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Abstract: Our concern in this paper is in the fine-tuning of the arbitrary parameters within the

upstream turbulence structure for the acoustic spectrum of a rapid-distortion theory (RDT)-based

model of trailing-edge noise. RDT models are based on an appropriate asymptotic limit of the

Linearized Euler Equations and apply when the interaction time of the turbulence with the surface

edge discontinuity is small compared to the eddy turnover time. When an arbitrary transversely

sheared jet mean flow convects a finite region of nonhomogeneous turbulence, the acoustic spectrum

of the pressure field scattered by the trailing-edge depends on (among other things) the upstream

turbulence via the Fourier transform of the correlation function, R22 (where subscript 2 refers to

a co-ordinate surface normal to the plate). We show that the length and time scale parameters

that govern the spatial and temporal de-correlation of R22 can be found using formal optimization

methods to avoid any uncertainty in their selection by hand-tuning. We assess various optimization

methods that are broadly categorized into an ‘evolutionary’ and ‘non-evolutionary’ paradigm. That

is, we optimize the acoustic spectrum using the Multi-Start algorithm, Particle Swarm Optimization

and the Multi-Population Adaptive Inflationary Differential Evolution Algorithm. The optimization

is based upon different objective functions for the acoustic spectrum and/or turbulence structure.

We show that this approach, while resulting in the total modest increase in computation time (on

average 2 h), gives excellent prediction over most frequencies (within 2–4 dB) where the trailing-edge

noise associated amplification in sound exists.

Keywords: aeroacoustics; trailing-edge noise; global optimization; evolutionary algorithms

1. Introduction

The advent of the jet engine in the mid-twentieth century [1] brought with it the
intrusion caused by aircraft noise to the communities living near airports. In its entirety,
however, the aircraft noise problem is an incredibly complex one [2]. For example, Do-
brzynski [3] shows that the radiated sound on approach for both short and long stage
length aircraft is evenly split between the engine and the airframe. Engine associated noise
is generated from the internal moving surfaces within the engine components as well as
from the exhaust gas emanating at the nozzle exit. The breakdown of the latter results in
both jet noise and jet-surface interaction noise components when the turbulent air interacts
with the airframe, wing edges and other external surfaces.

The trailing-edge component is a particularly dangerous noise source owing to the
large increase in low frequency sound when the observation point is above or below the
plate surface and vertical location (h) of the trailing-edge is of the order of jet diameter,
h ∼ D. Experiments on edge noise began in the 1970s by Olsen & Boldman [4] (discussed
below). In the early 1980’s, Wang [5] showed that the presence of an external surface
increased the noise measured on the same side as the jet flow in comparison to the isolated
jet. This amplification of sound due to the interaction with the trailing-edge is mainly at low
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frequencies up to the peak Strouhal number (i.e., the normalized angular frequency, St =
f D/Uj based on jet exit velocity, Uj and diameter, D); typically this is at St ∼ 0.1. It also
dominates at larger observation angles θ to the jet axis [6,7]. Bridges’ recent experiments [8]
confirm the work done in the 1970s by Olsen & Boldman [4] and Wang’s result by showing
that the amplification in sound perpendicular to the jet axis (i.e., θ = 90◦) is typically of
the order of 10 dB for a high speed jet at an acoustic Mach number based on the speed
of sound at infinity, Ma = U/c∞, of Ma = 0.9. As (θ) reduces, the jet noise contribution
increases until, at shallow angles (e.g., θ = 30◦), the latter jet noise dominates the total
noise radiation signature at almost all measured frequencies; typically this covers Strouhal
numbers, St = [0.01, 2.0]. The Bridges’ [8] and Bridges et al. [9] datasets also covered
the parameter range of acoustic Mach number, Ma, edge location with respect to the
nozzle lower lip line and the nozzle shape itself. We briefly summarize these trends now.
(1). The amplification in sound is greater at lower Ma, e.g., at Ma = 0.5 cf. 0.9; this is
consistent with the ‘dipole’ directionality of the edge noise source. (2). As the vertical
standoff distance, h/D, is increased the edge noise reduces in magnitude. At the limiting
condition where h ≫ D, the amplification in sound due to the edge vanishes and the total
sound owes itself to the jet noise alone. The streamwise location also has an important
impact on the magnitude of low frequency noise amplification. Bridges’ results show that
the edge must be placed in the vicinity of where the jet potential core terminates for the
amplification to reach its greatest magnitude. (3). The round jet appears to result in greater
noise amplification than the high-aspect ratio rectangular (i.e., planar) jet flow [9].

From an analytical and numerical standpoint, a lot of work has been done on this
problem [10–15]. The discontinuity in the solid surface boundary condition can be treated
formally using the Wiener-Hopf technique for a flat plate that is doubly infinite in the
spanwise direction and lies parallel to the level curves of the streamwise mean flow. See
Figure 1 for a depiction of this problem in the (y1 − y2) plane. The so-called ‘gust solution’
then acts as the input to an inhomogeneous boundary value problem in which the scattered
pressure field is determined at the output. Goldstein et al. [10–12] used the method of
matched asymptotic expansions at the low frequency limit to construct the gust-induced
boundary condition and the homogeneous solutions to the Rayleigh equation that enter in
the solution to the Wiener-Hopf problem for the acoustic field scattered by the edge. This
solution (Equations (6.26) and (6.27) in [12]) was analytically continued to high frequencies,
and (Equations (6.28)–(6.30)) show that the mean square scattered pressure depends on
the upstream structure of the two-point time-delayed turbulence correlation R22 where
the subscript 2 denotes the co-ordinate plane normal the plate surface. Just as in acoustic
analogy models of jet noise [16,17], the correlation function is modeled by comparing to a
wide bank of experimental data (see, e.g., ref. [18]) on jet flow turbulence.

Figure 1. Canonical trailing-edge noise problem seen in the (y1 − y2)-plane.

All models are formulated with arbitrary ’tuning’ parameters to quantify the degree
of spatial and temporal de-correlation as well as the permanence of a finite anti-correlation
region in spatial and temporal separation [14]. Previous modeling approaches tuned these
scales by hand to obtain good agreement with the acoustic data. In this paper we show
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that this form of empiricism can be avoided entirely by using an appropriate numerical
optimization routine to determine the parameters for an objective function that seeks
to minimize the difference between the functional form of the turbulence model and
turbulence data as well as minimizing the difference between acoustic predictions and
acoustic data.

A (single-objective) optimization problem can be described in terms of minimizing the
objective function J(x, ψ), where xi(i = 1, n) are the n design variables which are modified
to find the optimum, and ψ are the state parameters which describe the system [19]. The ob-
jective function may also be subject to (in general) a total (m, p) of (inequality/equality)
constraints that take the form:

gj(x) ≤ 0 j = 1, m

hk(x) = 0 k = 1, p
(1)

Additionally, the design variables may be bounded (xi,LOWER ≤ xi ≤ xi,UPPER, i =
1, n), which are known as side constraints.

Optimization algorithms can find multiple solutions to this problem which are known
as local optima. Hence, the algorithms can be split into two categories: local optimization
methods (which find the local minimum for the starting conditions) and global optimiza-
tion methods (which aim to find the global minimum of the search space). The majority of
local methods use gradient information to find the optimum and there are several methods
to do this [20–23]. However if the problem has multiple local minima, these gradient
methods will converge to the closest minimum not necessarily the global. Each minimum
has a basin of attraction, where a design point initialised within the basin converges to
that local minimum. Hence, local optimization strongly depends on the location of the
initial design point. Global optimization methods aim to find the global optimum, however,
it should be noted that it cannot be guaranteed that the global optimum will be found,
only that it would be if the algorithm could run indefinitely. Global optimization can be
split into three types of algorithm: Multi-Start algorithms, evolutionary algorithms and
deterministic algorithms. Multi-Start algorithms perform local optimizations at different
starting locations, and choose the best local optimum to be the global optimum. Evo-
lutionary algorithms are stochastic and heuristic, they advance a population of design
parameters through the search space to find the global optimum. Deterministic algorithms
typically require manipulation of the objective function and are designed to solve specific
classes of problem [24], an overview of these is described in [25], and will not be further
discussed here.

Optimization methods have been used for this kind of problem in aeroacoustics before,
for example the Multipoint Approximation Method (MAM) [26–28]. This method was de-
signed for computationally expensive and noisy objective functions, so it uses trust regions
and a series of approximations to the objective function. It is similar to the Multi-Start
algorithm in that it uses multiple starting locations, however it differs by approximating the
objective function. In this paper, the objective function is not computationally expensive,
therefore we investigate the Multi-Start method instead.

The rest of the paper is organized as follows. In Section 2 we summarize the general
theory to determine the acoustic field scattered by the trailing-edge and show the final
formula that we use for the subsequent optimization experiments that we perform in
order to fine tune the modeling of the correlation function R22. Section 3 then reviews the
various types of optimization that can be used for problems of this type paying particular
attention to evolutionary algorithms. Popular evolutionary algorithms include the Genetic
Algorithm (GA) [29] which was inspired by Darwin’s principle of survival of the fittest,
Particle Swarm Optimization (PSO) [30] which is based on a social model and differential
evolution (DE) [31].

Specifically, we discuss the advantages and disadvantages of three methods (the
non-evolutionary Multi-Start [32–34] , and the evolutionary algorithms: Particle Swarm
Optimization (PSO) [30] and Multi-Population Adaptive Inflationary Differential Evolution
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Algorithm (MP-AIDEA) [35] which is an extension to the original differential evolution
algorithm) for a problem of this type and the results that are obtained for the parameters
under different objective functions for the turbulence and/or final acoustic predictions (i.e.,
when comparison is made to turbulence and/or acoustic data). Finally in Section 4 we
conclude by discussing the applicability of using such optimization approaches in acoustic
modeling problems.

2. Summary of the Mathematical Modeling of Trailing-Edge Noise and Defining the
Objective Functions

Rapid-distortion theory (RDT) analyzes the changes in turbulent flows by using
linearized equations. It is, therefore, ideally suited to analyze the rapid changes that
occur when a turbulent flow interacts with a discontinuity at the boundary of a solid
surface embedded in the flow. It applies whenever the turbulence intensity is small
and the length (or time) scale over which the changes take place is short compared to
the length (or time) scale over which the turbulent eddies evolve. These assumptions
imply, among other things, that the resulting flow is inviscid and non-heat conducting
and is, therefore, governed by the Linearized Euler Equations, i.e., the Euler equations
linearized about an arbitrary, usually steady, solution (the base flow) to the nonlinear
equations. Goldstein et al. [11] showed that the upstream boundary conditions can be
imposed infinitely far upstream in a region where the flow is undisturbed by the interaction.

Goldstein et al. [12] used rapid distortion theory to determine the trailing-edge noise
spectrum above the flat plate (given the Fourier transform of the mean square scattered
pressure [p′s(x, t)]2), denoted by I(x, ω) for the axisymmetric jet U(yT) interacting with the
flat plate as depicted in Figure 1, and is given by (Equations (6.26) and (6.27) in their paper):

I(x, ω) →
( k∞

4π|x|
)2

0
∫

−∞

0
∫

−∞

D(u, ũ; θ)S̄(u, ũ; ω) du dũ, (2)

where D(u, ũ; θ) is the round jet directivity factor determined by application of the Wiener-
Hopf technique (i.e., Equation (13) in Afsar et al. [13]), yT = (y2, y3) are transverse co-
ordinates and,

S̄(u, ũ; ω) = (ρ∞c2
∞)2

π
∫

−π

π
∫

−π

S(u, ũ|v, ṽ; ω)

∣

∣

∣

∣

dz

dW

∣

∣

∣

∣

2∣
∣

∣

∣

dz̃

dW̃

∣

∣

∣

∣

2

dv dṽ. (3)

The function S(u, ũ|v, ṽ; ω) derived in [12] is

S(u, ũ|v, ṽ; ω) =

[

dU/du

U2(u)

dU/dũ

U2(ũ)
∇u∇̃ũω2

]

F(u, ũ, v, ṽ) (4)

This result shows, among other things, that S(u, ũ|v, ṽ; ω) is directly proportional
to the Fourier transform of the streamwise-independent turbulence statistical quantity,
R̂22(ũ − u, ṽ − v; ω) which represents the Fourier transform of the two-point time delayed
correlation function of the transverse velocity normal to the plate surface at u = 0 (see
Afsar et al. [13]).

Our starting point is, however, a spectral function F(u, ũ, v, ṽ) which is slightly more
general than that used in [12] (Equation (4.22) in their paper). Since correlation functions of
the type R22 will anti-correlate (i.e., become negative) for some values of its arguments [13],
including such effects means that a mathematical model for R22 must have additional
algebraic behaviour, for example given by the a1 term in the following formula

R22(τ) ∼ (1 − a1τ)e−τ , (5)
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where τ is the time-delay between the two space-time points being correlated far upstream
of the interaction region near the trailing edge as required by the theory in [11]. Hence, the
spectral function, F(u, ũ, v, ṽ), from Equation (4) is given by the following formula:

F(u, ũ, v, ṽ) =l4
2 A(u, ũ)

[

(1 − a1)
τ0 f

π
√

1 + ω̃2
K1( f

√

1 + ω̃2) +
a1τ0 f 2ω̃2

π(1 + ω̃2)

[1

2
(K0( f

√

1 + ω̃2) + K2( f
√

1 + ω̃2)) +
K1( f

√
1 + ω̃2)

f
√

1 + ω̃2

]

]

,

(6)

where K0, K1, and K2 are the modified Bessel functions of the second kind of order 0, 1, and
2 respectively, A(u, ũ) is the amplitude function and f = |(ũ − u)/l2 + (ṽ − v)/l3| controls
the (u, v) de-correlation via the parameters (l2, l3).

The objective functions are then defined as the mean squared error between the acous-
tic/turbulence models (Equations (2) and (5)) and the relevant experimental data [36,37] is
given by the following optimization norms:

JA(x, ψ) =
1

NA

NA

∑
i=1

(I(x, ωi, ψ)− EA(x, ωi, ψ))2

JR(x, ψ) =
1

NR

NR

∑
i=1

(R22(x, τi, ψ)− ER(x, τi, ψ))2,

(7)

where: NA, NR is the number of experimental data points we are optimizing against for
acoustics and R22 respectively, I(x, ωi, ψ) is the acoustic spectrum result using the model
for the ith frequency ωi, and EA(x, ωi, ψ) is the corresponding experimental data. Likewise
R22(x, τi, ψ) is the result using our turbulence model at the ith time delay τi, and ER is the
corresponding experimental data.

The vector of state parameters (ψ) is the minimum set of parameters which describe
the system and how it responds to input [19]. Our problem can be thought of as an “in-
put/output system” where an input turbulence spectrum interacts with the streamwise
discontinuity at the trailing-edge and produces noise. The sound radiation will depend
on the acoustic Mach number of the jet (Ma), and the location where the noise measure-
ments take place (far field angle, θ, measured with respect to the jet axis and azimuthal
angle, φ). On the other hand the turbulence correlation function, R22, is independent of
these parameters, and instead depends on the location where the turbulence is measured
(y1/D, r/D), where y1/D is the streamwise location from the nozzle exit normalized by
the nozzle diameter and r/D is the radial location from the jet centerline (r2 = y2

2 + y2
3).

The experimental set-up can be found in several papers [11,12,37].
The O(1) parameters (a1, l2, l3, τ0) in the spectral function F(u, ũ, v, ṽ) are selected in

order to find the optimum acoustic spectrum predictions across acoustic Mach number
(Ma) and far-field angle θ, whilst maintaining a physically admissible turbulence structure.
In the following sections we discuss the different optimization methods that can be used
to achieve this. Since it was found that there were multiple local minima, only global
optimization routines were considered. The location of the trailing edge (xTE/D, y/D) in
all of the numerical tests investigated below is taken to be the same as Goldstein et al. [12]
(see their Figure 4). In the following sections of this paper, the acoustic spectrum I(x, ω) is
calculated in the form of the power spectral density of the far-field pressure fluctuation
versus Strouhal number, which is defined in this case as St = f h/U, and is presented
in the usual dB scale where PSD = 10log(4π I(x, ω)U/hp2

ref) (relative to pref = 20 µPa).
We show results only at the observation point of θ = 90◦ where the trailing edge noise is
largest [36] to illustrate the benefit of optimization.



Mathematics 2021, 9, 998 6 of 17

3. Evolutionary Versus Non-Evolutionary Optimization Methods

The non-evolutionary Multi-Start method is the most straightforward global opti-
mization routine. It follows on from local optimization in that it simply performs a local
optimization algorithm at several different starting points within the design space [32–34].
The local optima can then be compared to find the global optimum. As the number of
starting points increase, the probability of finding the global optimum also increase. Often,
a Design of Experiments (DOE) is performed prior to Multi-Start to initialise design points
within known basins.

Evolutionary algorithms are specifically designed to work on black box problems,
i.e., they do not need direct access to the inner workings of the objective function nor do
they need gradient information. Consequently, they can be used for non-smooth functions
and it is not required that the programmer knows anything about the structure of the
objective function. Evolutionary algorithms are known to be robust and have a good
chance of finding the global optimum since they advance a fixed population of design
variables through the search space. However, they are computationally expensive and
require the tuning of parameters to solve each problem [24]. There are several types of
evolutionary algorithm, two of the most popular are Particle Swarm Optimization (PSO)
and Differential Evolution (DE).

Particle Swarm Optimization (PSO) [30] was developed from a social model. Each
particle utilizes not only its own past experience to find an optimum but also that of
the group at large. It involves initializing the population and a velocity vector for each
particle. The velocity vector is then updated by including information from the particles
past and from the group. More recently there have been modifications to PSO to better
handle optimization problems with constraints [38]. There are three parameters which
need to be tuned for the specific optimization problem. These are, the inertia parameter
w, and the trust parameters c1, c2. The choices of parameters are very important and
some recommendations are given in [39]. This paper uses the default parameters given in
Matlab which adapts the inertia weight within bounds (0.1 ≤ w ≤ 1.1) and uses the trust
parameters (c1 = c2 = 1.49).

Differential Evolution (DE) [31] also initializes a population of design points and
then utilizes information from these points to mutate and find the next generation of
design points. There are several different methods of differential evolution but the ‘classic’

method (DE/rand/1/bin) mutates the design parameters through the equation: x
′g+1
i =

x
g
r1
+ F(x

g
r2
− x

g
r3
) where g is the current generation, i is the individual in the population,

and (r1, r2, r3 6= i) are random parents in the population. The parameter F is the differential
weight and controls the amplification of the differential, it typically lies within the interval
0.4–1 [40]. The mutation is demonstrated in Figure 2 for two dimensions.

Following mutation, crossover is used to increase the diversity of the population,
after which the parent and child designs are compared and the best is selected to be the
design point for the next generation. The second parameter of differential evolution is the
crossover ratio: 0 < CR < 1, this and the differential weight, F, need to be selected by
the programmer.

There are several variations of the evolutionary algorithms which make them more
complex and robust. An extension of the differential evolution algorithm, which we use in
this paper, is the Multi-Population Adaptive Inflationary Differential Evolution Algorithm
(MP-AIDEA) [35]. This uses multiple populations and combines basic differential evolution
with monotonic basin hopping (MBH) to reduce the risk of converging to a minimum
which is not global, it also adapts the optimization parameters autonomously. It is a further
advancement on the inflationary differential evolution algorithm (IDEA) which only uses a
single population and requires the parameters to be chosen by the programmer [41].
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Figure 2. Example of Differential Evolution mutation in 2D (DE/rand/1/bin) (Adapted by permis-

sion from licensor: Springer Nature, Journal of Global Optimization, 1997 [31] https://www.springer.

com/journal/10898 accessed on 18 February 21).

When a minimum has been found the monotonic basin hopping (MBH) [42] method
generates a new point within the neighbourhood of this minimum (where the neighbour-
hood is defined as 2∆). A local search is performed from this point and if the minimum
found is better than the previous one it is chosen and a new point generated in its neighbour-
hood, and so on. If no better points are found for nsamples then a restart can be performed.

IDEA uses MBH when the population contracts within a radius defined as the contrac-
tion limit (a parameter to be defined), when the population reaches this limit it is unlikely
to be able to escape and search elsewhere in the design space, hence the need for a restart.
Instead of using a local search within MBH it uses differential evolution. MP-AIDEA
adapted IDEA to adjust the main parameters (crossover probability CR, differential weight
F, local restart bubble δlocal , and the number of local restarts nLR) autonomously. This
makes the algorithm easier to apply to different problems. For full details of the algorithm
refer to [35]. To adapt the values of δlocal and nLR the restart of the population needs to be
evaluated, therefore, multiple populations are used and evolved in parallel. The parameter
nLR is removed in this algorithm and a procedure to decide whether a local or global restart
should be run is implemented instead. Figure 3 demonstrates the algorithm.

Figure 3. Description of the Multi-Population Adaptive Inflationary Differential Evolution Algorithm

(MP-AIDEA).

4. Possible Routes to Minimizing the Objective Function in Equation (7)

There are various approaches to determine the parameters in the spectral function
F(u, ũ, v, ṽ). One way is by hand as in [12], but here we use the following methods:

Method 1: Optimize the acoustic model to find the 4 parameters.
Method 2: Optimize the R22 model to find a1 and hand-tune the other 3 parameters
for acoustic predictions.

https://www.springer.com/journal/10898
https://www.springer.com/journal/10898
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Method 3: Optimize the R22 model to find a1, and optimize the acoustic model to find
the other 3 parameters.

Table 1 sets out the optimization problem which is to be solved for each method,
where the objective functions JA, JR were defined in Equation (7).

Table 1. Optimization problem statement for each method (hyphens indicate that no optimization

was carried out).

Method 1 Method 2 Method 3

Acoustics R22 Acoustics R22 Acoustics R22

Objective function JA(x, ψ) = 0 - - JR(x, ψ) = 0 JA(x, ψ) = 0 JR(x, ψ) = 0
State parameters (ψ) Ma, θ, φ - - x/D, y/D Ma, θ, φ x/D, y/D
Design parameters (x) a1, l2, l3, τ0 - - a1 l2, l3, τ0 a1

Constraints g1 - - g2 g3 g2

There are no equality or inequality constraints for this problem, only side constraints
which were chosen to be:

g1 : 0 < a1 < 1, 0 < l2 < 5, 1 < l3 < 10, 1 < τ0 < 10

g2 : 0 < a1 < 1

g3 : 0 < l2 < 5, 1 < l3 < 10, 1 < τ0 < 10

(8)

The acoustic spectrum results using these methods will be compared to experimental
results from [37] for three acoustic Mach numbers Ma = 0.5, 0.7, 0.9 above the plate
(φ = 90), and at the far field angle (θ = 90) where jet surface interaction is greatest.

We also compare the R22 model using the values found for a1 against experimental data
from Bridges [36] at the end of the potential core on the shear layer (y1/D = 6, r/D = 0.5).

To reduce the time taken in optimization, for each acoustic Mach number 30 points
were chosen from the experimental acoustic data (see Figure 4). The acoustic model was
then run for each of these points to calculate the objective function.

Figure 4. Points chosen from experimental data to calculate the objective function (a) Ma = 0.5

(b) Ma = 0.7 (c) Ma = 0.9.
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We compare the results from three optimization routines: The Multi-Population
Adaptive Inflationary Differential Evolution Algorithm (MP-AIDEA), Particle Swarm
Optimization (PSO), and Multi-Start. The Multi-Start and PSO optimizations were done
using the in-built Matlab routines. Multi-Start was carried out using 500 starting points.

5. Results

Since the optimization routines are stochastic, they were ran several times for Ma =
0.9, θ = 90 to see if they consistently converged. Figure 5 shows the variance of parameters
found using Particle Swarm Optimization. Likewise, Figures 6 and 7 show the variance of
parameters for MP-AIDEA and Multi-Start respectively. The range of objective function
values corresponding to these parameters obtained from each routine are shown in Figure 8.

Figure 5. Parameter variance across 10 runs of PSO (a) l2 (b) l3 (c) τ0 (d) a1.

Tables 2–4 compare the parameters found through each method and optimization
routine, the resulting objective function value ( f val) and the time taken for the optimization
routine to run.

Table 2. Ma = 0.5, θ = 90: Comparison of parameters found from the optimization methods.

Ma = 0.5, θ = 90

Method 1 Method 2 Method 3

MP-AIDEA Multi-Start PSO Hand-Tuned MP-AIDEA Multi-Start PSO

a1 0.01 0.10 0.00 0.85 0.85 0.85 0.85
l2 2.52 2.18 2.57 1.30 1.51 1.30 1.49
l3 1.01 1.01 1.00 5.00 1.00 2.50 1.00
τ0 2.61 2.04 2.69 5.00 3.68 3.52 3.54
fval 14.29 15.47 14.24 20.75 15.68 17.90 15.66
Time (s) 9538 6044 7766 - 7098 4700 7507
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Table 3. Ma = 0.7, θ = 90: Comparison of parameters found from the optimization methods.

Ma = 0.7, θ = 90

Method 1 Method 2 Method 3

MP-AIDEA Multi-Start PSO Hand-Tuned MP-AIDEA Multi-Start PSO

a1 0.59 0.56 0.60 0.85 0.85 0.85 0.85
l2 1.39 1.14 1.37 0.90 1.05 0.89 1.06
l3 1.02 3.22 1.00 5.00 1.00 2.80 1.00
τ0 3.71 3.73 3.64 5.00 3.75 4.28 3.75
fval 4.91 5.15 4.18 5.70 4.27 5.12 4.26
Time (s) 9596 5841 8944 - 7183 4610 7264

Table 4. Ma = 0.9, θ = 90: Comparison of parameters found from the optimization methods.

Ma = 0.9, θ = 90

Method 1 Method 2 Method 3

MP-AIDEA Multi-Start PSO Hand-Tuned MP-AIDEA Multi-Start PSO

a1 0.52 0.56 0.54 0.85 0.85 0.85 0.85
l2 0.89 0.82 0.89 0.55 0.68 0.57 0.69
l3 1.22 2.37 1.16 5.00 1.12 9.19 1.07
τ0 3.54 4.35 3.55 5.00 4.08 5.48 4.08
fval 9.21 9.73 9.20 11.36 9.97 10.48 9.96
Time (s) 9501 5684 14,921 - 7075 4450 7393

Figure 6. Parameter variance across 10 runs of MP-AIDEA (a) l2 (b) l3 (c) τ0 (d) a1.
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Figure 7. Parameter variance across 10 runs of Multi-Start (a) l2 (b) l3 (c) τ0 (d) a1.

Figure 8. Objective function value range across 10 runs (a) PSO (b) MP-AIDEA (c) Multi-Start.
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Figure 9 compares the turbulence correlation function R22 for methods 1, 2, and 3.
Since the model for R22 only depends on the parameter a1, methods 2 and 3 give identical
results. In Method 1, a1 varies for each optimization routine.

Figure 9. Comparison of R22 for different optimization methods and routines (a) Ma = 0.5

(b) Ma = 0.7 (c) Ma = 0.9.

Figure 10 compares the acoustic spectrum for method 1 using each optimization
routine. Similarly, Figure 11 compares the routines for method 3. In Figures 12–14 we
compare the acoustic spectrum for methods 1, 2, and 3 using Particle Swarm Optimization,
MP-AIDEA, and Multi-Start respectively.

Figure 10. Comparison of acoustic predictions using different optimization routines for method 1

(a) Ma = 0.5 (b) Ma = 0.7 (c) Ma = 0.9.
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Figure 11. Comparison of acoustic predictions using different optimization routines for method 3

(a) Ma = 0.5 (b) Ma = 0.7 (c) Ma = 0.9.

Figure 12. Comparison of the acoustic predictions for methods 1, 2 and 3 using Particle Swarm

Optimization (a) Ma = 0.5 (b) Ma = 0.7 (c) Ma = 0.9.
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Figure 13. Comparison of the acoustic predictions for methods 1, 2 and 3 using MP-AIDEA (a) Ma =

0.5 (b) Ma = 0.7 (c) Ma = 0.9.

Figure 14. Comparison of the acoustic predictions for methods 1, 2 and 3 using Multi-Start

(a) Ma = 0.5 (b) Ma = 0.7 (c) Ma = 0.9.
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6. Discussion

Method 1 was used to find the four parameters through optimization of our acoustic
model against the experimental data in [12]. Figure 10 shows that the predictions are
particularly good for Ma = 0.7, and Ma = 0.9 for all optimization routines. For Ma = 0.5
Multi-Start gives a poorer prediction due to the change in l3 which affects low frequency
roll-off. From this figure, it is shown that MP-AIDEA and PSO give more or less the same
acoustic predictions for all acoustic Mach numbers.

However, the turbulence correlation function R22 that we use (Equation (5)) is a
function of a1, and the values for a1 that were found from this method for each optimization
routine do not give a good representation of R22, as shown in Figure 9. The initial decay
is too slow and there is little to no anti-correlation region, this is particularly the case for
Ma = 0.5. Note, that we’ve allowed τUc/D → 10 to show where the model goes to zero,
there is no turbulence data at these locations most likely due to measurement difficulties.

In methods 2 and 3, we optimized the R22 model separately against experimental
data from Bridges (y1/D = 6, r/D = 0.5) [36]. This means that the anti-correlation region
is represented and the initial decay is steeper, as shown in Figure 9 for methods 2 and 3.
Only the initial de-correlation is of interest, therefore we have used a simple model for
R22. A different model could be used to capture the oscillations but this would make
the acoustic model much more complicated and have no improvement on the acoustic
spectrum predictions.

For method 3 we use the this R22 optimized value a1 (0.85) in the acoustic model and
then optimize the other parameters against the acoustic data to find the best prediction.
This allows us to find the optimal predictions for the acoustic spectrum while also having
a good representation of the turbulence structure. It results in slightly poorer acoustic
predictions, with the exception of Multi-Start for Ma = 0.7, as noted in Tables 2–4. However,
Figure 11 shows that they still give very good predictions for the level of accuracy that we
require. Since this method also allows R22 to be better represented, overall it is deemed to
be better than method 1.

In method 2, we also use this value (a1 = 0.85) in the acoustic model and hand tune
the other parameters to find the best prediction. We aimed to find one set of parameters
for all acoustic Mach numbers. However, it was found that due to the level shift in the
acoustic spectrum, one parameter (l2) must change for each Mach number. As this method
did not require different optimization routines, the results are included in Figures 12–14
and is identical in each. We can see that the predictions are similar to methods 1 and 3.
However, hand tuning these parameters is not ideal as it relies on human judgement as to
what is a ‘good’ prediction.

It is easy to see in Figures 12–14 that the three methods of optimization give similar
acoustic predictions for all optimization routines, with only Multi-Start giving a noticeable
change in prediction for Ma = 0.5. Note that from Figure 8 only PSO and MP-AIDEA
consistently converged to a minimum objective function value ( f val = 9.2), Multi-Start
displayed a more widely varying value, possibly due to the number of starting points
chosen (500). Figure 7 shows that the parameters found for Multi-Start also vary widely
on each run of the routine, hence it is less likely that acoustic predictions found using
Multi-Start are optimal. On the other hand, Figures 5 and 6 show that the parameters found
by PSO and MP-AIDEA respectively, only vary slightly.

We can conclude that our acoustic spectrum model for the trailing-edge noise problem
is ‘parametrically flat’, i.e., the objective function is not noticeably sensitive to the variation
of parameters (l2, l3, a1, τ0) within their specified range. Both evolutionary optimization
routines that we have used in this paper have given good results and almost identical
predictions. The time taken in optimising method 1 naturally took longer than method 3
since an extra parameter was being found. In general, it was found that method 1 was faster
using PSO, however method 3 was faster using MP-AIDEA. However, for the number
of starting points that was chosen, Multi-Start was fastest of all, and since the objective
function value was still smaller than method 2, if there was a time constraint which
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restricted the use of evolutionary algorithms, it would be worthwhile to use Multi-Start
rather than hand-tuning the problem.

7. Conclusions

Aeroacoustic models for turbulence interaction problems will always require a set of
parameters that define the rate of temporal and spatial de-correlation. For the trailing-edge
noise problem as illustrated in Figure 1, the acoustic spectrum (Equation (2)) is proportional
to the Fourier transform of the streamwise-independent transverse velocity correlation
function, R22(ũ− u, ṽ− v; ω) via Equations (3), (4) and (6) and depends on O(1) parameters
(l2, l3, a1, τ0). The latter can be chosen by hand-tuning, however this will not result in a
‘mathematically‘ optimal choice of parameters, and could result in under/over prediction
of the acoustic spectrum (as illustrated in Figures 12–14). It also adds to the time taken in
assessing its predictive capability. This paper highlights how optimization routines, both
evolutionary and non-evolutionary, can be used to determine what the optimal parameters
are, resulting in slightly better acoustic predictions (see Figures 12–14). When determining
turbulence-associated parameters in acoustic models for which more than the 3 state
variables considered in this paper (i.e., Ma, θ, φ) are required, such as in predictive models
of the full jet-installation noise signature, the use of a numerical optimization routine will
become even more beneficial.

Author Contributions: Conceptualization, S.S. and M.Z.A.; methodology, S.S. and M.Z.A.; software,

S.S. and E.M.; formal analysis, S.S.; investigation, S.S. and M.Z.A.; writing—original draft preparation,

S.S. and M.Z.A.; writing—review and editing, S.S., M.Z.A. and E.M.; visualization, S.S. and M.Z.A.

All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by EPSRC DTP (grant ref: EP/R513349/1).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank Ioannis Kokkinakis from the University of

Strathclyde for his help in the development of the acoustic model. M.Z.A. would like to thank the

University of Strathclyde for financial support from the Chancellor’s Fellowship.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Cumpsty, N.; Heyes, A. Jet Propulsion: A Simple Guide to the Aerodynamics and Thermodynamic Design and Performance of Jet Engines;

Cambridge University Press: Cambridge, UK, 2015.

2. Peake, N.; Parry, A.B. Modern Challenges Facing Turbomachinery Aeroacoustics. Annu. Rev. Fluid Mech. 2012, 44, 227–248.

[CrossRef]

3. Dobrzynski, W. Almost 40 Years of Airframe Noise Research: What Did We Achieve? J. Aircr. 2010, 47, 353–367. [CrossRef]

4. Olsen, W.; Boldman, D. Trailing edge noise data with comparison to theory. In Proceedings of the 12th Fluid and Plasma

Dynamics Conference, AIAA Paper 79-1524, Williamsburg, VA, USA, 23–25 July 1979.

5. Wang, M.E. Wing effect on jet-noise propagation. J. Aircr. 1981, 18, 295–302. [CrossRef]

6. Head, R.W.; Fisher, M.J. Jet/surface interaction noise: Analysis of farfield low frequency augmentation of jet noise due to the

presence of a solid shield. In Proceedings of the 3rd Aeroacoustics Conference, Palo Alto, CA, USA, 20–23 July 1976.

7. Southern, I.S. Exhaust noise in flight: The role of acoustic installation effects. In Proceedings of the 6th Aeroacoustics Conference,

Hartford, CT, USA, 4–6 June 1980.

8. Bridges, J.E. Noise from Aft Deck Exhaust Nozzles—Differences in experimental embodiments. In Proceedings of the 52nd

Aerospace Sciences Meeting, AIAA Paper 2014-0876, Harbor, MD, USA, 13–17 January 2014.

9. Bridges, J.E.; Brown, C.A.; Bozak, R. Experiments on Exhaust Noise of Tightly Integrated Propulsion Systems. In Proceedings of

the 20th AIAA/CEAS Aeroacoustics Conference, AIAA Paper 2014-2904, Atlanta, GA, USA, 16–20 June 2014.

10. Goldstein, M.E.; Afsar, M.Z.; Leib, S.J. Non-homogeneous Rapid-distortion theory on transversely sheared flows. JFM 2013,

736, 532–569. [CrossRef]

11. Goldstein, M.E.; Leib, S.J.; Afsar, M.Z. Generalized rapid distortion theory on transversely sheared mean flows with physically

realizable upstream boundary conditions: Application to the trailing-edge problem. JFM 2017, 824, 477–512. [CrossRef]

http://doi.org/10.1146/annurev-fluid-120710-101231
http://dx.doi.org/10.2514/1.44457
http://dx.doi.org/10.2514/3.57493
http://dx.doi.org/10.1017/jfm.2013.518
http://dx.doi.org/10.1017/jfm.2017.350


Mathematics 2021, 9, 998 17 of 17

12. Goldstein, M.E.; Leib, S.J.; Afsar, M.Z. Rapid distortion theory on transversely sheared mean flows of arbitrary cross-section. JFM

2019, 881, 551–584. [CrossRef]

13. Afsar, M.Z.; Leib, S.J.; Bozak, R.F. Effect of de-correlating turbulence on the low frequency decay of jet-surface interaction noise in

sub-sonic unheated air jets using a CFD-based approach. JSV 2017, 386, 177–207. [CrossRef]

14. Afsar, M.Z.; Stirrat, S.A.; Kokkinakis, I.W. Investigation of fast GPU-based algorithms for jet-surface interaction noise calcu-

lations. In Proceedings of the 2020 AIAA Aviation and Aeronautics Forum and Exposition, Virtual, Online, 15–19 June 2020;

AIAA 2020-2564.

15. Rego, L.; Avallone, F; Ragni, D.; Casalino, D. Jet-installation noise and near-field characteristics of jet–surface interaction. JFM

2020, 895, A2. [CrossRef]

16. Afsar, M.Z.; Goldstein, M.E.; Fagan, A. Enthalpy-Flux/Momentum-Flux Coupling in the Acoustic Spectrum of Heated Jets. AIAA

J. 2011, 49, 2522–2532 [CrossRef]

17. Karabasov, S.A.; Afsar, M.Z.; Hynes, T.P.; Dowling, A.P.; McMullan, W.A.; Pokora, C.D.; Page, G.J.; McGuirk, J.J. Jet Noise:

Acoustic Analogy informed by Large Eddy Simulation. AIAA J. 2010, 48, 1312–1325 [CrossRef]

18. Harper-Bourne, M. Jet Noise Measurements. In Proceedings of the 9th AIAA/CEAS Aeroacoustics Conference, Hilton Head, SC,

USA, 12–14 May 2003; AIAA-2003-3214.

19. Gunzburger, M. Adjoint equation-based methods for control problems in incompressible, viscous flows. Flow Turbul. Combust.

2000, 65, 249–272. [CrossRef]

20. Vanderplaats, G.N. Multidiscipline Design Optimization; Vanderplaats Research and Development, Inc.: Monterey, CA, USA, 2007.

21. Arora, J.S. Introduction to Optimum Design, 2nd ed.; Elsevier Academic Press: Amsterdam, The Netherlands, 2004.

22. Haftka R.T.; Gürdal, Z. Elements of Structural Optimization, 3rd ed.; Springer: Dordrecht, The Netherlands, 1993.

23. Snyman, J.A. Practical Mathematical Optimization; Springer: Berlin/Heidelberg, Germany, 2005.

24. Venter, G. Review of Optimization Techniques. In Encyclopedia of Aerospace Engineering; Wiley & Sons: Hoboken, NJ, USA, 2010.

25. Neumaier, A. Complete search in continuous global optimization and constraint satisfaction. Acta Numer. 2004, 13, 271–370.

[CrossRef]

26. Korolev, Y.M.; Karabasov, S.A.; Toropov, V.V. Automatic Optimizer vs. Human Optimizer for Low-Order Jet Noise Modeling.

In Proceedings of the 21st AIAA/CEAS Aeroacoustics Conference, Dallas, TX, USA, 22–26 June 2015.

27. Toropov, V.V. Simulation approach to structural optimization. Struct. Optim. 1989, 1, 37–46. [CrossRef]

28. Toropov, V.V.; Filatov, A.A.; Polynkin, A.A. Multiparameter structural optimization using FEM and multipoint explicit approxi-

mations. Struct. Optim. 1993, 6, 7–14. [CrossRef]

29. Holland, J.H. Adaption in Natural and Artificial Systems; University of Michigan Press: Ann Arbor, MI, USA, 1975.

30. Kennedy, J.; Eberhart, R.C. Particle swarm optimization. In Proceedings of the 1995 IEEE International Conference on Neural

Networks, Perth, Australia, 27 November–1 December 1995; pp. 1942–1948.

31. Storn, R.; Price, K. Differential evolution—A simple and efficient heuristic for global optimization over continuous spaces. J. Glob.

Optim. 1997, 11, 341–359. [CrossRef]

32. Martí, R. Multi-Start Methods. In Handbook of Metaheuristics. International Series in Operations Research & Management Science;

Springer: Boston, MA, USA, 2003; Volume 57. [CrossRef]

33. Cox, S.E.; Haftka, R.T.; Baker, C.A.; Grossman, B.; Mason, W.H.; Watson, L.T. A comparison of global optimization methods for

the design of a high-speed civil transport . J. Glob. Optim. 2001, 21, 415–432. [CrossRef]

34. Haim, D.; Giunta, A.A.; Holzwart, M.M.; Mason, W.H.; Watson, L.T.; Haftka, R.T. Comparison of optimization softare packages

for an aircraft multidisciplinary design optimization problem. Des. Optim. 1999, 1, 9–23.

35. Di Carlo, M.; Vasile, M.; Minisci, E. Adaptive multi-population inflationary differential evolution. Soft Comput. 2020, 24, 3861–3891.

[CrossRef]

36. Bridges, J. Effect of Heat on Space-Time Correlations in Jets. In Proceedings of the 12th AIAA/CEAS Aeroacoustics Conference,

Cambridge, MA, USA, 8–10 May 2006; AIAA-2006-2534.

37. Brown, C.A. Jet-surface interaction test: Far-field noise results. ASME J. Engng Gas Turbines Power 2010 135, 071201–071201-7.

[CrossRef]

38. Mezura-Montes, E.; Coello, C.A.C. Constraint-handling in nature-inspired numerical optimization: Past, present and future.

Swarm Evol. Comput. 2011, 1, 173–194. [CrossRef]

39. Pedersen, M.E. Good Parameters for Particle Swarm Optimization; Hvass Laboratories: Luxembourg, 2010.

40. Das, S.; Suganthan, P.N. Differential Evolution: A Survey of the State-of-the-Art. IEEE Trans. Evol. Comput. 2011, 15, 4–31.

[CrossRef]

41. Vasile, M.; Minisci. E.; Locatelli, M. An Inflationary Differential Evolution Algorithm for Space Trajectory Optimization. IEEE

Trans. Evol. Comput. 2011, 15, 267–281. [CrossRef]

42. Wales, D.J.; Doye, J.P. Global optimization by basin-hopping and the lowest energy structures of Lennard-Jones clusters containing

up to 110 atoms. J. Phys. Chem. A 1997, 101, 5111–5116. [CrossRef]

http://dx.doi.org/10.1017/jfm.2019.750
http://dx.doi.org/10.1016/j.jsv.2016.08.021
http://dx.doi.org/10.1017/jfm.2020.294
http://dx.doi.org/10.2514/1.J051076
http://dx.doi.org/10.2514/1.44689
http://dx.doi.org/10.1023/A:1011455900396
http://dx.doi.org/10.1017/S0962492904000194
http://dx.doi.org/10.1007/BF01743808
http://dx.doi.org/10.1007/BF01743169
http://dx.doi.org/10.1023/A:1008202821328
http://dx.doi.org/10.1007/0-306-48056-5_12
http://dx.doi.org/10.1023/A:1012782825166
http://dx.doi.org/10.1007/s00500-019-04154-5
http://dx.doi.org/10.1115/1.4023605
http://dx.doi.org/10.1016/j.swevo.2011.10.001
http://dx.doi.org/10.1109/TEVC.2010.2059031
http://dx.doi.org/10.1109/TEVC.2010.2087026
http://dx.doi.org/10.1021/jp970984n

	Introduction
	Summary of the Mathematical Modeling of Trailing-Edge Noise and Defining the Objective Functions
	Evolutionary Versus Non-Evolutionary Optimization Methods
	Possible Routes to Minimizing the Objective Function in Equation (7)
	Results
	Discussion
	Conclusions
	References

