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quanta. In relation to the vacuum state, we argue that non-Bunch-Davies quanta can easily

overwhelm the energy density driving the dark energy phase, potentially compromising the

model. Therefore, avoiding backreaction effects sets restrictive constraints on deviations away

from the Bunch-Davies vacuum during this phase, limiting the overall freedom to consider

alternative vacua in the cyclic Universe.
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1 Introduction

The most compelling observational evidence supporting cosmological inĆation [1Ű4] as the

leading theory of the early Universe is currently provided by the Planck satellite measurement

of the spectral index of scalar perturbations, ns = 0.9649 ± 0.0042 [5]. In the simplest single-

Ąeld slow-roll inĆationary models, the spectrum of scalar modes is expected to be almost

but not exactly Ćat [6Ű9], with deviations from Ćatness are quantiĄed in terms of how much

ns deviates from 1 [10Ű13]. As a result, the Planck data seem to be in excellent agreement

with the theoretical predictions of inĆationary models [5, 14], ruling out a Harrison-Zeldovich

scale-invariant spectrum [15Ű17] (corresponding to ns = 1) at a statistical level exceeding 8.5

standard deviations and lending weight to the inĆationary paradigm.

That being said, with no aim to downplay the signiĄcance of this result or its interpre-

tation, it is crucial to emphasise that, on its own, it does not provide conclusive evidence

for cosmological inĆation. Even hinging on a certain level of optimism and setting aside the

uncertainty surrounding constraints on ns from CMB experiments other than Planck1 Ů or

the potential implications arising from the well-known tensions [27Ű31] characterising the

1Over the years, constraints on the spectral index have been released by a multitude of Planck-independent

CMB experiments such as WMAP [18, 19], the Atacama Cosmology Telescope (ACT) [20, 21], and the

South Pole Telescope (SPT) [22, 23]. When considering these data at face value, Planck is currently the only

experiment excluding ns = 1 at a statistical signiĄcance much larger than 3σ. Conversely, ACT shows a

preference for ns = 1 [21, 24]. Different combinations of these data overall support the result ns ≠ 1, although

sometimes they lead to discordant results in terms of the other inĆationary parameters or the preferred

inĆationary models [25, 26].

Ű 1 Ű
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recent debate2 Ů alternative theoretical mechanisms have been put forth, yielding an almost

scale-invariant spectrum of primordial density Ćuctuations without invoking inĆation.

An illustrative example of such mechanisms is the cyclic Universe [43Ű49] that, in contrast

to the conventional cosmological framework, suggests a periodic history for the Cosmos. The

model has been extensively studied and discussed in relation to a broad range of topics,

including quantum gravity, modiĄed gravity, gravitational waves and dark energy, see e.g.,

refs. [50Ű84] or refs. [85, 86] for reviews. In broad terms, each cycle comprises a phase

recasting the standard Hot Big Bang theory (during which large-scale structures take shape),

followed by a phase of slow, accelerated expansion mirroring the present-day observational

evidence for a Dark Energy dominated dynamics. In the cyclic Universe, this latter stage also

serves to dilute inhomogeneities and Ćatten the spatial geometry. Subsequently, a contraction

phase ensues, generating nearly scale-invariant density perturbations. Finally, the cycle

concludes with a big-crunch/big-bang transition, during which matter and radiation are

generated, setting the stage for the next cycle.

Notice that both inĆation and the cyclic Universe provide physical mechanisms to

produce an almost scale-invariant spectrum of density perturbations [87Ű89]. In addition,

they can both explain observational facts such as the homogeneity in the cosmic microwave

background (CMB) radiation [90] and the fact that the present-day spatial geometry of

the Universe appears to be Ćat, or at the very least nearly Ćat.3 Therefore, at Ąrst glance,

one might wonder how to distinguish between the two models. Focusing solely on scalar

modes, this is a challenging knot to unravel [112, 113]. However, the two scenarios yield

signiĄcantly distinct predictions for the stochastic background of gravitational waves [50].

Similar to scalar modes, inĆation predicts a nearly scale-invariant (red-tilted) spectrum

of tensor modes [12, 13, 114]. Conversely, in the cyclic Universe, the tensor spectrum is

typically blue-tilted, and its amplitude is many orders of magnitude lower than that predicted

by inĆation, remaining well below any observable threshold achievable in the near future.

Consequently, any measurement of primordial gravitational waves (e.g., through the effects

left in the CMB B-mode polarisation at large angular scales) would offer conclusive evidence

for inĆation, discounting the cyclic model.

Despite this fact being acknowledged as a strength for inĆation and perhaps a limitation

in predictive capacity for the cyclic model, it is worth emphasising a few caveats surrounding

this conclusion. Firstly, despite the best efforts, the detection of primordial tensor modes

remains elusive at present [115], making it impossible to discriminate between the two sce-

narios. Therefore, the cyclic Universe remains an alternative worth considering. Secondly,

the inĆationary predictions concerning the amplitude and tilt of the tensor spectrum depend

signiĄcantly on the speciĄc model. While well-known consistency relations among inĆationary

parameters can be derived within single-Ąeld slow-roll inĆation minimally coupled to grav-

ity [12, 13], these relations can be violated by various physical mechanisms. A long yet not

exhaustive list of possibilities include considering modiĄed gravity [116Ű119], multi-Ąeld inĆa-

tion [120Ű124], additional (spectator) rolling axion Ąelds [125Ű128], couplings to axion-gauge

or spin-2 Ąelds [129, 130], breaking spatial and/or temporal diffeomorphism invariance [131Ű

2For studies suggesting potential implications of cosmological tensions for inĆation, see, e.g., refs. [32Ű42].
3For recent discussions surrounding the spatial geometry of the Universe, see, e.g., [91Ű111].

Ű 2 Ű
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134], higher curvature corrections to the effective gravitational action [135, 136], higher order

operators in effective Ąeld theory [137, 138], violations of the null energy condition [139, 140],

alternative vacuum state/initial conditions [141Ű143], sound speed resonances [144], inĆation

in an Universe Ąlled with an elastic medium [145], and possible effects/models inspired

by quantum gravity [146Ű149]. Many of these more elaborated scenarios yield completely

different predictions, often resulting in a blue-tilted spectrum and possibly leaving signatures

in different cosmological and astrophysical observables [150Ű159]. Furthermore, models with

an arbitrarily small tensor amplitude can always be constructed (see, e.g., ref. [160]), making

it virtually impossible to rule out inĆation based solely on a lack of detection of primordial

gravitational waves. This is a critique frequently raised against inĆationary cosmology as

it questions its actual predictive capability.

As concerns the cyclic Universe, since any difference with respect to inĆation in terms of

predictions is likely to be conĄned to the spectrum of tensor modes, it becomes interesting to

test whether similar caveats apply or if the model demonstrates greater resilience.

In light of this, we review the production of primordial gravitational waves in a cyclic

Universe, identifying (and eventually clarifying) some conceptual aspects related to its concrete

predictivity. SpeciĄcally, prevailing calculations in the existing literature conventionally

establish initial conditions for primordial scalar and tensor modes during the ekpyrotic

contracting phase [50]. While for scalar perturbations the implications of setting the initial

conditions in different phases have been examined [161], the calculation of the tensor spectrum

has always been performed starting in the ekpyrotic phase, assuming a Bunch-Davies (BD)

vacuum state and neglecting any potential contributions arising from tensor modes originating

during the dark energy phase of the previous cycle. This leads us to question whether they exert

any inĆuence on the spectrum observed in the current cycle. Taking a broader perspective,

one may wonder whether the predictions concerning tensor modes remain resilient throughout

the diverse cycles of the model itself. Yet another aspect that is imperative to clarify is to

what extent the predictions depend on the choice of the vacuum state, addressing the crucial

question of what freedom exists in the cyclic Universe regarding the choice of the vacuum state

and whether substantial alterations can arise in the tensor spectrum by assuming different

vacua, akin to what is found in inĆationary cosmology.

To address these points, we present a general model for the evolution of gravitational

waves produced in a cyclic Universe, making no assumptions about the initial vacuum state

and starting the calculation from the dark energy phase of the previous cycle. We Ąnd that

the additional tensor models originated in the previous cycle have minimal impact on the

tensor spectrum observed in the current cycle, except for corrections on scales as large as the

comoving Hubble radius today that are due to sub-horizon modes produced towards the end

of the previous dark energy phase. Most importantly, we Ąnd that non-BD quanta in the

dark energy phase can easily overwhelm the energy density associated with the modulus Ąeld,

potentially spoiling the model. Avoiding these backreaction effects sets restrictive constraints

on deviations away from the BD vacuum during the dark energy phase, thereby limiting the

overall freedom to consider alternative vacua in the cyclic Universe.

The paper is organised as follows. In section 2, we introduce the cyclic Universe model

and review its background dynamics. In section 3, we consider the evolution of gravitational

Ű 3 Ű
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waves in such a Universe, starting from the previous cycleŠs dark energy phase and deriving the

evolution in full generality. In section 4, we discuss the implications for the modelŠs predictions,

deriving constraints on the choice of the vacuum state and analysing the contribution coming

from tensor modes originated in the previous cycle. Finally, in section 5, we derive our

main conclusions.

2 Cyclic model and background dynamics

We consider a simple scalar Ąeld setup in which the dynamics of the cyclic model in the

Einstein frame are well described by the 4D effective Lagrangian [161]

L =
√−g

(

M2
Pl

2
R − 1

2
∂µϕ∂µϕ − V (ϕ)

)

, (2.1)

where g is the determinant of the metric gµν , R is the Ricci scalar and we adopt units where

c = 1. The scalar Ąeld ϕ is a modulus Ąeld, driving the dark energy dominated phase and

the subsequent ekpyrotic and contracting kinetic phases, which we discuss below. Assuming

a spatially Ćat FRLW background, the scalar Ąeld satisĄes the usual equation of motion

ϕ̈ + 3Hϕ̇ + V,φ = 0, (2.2)

where dots denote derivatives with respect to cosmological time t. On the other hand,

ignoring any coupling between the scalar Ąeld and the other standard model species and

neglecting any additional contributions from the latter to the total Universe energy density,

the evolution of the scale factor is governed by the Friedmann equation that, in terms of

the Hubble parameter H = ȧ/a, reads

H2 =
1

3M2
Pl



1

2
ϕ̇2 + V (ϕ)



. (2.3)

In what follows, to efficiently describe the dynamics of the cyclic Universe we focus on a

phenomenological potential of the form

V = V0

(

1 − e−cφ/MPl



Y (ϕ), (2.4)

where V0 is of the same order of the vacuum energy observed in todayŠs Universe, c is a

positive constant value and Y (ϕ) is a step function. Notice that our choice concerning the

speciĄc potential employed in the work is, in part, motivated by the fact that the exponential

form is convenient for analysis, and in part from the fact that the same potential has been

widely adopted in similar studies, allowing a direct comparison between our Ąndings and other

results documented in the existing literature. However, it is important to emphasise that

cyclic models can emerge from a broad spectrum of different potentials that should ultimately

emerge from the higher-dimensional theory. Without loss of generality, the only constraint

comes from requiring an acceptable spectrum of scalar perturbations that implies considering

a steep, strongly negatively curved region across observational ranges of the Ąeld to reproduce.

Having that said, the potential (2.4) serves multiple purposes, including describing dark

energy responsible for cosmic acceleration observed today. More importantly, it plays a

Ű 4 Ű
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crucial role in transitioning the Universe from accelerated expansion to contraction. This is

achieved by rolling from positive to negative values of the potential until reaching a time

where H2 = 0 and consequently triggering a phase characterised by an equation of state

ω ≫ 1. For instance, by solving eq. (2.3) it can be shown that when the negative potential

dominates V ≃ −V0e−cφ (i.e. ekpyrotic phase), the scale factor behaves as [161]

a(t) ∼ (−t)α̃, (2.5)

where t has negative values and α̃ = 2/c2. At this point it is also convenient to introduce the

conformal time dτ = dt/a(t), which we will frequently use later. In terms of the conformal

time, the scale factor during the ekpyrotic phase evolves as:

a(τ) ∼


(−1)α̃(τ − α̃τ)α̃/(1−α̃)
τf

τi

, (2.6)

underscoring that the Universe is gradually contracting while the scalar Ąeld slowly de-

scends along its sharply decreasing negative potential, to produce an acceptable spectrum

of cosmological scalar perturbations.

In the literature, the ekpyrotic phase is typically assumed as the starting point of the

cycle where initial conditions of primordial perturbations are imposed, and the calculations

of the relative scalar and tensor spectra begin. However, in this study, we want to extend

the model to include the contribution of tensor perturbations produced during the dark

energy phase of the previous cycle to investigate whether they could have any impact on the

spectrum we observe in the current cycle and eventually clarify why (not). To do so, the

overall strategy will be to start the calculation in the dark energy phase of the previous cycle

(making no assumptions on the vacuum state) and evolve the system through four regimes.

For this reason, before dealing with the explicit calculation of the tensor spectrum, given that

in our case we consider one more phase than in previous studies, it is useful to dedicate the

following two subsections to reviewing the background dynamics of the model. In the same

spirit of the discussion outlined so far, we start from the dark energy phase of the previous

cycle and evolve the scale factor, ensuring its continuity across the boundaries of each phase.

Additionally, we derive constraints on the modelŠs parameters based on minimum theoretical

requirements, such as the continuity of H(t) and the consistency of the theory across cycles.

2.1 Evolution and continuity of the scale factor across stages

2.1.1 Dark Energy phase

We start from the dark energy phase, in which the expansion rate H is roughly constant

and the scale factor a(t) behaves as

a(t) = a(ttr)e
H(t−ttr) t < ttr, (2.7)

with ttr transition time between dark energy and ekpyrotic phase. The equation above can

be translated in terms of conformal time as

a(τ) =
1

H(B − τ)
, (2.8)

Ű 5 Ű
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where, for the continuity across τ = τtr, B is Ąxed to4

B =
1

a(τtr)H
+ τtr. (2.9)

Additionally, by means of eq. (2.6), we can infer

a(τtr)

a(τend)
=



τtr − τek

τend − τek

α

, (2.10)

where α ≡ α̃/(1 − α̃) and τek ≡ (1 − 2α)τend is the conformal time corresponding to when

the potential diverges to minus inĄnity.

2.1.2 Ekpyrotic phase

As a next step, we transition to the ekpyrotic phase. In this phase the potential becomes

negative and the Einstein frame expansion forces the scale factor to contract

a(τ)

a(τend)
=



τ − τek

τend − τek

α

τtr < τ < τend. (2.11)

We note again that, being α ≪ 1, the contraction is very slow.

2.1.3 Contracting kinetic phase

Once τ > τend we enter the region where the effects of the potential are negligible, namely

ϕ < ϕend. During this period Ů known as contracting kinetic phase Ů we have:

a(τ)

a(τr)
=

 −τ

(1 + χ)τr


1
2

τend < τ < 0, (2.12)

where χ is a small positive constant that measures the amount of radiation created at the

bounce (τ = 0).

2.1.4 Expanding kinetic phase

Finally, for the last phase of the cycle, the so-called expanding kinetic phase, we get

a(τ) =



τ

τr


1
2

, 0 < τ < τr, (2.13)

Notice that, for convenience, we work in a coordinate frame where the scale factor is set to

a(τr) = 1 for the time tr corresponding to the beginning of the radiation-dominated era. The

corresponding conformal time τr = (2Hr)
−1 is constrained by the radiation temperature Tr,

being Hr ∝ T 2
r /MPl. Following ref. [46], we choose a quite conservative value Tr ∼ 107 GeV,

akin to that obtained in the more familiar standard cosmology at the end of the reheating

phase following inĆation. This choice also ensures that we can safely recover predictions

of primordial Big Bang Nucleosynthesis (BBN).

4The value of B is achieved by considering H0, a(τr) and τr given in the next sections.

Ű 6 Ű
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2.2 Parameter constraints

2.2.1 Continuity of the Hubble parameter

In order to constrain the length of the ekpyrotic contracting phase, we require that the Hubble

parameter returns to its original value after every cycle. Following ref. [161], this implies that

Hend/H0 ≈
√

−Vend

V0
(2.14)

where Vend is the depth of the potential well and V0 is the height of the potential plateau.

The spectral range of perturbations produced when the Ąeld rolls from V ≈ 0 to V ≈
−Vend, satisĄes

kmax

kmin
≈
√

−Vend

V0
, (2.15)

and it needs to span at least N = 60 e-folds for the ekpyrotic phase to produce a scale-invariant

spectrum over a broad enough range of scales for us to observe today [5, 14]. Hence, the

transition time between dark energy and ekpyrotic phase is constrained to

Htr

Hend
= 2 α τend

aend atr

(τtr − τek)
< e−60. (2.16)

Moreover, as a(τ) ≈ const during the ekpyrotic contracting phase [161], from eq. (2.16)

it follows that

♣τtr − τek♣ > 2 α τend a2
end e60. (2.17)

2.2.2 Cycling constraint

To place constraints on the duration of the kinetic evolution phases, we require that they

must last enough time for the scalar Ąeld to have started at the potential minimum (i.e.

ϕ = ϕend), moved off to the Bounce (i.e. ϕ → −∞), and returned all the way back past ϕend

and made it up to the potential plateau to begin a radiation-dominated Universe.

Barring some brief ω ≫ 1 period (which divides the expanding kinetic phase into two

parts) as the Ąeld moves back up past ϕend to the potential plateau, from eq. (2.2) and

eq. (2.4) we Ąnd

ϕ − ϕend = c1 ln



t

tend



, (2.18)

where the factor c2
1 = 2/3 comes from eq. (2.3) during kinetic domination, tend is the time

taken to reach ϕend starting at ϕ → −∞.

Notice that in the region where ω ≫ 1, contributions from Y (ϕ) becomes relevant and

V ≈ V0

(

1 − e−cφ


. Therefore, in this case, the time tr required to climb the potential well

and reach the plateau at V ≈ V0 can be bounded to

tr

tend
>



Vend

V0



√

3
2c2

. (2.19)

Ű 7 Ű
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Since the time taken for the Ąeld to cross the negative region of the potential before radiation

domination begins is given by

tr

tend
≈

√
Vend

Hr
, (2.20)

from eq. (2.19) we can infer an upper limit on the Hubble parameter at tr which reads

Hr ≲

√
Vend

MPl



V0

Vend


3

2c2

. (2.21)

This upper limit constrains the ratio between τr and τend to

Γ =

∣

∣

∣

∣

τr

τend

∣

∣

∣

∣

≳



Vend

V0



√

2
3c2

≃ 108, (2.22)

where we used that the vacuum energy density ρΛ = V0 ∼ 10−120M4
Pl and Vend ∼ 10−20M4

Pl.

Following ref. [50], throughout this paper, we always consider the dimensionless parameter

Γ ∼ 108.

In conclusion, the Ąnal constraints we derive for the cyclic model at the background level (and

that are important to bear in mind for the following discussion on tensor perturbations) are:
∣

∣

∣

∣

τr

τend

∣

∣

∣

∣

≳ 108, (τtr − τek) ≳ 109, τr =
1

2Hr
. (2.23)

3 General primordial tensor spectrum

Considering a spatially Ćat FLRW metric, in the synchronous gauge the perturbed line

element reads:

ds2 = a2(τ)
[

dτ2 − (δij + hij) dxidxj
]

. (3.1)

Tensor modes (i.e., metric perturbations) are described in terms of the transverse and traceless

part of the symmetric 3 × 3 matrix hij . To characterise the contribution of each wavenumber

k to hij(t, x), we consider a Fourier representation h̃ij(t, k). Moving to the Fourier space,

focusing on one particular polarisation state, and assuming isotropy, the gravitational wave

Ąeld hk satisĄes the following equation:

h′′
k + 2

a′

a
h′

k + k2hk = 0, (3.2)

where (. . .)′ denotes the derivative with respect to conformal time τ . However, it is more

convenient to use a new variable fk(τ) ≡ a(τ)hk(τ) satisfying

f ′′
k +



k2 +
a′′

a



fk = 0. (3.3)

After redeĄning fk = i
√

τ uk, eq. (3.3) assumes the more familiar form of a Bessel equation

and, for each phase of the cyclic model, the general solution involves a linear combination of

the Hankel functions of the Ąrst and second kind, that we denote as H(1,2).

Ű 8 Ű
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In this section, we present a generalised calculation for the primordial tensor spectrum

in the cyclic Universe. In section 3.1, we derive the general solution of eq. (3.3) making no

assumptions about the vacuum state of the theory and considering the contribution of tensor

modes produced in the dark energy phase of the previous cycle rather than starting directly

from the ekpyrotic phase of the present cycle. In section 3.2, we require internal consistency

in the evolution of the tensor mode amplitudes throughout the four phases of the model,

ensuring that both hk(τ) and h′
k(τ) remain continuous functions and matching the general

solutions across the different phases. Finally, in section 3.3, we derive the expression of the

primordial tensor spectrum and brieĆy discuss its strain today.

3.1 General solutions in the different phases

3.1.1 General solution in the Dark Energy phase

During the dark energy phase, a(τ) is given by eq. (2.8), and the general solution of eq. (3.3)

reads

fk(η) =
√

−kη



D1(k)H
(1)
3
2

(−kη) + D2(k)H
(2)
3
2

(−kη)



τ < τtr, (3.4)

where H
(1)
n and H

(2)
n denote the Hankel functions of Ąrst and second kind respectively,

η = τ − B, where B is given by eq. (2.9) and, for each wave-number k, D1,2(k) are arbitrary

constants.

3.1.2 General solution in the ekpyrotic contraction

In the stage of the ekpyrotic contraction, a(τ) is given by eq. (2.11) and the general so-

lution reads

fk(τ) =
√

y
(

A1(k)H(1)
n (y) + A2(k)H(2)

n (y)


τtr < τ < τend, (3.5)

where y ≡ −k(τ − τek).

3.1.3 General solution in the kinetic contracting phase

Moving to the kinetic contracting phase and making use of eq. (2.12), we achieve

fk(τ) =
√

−kτ
(

B1(k)H
(1)
0 (−kτ) + B2(k)H

(2)
0 (−kτ)



τend < τ < 0, (3.6)

3.1.4 General solution in the kinetic expanding phase

Considering eq. (2.13) in the kinetic expanding phase the genral solution is

fk(τ) =
√

kτ
(

C1(k)H
(1)
0 (kτ) + C2(k)H

(2)
0 (kτ)



0 < τ < τr. (3.7)

3.2 Matching phases

In what follows we obtain expressions for the coefficients D1,2(k), A1,2(k), B1,2(k) and C1,2(k)

by matching hk(τ) and hk(τ)′ at the boundaries of each phase.

Ű 9 Ű



J
C

A
P

0
6

(
2

0
2

4
)

0
3

6

3.2.1 Dark energy Ů ekpyrotic

At the boundary between dark energy and ekpyrotic stage, we require continuity of fk(τ)

namely

√
xtr



D1(k)H
(1)
3
2

(xtr) + D2(k)H
(2)
3
2

(xtr)



=
√

ytr

(

A1(k)H(1)
n (ytr) + A2(k)H(2)

n (ytr)


, (3.8)

where xtr = −kη(τtr), and continuity of f ′(τ) which we write in the matrix form y
1
A =

x
1
D where

y
1

=







√
ytrH

(1)
n (ytr)

√
ytrH

(2)
n (ytr)

√
ytrH

(1)
n−1(ytr) − (n− 1

2
)

√
ytr

H
(1)
n (ytr)

√
ytrH

(2)
n−1(ytr) − (n− 1

2
)

√
ytr

H
(2)
n (ytr)






,

x
1

=





√
xtrH

(1)
3
2

(xtr)
√

xtrH
(2)
3
2

(xtr)
√

xtrH
(1)
1
2

(xtr) − 1√
xtr

H
(1)
3
2

(xtr)
√

xtrH
(2)
1
2

(xtr) − 1√
xtr

H
(2)
3
2

(xtr)



 , (3.9)

and

A =

(

A1

A2

)

, D =

(

D1

D2

)

, with xtr ≡ −kτtr. (3.10)

3.2.2 Ekpyrotic Ů kinetic contraction

Similarly here, at τ = τend namely the end of the ekpyrotic phase, we require y
2
B = x

2
A where

y
2

=





H
(1)
0 (xe) H

(2)
0 (xe)

√
xeH

(1)
−1 (xe)+

H
(1)
0 (xe)
2
√

xe

√
xeH

(2)
−1 (xe)+

H
(2)
0 (xe)
2
√

xe



 , (3.11)

x
2

=





√
2αH

(1)
n (2αxe)

√
2αH

(2)
n (2αxe)

√
2αxeH

(1)
n−1(2αxe)− (n− 1

2
)

√
2αxe

H
(1)
n (2αxe)

√
2αxeH

(2)
n−1(2αxe)− (n− 1

2
)

√
2αxe

H
(2)
n (2αxe)



 ,

and

B =

(

B1

B2

)

, with xe ≡ −kτend. (3.12)

3.2.3 Kinetic contraction Ů kinetic expansion

The matching for these two Ąnal stages arises at τ = 0, which is trivial as we have

C1,2 = −
√

1 + χB2,1. (3.13)

3.3 Strain spectrum today (τ = τ0)

The quantity in terms of which we assess the production of primordial gravitational waves

in the cyclic Universe is the dimensionless strain spectrum

∆h = k
3
2

♣hk(τ)♣
π

. (3.14)
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It is convenient to evaluate the dimensionless strain spectrum in the radiation-dominated

epoch. Using the general solutions we derived and matched across the different phases of

the model, it reads:

∆h(k, τr) =
k2

√
2 τr

a(τr)πMPl

∣

∣

∣C1(k)H
(1)
0 (xr) + C2(k)H

(2)
0 (xr)

∣

∣

∣ , (3.15)

where xr ≡ k τr. The strain tensor spectrum today ∆h(k, τ0) can be easily related to the

spectrum in the radiation dominated epoch by means of the transfer function formalism as:

∆h(k, τ0) ≡ T (k)∆h(k, τr), (3.16)

where T (k) is the transfer function, responsible for propagating the spectrum forwards to

todayŠs observed spectrum. Following ref. [50], we use a transfer function of the form

T (k) ≈


k0

k

2
(

1 +
k

keq
+

k2

keqkr

)

, (3.17)

where kr = arHr ≈ T 2
r /MPl is the wave number of modes crossing the horizon at the start

of radiation domination.

So far, the whole calculation is done by setting a(τr) = 1. However, for ease of comparison

with data and the other results documented in the literature, it is convenient to return to the

usual coordinate system where a0 = 1. This can be easily done by means of the well-known

inverse scaling between the scale factor and the CMB temperature (i.e. a ∝ 1/T ). This

relation Ąxes the ratio a(τ0)/a(τr) ∝ Tr/T0 ∼ 1020. As a result, we can re-scale the comoving

frequency accordingly, which now takes the more familiar value k̂r = kr/a(τ0) = 10−1 Hz.

From now on, we will name the re-scaled comoving frequency k̂r as kr. Additionally, always

following from the inverse proportionality between the scale factor and the CMB temperature,

we expect a spectral range of modes entering between the start of radiation domination

and today of the order of

k0

kr
∝ T0

Tr
∼ 6.6 × 10−20. (3.18)

Taking in mind that during matter domination H ∼ a−3/2, we get

keq

k0
≈
√

1 + zeq ∼ 102, (3.19)

where zeq is the redshift at the equivalence.

We can also place a bound on the wave number of modes on the horizon at the previous

dark energy-ekpyrotic transition, ktr, which will be useful later. The wavelength of such

modes can be estimated using the duration of the ekpyrotic phase, which we require to last

at least 60 e-folds to effectively homogenise and Ćatten the Universe for the subsequent cycle.

However, a much stronger constraint comes from eq. (2.15), as the number of e-folds during

the ekpyrotic phase is given by N ∼ ln(Hend/H0) ≈ ln(
√

−Vend/V0). Taking our previous

constraints on V0 at todayŠs dark energy density and Vend at the GUT scale, we arrive at

N ∼ 115. This forces our horizon to shrink by a factor of ∼ 1050 during the dark ekpyrotic

phase, and hence we would expect

kend

ktr
≈ 1050. (3.20)
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4 Resilience through cycles and the vacuum state

The calculation of the spectrum of gravitational waves introduced in the previous section,

in addition to considering the contribution of tensor modes produced in the dark energy

phase of the previous cycle, is entirely general regarding the vacuum state and applies to any

particular choice. This allows us to test several conceptual aspects of the theory (partially

highlighted in the introduction), such as its resilience throughout cycles and the implications

of the choice of the vacuum states. In this section, we examine both these issues in more

detail. In section 4.1, we focus on the choice of the vacuum state of the theory, deriving

novel constraints on the latter based on internal consistency through cycles and epochs. In

section 4.2, we quantify the extent to which including the contribution from tensor modes

originating during the dark energy phase of the previous cycle changes the spectrum of tensor

perturbations observed in the current cycle.

4.1 Gravitational waves from a non-Bunch Davies vacuum

As often speculated both in quantum Ąeld theory and effective Ąeld theory, the choice of

the vacuum state represents an important topic of discussion and signiĄcance as it plays a

crucial role in determining the properties of the theory and the physical predictions it makes.

On the one hand, in quantum Ąeld theory, the vacuum state is the lowest-energy state of

a quantum Ąeld, which usually corresponds to the state with no physical particles. On the

other hand, effective Ąeld theories often deal with speciĄc energy scales or regimes of a more

fundamental theory (such as in our effective representation of the cyclic Universe), and the

choice of the vacuum state may involve integrating out high-energy degrees of freedom and

focusing on the low-energy behavior. This makes the choice of the vacuum state far from

trivial when considering the possibility of new physics at sufficiently high energies.

The selection of the vacuum state has been the subject of intense study and attention

in the context of inĆationary models where considering more exotic (though physically

motivated) vacuum states other than BD) can lead to markedly different predictions for

the spectrum of scalar and tensor modes, see e.g.[141Ű143] and references therein. Just to

mention one example among many, even sticking to the framework of single-Ąeld inĆation

minimally coupled to gravity, considering an exotic vacuum can result in the violation of

the usual slow-roll consistency relations allowing for a blue-tilted spectrum of gravitational

waves, with an enhanced amplitude on small scales that can eventually produce observable

signatures visible by CMB and Gravitational Waves experiments.

However, the same issue has not been investigated in the cyclic Universe. Previous

analyses of the spectrum of the gravitational wave assume a BD vacuum for perturbations

produced in the ekpyrotic phase, enforcing the solution to converge to that of a plane wave in

Ćat space at sufficiently short distances [50]. As argued in ref. [44], this choice mostly relies on

the classical treatment of the dynamics of the evolving modulus Ąeld at arbitrarily small length

scales. However, just like in inĆation, the choice may no longer be trivial if the dynamics of

the modulus Ąeld is inĆuenced by new physics at some characteristic energy scale M . As

a result, one may wonder whether in the cyclic Universe, the choice of the vacuum state is

somehow affected by the same level of ŞarbitrarinessŤ as inĆation, or if additional constraints

can be derived based on the strong interconnection between the different phases and/or from
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the need to maintain consistency through cycles. A different, yet related, question is whether,

also in the cyclic Universe, this potential degree of arbitrariness impacts the predictions for

the tensor spectrum or if they remain robust under the choice of the vacuum state.

Here, we take a Ąrst step forward in the discussion and, considering a non-BD vacuum

state in the dark energy phase of the previous cycle, we argue that this initial state imposes

a more fundamental constraint on the cyclic model, primarily due to the backreaction effects

that a non-BD state could have on the background evolution of the modulus Ąeld.

To prove this point, following refs. [141, 162, 163], we allow the second Bogoliubov

coefficient βk to be non-zero. Notice that, since the Bogoliubov coefficient is related to D2 by

βk = 2D2

√

(k/π), (4.1)

and parameterizes deviations from the BD vacuum. As the effective theory becomes invalid

at energy scales beyond those of new physics, we ensure that no modes are excited past this

point, therefore requiring βk → 0 for k > Ma(τc). In addition, we choose βk of the form

βk ∼ β0e
− k2

M2a(τc)2 , (4.2)

where the energy scale of the effective theory is M ∼ 10−4MPl and β0 is a proportionality

factor. The effects produced by the backreaction in the dark energy-dominated phase set

stringent limits on how large the non-vanishing βk can be. In particular, requiring that the

energy density of the non-BD quanta does not overwhelm the energy density associated with

the modulus Ąeld Ů hence spoiling the model Ů implies

ρnon−BD ∼ 1

a4
i

∫

d3k

(2π)3
♣β0♣2 k ∼



a(τc)

ai(τ)

4

♣β0♣2 M4 ≪ M2
PlH

2, (4.3)

where ai refers to the value of the scale factor when we set our initial vacuum conditions,

and we have used M2
PLH2 as the energy density associated with the background evolution.

We take the cutoff time τc, beyond which we cannot be certain of the modulus Ąeld dynamics

to be the start of radiation domination regime in the previous cycle τr(pc). As long as

(a(τr(pc))/a(τ))4 ≪ 1, eq. (4.3) sets an upper bound for the parameter β0:

β0 <
HMPl

M2
∼ 10−53 (4.4)

where we used that, during the dark energy phase, the Hubble parameter is approximately

constant H ≃ H0 = 100 h ≃ 2.1h × 10−42 GeV. Notice that this bound is independent of the

cutoff time τc when starting the calculation in the dark energy phase. This is because of

the three expansion phases preceding this epoch and the large net expansion of the scale

factor from cycle to cycle, ensuring that (a(τc)/a(τi))
4 ≪ 1 for any τc.

We emphasise once again that avoiding problems with backreaction during the dark

energy-dominated phase leads to an extremely restrictive constraint on deviations away from

the BD vacuum. To gain a rough idea of how restrictive our bound is, we can compare

constraints on the same cutoff scale obtained in inĆationary cosmology. In that case, as

highlighted in ref. [163], the restriction reads β0 < 10−6; i.e., about 47 orders of magnitude
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weaker than our bound. The reason for such a large difference lies in the fact that, although

inĆation and dark energy share several common aspects in terms of background dynamics,

these two phases span energy scales that differ by over 100 orders of magnitude in characteristic

energy density. The energy scale of inĆation is much higher, making it way more challenging

for perturbations to overwhelm the dynamics and allowing larger freedom for deviations

away from BD.

To further appreciate the strength of our constraint, it is also worth brieĆy discussing

what happens when setting the vacuum state in a different phase of the model rather than in

the dark energy-dominated one. In particular, we focus on the ekpyrotic phase, which, as

highlighted multiple times in this work, is the phase where initial conditions are typically

Ąxed, and the calculation of the spectrum of tensor perturbations is initiated. In this

phase, the Hubble parameter drastically grows, see eq. (2.15), while the scale factor remains

approximately constant. As a consequence, the constraint on β0 is relaxed up to β0 < 1045

for M ∼ 10−4MPl, allowing us complete freedom to choose a wide range of vacuum states in

the ekpyrotic phase without compromising the model during this stage. That being said, it is

necessary to ensure that signiĄcant deviations away from a BD vacuum during the ekpyrotic

phase do not lead to other issues during the subsequent evolutionary states of the cycle.

However, given that the evolution of the dark energy phase is governed by the background

dynamics of the lowest energy scale and considering the cyclic nature of the model and its

resilience through cycles (meaning that starting from the dark energy phase of the previous

cycle does not produce differences in observable quantities as we prove in the next subsection),

we argue that selecting the vacuum during the dark energy phase is the most restrictive and

conservative choice to circumvent this issue entirely. This makes relying on the BD vacuum

a safer assumption from a model-building perspective.

4.2 Gravitational waves produced from different phases

Our general calculation for the strain spectrum of gravitational waves enables us to investigate

how the predictions change when incorporating the contribution from tensor modes originating

in the dark energy phase of the previous cycle. We can then test the robustness of these

predictions by comparing our results with those already documented in the literature, derived

from starting in the ekpyrotic contracting phase.

In this section, we compare the predictions for the strain spectrum of gravitational waves

obtained in the following two cases:

(a) Using our general calculation and starting in the dark energy phase of the previous

cycle. In this case we impose BD vacuum conditions on the coefficients of the dark

energy stage D1 and D2 given by:

D1 =
1

2

√

π

k
, D2 = 0. (4.5)

(b) Starting the calculation in the ekpyrotic phase (disregarding the matching at τ = τtr)

and imposing BD initial conditions as done in Res. [50]

A1 =
1

2

√

π

k
, A2 = 0. (4.6)
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Figure 1. Strain spectrum plotted against comoving frequency k, of gravitational waves produced
starting the cycle with the dark energy phase in blue, and with the ekpyrotic phase in orange. BD
initial conditions are assumed for both spectra. k0, keq, kr and kend are the comoving frequencies on
the horizon today, at matter-radiation equivalence, at the start of radiation domination, and at the
ekpyrotic-kinetic transition respectively.

Notice that, although our calculation is fully generic concerning the choice of the vacuum

state, as we proved in the previous subsection, deviations away from the BD vacuum state in

the dark energy phase are strongly constrained, providing us with a valid physical reason

to impose this vacuum state in the dark energy phase for the case (a). Instead, for the

case (b), we impose the BD initial conditions in the ekpyrotic phase to work in the same

framework as ref. [50] and allow direct comparison.

After matching the relevant phases, the strain spectra of tensor modes predicted in the

two cases can be derived using eq. (3.15) and eq. (3.17) and are shown in Ągure 1 in blue for

the case (a) and in orange for the case (b). As evident from the Ągure, a difference of up to

an order of magnitude in the strain ∆h is observed for modes k0 at the present-day horizon.

This difference can be understood by considering the evolution of modes produced during

the dark energy phase of the previous cycle. To further clarify this point, we refer to Ągure 2

where we show the evolution of the comoving Hubble horizon, 1/aH, throughout the different

phases of the model. From the Ągure we note that the horizon at the end of the dark energy

phase (i.e. k−1
tr ) is several orders of magnitude greater than the present-day horizon (i.e.

k−1
0 ) ensuring that none of these super horizon modes can have re-entered by today or in

any subsequent cycle. Modes produced during this dark energy phase that exit the horizon

become frozen and subsequently experience further stretching throughout this epoch.

On the other hand, sub-horizon modes produced in the same phase oscillate with

decaying amplitude h ∝ a−1. This feature can be shown by solving eq. (3.3) in the dark

energy background dynamics described by eq. (2.7). In view of that, we expect sub-horizon
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Figure 2. Illustrative plot of the comoving Hubble horizon, 1/aH, throughout the ekpyrotic, kinetic
contracting, kinetic expanding, radiation domination, and Ąnally matter domination phases in magenta,
orange, dark blue, green and cyan respectively. Key modes on the horizon are illustrated as horizontal
dashed lines, along with a label of their comoving wavenumber, and some less important modes are
labelled.

modes produced deep within the dark energy phase (as well as in any previous phase of the

previous cycle) to decay away to negligible amplitudes when compared to modes produced

at the end of the same phase or during the subsequent ekpyrotic phase. Instead, sub-horizon

modes produced near the end of the dark energy phase can survive into the ekpyrotic phase

of the next cycle, acting as extra quanta in the vacuum initial conditions for the subsequent

ekpyrotic phase. This contribution is encoded in the coefficient A2 in eq. (3.5) and can lead to

observable effects on scales corresponding to the long wavelength portion of the strain spectrum.

Referring back to Ągure 1, we can appreciate how the differences produced by amplitude

oscillations expected from an under-damped simple harmonic oscillator solution affect only the

range of frequencies between k0 and keq before becoming frozen in during the ekpyrotic phase.

Moving forward, as outlined in ref. [161], the subsequent phases will provide a red-tilt

to the scale-invariant dark energy spectrum. Notice that for an ekpyrotic phase lasting

N ∼ 115 e-folds, the magnitude of the coefficient A2 becomes O(1010) between k0 and keq

then rapidly decays to order O(10−15) for modes around kr. This explains the discrepancy

between imposing BD initial conditions in the dark energy phase given by eq. (4.5), and

in the ekpyrotic phase, given by eq. (4.6).

We conclude with a last important remark: as argued in section 4.1, to preserve the

background evolution of the modulus Ąeld, it is important to have a BD-like vacuum state

during the dark energy phase. This requirement implies that perturbations existing in the
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current cycle must decay to negligible levels in amplitude compared to the energy density

present in the BD vacuum, preventing them from acting as additional quanta on top of the

vacuum. We emphasise that this condition is satisĄed by the evolution of tensor perturbations

after the bounce, particularly during the subsequent radiation and matter-dominated phases.

In particular, the transfer function, eq. (3.17), ensures that the amplitudes of short-wavelength

modes re-entering the horizon Ąrst (that are potentially the most problematic), are decreased

by a factor (k0/k)2. Consequently, the amplitude of the shortest wavelength modes in the

observable spectrum (k ∼ kend), is suppressed by more than 20 orders of magnitude during

the radiation and matter-dominated phases. As a result, the evolution through these phases

guarantees the decaying amplitude of all modes in every cycle preceding each dark energy

phase and restoring the vacuum to a BD state in the latter. This shields the dark energy phase

from possible backreaction effects, underscoring the resilience of the model and demonstrating

once again that, from a theoretical standpoint, Ąxing initial conditions in this phase is much

safer from a model-building perspective.

5 Conclusion

In this study, we investigate the production of gravitational waves in a cyclic Universe,

focusing on certain conceptual aspects of the theory, such as the resilience of observable

predictions against the phase of the cycle in which initial conditions are set and the choice

of the vacuum state.

In most of the analyses carried out in the literature, the ekpyrotic phase is typically

assumed as the starting point of the cycle where initial conditions of primordial perturbations

are imposed, and the calculations of the relative spectra begin. While for scalar perturbations

the implications of setting the initial conditions in different phases of the theory have been

examined in a few studies surrounding this topic, to the best of our knowledge, the calculation

of the tensor spectrum has always been performed starting in the ekpyrotic phase, assuming

a BD vacuum state and neglecting any potential contributions arising from tensor modes

originating during the dark energy phase of the previous cycle.

In light of this, a few (we believe) interesting questions remained somewhat pending. For

instance, one might wonder whether setting initial conditions in the dark energy phase of

the previous cycle and considering the potential contribution of tensor modes generated in

this phase could lead to any observable differences in the gravitational wave strain spectrum

observed in the current cycle and eventually clarify why (not). Most importantly, in effective

Ąeld theory descriptions of the cyclic Universe, the choice of the vacuum state may involve

integrating out high-energy degrees of freedom, focusing on low-energy behaviors of the

modulus Ąeld. This makes the choice far from trivial when considering the possibility of

new physics acting at sufficiently high characteristic energy scales. Consequently, one might

wonder about the implications of assuming a BD vacuum state in the ekpyrotic phase and,

more broadly, what freedom exists in the cyclic Universe regarding the choice of the vacuum

state and how such freedom affects the predictions for the spectrum of gravitational waves.

Fuelled by these questions, we consider a cyclic Universe described by the effective 4D

Lagrangian (2.1) with a potential given by eq. (2.4). After reviewing the background dynamics

of the model (section 2), we focus on the production and evolution of tensor modes. In
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section 3, we analytically solve the equation of motion of the gravitational wave Ąeld through

all the different phases of the cycle by starting from the dark energy phase of the previous

cycle and making no assumptions about the vacuum state. The results presented in this

section generalise the predictions for the tensor spectrum to include the contribution of tensor

perturbations produced during the dark energy phase of the previous cycle and apply to any

choice of the vacuum state of the theory. Therefore, they extend the treatment presented so

far in the literature, allowing us to gain important insights into the issues posed earlier.

As argued in section 4, our Ąndings reveal a signiĄcant resilience of the cyclic Universe

model concerning predictions for the spectrum of primordial gravitational waves, with the

most relevant results reading as follows.

• Initial Conditions: to quantify the impact of the contribution arising from tensor modes

produced in the previous dark energy phase of the cycle, in section 4.2 we compared

the spectra obtained by starting from the ekpyrotic contracting phase (in orange in

Ągure 1) and the dark energy phase of the previous cycle (in blue in Ągure 1), assuming

in both cases a BD vacuum. The two spectra are essentially identical except for a

difference up to an order of magnitude in the strain ∆h for modes on the scale k0 at the

present-day horizon. The reason is that the horizon at the end of the dark energy phase

is several orders of magnitude greater than the present-day horizon (see also Ągure 2),

implying that none of these super-horizon modes can have re-entered by today or in any

subsequent cycle. On the other hand, sub-horizon modes produced in the same phase

oscillate with decaying amplitude h ∝ a−1. Therefore, sub-horizon modes produced

deep within the dark energy phase (as well as in any previous phase of the previous

cycle) decay away to negligible amplitudes, while sub-horizon modes produced near the

end of the dark energy phase can survive into the ekpyrotic phase of the next cycle,

being responsible for the small differences in the strain spectrum observed around k0.

• Vacuum state: although including tensor modes originating from the previous dark

energy phase does not lead to signiĄcant differences in the spectrum of primordial

perturbations, we argue that starting the calculation in this phase imposes a more

fundamental constraint on the choice of the vacuum state of the model. To highlight

this aspect, in section 4.1 we consider a non-BD vacuum state in the dark energy phase

parametrized in terms of the second Bogoliubov coefficient given by eq. (4.2). We show

that requiring the energy density of the non-BD quanta not to overwhelm the energy

density associated with the modulus Ąeld Ů hence, potentially spoiling the model Ů

implies an extremely restrictive constraint on deviations away from the BD vacuum.

On the other hand, for the same non-BD vacuum state, the constraint is completely

lost in the ekpyrotic phase where we are left with complete freedom to choose a wide

range of vacuum states without compromising the model during this stage (but possibly

spoiling the subsequent evolution). As a result, selecting the vacuum during the dark

energy phase (where we are basically forced to BD) seems to be the most restrictive and

conservative choice, as well as a safer assumption from a model-building perspective.

Given the cyclic nature of the model and the resilience of its predictions against the

phase where we set initial conditions (as proven in the previous point), this strongly

reduces our freedom to consider exotic vacuum states in the cyclic Universe.

Ű 18 Ű
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