
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk

Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/214959/

Version: Accepted Version

Article:

Lesnic, D. and Alosaimi, M. (2024) Retrieving the time-dependent blood perfusion 
coefficient in the thermal-wave model of bio-heat transfer. Engineering Computations, 41 
(7). pp. 1824-1838. ISSN: 0264-4401 

https://doi.org/10.1108/EC-01-2024-0013

© 2024, Emerald Publishing Limited. This author accepted manuscript is provided for your 
own personal use only. It may not be used for resale, reprinting, systematic distribution, 
emailing, or for any other commercial purpose without the permission of the publisher.

Reuse 

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless 
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by 
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of 
the full text version. This is indicated by the licence information on the White Rose Research Online record 
for the item. 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://doi.org/10.1108/EC-01-2024-0013
https://eprints.whiterose.ac.uk/id/eprint/214959/
https://eprints.whiterose.ac.uk/


❘❡tr✐❡✈✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥
❝♦❡✣❝✐❡♥t ✐♥ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r

❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ❛✐♠s t♦ ✐❞❡♥t✐❢② t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞

t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❢r♦♠ ♥♦♥✲✐♥tr✉s✐✈❡ ❜♦✉♥❞❛r②

t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts t❤❛t ♠❛② ❜❡ t❛❦❡♥ ✇✐t❤ ❛♥ ✐♥❢r❛r❡❞ s❝❛♥♥❡r✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢

s♦❧✉t✐♦♥ t♦ t❤✐s ✐♥✈❡rs❡ ❝♦❡✣❝✐❡♥t ♣r♦❜❧❡♠ ✐s ❡st❛❜❧✐s❤❡❞✳ ❚♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥✱ t❤❡ ♥♦♥❧✐♥❡❛r

❛♥❞ ✐❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠ ✐s r❡❝❛st ❛s ❛ ♥♦♥❧✐♥❡❛r ❧❡❛st✲sq✉❛r❡s ♠✐♥✐♠✐③❛t✐♦♥ ✇✐t❤ s✐♠♣❧❡ ❜♦✉♥❞s

♦♥ t❤❡ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥t✱ ❛♥❞ t❤❡ ❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ❡♠♣❧♦②❡❞ t♦ ❡♥s✉r❡ st❛❜✐❧✐t②✳

❚❤❡ ❈r❛♥❦✕◆✐❝♦❧s♦♥ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✐s ❡♠♣❧♦②❡❞ t♦ s♦❧✈❡ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠✳ ❚♦

s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r ❧❡❛st✲sq✉❛r❡s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ ✉t✐❧✐③❡ t❤❡ ❜✉✐❧t✲✐♥ s✉❜r♦✉t✐♥❡

❧sq♥♦♥❧✐♥ ❢r♦♠ t❤❡ ▼❆❚▲❆❇ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧❜♦①✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ❛ ❜❡♥❝❤♠❛r❦ t❡st

❡①❛♠♣❧❡ ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞✱ s❤❡❞❞✐♥❣ ❧✐❣❤t ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞

❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣②✳

❑❡②✇♦r❞s✿ ■♥✈❡rs❡ ♣r♦❜❧❡♠❀ ❜✐♦✲❤❡❛t tr❛♥s❢❡r❀ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t❀ ❚✐❦❤♦♥♦✈ r❡❣✉✲

❧❛r✐③❛t✐♦♥❀ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ tr❛♥s❢❡r ♦❢ ❤❡❛t ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ✐s ✐♥✢✉❡♥❝❡❞ ❜② ♠❡❝❤❛♥✐s♠s s✉❝❤ ❛s ❝♦♥❞✉❝t✐♦♥✱

❜❧♦♦❞ ❝✐r❝✉❧❛t✐♦♥✱ ❜❧♦♦❞✲t✐ss✉❡ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❤❡❛t ♣r♦❞✉❝t✐♦♥ ❢r♦♠ ♠❡t❛❜♦❧✐❝ ♣r♦❝❡ss❡s

❬✶✹✱ ✶✾❪✱ ❛♥❞ ✐ts ✉♥❞❡rst❛♥❞✐♥❣ ♣❧❛②s ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ ❞❡s✐❣♥✐♥❣ ❛♣♣r♦♣r✐❛t❡ t❤❡r♠❛❧

t❤❡r❛♣✐❡s ❢♦r ❛♥♦♠❛❧② ❞❡t❡❝t✐♦♥ ❛♥❞ tr❡❛t♠❡♥t ❬✹❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✐ss✉❡

❛♥❞ ❜❧♦♦❞ ❛r❡ ✉s✉❛❧❧② ♥♦t ❦♥♦✇♥ ♣r❡❝✐s❡❧② ❛♥❞ ❤❛✈❡ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ✐♥✈❡rs❡ ❛♥❛❧②s✐s

❬✶✱ ✷❪✳ ❇❛s❡❞ ♦♥ t❤✐s ❜r✐❡❢ ♠♦t✐✈❛t✐♦♥✱ t❤❡ ♥♦✈❡❧t② ♦❢ t❤❡ st✉❞② ❝♦♥s✐sts ♠❛✐♥❧② ✐♥ t❤❡ ✐♥✈❡rs❡

♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✶ ❛♥❞ ❛♥❛❧②③❡❞ ♠❛t❤❡♠❛t✐❝❛❧❧② ✐♥ t❡r♠s ♦❢

✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ✐♥ s❡❝t✐♦♥ ✷✱ ✇❤✐❧st s❡❝t✐♦♥s ✸ ❛♥❞ ✹ ❛♣♣❧② ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡s t♦ t❤❡

♥❡✇❧②✲❢♦r♠✉❧❛t❡❞ ❞✐r❡❝t ❛♥❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s✳ ❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤❡ ♥✉♠❡r✐❝❛❧❧②✲♦❜t❛✐♥❡❞

r❡s✉❧ts ❛♥❞ s❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s t❤❡ ✜♥❞✐♥❣s ♦❢ t❤❡ ♣❛♣❡r✳

❚❤❡ ❡q✉❛t✐♦♥ ❣♦✈❡r♥✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ T ❬◦❈❪ ♦❢ t❤❡ t✐ss✉❡ ✐s ❣✐✈❡♥ ❜② ❬✾❪✱

ρtct
∂T

∂t
= −∇ · q+ ρbcbwb(Tb − T ) +Qm +Qe, ✭✶✮

✇❤❡r❡ q ✐s t❤❡ t❤❡r♠❛❧ ✢✉① ✈❡❝t♦r ❬❲✴♠2❪✱ ρt ❛♥❞ ct ❞❡♥♦t❡ t❤❡ ❞❡♥s✐t② ❬❦❣✴♠3❪ ❛♥❞ s♣❡❝✐✜❝

❤❡❛t ❬❏✴✭❦❣ ◦❈✮❪ ♦❢ t❤❡ t✐ss✉❡✱ r❡s♣❡❝t✐✈❡❧②✱ ρb✱ cb ❛♥❞ wb ❞❡♥♦t❡ t❤❡ ❞❡♥s✐t② ❬❦❣✴♠3❪✱ s♣❡❝✐✜❝

❤❡❛t ❬❏✴✭❦❣ ◦❈✮❪ ❛♥❞ ♣❡r❢✉s✐♦♥ r❛t❡ ❬s−1❪ ♦❢ t❤❡ ❜❧♦♦❞✱ r❡s♣❡❝t✐✈❡❧②✱ Tb ❞❡♥♦t❡s t❤❡ ✭❛rt❡r✐❛❧✮

❜❧♦♦❞ t❡♠♣❡r❛t✉r❡ ❬◦❈❪✱Qm ❛♥❞Qe r❡♣r❡s❡♥t t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❤❡❛t r❡s✉❧t✐♥❣ ❢r♦♠ ♠❡t❛❜♦❧✐❝

♣r♦❝❡ss❡s ❛♥❞ ❡①t❡r♥❛❧ ❤❡❛t✐♥❣ ❬❲✴♠3❪✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t st❛♥❞s ❢♦r t❤❡ t✐♠❡ ❬s❪✳ ❚❤❡

❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋♦✉r✐❡r✬s ❧❛✇

q = −κ∇T, ✭✷✮

✇❤❡r❡ κ r❡♣r❡s❡♥ts t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② ❬❲✴✭♠ ◦❈✮❪ ♦❢ t❤❡ t✐ss✉❡✱ tr❛♥s❢♦r♠s ❡q✉❛t✐♦♥

✶



✭✶✮ ✐♥t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ P❡♥♥❡s ♣❛r❛❜♦❧✐❝ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❡q✉❛t✐♦♥ ❬✶✼❪✱

ρtct
∂T

∂t
= ∇ · (κ∇T ) + ρbcbwb(Tb − T ) +Qm +Qe. ✭✸✮

❚❤❡ P❡♥♥❡s✬ ❡q✉❛t✐♦♥ ✭✸✮ ❤❛s ❞❡♠♦♥str❛t❡❞ s✉✣❝✐❡♥t ❛❝❝✉r❛❝② ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ ❛ ❜r♦❛❞ ❛r✲

r❛② ♦❢ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ t❤❡ ❢♦r❡❝❛st✐♥❣ ♦❢ t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡s ❞✉r✐♥❣ ❤②✲

♣❡rt❤❡r♠✐❛ ✐♥ ❝❛♥❝❡r tr❡❛t♠❡♥t ❬✷✵❪✱ ❡✈❛❧✉❛t✐♥❣ t❤❡ t❤❡r♠❛❧ ✐♠♣❛❝ts ♦❢ r❛❞✐❛t✐♦♥ ❢r♦♠ ❝❡❧❧✉❧❛r

♣❤♦♥❡s ❬✷✷❪✱ ❛♥❞ ❣✉✐❞✐♥❣ t❤❡r♠❛❧ t❤❡r❛♣✐❡s ❢♦r r❡♠♦✈✐♥❣ ❞✐s❡❛s❡❞ t✐ss✉❡s ❬✶✸❪✱ ❛♠♦♥❣ ♦t❤❡rs

❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛r❛❜♦❧✐❝ P❉❊ ✭✸✮ ✐♠♣❧✐❡s t❤❛t ✭❛s ✐t ✐s ❜❛s❡❞ ♦♥ ❋♦✉r✐❡r✬s ❧❛✇

✭✷✮✮ ❛♥② t❤❡r♠❛❧ ❛❧t❡r❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ♠❡❞✐✉♠ ❛✛❡❝ts ❛❧❧ ❧♦❝❛t✐♦♥s ✐♥st❛♥t❛♥❡♦✉s❧②✱ ✐♠♣❧②✲

✐♥❣ ❛♥ ✐♥✜♥✐t❡ s♣❡❡❞ ♦❢ t❤❡r♠❛❧ ♣r♦♣❛❣❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❤❡♥ ♠♦❞❡❧❧✐♥❣ ❤❡❛t tr❛♥s❢❡r ✐♥

❜✐♦❧♦❣✐❝❛❧ ♦r❣❛♥✐s♠s✱ t❤❡r❡ ❛r✐s❡s ❛ s✐❣♥✐✜❝❛♥t r❡❧❛①❛t✐♦♥ t✐♠❡ τ ✭t②♣✐❝❛❧❧② r❛♥❣✐♥❣ ❢r♦♠ ✶✺

t♦ ✸✵ s❡❝♦♥❞s✮ ♥❡❝❡ss❛r② ❢♦r t❤❡r♠❛❧ ✇❛✈❡s t♦ ❛❝❝✉♠✉❧❛t❡ ❛♥❞ ♣r♦♣❛❣❛t❡✱ ❬✶✻❪✳ ❚❤✐s ✐♥❞✐✲

❝❛t❡s t❤❛t t❤❡r♠❛❧ ✇❛✈❡s ♣r♦♣❛❣❛t❡ ❛t ❛ ✜♥✐t❡ ✈❡❧♦❝✐t②✳ ❈❛tt❛♥❡♦ ❛♥❞ ❱❡r♥♦tt❡ ✐♥tr♦❞✉❝❡❞ ❛

♠♦❞✐✜❝❛t✐♦♥ t♦ ❋♦✉r✐❡r✬s ❧❛✇ ✭✷✮ t♦ ✐♥❝♦r♣♦r❛t❡ t❤✐s r❡❛❧✐st✐❝ ♣❤②s✐❝❛❧ ❢❡❛t✉r❡✳ ❚❤✐s ♠♦❞✐✜❡❞

❡q✉❛t✐♦♥✱ ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ▼❛①✇❡❧❧✲❈❛tt❛♥❡♦ ✢✉① ❧❛✇✱ ✐s ❡①♣r❡ss❡❞ ❛s✿
(

1 + τ
∂

∂t

)

q = −κ∇T. ✭✹✮

❍❡r❡✱ τ = α/❝2✱ ✇❤❡r❡ α = κ/(ρtct) r❡♣r❡s❡♥ts t❤❡ t❤❡r♠❛❧ ❞✐✛✉s✐✈✐t② ♦❢ t❤❡ t✐ss✉❡ ❬♠2✴s❪✱

❛♥❞ ❝ ❞❡♥♦t❡s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡r♠❛❧ ✇❛✈❡s ❬♠✴s❪✳ ❚❤✐s ❡q✉❛t✐♦♥ ♠♦❞❡❧s t❤❛t ❤❡❛t tr❛♥s❢❡r

♠❡❝❤❛♥✐s♠ ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ❛r✐s❡s ♥♦t s♦❧❡❧② t❤r♦✉❣❤ ❞✐✛✉s✐♦♥ ❜✉t ❛❧s♦ t❤r♦✉❣❤ ❛ ✇❛✈❡✲

❧✐❦❡ ♣❤❡♥♦♠❡♥♦♥ t❡r♠❡❞ ✧s❡❝♦♥❞✲s♦✉♥❞✧✱ ❬✼❪✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ❤❡❛t ❝❛♣❛❝✐t✐❡s ♦❢ t❤❡

t✐ss✉❡ Ct = ρtct ❛♥❞ ❜❧♦♦❞ Cb = ρbcb ✐♥ ❬❏✴✭♠3 ◦❈✮❪ ❛r❡ ❝♦♥st❛♥t✱ t❤❛t t❤❡ ❛rt❡r✐❛❧ ❜❧♦♦❞

t❡♠♣❡r❛t✉r❡ Tb ❛♥❞ ✭❢♦r s✐♠♣❧✐❝✐t②✮ t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② κ ❛r❡ ❝♦♥st❛♥t✱ ❛♥❞ t❤❛t t❤❡

❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ wb = wb(t) ✐s t✐♠❡✲❞❡♣❡♥❞❡♥t✱ ✐♥tr♦❞✉❝✐♥❣ ✭✹✮ ✐♥t♦ ✭✶✮ r❡s✉❧ts ✐♥✿

Ctτ
∂2T

∂t
2 +

(

Ct + τCbwb(t)
)∂T

∂t
= κ∇2T + Cb

(

wb(t) + τ
dwb

dt
(t)

)

(Tb − T )

+Qm +Qe + τ
∂

∂t
(Qm +Qe). ✭✺✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ❤②♣❡r❜♦❧✐❝ P❉❊ ✭✺✮ ✐♥ t❤❡ s♦❧✉t✐♦♥ ❞♦♠❛✐♥ Ω̃ × (0, t❢)✱ ✇❤❡r❡ Ω̃ ✐s t❤❡

❜♦✉♥❞❡❞ t✐ss✉❡ ❞♦♠❛✐♥ ❛♥❞ t❢ > 0 ✐s ❛ ✜♥❛❧ t✐♠❡ ♦❢ ✐♥t❡r❡st✱ s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

T (x, 0) = η(x),
∂T

∂t
(x, 0) = 0, x ∈ Ω̃, ✭✻✮

✇❤❡r❡ η ✐s ❛ ♣r❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❛❞✐❛❜❛t✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

∂T

∂n
= 0 ♦♥ ∂Ω̃× (0, t❢), ✭✼✮

✇❤❡r❡ ♥ ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Ω̃✳ ■♥ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✱ ✇❤❡♥

t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ wb = wb(t) ✐s ✉♥❦♥♦✇♥✱ ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❡❛s✉r❡♠❡♥t t♦ ❝♦♠♣❡♥✲

s❛t❡ ❢♦r t❤✐s ♠✐ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ✭♥♦♥✲✐♥tr✉s✐✈❡❧②✮ ♠❡❛s✉r✐♥❣ t❤❡ ❜♦✉♥❞❛r②

✷



t❡♠♣❡r❛t✉r❡

T = h ♦♥ Γ̃× (0, t❢), ✭✽✮

♦♥ ❛♥ ❛❝❝❡ss✐❜❧❡ s✉❜♣♦rt✐♦♥ Γ̃ ⊂ ∂Ω̃✱ ✇✐t❤ ❛♥ ✐♥❢r❛r❡❞ s❝❛♥♥❡r✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝♦✉❧❞

♠❡❛s✉r❡ t❤❡ ❡♥❡r❣②✴♠❛ss ♦❢ t❤❡ ❜✐♦t❤❡r♠❛❧ s②st❡♠ ❣✐✈❡♥ ❜②
∫

Ω̃

χ(x)T (x, t)dx = E(t), t ∈
(

0, t❢
)

, ✭✾✮

✇❤❡r❡ χ ✐s ❛ ♣r❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥✱ ❬✺✱ ✻❪✳

❚❤❡ r❡❧❛t❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞

♣❡r❢✉s✐♦♥ r❛t❡ wb(x) ✇❛s r❡❝❡♥t❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✸✱ ✶✵❪✳ ❘❡❧❡✈❛♥t ❧✐t❡r❛t✉r❡ ✐♥ t❤❡ ✜❡❧❞ ♦❢

❝♦❡✣❝✐❡♥t ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦s ❬✶✶✱ ✶✷✱ ✶✺✱ ✶✽❪✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡

♣❛rt✐❝✉❧❛r r❡❢❡r❡♥❝❡s t♦ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❢♦r ❤②♣❡r❜♦❧✐❝ P❉❊s✳

❚❤❡ ✐♥✈❡rs❡ ❢♦r♠✉❧❛t✐♦♥ ✭✺✮✕✭✽✮ ♣r♦✈✐❞❡s ❛ s✉✐t❛❜❧❡ ♠♦❞❡❧ ❢♦r ♥♦♥✲❞❡str✉❝t✐✈❡ t❡st✐♥❣

✈✐❛ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ ❛♥ ❛❝❝❡ss❜❧❡ ♣♦rt✐♦♥ Γ̃ ♦❢ t❤❡ ❢✉❧❧ ❜♦✉♥❞❛r② ∂Ω̃✳ ❆❧s♦✱

r❡♠❛r❦ t❤❛t t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡

wb(t) ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥t ✭✽✮ ✐s ❞❡t❡r♠✐♥❡❞ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ ❜✉t

✐t ✐s ♦✈❡r✲❞❡t❡r♠✐♥❡❞ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

❇❡❢♦r❡ ♣❡r❢♦r♠✐♥❣ ❛♥② ❛♥❛❧②s✐s✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✭✺✮✕✭✽✮ ✐s ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐③❡❞✱

❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳

✶✳✶ ◆♦♥✲❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥

❚❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ✭✺✮✕✭✽✮ ❝❛♥ ❜❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐③❡❞✱ ❛s ❢♦❧❧♦✇s✳

❙✉♣♣♦s✐♥❣ ❛ ♥♦♥✲③❡r♦ ❝♦♥st❛♥t ❛rt❡r✐❛❧ ❜❧♦♦❞ t❡♠♣❡r❛t✉r❡ Tb✱ ✇❡ ♣r♦♣♦s❡ t❤❡ s✉❜s❡q✉❡♥t

❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✿

x =

√

Ct

κτ
x, (t, t❢) =

1

τ

(

t, t❢
)

, z =
T − Tb
Tb

, η =
η − Tb
Tb

,

h =
h− Tb
Tb

, F =
τ(Qm +Qe)

TbCt

, k =
τCbwb

Ct

. ✭✶✵✮

❚❤❡♥✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ♦❢ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ✭✺✮✕✭✽✮ ✭❞❡♥♦t✐♥❣ f = F +Ft✮ ❝❛♥

❜❡ ✇r✐tt❡♥ ❛s

∂2z

∂t2
(x, t) +

(

1 + k(t)
)∂z

∂t
(x, t) = ∇2z(x, t)−

(

k(t) + k′(t)
)

z(x, t) + f(x, t),

(x, t) ∈ Ω× (0, t❢), ✭✶✶✮

s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

z(x, 0) = η(x),
∂z

∂t
(x, 0) = 0, x ∈ Ω, ✭✶✷✮

t❤❡ ❛❞✐❛❜❛t✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

∂z

∂n
= 0 ♦♥ ∂Ω× (0, t❢), ✭✶✸✮

✸



❛♥❞ ❡①tr❛ ❜♦✉♥❞❛r② t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥t

z = h ♦♥ Γ× (0, t❢), ✭✶✹✮

✇❤❡r❡ t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ❤❛s ❦❡♣t t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ❛♥❞ Ω ❛♥❞ Γ ❛r❡ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧

✈❡rs✐♦♥ ♦❢ Ω̃ ❛♥❞ Γ̃✱ ✈✐❛ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥ ✐♥ ✭✶✵✮✳

✷✳ ❆♥❛❧②s✐s ✐♥ ♦♥❡✲s♣❛❝❡ ❞✐♠❡♥s✐♦♥

■♥ ♦♥❡✲❞✐♠❡♥s✐♦♥✱ ❧❡t Ω̃ = (0, L)✱ ✇❤❡r❡ L ✐♥ ❬♠❪ ✐s t❤❡ ♣❤②s✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ ✜♥✐t❡ s❧❛❜

t✐ss✉❡✳ ❉❡♥♦t❡ ❛❧s♦ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❧❡♥❣t❤

L =

√

Ct

κτ
L.

❚❤❡♥✱ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✶✮✕✭✶✹✮ s✐♠♣❧✐✜❡s ❛s✿

∂2z

∂t2
(x, t) +

(

1 + k(t)
)∂z

∂t
(x, t) =

∂2z

∂x2
(x, t)−

(

k(t) + k′(t)
)

z(x, t) + f(x, t),

(x, t) ∈ (0, L)× (0, t❢) =: Q, ✭✶✺✮

z(x, 0) = η(x),
∂z

∂t
(x, 0) = 0, x ∈ (0, L), ✭✶✻✮

∂z

∂x
(0, t) =

∂z

∂x
(L, t) = 0, t ∈ (0, t❢), ✭✶✼✮

z(0, t) = h(t), t ∈ (0, t❢), ✭✶✽✮

✇❤❡r❡ ✇❡ t♦♦❦ Γ = {x = 0} ❛s t❤❡ ❛❝❝❡ss✐❜❧❡ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ❛♥❛❧♦❣② ♦❢ t❤❡

♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✷✶❪ ✐s ❣✐✈❡♥ ❜②

a(x, t) = 1 + k(t), q(t) = k(t) + k′(t),

u0(x) = η(x), u1(x) = 0, φ1(t) = ψ1(t) = 0,

φ0(t) = h(t), D = (0, 1) = (0, L).

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥
(

z(x, t), k(t)
)

✐s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥♣✉t ❞❛t❛ f ∈ H3(Q)✱ η ∈ H5(0, L) ❛♥❞ h ∈ H3
(

[0, t❢]
)

s❛t✐s❢②

fx(0, t) = fx(L, t) = 0 ❢♦r ❛❧❧ t ∈ (0, t❢)✱ η
′(0) = η′(1) = 0 ❛♥❞ h(t) ̸= 0 ❢♦r ❛❧❧ t ∈ [0, t❢].

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t k(0) ✐s ❣✐✈❡♥ ❛♥❞ ❦♥♦✇♥✳ ❚❤❡♥ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮ ❝❛♥ ❤❛✈❡

❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥
(

z(x, t), k(t)
)

∈ W :=
{

z ∈ V , zx ∈ V , zxx ∈ V , 0 ≤ k ∈ L∞
(

[0, t❢]
)

}

✱

✇❤❡r❡ V :=
{

v ∈ H2(Q), vxxt ∈ L2(Q)
}

✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❤❛s t✇♦ s♦❧✉t✐♦♥s
(

zi(x, t), ki(t)
)

∈ W ❢♦r i = 1, 2✱

❛♥❞ ❞❡♥♦t❡ Z := z1 − z2 ❛♥❞ K := k1 − k2✳ ❚❤❡♥

Ztt − Zxx +
(

1 + k1(t)
)

Zt + z2tK(t) +
(

k1(t) + k′1(t)
)

Z

+z2
(

K(t) +K ′(t)
)

= 0, (x, t) ∈ Q. ✭✶✾✮

✹



❆♣♣❧②✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❛t x = 0 ❛♥❞ ✐♠♣♦s✐♥❣ ✭✶✼✮ ✇❡ ♦❜t❛✐♥

−Zxx(0, t) + h′(t)K(t) + h(t)
(

K(t) +K ′(t)
)

= 0, t ∈ (0, t❢). ✭✷✵✮

❯s✐♥❣ t❤❛t K(0) = 0 ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✭✷✵✮ r❡s✉❧t ✐♥

K(t) =

∫ t

0
eξ−tZxx(0, ξ)dξ

h(t)
, t ∈ [0, t❢). ✭✷✶✮

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✶✮ r❡s✉❧ts ✐♥

K(t) +K ′(t) =
Zxx(0, t)h(t)−

(

∫ t

0
eξ−tZxx(0, ξ)dξ

)

h′(t)

h2(t)
, t ∈ [0, t❢). ✭✷✷✮

P❧✉❣❣✐♥❣ ❜❛❝❦ ✭✷✶✮ ❛♥❞ ✭✷✷✮ ✐♥t♦ ✭✶✾✮ r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣❡r❜♦❧✐❝ P❉❊✱ ✇❤✐❝❤ ✐s

✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✉♥❦♥♦✇♥ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t)✿

Ztt − Zxx +
(

1 + k1(t)
)

Zt +
(

k1(t) + k′1(t)
)

Z + z2t ·

∫ t

0
eξ−tZxx(0, ξ)dξ

h(t)

+z2 ·







Zxx(0, t)h(t)−
(

∫ t

0
eξ−tZxx(0, ξ)dξ

)

h′(t)

h2(t)






= 0, (x, t) ∈ Q. ✭✷✸✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t

Z(x, 0) = Zt(x, 0) = 0, x ∈ (0, L), ✭✷✹✮

Zx(0, t) = Zx(L, t) = 0, Z(0, t) = 0, t ∈ [0, t❢). ✭✷✺✮

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✸✮ ✇✐t❤ r❡s♣❡❝t t♦ x ❛♥❞ s✉❜st✐t✉t✐♥❣ x = 0 ❛♥❞ t❤❡♥ x = L✱ ✇❡ ♦❜t❛✐♥

t❤❛t Zxxx(0, t) = Zxxx(L, t) = 0 ❢♦r t ∈ [0, t❢)✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ❛❣❛✐♥ ✇✐t❤ r❡s♣❡❝t t♦ x ❛♥❞

s❡tt✐♥❣ ν := Zxx ✇❡ ❣❡t

νtt − νxx +
(

1 + k1(t)
)

νt +
(

k1(t) + k′1(t)
)

ν = −z2txx ·

∫ t

0
eξ−tZxx(0, ξ)dξ

h(t)

−z2xx ·







Zxx(0, t)h(t)−
(

∫ t

0
eξ−tZxx(0, ξ)dξ

)

h′(t)

h2(t)






= 0, (x, t) ∈ Q, ✭✷✻✮

❛♥❞

νx(0, t) = νx(L, t) = 0, t ∈ [0, t❢),

ν(x, 0) = νt(x, 0) = 0, x ∈ (0, L).

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸ ♦❢ ❬✷✶❪✱ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞

●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❛t
∫ L

0

[

ν2t + ν2x + ν2 + ν2xx + ν2xt
]

dx ≤ 0, ∀t ∈ [0, t❢).

✺



❚❤✐s ❣✐✈❡s ν(x, t) ≡ 0 ✐♥ Q✱ ❛♥❞ ✉s✐♥❣ t❤❡ ③❡r♦ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✹✮ ❛♥❞ ✭✷✺✮

♦♥ Z ✐t ❢♦❧❧♦✇s t❤❛t Z ≡ 0 ✐♥ Q✱ ✐✳❡✳ z := z1 ≡ z2 ✐♥ Q✳ ❚❤❡♥✱

ztt − zxx +
(

1 + ki(t)
)

zt +
(

ki(t) + k′i(t)
)

z = f, i = 1, 2,

✐♠♣❧✐❡s ❜② s✉❜tr❛❝t✐♦♥ t❤❛t

K(t)zt +
(

K(t) +K ′(t)
)

z = 0.

❆♣♣❧②✐♥❣ t❤✐s ❛t x = 0 ❛♥❞ ✉s✐♥❣ ✭✶✽✮ ②✐❡❧❞ ❜② ✐♥t❡❣r❛t✐♦♥ t❤❛t K(t) =
Ce−t

h(t)
✱ ✇❤❡r❡ C ✐s ❛

❝♦♥st❛♥t✳ ◆♦✇ ✉s✐♥❣ t❤❛t K(0) = 0 ✐♠♣❧✐❡s t❤❛t K ≡ 0✱ ✐✳❡✳ k1 ≡ k2✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡

✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ st❛t❡❞ ✐♥ t❤❡ t❤❡♦r❡♠✳

❊①❛♠♣❧❡✳ ❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ✐s ❣✐✈❡♥ ❜② t❤❡ ❞❛t❛✿

η(x) = 1 ❢♦r x ∈ (0, L)✱ h(t) = 1 ❢♦r t ∈ [0, t❢]✱ f(x, t) = t + 1 ❢♦r (x, t) ∈ Q✱ k(0) = 0✱ ✇✐t❤

t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② z(x, t) = 1 ❢♦r (x, t) ∈ Q ❛♥❞ k(t) = t ❢♦r t ∈ [0, t❢]✳

❘❡♠❛r❦✳ ❚❤❡♦r❡♠ ✶ ❡st❛❜❧✐s❤❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮✳

❊st❛❜❧✐s❤✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ♠❛②✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❜❡ ❛tt❡♠♣t❡❞ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢

❬✷✶✱ ❙❡❝t✐♦♥ ✷❪✱ ❜✉t t❤✐s ✐♥✈❡st✐❣❛t✐♦♥ ✐s ❞❡❢❡rr❡❞ t♦ ❛ ❢✉t✉r❡ ✇♦r❦✳

❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ s♦❧✈❡ t❤❡ ❧✐♥❡❛r ❛♥❞ ✇❡❧❧✲♣♦s❡❞

❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✼✮ ✇❤❡♥ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t) ✐s ❝♦♥✲

s✐❞❡r❡❞ t♦ ❜❡ ❦♥♦✇♥✱ ✉t✐❧✐③✐♥❣ ❛ ❋❉▼ ❜❛s❡❞ ♦♥ t❤❡ ❈r❛♥❦✕◆✐❝♦❧s♦♥ s❝❤❡♠❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱

t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞✐r❡❝t s♦❧✈❡r ✐s ❝♦♥✜r♠❡❞ ✉s✐♥❣ ❛ ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡✳

✸✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❞✐r❡❝t ♣r♦❜❧❡♠

Pr✐♦r t♦ ❛❞❞r❡ss✐♥❣ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮✱ ✇❡ ❡①♣❧♦r❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡

❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✼✮✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t) ✐s ❦♥♦✇♥✳

❚♦ ❢❛❝✐❧✐t❛t❡ t❤✐s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡ υ✱ ❬✽❪✱ ❛s

υ(x, t) :=
∂z

∂t
(x, t) + (1 + k(t))z(x, t), (x, t) ∈ Q. ✭✷✼✮

■♥tr♦❞✉❝✐♥❣ ✭✷✼✮ ✐♥ ✭✶✺✮✱ ✇❡ ♦❜t❛✐♥

∂υ

∂t
(x, t) =

∂2z

∂x2
(x, t)− k(t)z(x, t) + f(x, t), (x, t) ∈ Q. ✭✷✽✮

❋r♦♠ ✭✶✻✮ ❛♥❞ ✭✷✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

υ(x, 0) = (1 + k(0))η(x), x ∈ (0, L). ✭✷✾✮

❲❡ s✉❜❞✐✈✐❞❡ t❤❡ s♦❧✉t✐♦♥ ❞♦♠❛✐♥ Q = (0, L) × (0, t❢) ✐♥t♦ M × N s✉❜✐♥t❡r✈❛❧s ♦❢

❡q✉❛❧ st❡♣ ❧❡♥❣t❤s ∆x = L/M ❛♥❞ ∆t = t❢/N ✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❞❡♥♦t❡ zm,n := z(xm, tn)✱

υm,n := υ(xm, tn)✱ kn := k(tn) ❛♥❞ fm,n := f(xm, tn)✱ ✇❤❡r❡ xm = m∆x ❛♥❞ tn = n∆t ❢♦r

✻



m = 0,M ❛♥❞ n = 0, N ✳ ❯t✐❧✐③✐♥❣ t❤❡ ❈r❛♥❦✕◆✐❝♦❧s♦♥ ♠❡t❤♦❞✱ ❡q✉❛t✐♦♥s ✭✷✼✮ ❛♥❞ ✭✷✽✮ ❛r❡

❞✐s❝r❡t✐③❡❞ ❛s ❢♦❧❧♦✇s✿

zm,n+1 − zm,n

∆t
=

1

2

(

υm,n − (1 + kn)zm,n + υm,n+1 − (1 + kn+1)zm,n+1

)

,

m = 0,M, n = 0, (N − 1), ✭✸✵✮

υm,n+1 − υm,n

∆t
=

1

2

(

1

(∆x)2
δ2xzm,n − knzm,n + fm,n +

1

(∆x)2
δ2xzm,n+1 − kn+1zm,n+1 + fm,n+1

)

,

m = 0,M, n = 0, (N − 1), ✭✸✶✮

✇❤❡r❡ z−1,n = z(−∆x, tn) ❛♥❞ zM+1,n = z(L +∆x, tn) ❢♦r n = 0, N ✱ ❛♥❞ δ2xzm,n := zm−1,n −

2zm,n + zm+1,n✳ ❊q✉❛t✐♦♥s ✭✶✻✮ ❛♥❞ ✭✷✾✮ ❛r❡ ❞✐s❝r❡t✐③❡❞ ❛s

zm,0 = η(xm), υm,0 = (1 + k(0))η(xm), m = 0,M, ✭✸✷✮

❛♥❞ ❡q✉❛t✐♦♥ ✭✶✼✮ ✐s ❞✐s❝r❡t✐③❡❞ ❛s

z1,n − z−1,n

2(∆x)
= 0,

zM+1,n − zM−1,n

2(∆x)
= 0, n = 0, N. ✭✸✸✮

❙♦❧✈✐♥❣ ✭✸✵✮ ❢♦r υm,n+1✱ ✇❡ ②✐❡❧❞

υm,n+1 =

(

1 + kn+1 +
2

∆t

)

zm,n+1 +

(

1 + kn −
2

∆t

)

zm,n − υm,n, ✭✸✹✮

❢♦r m = 0,M ✱ n = 0, (N − 1)✳ ■♥tr♦❞✉❝✐♥❣ ✭✸✹✮ ✐♥ ✭✸✶✮✱ ✇❡ ②✐❡❧❞

−Azm−1,n+1 +Bn+1zm,n+1 − Azm+1,n+1 =Azm−1,n + Cnzm,n + Azm+1,n + 2υm,n

+
∆t

2

(

fm,n + fm,n+1

)

, ✭✸✺✮

❢♦r m = 0,M ✱ n = 0, (N − 1)✱ ✇❤❡r❡ A :=
∆t

2(∆x)2
✱ Bn :=

2

∆t
+

∆t

(∆x)2
+ 1 +

(

1 +
∆t

2

)

kn

❛♥❞ Cn :=
2

∆t
−

∆t

(∆x)2
− 1−

(

1 +
∆t

2

)

kn ❢♦r n = 0, N ✳

❆t ❡✈❡r② t✐♠❡ st❡♣ tn+1 = (n + 1)∆t ❢♦r n = 0, (N − 1)✱ ✉s✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ✐♥

✭✸✸✮✱ ✇❡ ❝❛♥ r❡❝❛st ❡q✉❛t✐♦♥s ✭✸✹✮ ❛♥❞ ✭✸✺✮ ❛s✿

Ãzn+1 = B̃zn + 2υn + r, ✭✸✻✮

υn+1 =

(

1 + kn+1 +
2

∆t

)

zn+1 +

(

1 + kn −
2

∆t

)

zn − υn, ✭✸✼✮

✇❤❡r❡✿

zn =
(

z0,n, . . . , zM,n

)❚
, υn =

(

υ0,n, . . . , υM,n

)❚
,

✼



Ã =





























Bn+1 −2A 0 0 0 . . . 0 0

−A Bn+1 −A 0 0 . . . 0 0

0 −A Bn+1 −A 0 . . . 0 0

0 0 −A Bn+1 −A . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

✳✳✳

0 0 0 . . . −A Bn+1 −A 0

0 0 0 . . . 0 −A Bn+1 −A

0 0 0 . . . 0 0 −2A Bn+1





























,

B̃ =





























Cn 2A 0 0 0 . . . 0 0

A Cn A 0 0 . . . 0 0

0 A Cn A 0 . . . 0 0

0 0 A Cn A . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

✳✳✳

0 0 0 . . . A Cn A 0

0 0 0 . . . 0 A Cn A

0 0 0 . . . 0 0 2A Cn





























, r =



























∆t

2

(

f0,n + f0,n+1

)

∆t

2

(

f1,n + f1,n+1

)

✳✳✳
∆t

2

(

fM−1,n + fM−1,n+1

)

∆t

2

(

fM,n + fM,n+1

)



























.

❲❡ ♣r♦❝❡❡❞ t♦ ❡①❛♠✐♥❡ ❛ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥ t♦ ✈❛❧✐❞❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❛❝❝✉r❛❝②

♦❢ t❤❡ ♣r♦♣♦s❡❞ ❋❉▼ s❝❤❡♠❡✳

✸✳✶ ❱❡r✐✜❝❛t✐♦♥ ❡①❛♠♣❧❡

❲❡ ❡①❛♠✐♥❡ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✼✮ ✇✐t❤ L = t❢ = 1 ❛♥❞ t❤❡ ✐♥♣✉t ❞❛t❛✿

z(x, 0) = η(x) = cos(πx),
∂z

∂t
(x, 0) = 0, ✭✸✽✮

f(x, t) = 2 + 2t(1 + t) + π2 cos(πx) + (t+ 1)(t2 + cos(πx)), ✭✸✾✮

❛♥❞

k(t) = t. ✭✹✵✮

❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❡①♣r❡ss❡❞ ❛s

z(x, t) = t2 + cos(πx). ✭✹✶✮

❚❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✭❘▼❙❊✮ ❣✐✈❡♥ ❜②

❘▼❙❊(h) =





1

N + 1

N
∑

n=0

(

h♥✉♠❡r✐❝❛❧(tn)− h❡①❛❝t(tn)
)2





1/2

✭✹✷✮

✇❛s ❛tt❛✐♥❡❞ ❛s ❘▼❙❊(h) ∈ {0.0317, 0.0079, 0.002} ❢♦r M = N ∈ {5, 10, 20}✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤✐s ✐♥❞✐❝❛t❡s s❡❝♦♥❞✲♦r❞❡r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❋❉▼✳

✹✳ ◆✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠

❚♦ ❛❝❝✉r❛t❡❧② ❛♥❞ st❛❜❧② r❡❝♦♥str✉❝t t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t)

✽



❛❧♦♥❣ ✇✐t❤ t❤❡ t❡♠♣❡r❛t✉r❡ z(x, t) s❛t✐s❢②✐♥❣ ✭✶✺✮✕✭✶✽✮✱ ✇❡ ♠✐♥✐♠✐③❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❣✐✈❡♥

❜②

G(k) = ∥z(0, t)− h(t)∥2 + γ∥k(t)∥2, ✭✹✸✮

✇❤❡r❡ z s♦❧✈❡s t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✼✮ ❢♦r ❣✐✈❡♥ k(t)✱ γ ≥ 0 ✐s ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r

❛♥❞ t❤❡ ♥♦r♠ ✐s t❤❡ L2✲♥♦r♠✳ ❚❤❡ ❞✐s❝r❡t✐③❡❞ ❢♦r♠ ♦❢ ✭✹✸✮ ✐s

G(k) =
N
∑

n=1

[

z(0, tn)− h(tn)
]2

+ γ

N
∑

n=1

k2n. ✭✹✹✮

❚❤❡ s✉❜r♦✉t✐♥❡ ❧sq♥♦♥❧✐♥ ❢r♦♠ t❤❡ ▼❆❚▲❆❇ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧❜♦① ✐s ❡♠♣❧♦②❡❞ t♦ ♠✐♥✐♠✐③❡

t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✭✹✹✮ s✉❜❥❡❝t t♦ t❤❡ s✐♠♣❧❡ ❜♦✉♥❞s 0 ≤ k ≤ M✱ ✇❤❡r❡ M ✐s ❛ ❧❛r❣❡ ♥✉♠❜❡r✳

❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮ ✐s ❝♦♥❞✉❝t❡❞ ✉♥❞❡r ❜♦t❤ ♥♦✐s❡✲❢r❡❡ ❛♥❞

♣❡rt✉r❜❡❞ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥ts ❚❤❡ ♣❡rt✉r❜❡❞ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t ✐s ♥✉♠❡r✐❝❛❧❧②

s✐♠✉❧❛t❡❞ ❛s✿

hϵ(tn) = h(tn) + ϵn, n = 1, N, ✭✹✺✮

✇❤❡r❡ ϵn ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ ●❛✉ss✐❛♥ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ③❡r♦

♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

σ = p× max
t∈[0,t❢]

|h(t)|, ✭✹✻✮

✇❤❡r❡ p ❞❡♥♦t❡s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ϵ = (ϵn)n=1,N ❛r❡ ❣❡♥❡r✲

❛t❡❞ ✉s✐♥❣ t❤❡ ▼❆❚▲❆❇ ❢✉♥❝t✐♦♥ normrnd(0, σ,N)✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♣❡rt✉r❜❡❞ ❜♦✉♥❞❛r②

♠❡❛s✉r❡♠❡♥t ✭✹✺✮✱ h(tn) ✐♥ ✭✹✹✮ ✐s s✉❜st✐t✉t❡❞ ✇✐t❤ hϵ(tn)✳

✺✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❲❡ ❤❡r❡✐♥ ❝❛rr② ♦✉t ♥✉♠❡r✐❝❛❧ t❡sts t♦ ✈❡r✐❢② t❤❡ ✐♥✈❡rs✐♦♥ ❛❧❣♦r✐t❤♠✬s ❝♦♥✈❡r❣❡♥❝❡✱ st❛❜✐❧✐t②

❛♥❞ ❛❝❝✉r❛❝②✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✬ ❛❝❝✉r❛❝②✱ t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r

✭❘▼❙❊✮ ❣✐✈❡♥ ❜②

❘▼❙❊(k) =





t❢
N

N
∑

n=1

(

k♥✉♠❡r✐❝❛❧(tn)− k❡①❛❝t(tn)
)2





1/2

✭✹✼✮

✐s ✉s❡❞✳ ❲❡ s❡t t❢ = 1✱ ❢♦r s✐♠♣❧✐❝✐t②✳ ❚❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ ✉♥❦♥♦✇♥ ❜❧♦♦❞

♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t) ❛r❡ s❡t ❛s 0 ❛♥❞ 102✱ r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮ ✇✐t❤ ❛♥ ✉♥❦♥♦✇♥ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t

❛♥❞ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✸✽✮ ❛♥❞ ✭✸✾✮✳ ❆s ❢♦r t❤❡ ❡①tr❛ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t ✭✶✽✮✱ ✇❡ ❝♦♥s✐❞❡r

h(t) = z(0, t) = t2 + 1. ✭✹✽✮

■t ❝❛♥ ❜❡ r❡❛❞✐❧② ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✐♥♣✉t ❞❛t❛ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢

❚❤❡♦r❡♠ ✶✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❛ss✉r❡❞✳ ■t ❝❛♥ ❜❡ ✈❡r✐✜❡❞

t❤r♦✉❣❤ ❞✐r❡❝t s✉❜st✐t✉t✐♦♥ t❤❛t t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✭✹✶✮ ❢♦r z(x, t) ❛♥❞ ✭✹✵✮ ❢♦r

k(t)✳ ❲❡ t❛❦❡ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss✿

k0(tn) = k(0) = 0, n = 1, N. ✭✹✾✮

✾



❲❡ s❡t M = N = 40 ❛♥❞ ❜❡❣✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ✜♥❞✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥

❝♦❡✣❝✐❡♥t k(t) ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♥♦✐s❡ ✐♥ t❤❡ ❞❛t❛ h(t)✱ ✐✳❡✳ ✇✐t❤ p = 0 ✐♥ ✭✹✻✮✳ ❚❤❡ ❜❡❤❛✈✐♦✉r

♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ G ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ✇✐t❤♦✉t ❡♠♣❧♦②✐♥❣ r❡❣✉❧❛r✐③❛t✐♦♥✱

✐✳❡✳ ✇✐t❤ γ = 0✱ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❛✮✳ ◆♦t❛❜❧②✱ ✇❡ ♦❜s❡r✈❡ s✇✐❢t ❛♥❞ ♠♦♥♦t♦♥✐❝

❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s ❛♥ ❡①❝❡❡❞✐♥❣❧② s♠❛❧❧ ✈❛❧✉❡ ♦❢ O(10−27) ✐♥ ♦♥❧② 9 ✐t❡r❛t✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ ✐♥ ❋✐❣✉r❡ ✶✭❜✮✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t✐♥❣ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t

❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t) ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✹✵✮✳ ❚❤❡ ❛❝❤✐❡✈❡❞ ❘▼❙❊ ❢♦r t❤❡

❢✉♥❝t✐♦♥ k(t) ✐s r❡♠❛r❦❛❜❧② s♠❛❧❧✱ ✇✐t❤ ❛ ✈❛❧✉❡ ♦❢ O(10−3)✳ ❚❤✐s ❝❧❡❛r❧② ❞❡♠♦♥str❛t❡s t❤❛t

♦✉r ❛♣♣r♦❛❝❤ ❤❛s s✉❝❝❡ss❢✉❧❧② ②✐❡❧❞❡❞ ❛♥ ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t

❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t) ✇❤❡♥ t❤❡ ❞❛t❛ ✭✹✽✮ ✐s ❢r❡❡ ♦❢ ♥♦✐s❡✳
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❋✐❣✉r❡ ✶✿ ✭❛✮ ❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✭✹✹✮ ✇✐t❤ γ = 0 ❛♥❞ ✭❜✮ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①❛❝t ✭✹✵✮

❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r k(t)✱ ✇✐t❤♦✉t ❛♥② ♥♦✐s❡ ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥✳
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❋✐❣✉r❡ ✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①❛❝t ✭✹✵✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r k(t)✱ ❢♦r p = 0.01% ♥♦✐s❡

❛♥❞ ✭❛✮ γ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ γ = 10−5 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✳

✶✵



▲❡t ✉s ✐♥✈❡st✐❣❛t❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✇❤❡♥ ♥♦✐s❡ ✐s ❛❞❞❡❞ t♦ t❤❡

❜♦✉♥❞❛r② ❞❛t❛ ✭✹✽✮✳ ❲❡ ✐♥❝❧✉❞❡ p ∈ {0.01, 0.1}% ♥♦✐s❡ t♦ t❤❡ ❞❛t❛ ✭✹✽✮ ✉s✐♥❣ ✭✹✺✮ ❛♥❞

✭✹✻✮✳ ❋✐❣✉r❡s ✷ ❛♥❞ ✸ s❤♦✇❝❛s❡ t❤❡ ❞❡t❡r♠✐♥❡❞ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t k(t)✱ ✇✐t❤♦✉t ❛♥❞

✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✳ ◆♦t❛❜❧②✱ ❋✐❣✉r❡s ✷✭❛✮ ❛♥❞ ✸✭❛✮ r❡✈❡❛❧ t❤❛t t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦✉t❝♦♠❡s

❢♦r t❤❡ ❢✉♥❝t✐♦♥ k(t) ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥ ❡①❤✐❜✐t ♦s❝✐❧❧❛t✐♦♥s✱ r❡s✉❧t✐♥❣ ✐♥ ❘▼❙❊(k) ∈

{0.1026, 0.3513}✳ ❚❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s ✇❡r❡ ❛♥t✐❝✐♣❛t❡❞ ❞✉❡ t♦ t❤❡ ✐♥❤❡r❡♥t❧② ✐❧❧✲♣♦s❡❞ ♥❛t✉r❡

♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✺✮✕✭✶✽✮ ❛♥❞ ✐ts s❡♥s✐t✐✈✐t② t♦ ♠✐♥♦r ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t

✭✶✽✮✳ ❍❡♥❝❡✱ r❡❣✉❧❛r✐③❛t✐♦♥ ❜❡❝♦♠❡s ❡ss❡♥t✐❛❧ t♦ r❡st♦r❡ t❤❡ s♦❧✉t✐♦♥✬s st❛❜✐❧✐t②✳ ❆s ♣r❡✈✐♦✉s❧②

♠❡♥t✐♦♥❡❞✱ ✇❡ ✉t✐❧✐③❡ t❤❡ ❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥ ❛♥❞ ✜♥❡✲t✉♥❡ ✐ts ♣❛r❛♠❡t❡r t❤r♦✉❣❤ ❛♥

✐t❡r❛t✐✈❡ ♣r♦❝❡ss✳ ■♥✐t✐❛❧❧②✱ ❛ ❧♦✇ γ ✐s ❡♠♣❧♦②❡❞ ❛♥❞ ✐♥❝r❡♠❡♥t❛❧❧② ✐♥❝r❡❛s❡❞ ✉♥t✐❧ t❤❡ ❤✐❣❤

♦s❝✐❧❧❛t✐♦♥s ✈❛♥✐s❤✳ ❚❤r♦✉❣❤ t❤✐s ♣r♦❝❡ss✱ ✐t ✐s ❞❡t❡r♠✐♥❡❞ t❤❛t s❡tt✐♥❣ γ = 10−5 ❢♦r p =

0.01% ♥♦✐s❡ ❛♥❞ γ = 10−3 ❢♦r p = 0.1% ♥♦✐s❡ ❡♥s✉r❡s ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t② ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧

♦✉t❝♦♠❡s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ k(t)✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ❧❡❛❞s t♦ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ❘▼❙❊(k) =

0.0354 ❢♦r p = 0.01% ♥♦✐s❡ ❛♥❞ ❘▼❙❊(k) = 0.0876 ❢♦r p = 0.1% ♥♦✐s❡✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡s

✷✭❜✮ ❛♥❞ ✸✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✉r❡ ✹ ❞✐s♣❧❛②s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r z(x, t) ❛❧♦♥❣ ✇✐t❤

t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✹✶✮ ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ❡rr♦rs ❜❡t✇❡❡♥ t❤❡♠✳ ❋✉rt❤❡r ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥

r❡❣❛r❞✐♥❣ t❤❡ ❘▼❙❊ ✈❛❧✉❡s ✭✹✼✮✱ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✹✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞

t❤❡ ❡❧❛♣s❡❞ t✐♠❡✱ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ♦✉t❝♦♠❡s

♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❡①❛♠♣❧❡ ❞❡♠♦♥str❛t❡ t❤❛t ❛s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡ p ❞✐♠✐♥✐s❤❡s ❢r♦♠

0.1% t♦ 0.01% ❛♥❞ t❤❡♥ t♦ ③❡r♦✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣❛✐r

{z(x, t), k(t)} ✐s ❛tt❛✐♥❡❞ ♣r♦✈✐❞❡❞ t❤❛t r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ❛♣♣❧✐❡❞✳
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❋✐❣✉r❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡①❛❝t ✭✹✵✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r k(t)✱ ❢♦r p = 0.1% ♥♦✐s❡

❛♥❞ ✭❛✮ γ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ γ = 10−3 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✳

✻✳ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡

t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❢r♦♠ ❡①tr❛ ❜♦✉♥❞❛r② t❡♠♣❡r❛✲

t✉r❡ ♠❡❛s✉r❡♠❡♥t ✐s ❡①♣❧♦r❡❞✳ ❚❤❡ ✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ t❤✐s ✐♥✈❡rs❡ ❝♦❡✣❝✐❡♥t ♣r♦❜❧❡♠ ✐s

❡st❛❜❧✐s❤❡❞✳ ❚♦ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ ❝♦♠♣✉t❛t✐♦♥❛❧❧②✱ ✐t ✐s r❡❝❛st ❛s ❛ ♥♦♥❧✐♥❡❛r ❧❡❛st✲sq✉❛r❡s

✶✶



✭❛✮

✭❜✮

✭❝✮

❋✐❣✉r❡ ✹✿ ❚❤❡ ❡①❛❝t ✭✹✶✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r z(x, t)✱ ❢♦r ✭❛✮ p = 0 ❛♥❞ γ = 0 ✭✐✳❡✳

✇✐t❤♦✉t ❛♥② ♥♦✐s❡ ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ✭❜✮ p = 0.01% ♥♦✐s❡ ❛♥❞ γ = 10−5✱ ❛♥❞ ✭❝✮ p = 0.1%

♥♦✐s❡ ❛♥❞ γ = 10−3✳ ❚❤❡ ❛❜s♦❧✉t❡ ❡rr♦rs ❛r❡ ❛❧s♦ ✐♥❝❧✉❞❡❞✳

✶✷



❚❛❜❧❡ ✶✿ ❚❤❡ ❘▼❙❊ ✈❛❧✉❡s ✭✹✼✮✱ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✹✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞

t❤❡ ❡❧❛♣s❡❞ t✐♠❡✱ ❢♦r p ∈ {0, 0.01%, 0.1%} ♥♦✐s❡✱ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✳

p γ ❘▼❙❊(k) ▼✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✹✮ ■t❡r ❚✐♠❡

✵ ✵ 1.4× 10−3 3.3× 10−27 ✾ ✷ s

✵✳✵✶✪ ✵ ✵✳✶✵✷✻ 1.05× 10−8 ✷✺ ✸ s

10−7 ✵✳✵✽✸✺ 1.43× 10−6 ✺✷ ✻ s

10−6 ✵✳✵✹✹✹ 1.40× 10−5 ✹✵ ✺ s

10−5 ✵✳✵✸✺✹ 1.39× 10−4 ✹✹ ✹ s

10−4 ✵✳✵✺✵✺ 1.37× 10−3 ✸✾ ✹ s

✵✳✶✪ ✵ ✵✳✸✺✶✸ 1.65× 10−5 ✺✹ ✽ s

10−5 ✵✳✶✹✻✵ 1.70× 10−4 ✺✵ ✾ s

10−4 ✵✳✵✾✵✵ 1.44× 10−3 ✹✹ ✺ s

10−3 ✵✳✵✽✼✻ 1.34× 10−2 ✹✹ ✺ s

10−2 ✵✳✶✻✶✵ 1.15× 10−1 ✹✺ ✺ s

♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ s✐♠♣❧❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥t✱ ❛♥❞ st❛❜✐❧✐t② ✐s

❡♥s✉r❡❞ t❤r♦✉❣❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥✳ ❚❤❡ ❈r❛♥❦✕◆✐❝♦❧s♦♥ ✜♥✐t❡✲

❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✐s ✉t✐❧✐③❡❞ t♦ s♦❧✈❡ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠✱ ✇❤✐❧❡ t❤❡ ✐t❡r❛t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡

♥♦♥❧✐♥❡❛r ❧❡❛st✲sq✉❛r❡s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❝♦♥❞✉❝t❡❞ ❜② t❤❡ ❧sq♥♦♥❧✐♥ r♦✉t✐♥❡ ❢r♦♠ t❤❡

▼❆❚▲❆❇ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧❜♦①✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ❛ ❜❡♥❝❤♠❛r❦ t❡st ❡①❛♠♣❧❡ ❛r❡ ♣r❡✲

s❡♥t❡❞ ❛♥❞ t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞✱ ♣r♦✈✐❞✐♥❣ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❡✛❡❝t✐✈❡♥❡ss

♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣②✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝ ❛♥❞ ❏✳ ◆✐❡s❡♥ ✭✷✵✷✵✮ ✧❘❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ♣r♦♣❡rt✐❡s

✐♥ ❛ ✇❛✈❡✲t②♣❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r✧✱ ■♥t✳ ❏✳ ◆✉♠❡r✳ ▼❡t❤✳ ❍❡❛t & ❋❧✉✐❞ ❋❧♦✇✱

❱♦❧✳ ✸✵✱ ♣♣✳ ✺✶✹✸✲✺✶✻✼✳

❬✷❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝ ❛♥❞ ❏✳ ◆✐❡s❡♥ ✭✷✵✷✶✮ ✧❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠♦✲♣❤②s✐❝❛❧

♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐✲❧❛②❡r❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✧✱ ❆♣♣❧✳ ▼❛t❤✳ ▼♦❞❡❧✳✱ ❱♦❧✳ ✾✾✱ ♣♣✳ ✷✷✽✲✷✹✷✳

❬✸❪ ▼✳ ❆❧♦s❛✐♠✐ ❛♥❞ ❉✳ ▲❡s♥✐❝ ✭✷✵✷✸✮ ✧❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉✲

s✐♦♥ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r✧✱ ❊♥❣✳ ❈♦♠♣✉t✳✱ ❱♦❧✳ ✹✵✱

♣♣✳ ✹✶✶✲✹✸✸✳

❬✹❪ ❍✳ ❆r❦✐♥✱ ▲✳❳✳ ❳✉ ❛♥❞ ❑✳❘✳ ❍♦❧♠❡s ✭✶✾✾✹✮ ✧❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ ♠♦❞❡❧❧✐♥❣ ❤❡❛t

tr❛♥s❢❡r ✐♥ ❜❧♦♦❞ ♣❡r❢✉s❡❞ t✐ss✉❡s✧✱ ■❊❊❊ ❚r❛♥s✳ ❇✐♦♠❡❞✳ ❊♥❣✳✱ ❱♦❧✳ ✹✶✱ ♣♣✳ ✾✼✲✶✵✼✳

❬✺❪ ❏✳❘✳ ❈❛♥♥♦♥ ✭✶✾✻✸✮ ✧❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ s✉❜❥❡❝t t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢

❡♥❡r❣②✧✱ ◗✉❛rt✳ ❆♣♣❧✳ ▼❛t❤✳✱ ❱♦❧✳ ✷✶✱ ♣♣✳ ✶✺✺✲✶✻✵✳

✶✸



❬✻❪ ❏✳❘✳ ❈❛♥♥♦♥ ❛♥❞ ❏✳ ✈❛♥ ❞❡r ❍♦❡❦ ✭✶✾✽✻✮ ✧❉✐✛✉s✐♦♥ s✉❜❥❡❝t t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♠❛ss✧✱

❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ❱♦❧✳ ✶✶✺✱ ♣♣✳ ✺✶✼✲✺✷✾✳

❬✼❪ ❈✳■✳ ❈❤r✐st♦✈ ❛♥❞ P✳▼✳ ❏♦r❞❛♥ ✭✷✵✵✺✮ ✧❍❡❛t ❝♦♥❞✉❝t✐♦♥ ♣❛r❛❞♦① ✐♥✈♦❧✈✐♥❣ s❡❝♦♥❞✲s♦✉♥❞

♣r♦♣❛❣❛t✐♦♥ ✐♥ ♠♦✈✐♥❣ ♠❡❞✐❛✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ❱♦❧✳ ✾✹✱ ❆rt✳ ✶✺✹✸✵✶✱ ✭✹ ♣❛❣❡s✮✳

❬✽❪ ❲✳ ❉❛✐ ❛♥❞ ❘✳ ◆❛ss❛r ✭✶✾✾✾✮ ✧❆ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ❢♦r s♦❧✈✐♥❣ t❤❡ ❤❡❛t tr❛♥s♣♦rt

❡q✉❛t✐♦♥ ❛t t❤❡ ♠✐❝r♦s❝❛❧❡✧✱ ◆✉♠❡r✳ ▼❡t❤✳ P❛rt✐❛❧ ❉✐✛✳ ❊q♥s✳✱ ❱♦❧✳ ✶✺✱ ♣♣✳ ✻✾✼✲✼✵✽✳

❬✾❪ ❲✳ ❉❛✐✱ ❍✳ ❲❛♥❣✱ P✳▼✳ ❏♦r❞❛♥✱ ❘✳❊✳ ▼✐❝❦❡♥s✱ ❛♥❞ ❆✳ ❇❡❥❛♥ ✭✷✵✵✽✮ ✧❆ ♠❛t❤❡♠❛t✐❝❛❧

♠♦❞❡❧ ❢♦r s❦✐♥ ❜✉r♥ ✐♥❥✉r② ✐♥❞✉❝❡❞ ❜② r❛❞✐❛t✐♦♥ ❤❡❛t✐♥❣✧✱ ■♥t✳ ❏✳ ❍❡❛t ▼❛ss ❚r❛♥s❢❡r✱

❱♦❧✳ ✺✶✱ ♣♣✳ ✺✹✾✼✲✺✺✶✵✳

❬✶✵❪ ❨✳✲▲✳ ❋❛♥❣✱ ❉✳ ▲❡s♥✐❝ ❛♥❞ ▼✳ ❆❧♦s❛✐♠✐ ✭✷✵✷✸✮ ✧■♥✈❡rs❡ ♣r♦❜❧❡♠s ♦❢ ❞❛♠♣❡❞ ✇❛✈❡ ❡q✉❛✲

t✐♦♥s ✇✐t❤ ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥✧✱ ■♥✈❡rs❡

Pr♦❜❧❡♠s✱ ❱♦❧✳ ✸✾✱ ❆rt✳ ✵✻✺✵✵✽✱ ✭✸✷ ♣❛❣❡s✮✳

❬✶✶❪ ❆✳ ❍❛s❛♥♦✈ ❍❛s❛♥♦❣❧✉ ❛♥❞ ❱✳●✳ ❘♦♠❛♥♦✈ ✭✷✵✷✶✮ ✧■♥tr♦❞✉❝t✐♦♥ t♦ ■♥✈❡rs❡ Pr♦❜❧❡♠s

❢♦r ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✧✱ ✷♥❞ ❡❞♥✳✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✳

❬✶✷❪ ❱✳ ■s❛❦♦✈ ✭✷✵✶✼✮ ✧■♥✈❡rs❡ Pr♦❜❧❡♠s ❢♦r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✧✱ ✸r❞ ❡❞♥✳✱

❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✳

❬✶✸❪ ❆✳ ❏❛❧❛❧✐✱ ▼✳❇✳ ❆②❛♥✐✱ ❛♥❞ ▼✳ ❇❛❣❤❜❛♥ ✭✷✵✶✹✮ ✧❙✐♠✉❧t❛♥❡♦✉s ❡st✐♠❛t✐♦♥ ♦❢ ❝♦♥tr♦❧❧❛❜❧❡

♣❛r❛♠❡t❡rs ✐♥ ❛ ❧✐✈✐♥❣ t✐ss✉❡ ❞✉r✐♥❣ t❤❡r♠❛❧ t❤❡r❛♣②✧✱ ❏✳ ❚❤❡r♠❛❧ ❇✐♦❧♦❣②✱ ❱♦❧✳ ✹✺✱ ♣♣✳

✸✼✲✹✷✳

❬✶✹❪ ❊✳ ❑❡♥❣♥❡ ❛♥❞ ❆✳ ▲❛❦❤ss❛ss✐ ✭✷✵✶✺✮ ✧❇✐♦❤❡❛t tr❛♥s❢❡r ♣r♦❜❧❡♠ ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

s♣❤❡r✐❝❛❧ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✧✱ ▼❛t❤✳ ❇✐♦s❝✐❡♥❝❡s✱ ❱♦❧✳ ✷✻✾✱ ♣♣✳ ✶✲✾✳

❬✶✺❪ ❉✳ ▲❡s♥✐❝ ✭✷✵✷✶✮ ✧■♥✈❡rs❡ Pr♦❜❧❡♠s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✧✱

❈❘❈ Pr❡ss✱ ❚❛②❧♦r & ❋r❛♥❝✐s ●r♦✉♣✱ ❆❜✐♥❣❞♦♥✱ ❯❑✳

❬✶✻❪ ❑✳ ▼✐tr❛✱ ❙✳ ❑✉♠❛r✱ ❆✳ ❱❡❞❡✈❛r③✱ ❛♥❞ ▼✳❑✳ ▼♦❛❧❧❡♠✐ ✭✶✾✾✺✮ ✧❊①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ♦❢

❤②♣❡r❜♦❧✐❝ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ✐♥ ♣r♦❝❡ss❡❞ ♠❡❛t✧✱ ❏✳ ❍❡❛t ❚r❛♥s❢❡r✱ ❱♦❧✳ ✶✶✼✱ ♣♣✳ ✺✻✽✲✺✼✸✳

❬✶✼❪ ❍✳❍✳ P❡♥♥❡s ✭✶✾✹✽✮ ✧❆♥❛❧②s✐s ♦❢ t✐ss✉❡ ❛♥❞ ❛rt❡r✐❛❧ ❜❧♦♦❞ t❡♠♣❡r❛t✉r❡s ✐♥ t❤❡ r❡st✐♥❣

❤✉♠❛♥ ❢♦r❡❛r♠✧✱ ❏✳ ❆♣♣❧✳ P❤②s✐♦❧♦❣②✱ ❱♦❧✳ ✶✱ ♣♣✳ ✾✸✲✶✷✷✳

❬✶✽❪ ❆✳■✳ Pr✐❧❡♣❦♦✱ ❉✳●✳ ❖r❧♦✈s❦② ❛♥❞ ■✳❆✳ ❱❛s✐♥ ✭✷✵✵✵✮ ✧▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ■♥✈❡rs❡ Pr♦❜✲

❧❡♠s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✧✱ ❈❘❈ Pr❡ss✱ ❇♦❝❛ ❘❛t♦♥✱ ❋❧♦r✐❞❛✳

❬✶✾❪ ▼✳ ❘❛❣❛❜✱ ❆✳❊✳ ❆❜♦✉❡❧r❡❣❛❧✱ ❍✳❋✳ ❆❧❙❤❛✐❜✐ ❛♥❞ ❘✳❆✳ ▼❛♥s♦✉r✐ ✭✷✵✷✶✮ ✧❍❡❛t tr❛♥s❢❡r ✐♥

❜✐♦❧♦❣✐❝❛❧ s♣❤❡r✐❝❛❧ t✐ss✉❡s ❞✉r✐♥❣ ❤②♣❡rt❤❡r♠✐❛ ♦❢ ♠❛❣♥❡t♦♠❛✧✱ ❇✐♦❧♦❣②✱ ❱♦❧✳ ✶✵✱ ❆rt✳

✶✷✺✾✱ ✭✶✻ ♣❛❣❡s✮✳

✶✹



❬✷✵❪ ❩✳P✳ ❘❡♥✱ ❏✳ ▲✐✉✱ ❈✳❈✳ ❲❛♥❣✱ ❛♥❞ P✳❳✳ ❏✐❛♥❣ ✭✶✾✾✺✮ ✧❇♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❇❊▼✮
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