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Abstract: In this work, the momentum mismatching based on which the acousto-optic (AO)

transfer function and diffraction efficiency was acquired, was calculated considering the properties

of AO crystals in AO interactions in acousto-optic tunable Ąlter (AOTF). Transfer functions

were obtained using a 4f optical system combined with AOTF and compared with theoretical

calculations. It demonstrated the inĆuence of acoustic energy shift on the AO interaction which

should be considered in the design of AOTF.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

AO techniques are currently widely applied across various domains of science and engineering

such as spectroscopy, optical imaging, and etc [1Ű4]. Spectral imaging capable of simultaneously

acquiring the image and spectral information of target has becoming one of the frontiers of

optics [5,6]. Non-collinear AOTF is a typical AO device designed based on the principle of

abnormal Bragg diffraction with the advantages such as compact size, rapid tuning and high

diffraction efficiency and it could provide a good light-dividing technique for spectral imaging

[7Ű9]. Typically, the AO interaction is analyzed using the plane wave approximation, wherein the

acoustic wave is considered as a single plane wave propagating perpendicular to the transducer

[10]. The frequency and angular dependence of AO interactions are determined through the

analysis of momentum mismatching caused by variations in the directions of the acoustic and

incident light waves considering dispersion which was important not only in AO interaction but

also in sensing [11]. This analytical approach is commonly known as the momentum mismatching

method [12].

The accurate calculation of momentum mismatching is important in the study of AO procedure.

I. C. Chang et al. demonstrated that the direction of momentum mismatching should be

perpendicular to the boundary of the AO medium, i.e., along the [001] axis within the (11̄0)

plane of AO crystal [13,14]. While V. B. Voloshinov and his colleagues proposed an alternative

perspective, suggesting that the momentum mismatching should orient perpendicular to the

boundary of the acoustic column propagating in the crystal for the acoustic energy deviation due

to the strong acoustic anisotropy of the crystal should be considered [15,16]. However, up to

now, a deĄnitive and universally accepted method for describing the AO process has not been
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conclusively established. Therefore, we conducted a detailed analysis on these two methods in

theory and made further discussions and comparisons with experiments.

In this paper, an AOTF based spatial Ąltering system was designed, measured transfer functions

were then compared with the theoretical results calculated based on the methods mentioned

above. It was demonstrated that the acoustic anisotropy in the AO interaction procedure should

be considered, because it not only altered the structure of the acoustic beam but also introduced

the shifts of acoustic energy and even affected the AO interaction [17,18].

2. Theoretical analysis of momentum mismatching

Figure 1 demonstrates the vector diagram of AO interactions in a non-collinear AOTF. Here

ki, kd, K, ∆k, θi, θd, θa, no, ne and λ are the wave vector of the incident e-polarized light, the

wave vector of diffracted o-polarized light, the acoustic wave vector, the momentum mismatching

(undeĄned direction), the polar angle of the incident light, the polar angle of the diffracted light,

the acoustic polar angle, the refractive index of the o-polarized light, the refractive index of the

e-polarized light and the wavelength, respectively.

Fig. 1. Non-collinear AO interaction vector diagram.

In AO interaction ki + K = k′ = kd + ∆k, here, ∆k = 0 means the momentum matching and

ki + K = kd [12]. The formulas for calculating the wave vectors are as follows:

ki =
2πni

λ
, kd =

2πnd

λ
, K =

2πfa
V

(1)

where fa, V, ni and nd are the ultrasonic frequency, the ultrasonic speed, the refractive index of

the incident light and the refractive index of the diffracted light, respectively. Here ni and nd

could be expressed as:

ni =

(︂

cos2
θi

no
2 +

sin2
θi

ne
2

)︂− 1
2

, nd = no
(2)

And the frequency tuning relation could be derived as follows:

fa =
(︁

V
λ

)︁

[ni
2
+ nd

2 − 2nind cos(θi − θd)]
1
2 (3)

fa =
(︁

V
λ

)︁

[︂

ni sin(θi − θa) −
√︁

no
2 − ni

2cos2(θi − θa)
]︂

(4)

These two equations are equivalent under the condition of momentum matching [15].

The diffraction efficiency in AO interaction could be expressed as [12]:

η = (ξ2) sin2
δ

δ2
(5)

Here, δ2
= ζ2

+ ξ2, ζ = ∆kL, ξ2
= ξ0ξ1/4, ξ0 = −2π∆n0L/λ, ξ1 = −2π∆n1L/λ. L is the AO

interaction length. ∆n0 and ∆n1 are the refractive index changes. ξ is typically set to π and the

incident light is diffracted into the Ąrst-order of Bragg diffraction with 100% efficiency.
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In order to calculate the diffraction efficiency which is a key of AO interaction, the momentum

mismatching should be determined and calculated at Ąrst. Figure 2 demonstrates the vector

diagram of AO interaction when the momentum mismatching is oriented along [001] or in the

direction perpendicular to the acoustic energy. Here, the coincideration of [001] and optical axis

of AO crystal will facilitate the analysis and calculation of momentum mismatching, if [001] is

not on the optical axis, the relationship between the momentum mismatching and acoustic angle

and etc. keeps unchanged.

Fig. 2. Vector diagrams of AO interaction (a) ∆k1 along the [001] axis; (b) ∆k2 along the

direction perpendicular to the acoustic energy propagation.

Based on the geometric relationship shown in Fig. 2, we can calculate the momentum

mismatching, denoted as ∆k1 and ∆k2 respectively, as demonstrated below:

∆k1 = kicosθi + Ksinθa −

√︂

ko
2 − (kisinθi − Kcosθa)

2 (6)

∆k2 = kicos[ψ − (θi − θa)] − Ksinψ −

√︂

ko
2 − (kisin[ψ − (θi − θa)] + Kcosψ)2 (7)

Here, ψ represents the shift angle of acoustic energy, expressed as ψ = tan−1 Vz
2−Vt

2

2V2 sin 2θa,

where Vz is the phase velocity value along the [001] axis and Vz = 2104m/s, Vt is the phase

velocity value along the [110] axis and Vt = 616m/s, V is the speed of sound in an arbitrary

direction on the (11(−)0) plane, given by: V =
√︁

Vt
2cos2θa + Vz

2sin2θa [12].

As known, the diffraction efficiency of AOTF is closely related to the momentum mismatching.

And the transfer function can be derived from the diffraction efficiency [19]. For any noncollinear

AOTF, the transfer function enables bandpass Ąltering of spatial frequencies, with applications

in contrast-enhanced imaging and the visualization of phase objects [20,21]. Therefore, the

diffraction efficiencies of AOTF based on ∆k1 and ∆k2 are calculated as functions of the incident

deviation angle, respectively, as shown in Fig. 3.

Fig. 3. Calculated diffraction efficiency of AOTF based on ∆k1 and ∆k2, respectively.

Here the parameters are selected as: λ = 0.5328 µm, θa = 6.8◦, ψ = 47.96◦, no = 2.30,

ne = 2.46, V = 660.45 m/s. And the corresponding frequency of sound wave and the optimal
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incident angle are 95.73 MHz and 15.73◦, respectively, calculated from Eq. (4) under momentum

matching, where dfa/dθi= 0. The incidence deviation angle in Fig. 3 is distributed on both sides

relative to the optimal incidence angle, i.e., the optimum incidence angle corresponds to the

position where the incidence offset angle is 0.

From Fig. 3 we can Ąnd that the calculated diffraction efficiencies with ∆k1 and ∆k2 have

obvious differences. When f 1 = 95.73 MHz, the calculated full width at half maximum (FWHM)

of diffraction efficiency based on ∆k2 is narrower than that calculated based on ∆k1 and the

calculated diffraction efficiency based on ∆k2 decreases more quickly than that calculated based

on ∆k1 which means the transfer function calculated based on ∆k2 is more sensitive to the incident

deviation angle than that calculate based on ∆k1, the sensitivity is crucial in contrast-enhanced

imaging [22]. Regarding the evolution pattern of diffraction efficiency with the frequency of the

sound, especially, the observed frequency differences (FD) which lead to the diffraction efficiency

changing from maximal to minimum are 0.86 and 0.68 MHz, respectively, calculated using ∆k1

and ∆k2 . The discrepancy of 0.18 MHz in sound frequency will cause the wavelength difference

that is too large to ignore, especially in the Ąeld of spectral analysis, where differences are usually

on the scale of several nanometers in the visible range according to the tuning relation. Therefore,

the selection of method for accurately calculating the momentum mismatching is of paramount

importance.

3. Experimental results and discussion

To evaluate the methods on the calculation of momentum mismatching and select the proper one,

we designed an experimental setup, shown in Fig. 4, and measured the transfer functions of the

Ąltering process. This allowed us to capture the impact of momentum mismatching.

Fig. 4. Experimental setup.

In Fig. 4, the 4f optical system was used for AO spatial Ąltering. In the experiment, the laser

light passing through polarizer P1, collimating lens system was focused into AOTF by lens 1.

The AOTF, acting as a spatial Ąlter, was placed on the rear focal plane of lens 1. The diffracted

light passed through polarizer P2, which has an orthogonal polarization direction to P1, and was

then imaged on CCD by lens 2. The RF source and CCD were controlled by a PC.

During experiment, when the wavelength of the incident light, which was 532.8 nm in this

case, was selected, tuning RF, we could observe the spatial distribution of AO Bragg diffraction,

shown in Fig. 5 (a), which was referred to as the visualization of two-dimensional spatial transfer

function of the AOTF. Usually transfer function demonstrated the pattern of concentric rings

with dark or bright spot corresponding to the change of AO diffraction efficiency.

Controlling RF, the darkest spot (DS) corresponding to the minimum of diffraction efficiency

and brightest spot (BS) corresponding to the maximum of diffraction efficiency could be observed

in the center of the transfer function shown in Fig. 5 (b) and (c), respectively.

The FD between the patterns of transfer function of DS and BS was very important in the

control of the Ąltering mode, especially when AOTF acted as a spatial Ąler in contrast-enhanced

imaging procedures [20,21]. On one hand, AOTF demonstrated contrast-enhanced imaging

performance when the DS condition was satisĄed, indicating the depression of lower spatial
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Fig. 5. Measured transfer functions of the AOTF:(a) transfer function of multi-ring

patterns;(b) DS in diffraction;(c) BS in diffraction

frequency of the signal light. On the other hand, AOTF acted as a low pass Ąlter when the BS

condition was satisĄed and the Ąne detail of image would be absent. Therefore, the accurate

calculation of the transfer function, which was determined by precise momentum mismatch

calculations, was crucial for the precise control of the spatial Ąltering mode of AOTF.

In AO interaction, shown in Fig. 1, momentum mismatching was mainly determined by the

vectors of incident light and the propagating sound wave within the crystal. Here, we used FD to

reĆect changes in the transfer function due to momentum mismatching. Figure 6 demonstrated the

relationship between FD and the incident wavelength while keeping the polar angle of the incident

light and the sound wave vector unchanged. The spectral range was selected in 400-800 nm

which was also the main spectral range for applications including optical sensors [23].

Fig. 6. Calculated relationship between FD and the wavelength of the incident light

From Fig. 6, it could be observed that FDs were not sensitive to the change of the wavelength

of the incident light, despite the FDs calculated from ∆k1 and ∆k2 had distinct difference.

Figure 7 demonstrated the relations between FD and the acoustic polar angle when the

frequency of the sound wave and the polar angle of the incident light were Ąxed. In Fig. 7, we

can see that FDs calculated from ∆k1 and ∆k2 decrease with the increase of acoustic polar angle,

from about 3 to 12 degrees of acoustic polar angle the difference between FDs calculated from

∆k1 and ∆k2 is obvious and reach the maxima at around 6 degrees, the acoustic polar angle was

usually selected in the range of 3 to 12 degrees in the design of an AOTF, so it is very important

to determine the accurate calculation of momentum mismatching. Then, two AOTFs designed

with acoustic polar angles of 9.52 and 6.64 degrees were selected for the FDs measurement and

the experimental results exhibited a good agreement with the theoretical calculations with ∆k2.

Combining this observation with the theoretical curves shown in Fig. 3, it could be concluded that

the acoustic energy shift caused by strong AO anisotropy did not affect or alter the momentum

matching condition of the AO effect. The frequency corresponding to the momentum matching

remained constant. However, it signiĄcantly inĆuenced aspects such as the aperture size and

magnitude of the transfer function, as well as the rate of variation with ultrasound frequency

(in the form of momentum mismatching). In conclusion, the comparison between experimental

and theoretical results demonstrated that the deviation of acoustic energy induced by strong AO

anisotropy in crystals could not be simply overlooked. Therefore, comprehensive consideration
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of this factor was imperative in the accurate design of AOTF which will have better performance

in the Ąeld including optical sensing, machine learning and etc. [24,25].

Fig. 7. Calculated and measured relationship between FD and θa

4. Conclusion

In this study, theoretical calculations of momentum mismatching in AO interaction were conducted

with and without considering the acoustic anisotropy of the crystal. The experimental results

were in agreement with the theoretical expectation considering the acoustic energy shift. The

results demonstrated that the acoustic energy shift should be considered in the accurate design of

AOTF.
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