00

strongly in L' (R), where the integral [ S(—7)(0
us call this limit (@g, vp) and define u, (¢, z) = S(t)
we obtain (5.10). Indeed,

(u(t), Bpu(t)) — S(t) (0, %) | 1wy = 1SS (=) (u(t), pu(t)) — (@0, 00)) L1 )
S NS (=) (u(t), yu(t)) — (o, B0) || 1 m) — O as t — oc.

f(7)) d7 is understood in the Bochner sense. Let
U

(tig, Vo) (). Using again the bounds (5.19))-(5.20),

6. CAUCHY THEORY FOR MANIFOLD VALUED SOLUTIONS TO WAVE MAP EQUATION

This section is about the global in time solution theory to wave map problem (43]), defined on
an arbitrary trapezoid, taking values on manifold M with suitable initial data and forcing. As a
consequence we also prove a scattering result when the domain trapezoid is [0, 00) x R.

6.1. Existence of global solution. Two main results of this section are Theorems and
about the global existence of M-valued mild solutions to the wave map equation (4.3)) with external
data defined respectively on bounded or general closed trapezoids. We always consider initial data
(up, vp) taking values in the “tangent bundle” T'M, i.e. satisfying the compatibility condition (4.

We begin this section by proving the existence of global solutions to problem (3] for small data
(up, vo, f). To shorten the notation we set, for any interval I C R,

LYY(LM) = (C(I;M) nWHNILR™)) x LY R™),
and

I Dy = Wf ey + 1 ey + gl -

Theorem 6.1 (M-valued global solution for small data on an arbitrary trapezoid). There
exists n > 0 such that the following is true. For every trapezoid K with base Ky, for every initial
data (ug,vo) € LY (Ko; M) satisfying the compatibility condition (&), and every external forcing
f € LY(K;R"), if the smallness conditions (5.2){5.3) hold, then there exists a unique mild M-valued
solution of (A3) on K in the sense of Definition[].7 This solution is well-posed in the Hadamard
sense as in Theorem [1.3.

27



Proof of Theorem [6.1. We assume that assumptions of Theorem hold. By Theorem [(.3] there
exists a unique R™-valued solution u of (A3]) on K with initial data (ug,vo) and external forcing f.
Put v = 9yu. We need to prove that (u(t),v(t)) satisfies (£4) for every t > 0. ‘

By Lemma [B:4 we can find a sequence (uf,vf) taking values in [C(Ko; M) N W22(Ko; R™)] x
[Co(Ko; TM) N WhH2(Ko; R™)] such that

: k k _
o, 106, v0) = (0, %)) gy () s ooy = O

In particular, every (uf,vf) satisfies the compatibility condition (Z.4).

Moreover, we consider a natural extension of f, which we denote by f, to [0,00) x R by setting
f=0o0n ([0,00) x R) \ K. Then we can find a sequence f*¥ € C§°([0,00) x R; R™) such that

. rk R —
Jim [ £7 = Fllro.00)xm) = 0-

Thus, the sequence f* = fk]K approximates f in L!'(K;R").

Next, by [4, Theorem 4.1], see also [6], for each k there exists a unique global TM-valued solution
uF to the geometric wave map equation (B3] with initial data (uf,v§) and the external forcing
f*. Let us denote v* = 9yu*. In particular, for every t € [0,00), each (u¥(t),v*(t)) satisfies the
compatibility condition (@4]). By the continuous dependence of solutions on the initial data, see
last part of Theorem 5.3} u* converges to u in s (K). Since M is a closed subspace of R™ and u" is
M-valued, we infer that u is M valued as well. Moreover, the compatibility condition (6] at every
t > 0 is also satisfied by the last part of Theorem 216l Indeed, let ¢ € C§°(int(Kyp)) and ¢t > 0. Since
(uF (t),v*(t)) satisfies (&B), from (X)) we infer that Té/[(uk(t),vk(t)) = 0, where sz\;f is defined in
(#£9). Since Té/[ is continuous in appropriate topologies, see Theorem 216} and (u”,v*) — (u,v) in
the right topology, we infer that Tfy(uk(t), v¥(t)) = 0. Because ¢ € C°(int(K()) was chosen in an
arbitrary way, we deduce that (u(t),v(t)) satisfies (£4) for every ¢ > 0. The proof of Theorem
is complete. O

If in the above proof instead of using Theorem [5.3]we used Theorems [5.11]and [B.12] then we would
get the following local existence result for the wave map equation (£3)) for arbitrary data.

Theorem 6.2 (M-valued local solution for arbitrary data on an arbitrary trapezoid). If K
is a trapezoid with base Ky, the initial data (ug,vo) € LY (Ko; M) satisfy the compatibility condition
(@4), and the external forcing f € L'(K;R™), then there exists Ty € (0, L)], where L € (0,00] is the
height of K, such that ([&3) has a unique mild solution in the trapezoid with base Ky and height Tj.

Remark 6.3. If we were only interested in ther local existence and uniqueness, we could somewhat
relax the conditions on non-linearity in equation (£.3). For instance if the non-linearity, as defined
in (5.6]), could be written in the form

F(t7 T, u, 8{&, amu) = g(t7 T, u, (at - am)uv (8t + 8%)“)
= g(t,az,u,v+,v_)

with ¢ satisfying the following condition, then for every C' > 0 there exist positive constants
a,by,b_,c such that if |ul,[uf| < C, |vy|,|v_| have bounded integrals on the rays transversal to
the appropriate light rays (bounds depending on C') and [[vyv_| 1 < C, then

lg(t, z, u, vy, 0-)| < alt, z) + by (b @) g | + b (t, 2) o] + c(t, z) v o],

and

]g(t,a:,u,v+,v_) —g(t,x,uﬁ,vﬁ_,fuﬁ_)]

<a(t,@)|u = w| + by (b )|oy — o[+ b (t,2) v — vh| + e(t, @) opom —ofot |,
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with a, by, b_,c satisfying a € L', ¢ € L*°, by, b_ of bounded integrals on the light rays.

The following two results are concerned with the existence of global M-valued solutions. The first
one, see Theorem [6.4] is for closed bounded trapezoid and the second one, see Theorem [6.0, is for
closed unbounded trapezoids.

Theorem 6.4 (M-valued global solution for arbitrary data on a compact trapezoid). Let
L > 0, 29 € R and assume that K is a compact trapezoid with base Ko = [xg — L,z + L] and
height T € (0, L]. We assume that u is a local in time mild solution to the wave map equation ([L3)
with initial data (ug,vg) € LY (Ko; M), which satisfies the compatibility condition [&4) and forcing
f € LY (Ko;R™). Then u is a global mild solution, i.e. defined on the whole K, to the wave map

equation ([4.3).

To prove Theorem we need the following fundamental result about L'-estimates for solutions
to the wave map equation (3.

Proposition 6.5. Let the assumptions of Theorem[6.4) are satisfied. Then, for every to € [0,T] we
have

zo+L—tg zo+L—2to
L/ K@—@mmm@mx</’ (0 — B,)u(0, )| dz

xo—L+tg
(61) to  pxo+L— 2to+t
/ / f(t,x)| dz dt,
xo— L+t

ro+L—to ro+L
/’ K@+@mm@mug/ (0, + 0,)u(0, 2)| da
(62) xo—L+tg —L+2tg

to ro+L—t
/ / ft,x)|dzdt.
20— L2t — t

Proof of Proposition [620. We will only prove inequality (6.1)) as the proof of (6.2]) is similar.

By employing Lemma [B.4] as we did in the proof of the invariance of M, see the proof of the last
part of Theorem 6.1, we can assume that u and f are of C'-class.

Note that it is sufficient to show that for all y € [xg — L, z¢ + L — 2t¢]

and

to
(6.3) (0r = Oz )ulto, y + to)| < (Or — 0z)u(0, )| + / |f(ty+1)]de,
0
because by integrating above in y, with the change of variable x = y + to, we get (G.I)). Let us fix
y € [xo — L,z9 + L — 2tp] and set
(6.4) 0s(t) = (O — Do)ult,y +1), and fo(t) = flt,y+t).
We then have v/, (t) = (97 — 02)u(t,y + t). Recall that (07 — 9?)u(t,y +1t) — f(t,y +1t) L vi(t),
since vy (t) € Tiy(t,y+4M. Thus, we have
Vi (t) = f(t) Log(t),
which yields

d
(6.5) a\%(t)’z =20 (t) - v (t) = 2f4(t) - v ().
Due to notation ([6.4)), our aim (6.3) is to prove that
to
(6:5) osto)| < [es O]+ [ 1£40)]at.
0
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(0,29 + L)
(Tyxg+ L —T)
Ko ey
(T,xo—L+1T)
\ (0.zq = L) ¢

FI1GURE 2. Bounded trapezoids K and K.

If vy (tg) = 0, then we are done. So, assume that v, (tg) # 0 and let 7 > 0 be the smallest positive
number such that v (t) # 0 for all t € (T, to]. Such T exists due to continuity of v, . Thus, either
v (T) =0 or T =0, in any case we get [v,(T)| < vy (0)|. Next, since vy (t) # 0 for all t € (T, o],
as an application of the Cauchy-Schwarz inequality the expression (6.5]) yields

Slor@] < fole), e (Tl

Consequently, the fundamental theorem gives, since |vy (T)| < |v4(0)],

o (t0)] < o (7)) +/T° ()] dt < oy (0)] +/00\f+(t)\dt-
]

Proof of Theorem[6.4] Let us introduce a family % consisting of solutions to the wave map equation
(#3]). By Theorem this family is not empty. For each u € %, let us denote its compact domain
trapezoid by K (u) with base Ko = [zg — L, 2o + L] and height 7 = 7(u) < T. Moreover, by the
finite speed of propagation proven in Corollary (5.9 we deduce that if u,v € %, either u C v or
v C u, where by v C v we mean that K (u) C K(v) and fu]f{(u) = u. Let T’y be the supremum of the
bounded set {7(u) : u € % }. We will prove that Ty = T. Suppose by contradiction that T < T'.

The method of obtaining a contradiction here is taken from [I4]. Let K be the compact trapezoid
with base Ky and height T’ , see figure

Let us fix n as in Theorem 5.3l Then clearly by the Lebesgue Dominated Convergence Theorem
there exists €9 > 0 such that, ¢g < Ty < T4 +¢9 < T and

(6.7) I90,5¢ )<

Ki1) —c9, T +20)
where K, _c; 1, 120 = {(t,2) e K : t € [Ty —e0, T4 + 0] }.

Note that K7, ., 1, 4] is a trapezoid with vertices (T'y — 0,70 — L + Ty — o), (T} — €0, 70 +
L—T4 +eo), (T4 +e0,20 + L — T4 —&o) and (T +e9,20 — L + T4 + £0).

Next, we define a continuous and increasing function ¢ : Ko = [xg — L,x0 + L] — R by

dil Lo+ Lzwe [ [ |fs)dsdyer
Aw
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.(0 xg — L)

FiGURE 3. A,,.

where A, = {(t,x) € K : x —t < w}. Since the set K is compact, ¢ is uniformly continuous and
thus, we can choose €; > 0 such that

d(w+2e1) — p(w) < =, Vw € [xg — Lyxo + L — 2¢4].

=3

Further, by [19, Theorem 6.11] we can choose €5 > 0 such that

y+e2
/ 10— d)u(0,2)de <L, Wy (20— L+ 9,20+ L—e3),
Yy—e2

=S 3

y+e2
/ 00+ d)u(0,2)|dt <, Wy (wo— L+ 9,20+ L — ).
Yy

ey
To move further, we set €3 = min{e;,ea}. Thus, by using (6.I)) and ([6.2]) from Proposition [6.5] we
deduce that for every Ty < Ty we get

y+53+TO
/ |0y — Op)u(Ty, z)|dx < =, Yy € (xg — L+ e3,20 + L — 2T — €3),
y

—e3+T0

NI N3

y+e3—To
/ |0y + Op)u(Ty, z)|dx < =, Yy € (xg — L+ 2Ty + e3, 20 + L — €3).
y

—e3—To

Now we set ¢ = min{ep, 3} and get that

y+e+To
/ |Ovu(Ty, =) £ Opu(Ty, z)|dz < n,
y—e—Tp

for every Ty < Ty and y € (9 — L + 2Ty + &,20 + L — 2Ty — €). This implies that

zo+L—To
(6.8) / |0vu(Ty, x) £ Opu(To, x)|de <n, VIp < Ty.
xo—L+Top

Next, let us take an arbitrary Ty € (T4 — ¢,74) and consider the trapezoid K. with vertices
(To, xo — L+ To), (To, w0 + L —Tp), (To + €0, 20 + L — T} — &) and (To + €9, 20 — L+ T4 + &), Le.
K. = K[T07To+60]‘

Since (€.8) holds and (6.7) implies that || f|[z1(x.) <7, by Theorem [5.3]there exists a unique mild
solution wu. to problem (@3] on trapezoid K., with initial data (u(Tp), dyu(Tp)).
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Since u is also a unique mild solution to problem (£3]) on K, by the uniqueness of mild solutions
we infer that u = u. on K4 N K. But, since Ty + €9 > T2, this implies that the solution u can be
extended beyond Ty what contradicts the definition of T'y. Hence Theorem follows. 0

Theorem 6.6 (M-valued global solution for arbitrary data on an unbounded trapezmd)

Let us assume that K is any closed and unbounded trapezoid with height L € (0 oo] and base Ko
which is a connected subset of R. Assume that the initial data (ug,vo) € L 1(K07R") and satisfy
the compatibility condition (L4). Let us further assume that the forcing f € Ll(f(;R”), Then there

exists a global, i.e. on the whole IN(, solution w is global and satisfy the wave map equation (E3)).
Finally, the solution u depends continuously on the initial data, where u is considered in the space

Proof of Theorem [6.0. The proof of this result is based on Theorem in a similar way the proof
of Theorem [5.12] was based on the proof of Theorem [B.111
O

Remark 6.7. As noticed by Keel and Tao in [14], one can prove global existence using the pointwise
conservation laws. It seems it suffices to assume that there exists an integrable function a and
functions b with bounded integrals over the light rays such that

|9,y u, v, 0 )1 < alt, @) (1 [u]) + by (b, @) [vg | + b (¢, ) o],

where | denotes the projection on the plane spanned by vy and v_.
Global existence can also be deduced from boundedness of the energy, but this would probably
require stronger assumptions on the forcing term.

6.2. Uniqueness of global solutions. The idea is to prove the uniqueness result first for compact

trapezoid domain, then extend the result to unbounded trapezoid case along the lines of proof of
Theorem [5.12]

Theorem 6.8. Assume that L > 0 and K is a compact trapezoid with base Ky and height Ty € (0, L].
Assume that the initial data (ug,vg) € LY'(Ko; M), satisfies the compatibility condition (&4), and
the forcing f € LY(K;R"™). Let u',u® € H#(K) be two M-valued mild solutions in K to problem

H3), in the sense of Definition[].7, with the same forcing f and the initial condition (LD]) with the

same data (ug,vo). Then u' = u?.

Proof of Theorem[6.8 Step 1. Let us fix Ko C R, Ty and L > 0 as in the assumptions. Let us take
n > 0 as in Theorem and first observe that by the Lebesgue Dominated Convergence Theorem
we can find T < Ty such that if K* is the trapezoid with base Kg and the height 77, i.e.

K*=Kn([0,T1] x R)
then
(6.9) I £llzrcacey < -

Since by assumptions Dug,vg € L' (Kg;R™), by [19, Theorem 6.11] we can find L; > 0 such that
for every closed interval I C Kj, the following holds

(6.10) Leb(I) <2l = ||DUO + UOHLl(I) <mn, ||DUO — ’U(]HLl(I) <n
Put

0 :=min{Ly,T}} and
K% := K*n([0,0/2] xR) = K N ([0,6/2] X R).

Let us note that K? is simply the trapezoid with base Ky and the height & /2.
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Let us denote by K (yo,d) the maximal compact trapezoid with base Ko (yo,d) = [yo—9, yo+0]N Ky
and the height . Then we have

(6.12) K= |J K(y,0)

YyoE€Ko

Step 2. First we will show that u' = 42 in K% In view of equality (612) is sufficient to prove
that u! = u? in K (yo,9), for every yo € Ko.

For this aim let us choose and fix yo € Ky. We observe that in view of (6.9), (€II) and
(610), due to Theorem [61] there exists a unique M-valued mild solutions u € (K (yp,d); R™)
to problem (3)-(5) in the trapezoid K(yo,?) with the forcing fl(y,,5) and the initial data
(10l Ko (yo,6)» V0l Ko(yo,6))- But, since the restrictions of u', i =1,2 on K(yo,0) are also mild solutions
to problem (4.3))- (4.5]) with forcing f and initial condition (up, vo) restricted to K (yp,0) and Ko (o, 9)
respectively, we infer that u' = u? = u on K (yo,d). Hence, u' = u? on K" as required.

Step 3. In this step we define

S={T€0,Tp]:u' =u®in KN ([0,T] xR)},

6.13
( ) T, =supS.

In Step 2 we proved that the set S defined in (6.I3) is non-empty and that 6/2 € S. Thus
T, € [6/2, L]. It’s obvious that either S =[0,T}) or S = [0, T%].
We aim now to prove that S = [0, T}]. Suppose by contradiction that S = [0, 7). Therefore,

Kn([0,T.) xR) = | J Kn([0,T] x R).
TeS

By the definition of the set S we infer that
(6.14) u' = u? on K N([0,T}) x R).

Let us recall that T, € [§/2, L]. Hence, since by assumptions u',u? € J#(K), by the Trace The-
orem the functions (0,u'(T,-), O’ (T, ")), i = 1,2, belong to (L N W (K7,)) x LY (Kr,).
Moreover, by the definition of the space (K), if (T,) is an sequence such that T,, * T,

then these two functions are limits in the space (L> N WU (Kr,)) x LY(K7,) of the sequences
(02u'(Ty, -), Oy (T, -)) . Hence, by (614), we infer that

(6.15) (amul(T*, 3, Out (T, )) = (amu2(T*, 3, Ou? (T, ))

Therefore, T, € S, contradiction. Thus we infer that S = [0, T].

Step 4. Finally we are going to prove that T, = Ty. Suppose by contradiction that T, < Tjp.
Then, both functions u’, i = 1,2, or more precisely their appropriate restrictions, belong to the
space u',u? € (K N ([T., Ty] x R);R™). Moreover, by (6.I5), the traces of these functions at the
initial time T are equal. Furthermore, due to Remark (L8 and (A7), it is easy to see that each
ut,i = 1,2 satisfy

/ u'(Ty, z)0yp(Tp, x) da — o' (Ty, z)p(Ty, z) dz
KTO KTO

+ jj u' (02 — 02p) dx dt = / ut (T, 2)0,p(T*, ) dz — o (T*, z)p(T*, ) dz
KN([T*To]xR) Ko+ Ko

+ jj Z Dji(u") (QpuOpuy, — OpuOyuy,) +ZP ] (t,z)dxdt.
KN([T*To]xR) j,k=1 j=1
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Thus, we infer that u!,u? are the weak (and so mild) solutions to problem (&3] with the same

forcing fixn(r, m)xr) € L'(K N ([T%,To] x R); R™) and the initial data 3] at time T, with the
same data initial data (6.I5) in the compact trapezoid K N ([T, Tp] x R).
Then, by Step 1 above, there exists d, € (0,7y — T%], such that

(6.16) u' = u? on K N ([Ty, Ty + 6,]) x R).
Combining the last equality (6.16) with equality (6.14]) we deduce that
u' =u? on K N ([0, Ty +d.]) x R).
This contradicts the definition of Ty. The proof of Theorem is now complete. O

Now we extend the above uniqueness result to a closed and unbounded trapezoid.

Theorem 6.9. Let K be any closed and unbounded trapezoid with base Ky and height L € (0, 00].
Let the initial data (ug,vg) € LV (Ko; M) and the forcing f € L'(K;R™) satisfy the assumption as
in Theorem [6.8. Let ut,u? € s#(K) be two M-valued mild solutions in K to problem (&3)), in the
sense Definition [{.7 and whose existence is shown in Theorenil.6, with the same forcing f and the
initial data (ug,vo). Then u' = u?.

Proof of Theorem [6.9 The idea of the proof here is similar to the proof of Theorem But we
include the details here for completion. Let 7 > 0 be as in Theorem 6.1} Since (ug, vg) € L% (Kq; M)

and f € L'(Ko; R"), there exists a bounded interval [a,b] C Ko and L € (0, L) such that a+L < b—L
and

(6.17) [Duo +vol[ 1 (ke ) < m and [[Dug — voll (ke ) < 0,
and
(6.18) HfHLl(K;E) <7 and HfHLl(K;E) <n,

where K;b and the semi-bounded trapezoids K; 7 and K;E are defined in the proof of Theorem
Let K, 1 is the maximal compact trapezoid K with base [a,b] and height L. Then due
to Theorems [6.2] and there exists a unique M-valued mild global solution u® on K, 1
to equation (43) with initial data and forcing (uo|(ap), voljap): flx, , ;). But since the restric-
tions of u',u? € J(K) to K, 1, are also solution to problem (B3] with initial data and forcing
(woljap)> vol(ap), flk, , ;) Dy We get that u? = u' =u? on Kop1-
Next, due to the smallness conditions (6.17)) and (6.I8]), by the existence of a unique global result
for small data, see Theorem[6.1] we can find the unique mild solutions u* and u~ for problem (.3]) on
the semi-bounded trapezoids K;E and K7, respectively, with initial data (wol(p—1,00)nK0 s V0l (b 00)n1K)

and (Uol(—oo,atL)nkos V0l(—00,at LNk, )s and forcing flp+ and fi - , respectively. Similarly, as in
) ) b,L a,L
last paragraph, we conclude that u' = u? = ™ on K;_I_/ and u' = u? =u~ on Ka_L'
Hence, the last two paragraph together imply that u' = u? on ([0, L] x Ko) N K.
By employing the arguments very similar to Step 3 and Step 4 in the proof of Theorem 6.8 we
infer that u' = u? on K. Hence we complete the proof of Theorem O

6.3. Finite speed of propagation and continuous dependence. We have the following two
corollaries. The first result is about the finite speed of propagation for large data. The second one
is about continuity of the solution with respect to large data.
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Corollary 6.10. Let the assumption of Theorem [6.4] or Theorem [5.12 be satisfied. Let KCK
s another trapezoid, and (uo,vo) is another choice of initial data in LY 1(Ko) and let forcing f €
LI(K), which coincides on Ko and K respectively, with the initial data and forcing (ug,vo, f). Then
the corresponding mild solutions u and @ to problem ([L3)), which exist by Theorem [511), are equal
on K.

Proof of Corollary[G.10. Using the notation from this Corollary we notice that by Proposition B0l
not only @ but also the restriction of u to K, are solutions to problem [#3) on K with data (i, 7o)
and f and then apply previous uniqueness result, i.e. Theorem 6.8 or Theorem [6.9] O

We prove the following continuous dependence on initial data and forcing result only for compact
trapezoid which can be extended to unbounded trapezoid setting by working on similar lines as the
proof of Theorem

Corollary 6.11. Let us assume that L > 0, Ty € (0,L], trapezoid K with base Ky and height
To and initial data (ug,vo) and forcing f satisfy the assumptions of Theorem [6.8 Assume also
that (u,v®) € LY (Ko;M) is a sequence of compatible initial data which satisfy &) and f* €
LY(K;R") is a sequence of the forces. Let u € ' (K), resp. u™ € H#(K) be M-valued unique global
mild solutions in K to problem ([A3]) with the same forcing f and the initial data (ug,vo), resp. f"
and (ug,vy). Such mild solutions exist because of previous results proved in Sections [6.1] and [6.2.
Assume that

ug — up € C(Ko; M) and  Duy — Dug,vg — vo in LY(Ko; R™),
and
f* — f in LY(IK;R™).

Then u™ — u in H(K).
Proof of Corollary[6.11. Since the approach here is similar to the proof of Theorem [6.8] we will not
define the notation again. We define the set K7 as in proof of Theorem using only the limiting
objects, i.e. ug, vg, f and wu.

Step 1. First we claim that u™ — u, as n — o0, in ,%”(Kh) For this purpose let us observe that

we can strengthen equality (6.12]) by observing that the sum can be taken finite. To be precise, we
claim that there exists a finite set {y1,...,yn} C Ky such that

N
(6.19) K = K(yi,9)
i=1

Indeed, the length of top side of the trapezoid K (y,d) is equal to § > 0. This is the reason why we
defined the trapezoid K (y,d) in our way. In the proof of the previous result Theorem we could
have taken as K(y,d) the trapezoid of the same base but of height § instead of g

Because of the above equality (6.19) it is sufficient to prove that, for every yo € Ky, u™ — u, as
n — 00, in (K (yg,0)). For this aim let us choose and fix yg € Ky. We observe that in view of
the assumptions here the functions g, vo, uf’s and vjj’s restricted to Ko(yo,d), satisfy

UG | Ko(yo,5) — U0l Ko(yo,6) € C(Ko(vo,0), M)
and Dug| g (yo.5) = Dol Ko (yo.8)s V8 Ko(wo.5) = V0l Ko(yo.0) 0 L' (Ko (0, 9)),
and the functions functions f and f™’s restricted to K (yo,d), satisfy
Pk os) = FlKos) it L' (K (y0,9))-
Therefore, by the continuous dependence part of the Theorem B3] u” — u, as n — oo, in

(K (yo,9)). Since the point yg is arbitrary, the claim in Step 1 follows.
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Step 2. To prove that the claim holds on whole K, let us define
T, = supS, where
S = {T € [0,Tp] : u" — win (K N ([0,T] x R))}

)

From our first claim of this proof we know that the set S is non-empty because 5 is an element

of it. Thus Ty € [%, L]. It’s obvious that either S = [0,7}) or S = [0, T}].
We aim now to prove that S = [0, T}]. Suppose by contradiction that S = [0,7}). But since

Kn([0,T.) xR) = | J Kn([0,T] x R),
TeS
by the definition of the set S we infer that
(6.20) u" — uasn — oo in (K N([0,Ty) x R)).
Thus, since by assumptions u",u € J(K), by the Trace Theorem the functions
(Opu™ (T, ), Opu™ (T, ) s (Oxu(Ts, ), Opu(Ts, ) € (L NWHY(K,)) x LY (K,),

for every m. Moreover, by the Definition of the space J(K), if (Tm) is an sequence such that
T 7 T, then these all these functions are limits in the space (L* N WY(K7,)) x L' (K7,) of the
sequences (in m) (9pu™(Tm, ), O™ (T ), (Oxt(Tims +), Osu(Trn, ). Hence, by ([6.20), we infer that

(6.21) Op ™ (T, -) = Opu(Ty,-) and O™ (Ty, ) — Opu(Ty,-).

Therefore, T, € S, contradiction. Thus we infer that S = [0, T%].

It only remains to prove that T, = Ty. Suppose by contradiction that T, < Ty. Then, all functions
u™, u, n € N, or more precisely their appropriate restrictions, belong to the space (K N ([T, To] X
R)). By (6.21)), the traces of these functions at the initial time T} are equal.

Finally, as we did in Step 4 in the proof of Theorem we can prove that u”,u are the weak
solutions to problem (3], respectively with the forcing f\TIL(ﬂ([T*,TO}XRV fikn(T. To]xR) € LYK N
([Tx, To) x R)) and the initial condition (£5) at time T, with the same data initial data (G.21]) in
the compact trapezoid K N ([T, Tp] x R).

Then, by Step 1 of the current proof, there exists d, € (0,Ty — T%], such that

u" — wasn— oo in (K N ([T, Ty + 6.] X R)).
Combining the last equality with equality (6.20) we deduce that
u™ — uwasn— ooin (K N([0, Ty + 04 x R)).
This contradicts the definition of T,. The proof of Corollary is now complete. O

7. SCATTERING RESULT

Following is the main result of this section.

Theorem 7.1 (Scattering). Assume that K = [0,00) X R with base Koy = R. Assume that (ug, vo) €
LYY (Ko; M) and f € LY(K;R™). For every M-valued global mild solution u of problem (&Z) there
exists a new initial data (tg, To) € LY (R;R™) such that if u, is the corresponding unique solution
to homogeneous linear wave [B1)) with h = 0 and initial data (ug, Vo), then

(71 lim (fJu(t) = ()| @) + 100u(t) = Oun(t)l 1) + 10:u(t) = Do ()| 12 () = 0.

The proof of Theorem [[.1]is based on the following observation, which is somehow a combination
of inequality (6.6)) with the “Zhou estimates” from subsection
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Lemma 7.2. Assume that K is a trapezoid with base [xog — L,xo + L] and height T, where 0 < T <
L < 4o00. Assume that u is an M-valued mild solution of problem (A2) with initial data (ug,vo)
and forcing term f satisfying the assumptions of Theorem [Z1. Then

xzo+L 2
(7.2) /K](8tu(t,a:))2—((%u(t,x))z\dxdtS (/ (\Duo(az)]—i-]vo(x)\)dx—k/l{\f(t,a:)]da:dt) .

Proof of Lemma[72. Tt suffices to consider finite L and T, because the constant in inequality (7.2))
is 1, and eventually pass to the limit.

Changing T to t, t to s and y + T to x in inequality (6.0]), and recalling the definitions of vy and
f+ in (64), we obtain, for all (¢,z) € K,

o—L

t
|0y — Op)u(t,x)| < |vo(x —t) — Dug(z —t)| +/ |f(s,x —t+s)|ds.
0
Analogously, for all (¢,z) € K,

t
[(Or + Or)u(t, )| < Ivo(w+t)+Duo(:v+t)l+/ [f(s, 2+t = s)|ds.
0

Then it suffices to apply Lemma B4l with g+ = |vg — Dug|, g— = |vo+ Dug| and f+ = f_ = |f|. O

Proof of Theorem [7. The idea of the proof is borrowed from [14, Section 9.4]. As in the proof
of Proposition we do not directly not weak solutions with weak solutions but with suitable
approximations. By applying Lemma [B4] our present argument implies its validity also in the
realm of weak solutions.

Let us choose and fix the initial data ug € L>(Kj), vo, Dug € L*(Kp) and the forcing f € L*(K).
Let us choose and fix the mild solution v : Ry x R — M of problem ({2]). Let us define the null
coordinates

a=x+t, b=x—1t.
Note that if (¢,2) € [0,00) x R, then (a,b) € K}, where K7 is the half-plane
K% = {(a,b) €R*:a >b}.
Then, we denote the function u in the null coordinates by symbol u*, i.e., ©* is defined by
u*(a,b) =u(zr+t,xr —t), or equivalently,
u(t, z) = u*((a = b)/2,(a+b)/2).
Similarly, we set
fH(a,b) = f(z+t,x—1).
Let us first recall the definition of the “positive” Einstein diamond
D* = {(A,B) e R?: |A|,|B| < 7/2,A > B}.

Note that D% is a triangle with the following three vertices (3, 5), (5, —%5) and (=3, —%) and the
function

DY > (A, B) — (a,b) = (tan A, tan B) € K|
is a bijection. Let us also introduce the “conformal compactification transformation” Lu* of the
function u* by the following formula

(Lu*)(A, B) = u"(tan A,tan B), (A,B) e D.

Note that the transformation L maps functions defined on K7 to functions defined on DY .
Let the “new” physical variables (T, X) for Lu* be defined by
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Observe that the set K = {(7, X) : (4, B) € D% } is also a triangle with vertices:

(0,%), (%,0) and (0,—7%).
So the set K can be described by

0 ™ ™
= : 2y, —= <X<=--T1}.
K {(T,X) Tel,g), —5+T<X<g T}

This allows us to define a transformation, denoted by L, by the following formula, for (T, X) € K,

tan(X +7T) —tan(X —T) tan(X +T) + tan(X — 7))

2 ’ 2 ’
Let us observe that if (¢,z) € {0} x R, then X =tan"'z € (-5, %) and T = 0. Thus
(Lu)[0](X) := ((Lu)(0, X), (97 (Lu))(0, X))

= (up(tan X), sec’(X)vo(tan X)) .

It will be convenient to introduce the following additional auxiliary notation

Up(X) =up(tan X), X € (—g, g)a

Vo(X) = sec?(X)vp(tan X), X € (—g, g),

(Lu)(T, X) == (Lu*)(A, B) = u (

and

FT, X) = sec®(X + T)sec?(X — T)f (tan(X +1T) ; tan(X — T), tan(X +T) —;—tan(X - T)) .

A straightforward computation gives that
(7.3) (L) [0} 10 = fl[O]][ 11
and
[Pl @y = £l &)
where || - ||;1,1-norm is defined in (5I)). Moreover, we easily see that the function U defined by
U:=Lu
satisfies the wave map equation (&2), on (7, X) € [0,00) x (=5, %), with the forcing F, i.e.

07U —0xU = Y Ty(U)(0rU;0rUy — 0xU;0xUs) + > Pi(U)F;
1<j,k<n 1<j<n

with the initial data (Up, V).

Let us now define a continuous extension of the initial data (Lu)[0] = (Up, Vo), which is initially

defined on the open interval (—%,%). For this purpose we observe that, since by ([3) the weak

derivative of Up, i.e. the first component of (Lu)[0], belongs to L'(—%, %), function Up extends to

a continuous, in fact absolutely continuous, see [19] Theorem 6.11], function defined on the closed
interval [—7, §]. Then we can extend the initial position Uy to whole R, we will continue to denote

this extension as Uy, by

Analogously, we extend the initial velocity Vj, call the extension Vg, by zero on the intervals
(=00, —7/2) and (7/2,00). Note that the weak derivative of the former function is the latter, i.e.

DU(]:VO on R.
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We also extend F' to (T, X) € [0,00) x R by 0 and this extension we will denote by F. Thus, by
Theorems and there exists a unique global solution U to equation

0FU - 05U = > Tyr(U)(0rU;0rU; — 0xU;0xUg) + Y P;(U)F;,
1<j,k<n 1<j<n

on (T,X) € [0,00) x R, with the initial data (Ug, V). By Corollary [6.10, we infer that U is an
extension of U. Denoting by U* the map U in the (A, B)-coordinates, we observe that U* satisfies

0405U0" = ) Tp(U")(04U;05U5) + Y F;(U")F],
1<j,k<n 1<j<n
where F* = (F},...,F}): (A, B) - R".
Next, by Lemma [[.3] below for S = 7/2, we see that map U also solves the free wave equation

with initial data (Up, V) € L*!(R) and forcing F such that its null coordinate representation U*
satisfies the following three conditions.

(1) U* is constant in the region {4 > B} N R¢ where

Re = ([r/2,00) x [1/2,00)) U ([7/2,00) x (=00, —7/2]) U (00, —7/2] x (—00, —7/2]),

(2) U* is constant in the B direction in the region {A > B} N ([-m/2,7/2] x (—o0, —7/2]),

(3) U* is constant in the A direction in the region {4 > B} N ([r/2,00) x [—7/2,7/2]).
Note that U also solves the free wave equation with initial data (Ug, V() in all the corresponding
regions in (7, X) mentioned above in points (1), (2) and (3). Let us denote by U? | resp. U*, the
restriction of the function U* to the sets

Ef :={A>B}Nn({A>n/2} U{B >n/2}),
resp. E* :={A>B}N({A<-n/2}U{B < —7/2}).
By using the above properties (1), (2) and (3), we can extend U?, still denoting these extensions
by the same symbol to be the solution of the free wave solution on {(4,B) € R? : A > B} with
initial data (Up, V(). We denote the corresponding extensions to {(7, X) € [0,00) x R} by Uy.
Thus the whole above construction gives us the following well-defined invertible four maps
Mizqu—)Ui, M:T:U*HU;

We now can define the scattering maps Wy : u — u4 by defining
(7.4)

et = U (tan_l(x +1) —tan"H(z —t) tan"!(x+t) + tan" (v — 1)

2 ’ 2

>, (t,z) € [0,00) x R.

To complete the proof of property (), it is sufficient to show that
(7.5) |u(T*) —u_(T)|| ;10 — 0 as T* — oo.

Indeed, then w,;, := u_ is a solution to homogeneous linear wave ([B.I)) with A = 0 and initial data

(g(x), vo(x)) == (Up(tan=1(z)), Vo (tan—!(x))), satisfies (Z.)).
Note that, since U and U_ are continuous functions, for any = € R, (7.4]) implies

Tligloo]u(T*,x) —u_(T,z)] = |U(7/2,0) — U_(7/2,0)]
= |U*(n/2,—7/2) —U* (n/2,—7/2)| =0,

where the last equality follow because U* and U* agree on the set E* . This implies that limp«_,o |[|u(T*)—
u_(T*)||pee = 0. Thus, to get (Z3)) it only remains to show that
m |0, u(T") = pu—(T7) || 1y + |07u(T™) — Oru—(T)|| 1 = 0.
T*—00
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But since 0,u = %((%u + Oyu) and dyu = %((%u — Opu), it is enough to show that
i [[102u(T) = au (1) 1y + [9pu(T") = Byu—(T")|1y] = 0.

We show only Tlim |0au(T™*) — Oqu—(T%)||r1, as the argument for the second is analogous. Note
*_)OO x

that we have
(7.6) [0au(T™) = Ouu—(T7)| 11 = / |0,u*(a,a — 2T*) — Oqu* (a,a — 2T7)| da,

where we have used that for fixed a and T, we have b = a — 2T,
Next, by substituting a = tan A along with using 94U*(A, B) = 9,u*(tan A, tan B) sec?(A), we
rewrite ((Z.0)) in (A, B)-coordinates as

w/2
10au(T*) — By (T*) 11 = / (04T — 94U% )(A, tan~(tan(A) — 2T%))| dA.
—7/2

Note that, for fix A € [-7/2,7/2], by the Fundamental Theorem of Calculus, for any suitable f we
have

L(tan(A)—2T%)
/ Onf(A, B)dB = f(A, tan}(tan(A) — 277)) — f(A, —1/2).
—7/2

Using above for f = 94U* — 94U~ we infer that ||0,u(T™) — au—(T*)[|11 is bounded from above
by

tan—1(tan(A)—2T™*)
& / / (9405U)(4, B) — (0405U" )(A, B)| dB dA.
=—7/2 =—m/2

Indeed, U* — U* vanishes at the lower boundary of the D% . Hence, since A > tan™!(tan(A) —27*),
if we prove that

/ / (0405U" — 0405U" )(A, B)| dAdB < oo,
Al|B|<r/2,A>B

then, due to the Lebesgue monotone convergence theorem, the expression (7)) will converge to zero
as T* — oo and we will be done.

But this is true because of Lemma [7.2] in the null coordinates (A, B) with L = oo, since U* is a
solution to free wave equation, i.e, 940 U* = 0. Hence the proof of Theorem [T.1]is complete. [

Lemma 7.3. Suppose that L%' data (ug,vo) and forcing f are given such that Dug,vo and f are
supported, respectively, in the interval [—S, S] and in the set
Ksg={(T,X)€[0,S] x{-S+T<X<S-T}}.

Let ®(t,x) be the unique global solution to [A3) with initial data (ug,vo) and forcing f. Let ®*(a,b)
be the representation of ®(t,z) in null coordinates. Then function ®* is

(1) constant in the region {a > b} N'RE where
R = ([S,00) x [S,00)) U ([S,00) x (=00, —5]) U ((—o0, 5] x (—o0,—5]),

(2) constant in the b direction in the region {a > b} N ([-5,S] x (—o0, —5]),
(3) constant in the a direction in the region {a > b} N ([S,00) x [=S5,5]).

Proof of LemmalZ3. Let us fix an S > 0 and take (t9,z0) € ([0,00) x R) \ Kg. Let € > 0 and set
L = tg + € such that xg —tg — e > S. Proposition [6.5] with T = tg and ¢ = x¢, gives

xo+e€ xo—to+e to To— t0+€+t
(7.8) / |(8t—8x)u(to,x)|d:n§/ (o) — Du(z |dx~|—/ / F(t, 2)] dar .

0—€ ro—to—e o—to—e+t



Due to the assumptions on the supports of (ug,vo) and f, (Z.8) implies that

To+e
/ |0 — Oy)u(to,x)|dz = 0.
To—€

Thus, (0 — 0,)®(to,z) = 0 for almost every = € [xg — &,20 + €]. Similarly, we can prove that
(0r + 05)P(to, x) = 0 for almost every x € [xg — €,z + €].

Moreover, since (0; &+ 0, )®(to, -) are integrable, ®(tp,-) is an absolutely continuous function and
hence ®(to,-) is constant for every = € [rg — €,29 + ¢]. Since (to,z9) € ([0,00) x R) \ Kg and
€ > 0 are arbitrary and the solution @ is unique, we can perform the computation on overlapping
regions to deduce that (0; = 0,)®(to, x9) = 0 for (to,x0) € ([0,00) x R) \ Kg. In particular, ®(t, z)
is constant in the region (¢,z) € ([0,00) x R) \ Kg and thus assertion (1) is proved.

In a similar way one can prove assertions (2) and (3). O

In particular, we see that ® is a unique solution to free wave equation when ¢ > S and we denote
this solution by ®,. Similarly, ® is also a solution to free wave equation, when ¢t < —S, and we
denote this by ®_, see the regions in [14], Fig. 1].

8. GENERALISATIONS TO THE L . DATA

In our global existence results, see Theorems and [6.8] we have assumed that Dug and vg
belong to the space L'(R;R™). It is natural to ask if these results remain true under the following
weaker assumptions of the initial data

(8.1) ug € C(R; M) and Dug,vp € LL.(R;R") and f € Ll (K;R"),

where K = [0,00) x R. In the following paragraph we answer positively to this question.

Let us begin with the sequence (K™),en where each K™ is a triangle with vertices (0, —n), (0, n)
and (n,0). Then, by using the theory developed in Theorem [6.4] we obtain a sequence (u")pen,
where, for each n € N,

u" K" — M

is a global solution to wave map equation (£.3) with initial data ug , and vg, being the restrictions
of ug and vy respectively, to the base [—n,n] of K™ and external forcing being the restriction of f
to K™. By the uniqueness result, Theorem and Corollary [6.10] u™ is equal to the restriction of
u™! to K™. Hence we can define a function

u: K —>M

by concatenating of functions u”, see [8, Theorem 4.4] for similar construction. Since the weak
solution, see Definition 3] to problem (£3) is defined in a local sense, the function u is a weak
solution to the equation (€3) on [0,00) x R with initial data ug and vy and external forcing f as in
&),

Next, we sketch the proof of uniqueness. Let us take u! and u? as two M-valued weak/mild
solutions to equation (.3]) on [0, 00) x R with data (ug, vo, f) satisfying (8I]). Since, due to Corollary
610, the restriction of u',u? to K™ are solutions to (&3) with data (uolrxp,volry, flxp). But then
Theorem implies that «' = u? on K™. Sine this holds for every n € N, we infer u' = u? on K.

9. DISCUSSION OF THE UNIQUENESS RESULT BY ZHOU

In this section we deduce the Zhou uniqueness result |27, Theorem 1.3] from Theorems and
in the following way.
Let us recall the Zhou definition of weak solution and the related uniqueness result first.
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Definition 9.1. [27, Definition 1.1] Let K = [0,7] X R be a trapezoid with base Kj. Let us assume
that the initial data (ug,vo) € H'(R) x L?(R). A function u : K — R™ is called a weak solution of
equation (A3]), with the initial data (ug,vo) if and only if the following conditions are satisfied.
(i) w e L([0,T); H'(R)) n Who([0, T; L*(R));
(ii) for every ¢ € C§°((K)), we have

Lj u(92¢p — %) dadt = /Ko ug(x)0p(0,2) de — / vo(z)p(0, z) dx

Ko

+ jf[ Z Tk (u)(Opu;Opuy, — Gxuj(‘)xuk)] o(t,z) dz dt.

K jk=1
The statement of main result of [27] also require the following notion of a strong solution.

Definition 9.2. [27, Definition 1.2] Let K = [0,7] X R be a trapezoid with base Kj. Let us assume
that the initial data (ug,vg) € H'(R) x L?(R). We say a function u : K — R" is called a strong
solution of equation (L3), with the initial data (ug,vg) if and only if there exists a sequence of
solution {u"}n,eny C C®(K;R"™) to equation (A3) on the time interval [0,7] such that u"” — u
strongly in C([0,T]; H(R)) N C*([0,7T]; L*(R)) and if (u™(0,x), du™(0,2)) — (ug,vo) strongly in
H'(R) x L2(R).

Theorem 9.3. [27, Theorem 1.3] A weak solution to the Cauchy problem [{.3 with initial data
(ug,v0) € HY(R) x L3(R) is unique and is in fact a strong solution.

Observe that the definition of a weak solution used by Zhou, i.e., Definition 0.1 requires apriori
that u, d,u, yu € L*(]0,00); L?(R)). This, in turn, implies that a weak solution in the sense of Zhou
is a mild solution in the sense of Definition £.7]and therefore Theorem follows from Theorem

Note that Theorem does not imply that the integral solutions in the sense of Definition [4.7]
are strong solutions in the sense of Definition 0.2] where strong convergence in the energy space is
required.
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Appendices

A. CONTINUOUS DEPENDENCE OF FIXED POINTS

Lemma A.1. Let (X,d) be a complete metric space. Let « <1 and T, : X — X forn € NU {oco}
be maps satisfying

(A.1) d(Thx1, Thxe) < ad(z1,22), VYn €N,
(A.2) li_>m Thwx=Twr in X, VrelX.
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Then for every n € NU {oc} there exists a unique a, € X such that Tpa, = ay, and

lim a, = as in X.
n—oo

Proof of LemmalA 1l From (AJ) and (A.2), we obtain
d(Toow, Tooxs) < ad(x1,x2).

Thus, existence and uniqueness of a, for all n € N U {oo} follows from the Banach Fixed Point
Theorem. We have

d(any aoo) = d(Tnana Tooaoo) < d(Tnany Tnaoo) + d(Tnaom Tooaoo)
< ad(an, too) + d(Thaoo, Tootoo)-
Thus together with (AL2) we get

1
d(an,ax) < Ed(Tnaoo,Tooaoo) —0asn—0.

B. SOME USEFUL FACTS ABOUT RIEMANNIAN GEOMETRY

This section is a slightly expanded Appendix A from [7]. In what follows we assume that M is a
compact m-dimensional Riemannian manifold embedded isometrically in R™.

Lemma B.1. There exist a C§°-class function
P:R"—R"
and a neighbourhood V' of M such that P(V) = M and, forp eV,
P(p) =p if and only if p € M.

Proof of Lemma[B.1. We will use a suitable smooth projection of the ambient space R™ on the
manifold. By Proposition 7.26, p. 200 in [I8], there exists an open neighbourhood V of the set
{(p,0) : p € M} in the normal bundle NM and an open set O C R™ such that the function
E:V > (p,&) — p+ & is a diffeomorphism. Let us define a smooth map P : 0O — M as the
composition of the natural projection map NM — M : (p,€) — p € M and £~'. Employing a
partition of unity we can find a C§°-class function P : R" — R" and a neighbourhood V' C O of M

such that P has the claimed properties. O

Lemma B.2. Let, forp € M, m, : R" — T,,M be the orthogonal projection. Then the corresponding
map

(B.1) m:M>3p—m,e LR™)
is of C*° class. In particular, it is Lipschitz continuous and bounded, i.e. there exists Co = Co(M):
(B.2) [7mpllzrny < Ca, p € M.

The proof of this Lemma is omitted.

By Cpuc(R;R™) we denote a separable Banach space of all functions u : R — R™ which are
uniformly continuous and bounded, see Example 1 in [26] section IX.1], endowed with usual “sup”
norm. By Cp,(R; M) we denote the closed subset of Cj,.(R;R™) consisting of all elements u of
the latter such that u(z) € M, for all x € R, endowed with the trace distance.
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Lemma B.3. There exist Borel measurable mappings
O : [Chuc(®R; M) N WHHR;R™)] x LY(R; TM)
— [Coo(R; M) N W32(R; R™)] x [Co(R; TM) N W (R; R™)]

such that for every z € H} x L2 (TM),
(B.3) Jm [04(2) =zl = 0.

In the above, by Cyo(R; M) we understand the subset of functions which are elements of the space
Cpuc(R; M) and which are constants in the two disjoint intervals whose union is a complement of
some compact interval.

Proof of Lemmal[B.3. Let V be the neighbourhood of M introduced Lemma [B.Il Let us choose and
fix g9 > 0 such that

M+ B, C V.

Let (bj)72; be an approximation of identity on R™ of the form

bj(x) = j~ 2b(jz), xe€R",
be C(?O(Rn)JB(oé) <b<1po,, /Rn b(z) dz = 1.

Note that by = b and supp(b;) C B(0, %)

Let us choose and fix k € N. We will construct the map ©;, as follows.
Let 2 = (u,v) € [Cpue(®R; M) N WHL(R;R")] x LY(R;TM). Note that this means in particular,
that v(z) € Ty(,)M for almost all x € R. Also, that the following limits (in M) exists

(B.4) u(—o0) = xli}@oo u(z),
(B.5) u(+00) = wh_}I{)lo u(z).
We put

ug(x) = u(sgn(z) min {k, |z|}), = €R,
Op(7) = gy (z)v(z), = €R
Obviously, @y, € Cue(R; M) N WHH(R; R?) and
Duy, = 1(_j xyDu in the weak sense.

Thus, since @ is uniformly continuous, for every g9 > 0, we can find dg > 0 such that

(B.6) @ (@) — @(y)| < 3 provided that .,y € R, |y — 2] < 5.
Set

do 6
(B.7) my =min{j € N:j >k and supp(b;) C [—50, 50]}

Next, we define
(B.8) Uy, = Up, * by, and Uy = Ty, * by, .
Note that iy is M-valued but 4y is V-valued. By (B.6), (B7) and (B.8) we infer that
_ _ €
sup |ug(z) — ug(z)| < go < €0,
z€eR

and uy, is a C*°-class function. Therefore we deduce that
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(i) taking values in a compact set M + B., C V,
(ii) and such that it is constant on both interval [k 4 &, 00) and (—oo, —k — dp]. More precisely,

_ {u(—k), for x € (—o0, —k — do,
u(k), for z € [k + 49, 00).

Similarly, v is a C§°-class function taking values in R™ and supp(vx) C [—k — do,k + Jp]. In
particular,

iy, € W32(R;R™).
We set

uy, = P ouyg,
Uk (%) = Ty (2) (O (), = €R™,

and

Ok(u) = (ug, vg)-
It is easy to see that

up € WH(R;R™) N Coo(R; M),

vp € Co(R; TM) N WEA(R; R™),
and
vk(az) S Tuk(x)Ma x € R™
Thus O maps the space
[Chue(R; M) N WHHR;R™)] x LHNR; TM)
to . .
[Coo(R; M) N W32(R;R™)] x [Co(R; TM) N W (R; R™)]

as requested. Moreover, it is easy to show that the map © is measurable in the above sense. This
completes the first part of the proof.

Now we can consider sequences {ux}ren and {vg}ren constructed above. Note that by the

construction my — oo as k — 0o. To conclude the proof let us observe that the convergence (B.3])
is equivalent to

(B.9) up — uwin Cp e (R; M) or, equivalently, in C ,,(R; R™),
(B.10) lim |Duy — Du|p =0,

k—o0
(B.11) lim |vg — o] = 0.

k—o0

Proof of (B9). Since the limits (B.4)) and (B.)) exists, we infer that @, — u in Cjp,.(R; R™). Since
by standard arguments u * by, — u in Cp,.(R;R™) and

‘ak * bmk: —ux* bmk‘cb,uc S ‘ak - u’Cb,uc‘bmk’Ll = "{Lk - u’Cb,uc - 07

we deduce that up — v in Cp,(R; R™). d

Proof of (B11)). Firstly we can prove by a standard argument that |0 — v|;1 — 0. Secondly, by
the assumptions of u and v we infer that m,)v(z) = v(z) for almost all x € R. Hence

log — vl = / |og(z) — v| dz = / ‘Wuk(w (7)) — Ty v(z)| do



< /R o (B0(2) — v(2))] da + /R [ (Tan o)) — Taeyv(@))] da
<Gy /R 5(z) — ()] dz + /R (T 0 0(2) — Tageyv(@))] e,

where the last inequality is a consequence of bound (B.2)) in Lemma [B.2]
By the first claim made in the current proof we infer that the 1st term on the RHS above converges
to 0. The second term on the RHS above also converges to 0 because the map m is Lipschitz by

Lemma [B2l This completes the proof of (BI1). O
Proof of (B10Q). Since u(z) € M, u(x) = P(u(x)). Consequently we have
(B.12) |Duy, — Dul gy = |(d, (o) P)(DUk) = (du(z) P)(Dug)| 2

< C1|Dig — Dulpa + |Dul g sup |dg, P — dy@) Pl
z€eR

where (1 is the bound on sup,cgn |d, P| that we get from Lemma [B.Il The second term in the RHS
above goes to 0 as k — oo because due to Lemma [B.1] there exists C; > 0 such that

sup ‘dﬁkp - du(m)P’ < CNfl sup ’ﬁk(‘r) - u(a:)],
zeR z€R

but this converges to 0, as k — oo, see the proof of (B9). To prove the convergence of the first
term in the RHS of (B:12) we observe that the Young convolution inequality gives

|D1:Lk — Du|L1 = |(Dﬂk) * bmk — Du|L1 < |(Dﬂk) * bmk — (Du) * bmk|L1 + |(Du) * bmk — Du|L1
< |Day, — Du|1 + |(Du) * by, — Dul1.
Here the second term in RHS converges to 0, as k — oo, since Du € L' and b, is the approximation

of identity. The first term in RHS above also converges to 0, as k — oo, because Du € L' and by
definition of uy

|\ Ditg — Dul s :/ \Du(z)| da.
|z[>k
O
Hence, the proof of Lemma [B.3]is complete. O

By an inspection of the proof of Lemma [B.3] we deduce that the following extension/modification
of it holds as well.

Lemma B.4. Assume that Ky is a compact interval. There exist a Borel measurable map
O 1 [C(Ko; M) N W (Ko; R™)] x L (Ko; TM)
— [C(Ko; M) N W32 (Ko; R™)| x [Co(Ko; TM) N W2(Ko; R™)]
such that for every z € [C(Ko; M) N lel(Ko;R")] x LY (Ko; TM),

A 10(2) = 2 (i (100 s 10y = O
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