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ABSTRACT

The generalized acoustic analogy remains one of the most robust jet noise prediction models for jets of arbitrary
cross section. In 2011, Afsar, Goldstein & Fagan (AGF)[1] formulated a jet noise model which reduced the
acoustic spectrum formula to one involving 11 independent components of the spectrum of the turbulence auto-
covariance tensor. In this paper we calculate this spectral tensor using a validated in-house LES code to obtain
the unsteady flow. We assess the difference between heated and cold inflow conditions at fixed Ma = Uj/c∞.

1. Introduction

Jet noise predictions using the generalized acous-
tic analogy (predecessors and variants) separate the
problem of acoustic propagation and noise source
modeling. This de-coupling of effects that fluid me-
chanically must be interelated follows only when the
turbulence structure (via its auto-covariance statis-
tics) is assumed known. The sound radiated by
known sources can then be calculated by determin-
ing the appropriate Green’s function of the linearized
Euler operator. In this paper we focus on low
speed jets (acoustic Mach numbers less than 0.9)
where non-parallel flow effects make little contribu-
tion to the low frequency spectral amplification. The
Green’s function is then the frequency domain so-
lution to the Rayleigh equation. Using this within
the acoustic analogy formula will allow predictions
of sound to be made.

Our goal in this paper however is not simply the
acoustic predictions (which have been done by nu-
merous other authors). We, however, focus our at-
tention on the spatial structure of the spectral tensor
(which AGF [1] reduced to 11 components). The
spectral tensor components are given in Table 1.
These components are the space-time Fourier trans-
forms of the physically measurable turbulence quan-
tities. The latter is found by post-processing an un-
steady flow data solution that we obtained using a
previously validated in-house LES code. The calcu-
lations were performed at Mississippi State Univer-
sity. We have considered 4 round jet operating points
for subsonic heated/isothermal flow conditions. The
main aims of this work are:

1. Run LES to obtain unsteady data

2. Post-process the unsteady flow data to obtain
the physical-space turbulence fourth order cor-
relations.

3. Use item (2) to determine the spectral tensor
components numerically
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4. Include propagator and calculate acoustic spec-
trum

Item (3) in the list above is the novel feature of our
work in this paper. The spectral tensor components
appear in the AGF[1] acoustic spectrum formula as
being the mathematical entities encapsulating the
flow turbulence in the model. If they can be deter-
mined without having to obtain the physical space
tensorial components in the acoustic spectrum for-
mula (and if they are universal) it would make a
significant reduction in complexity of the acoustic
analogy approach. AGF’s formulation was analyzed
qualitatively. Our work assesses the numerical struc-
ture of their final acoustic spectrum formula using
LES database.

2. LES Validation

The LES was performed using an in-house im-
plicit LES solver which uses the 2nd order Adams-
Bashforth time marching method. The mesh was
composed of 13, 244, 832 cells and the computational
time was roughly one week. Fig. 1 shows the mesh
at the nozzle. Fig. 2 compares the LES results with
several experimental [2, 3, 4, 5] and LES data [6, 7]
from the literature for a cold jet at Ma = 0.9, show-
ing good agreement. Similarly, Fig. 3 compares a hot
jet also at Ma = 0.9 with experiment.

Fig. 1 LES mesh at nozzle.
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Fig. 2 Ma = 0.9, TR = 0.87: Validation of LES (a)

meanflow U (b) turbulence intensity u
′

.
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Fig. 3 Ma = 0.9, TR = 2.7: Validation of LES (a)

meanflow U (b) turbulence intensity u
′

.

3. AGF Formula

AGF [1] showed that the acoustic spectrum can
be written as a summation of the three basic sound
production components. That is, sound generated by
momentum flux (i.e. Reynolds stress only), enthalpy
flux (temperature fluctuations) and coupling terms
involving the interaction between these two. This
formula is shown below in Eqn. 2.

Iω(x|y) =
3∑

n=1

I [n]ω (x|y) (1)

where

I [1]ω = Gij(x|y;ω)G
∗

kl(x|y;ω)Φ
∗

ij,kl(y,k, ω) (2a)

I [2]ω = 2ReΓ4j(x|y;ω)G
∗

kl(x|y;ω)Φ
∗

4j,kl(y,k, ω)
(2b)

I [3]ω = Γ4j(x|y;ω)Γ
∗

4l(x|y;ω)Φ
∗

4j,4l(y,k, ω) (2c)

and Gij is the propagator related to the vector
Green’s function of the adjoint linearized Euler equa-
tions given by Eq.(6) in [1].

Our concern in this paper, is the structure of the
spectral function Φ which enters the acoustic spec-
trum by the following components in Table. 1 when
an appropriate axisymmetric approximation is made.

Table 1 Spectral Tensor Components.

Spectral
Tensor Com-
ponents

Independent
Components

Momentum flux
term

Φijkl

Φ1111, Φ2222,
Φ1212, Φ2323,
Φ1122, Φ2211

Enthalpy
flux/momentum
flux coupling term

Φ4jkl
Φ4111, Φ4122,
Φ4221

Enthalpy flux term Φ4j4l Φ4141, Φ4242

Φ is given by:

Φνj,µl(y,k, ω) =

∫
η

Hνj,µl(y,η, ω)e
−k·ηdη (3)

where Hνj,µl is linearly related to the temporal
Fourier transform of the measured Reynolds stress
auto-covariance tensor.

We can then analyse the spatial structure of com-
ponents in Table. 1 via the measured spectral tensor:

Ψνj,µl(y;k, ω) =

∫
eik2η2+ik3η3Fνj,µl(y, η2, η3; k1, ω)

dη2dη3 (4)

where Fνj,µl represents the time and stream-
wise numerical Fourier transform of the LES-
extracted Reynolds stress auto-covariance. If we as-
sume that Fνj,µl depends on magnitude only (i.e.
Fνj,µl(y, η2, η3, k1) = Fνj,µl(y, η⊥, k1)), then the



measured spectral tensor can be reduced to a Hankel
transform:

Hνj,µl(y; k1, k⊥, ω) =

∫
∞

0

η⊥Fνj,µl(y; k1, η⊥, ω)

J0(k⊥η⊥)dη⊥ (5)

where J0 is the Bessel function of the first kind of
order 0. This approximation is consistent with as-
suming the jet turbulence is axisymmetric[1].

The wavenumbers k1, k⊥ are only dependant on
frequency and far field angle, θ, therefore the Hankel
transform is only dependant on jet location, y, St,
and θ itself. In Fig. 4 we show the spatial structure
of H1111 for a cold jet (TR = 0.87) at Ma = 0.9
along the shear layer r = 0.5. We can see that the
Hankel transform decreases in magnitude as the St
increases. The observation angle, θ = 90 contributes
greatest to the Hankel transform, however at small
St the structure is uniform with θ, whereas at peak
St and higher, as θ gets closer to the nozzle centerline
(i.e. θ → 0), the Hankel transform decreases. In
terms of spatial stucture, for small St, the Hankel
transform increases as y1 increases, whereas for high
St the structure is highly oscillatory across all y1.

Fig. 5 similarly shows the spatial structure of the
Hankel transform for the hot jet (TR = 2.7) also at
Ma = 0.9. Comparing this with the cold jet we can
see that the overall trends remain similar. However,
the magnitude of H-transform is smaller than that for
the cold jet. Since the acoustic spectrum formulae in
Eqs. (1) & (2), are proportional to the H-transform,
the reduction in its magnitude will cause a direct
reduction in the radiated sound.

In the accompanying presentation we show how
this data can be used for actual jet noise predictions.
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Fig. 4 Ma = 0.9, TR = 0.87: Spatial structure of
Hankel transform at (a) St = 0.01 (b) St = 0.1 (c)
St = 1.0.
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Fig. 5 Ma = 0.9, TR = 2.7: Spatial structure of
Hankel transform at (a) St = 0.01 (b) St = 0.1 (c)
St = 1.0.


