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ON TESTABILITY OF FIRST-ORDER PROPERTIES IN
BOUNDED-DEGREE GRAPHS AND CONNECTIONS TO
PROXIMITY-OBLIVIOUS TESTING *

ISOLDE ADLER', NOLEEN KOHLER}!, AND PAN PENG?!

Abstract. We study property testing of properties that are definable in first-order logic (FO)
in the bounded-degree graph and relational structure models. We show that any FO property that
is defined by a formula with quantifier prefix 3*V* is testable (i.e., testable with constant query
complexity), while there exists an FO property that is expressible by a formula with quantifier prefix
V*3* that is not testable. In the dense graph model, a similar picture is long known (Alon, Fischer,
Krivelevich, Szegedy, Combinatorica 2000), despite the very different nature of the two models. In
particular, we obtain our lower bound by an FO formula that defines a class of bounded-degree
expanders, based on zig-zag products of graphs. We expect this to be of independent interest.

We then use our class of FO definable bounded-degree expanders to answer a long-standing open
problem for prozimity-oblivious testers (POTs). POTs are a class of particularly simple testing
algorithms, where a basic test is performed a number of times that may depend on the proximity
parameter, but the basic test itself is independent of the proximity parameter.

In their seminal work, Goldreich and Ron [STOC 2009; SICOMP 2011] show that the graph
properties that are constant-query proximity-oblivious testable in the bounded-degree model are
precisely the properties that can be expressed as a generalised subgraph freeness (GSF) property
that satisfies the non-propagation condition. It is left open whether the non-propagation condition
is necessary. Indeed, calling properties expressible as a generalised subgraph freeness property GSF-
local properties, they ask whether all GSF-local properties are non-propagating. We give a negative
answer by showing that our FO definable property is GSF-local and propagating. Hence in particular,
our property does not admit a POT, despite being GSF-local. For this result we establish a new
connection between FO properties and GSF-local properties via neighbourhood profiles.

Key words. Graph property testing, first-order logic, proximity-oblivious testing, locality, lower
bound

MSC codes. 68Q25, 68R10, 68W20, 03B70

1. Introduction. Graph property testing is a framework for studying sampling-
based algorithms that solve a relaxation of classical decision problems on graphs.
Given a graph G and a property P (e.g. triangle-freeness), the goal of a property
testing algorithm, called a property tester, is to distinguish if a graph satisfies P or is
far from satisfying P, where the definition of far depends on the model. The general
notion of property testing was first proposed by Rubinfeld and Sudan [34], with the
motivation for the study of program checking. Goldreich, Goldwasser and Ron [19]
then introduced the property testing for combinatorial objects and graphs. They
formalized the dense graph model for testing graph properties, in which the algorithm

*Submitted to the editors February 28, 2023. This manuscript combines and extends two confer-
ence papers: “On Testability of First-Order Properties in Bounded-Degree Graphs” appeared at the
32nd Annual ACM-SIAM Symposium on Discrete Algorithms (SODA 2021) [3], and “GSF-Locality
Is Not Sufficient For Proximity-Oblivious Testing” appeared at Computational Complexity Confer-
ence (CCC) 2021 [2]. In this paper we modified the property for the lower bound in [3] slightly so
that it is GSF-local, which allows us to use it both as a non-testable Ila-property and as a GSF-
local property that is propagating. We also give an improved reduction from relational structures
to undirected graphs which reduces the original (large) degree bound to 3. Finally, we complete the
picture by showing that all GSF-local properties of degree at most 2 are non-propagating.
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2 I. ADLER, N. KOHLER, P. PENG

can query if any pair of vertices of the input graph G with n vertices are adjacent
or not, and the goal is to distinguish, with probability at least 2/3, the case of G
satisfying a property P from the case that one has to modify (delete or insert) more
than en? edges to make it satisfy P, for any specified proximity parameter € (0, 1].
A property P is called testable (in the dense graph model), if it can be tested with
constant query complexity, i.e., the number of queries made by the tester is bounded
by a function of € and is independent of the size of the input graph. Since [19], much
effort has been made on the testability of graph properties in this model, culminating
in the work by Alon et al. [5], who showed that a property is testable if and only if it
can be reduced to testing for a finite number of regular partitions.

Since Goldreich and Ron’s seminal work [21] introducing property testing on
bounded-degree graphs, much attention has been paid to property testing in sparse
graphs. Nevertheless, our understanding of testability of properties in such graphs
is still limited. In the bounded-degree graph model [21], the algorithm has oracle
access to the input graph G with maximum degree d, which is assumed to be a
constant, and is allowed to perform neighbour queries to the oracle. That is, for
any specified vertex v and index ¢ < d, the oracle returns the i-th neighbour of v
if it exists or a special symbol L otherwise in constant time. A graph G with n
vertices is called e-far from satisfying a property P, if one needs to modify more
than edn edges to make it satisfy P. The goal now becomes to distinguish, with
probability at least 2/3, if G satisfies a property P or is e-far from satisfying P, for
any specified proximity parameter € € (0,1]. Again, a property P is testable in the
bounded-degree model, if it can be tested with constant query complexity, where the
constant can depend on ¢,d while being independent of n. So far, it is known that
some properties are testable, including subgraph-freeness, k-edge connectivity, cycle-
freeness, being Eulerian, degree-regularity [21], minor-freeness [7, 25, 29], hyperfinite
properties [31], k-vertex connectivity [35, 16], and subdivision-freeness [28]. We now
discuss the contributions of this paper.

1.1. Our contributions.

1.1.1. Non-testability of first-order logic. We study the testability of prop-
erties definable in first-order logic (FO) in the bounded-degree graph model. Recall
that formulas of first-order logic on graphs are built from predicates for the edge re-
lation and equality, using Boolean connectives V, A, - and universal and existential
quantifiers V, 3, where the variables represent graph vertices. First-order logic can e. g.
express subgraph-freeness (i.e., no isomorphic copy of some fixed graph H appears
as a subgraph) and subgraph containment (i.e., an isomorphic copy of some fixed H
appears as a subgraph). Note however, that there are constant-query testable prop-
erties, such as connectivity and cycle-freeness, that cannot be expressed in FO. We
study the question of which first-order properties are testable in the bounded-degree
graph model. Our study extends to the bounded-degree relational structure model
[1], while we focus on the classes of relational structures with binary relations, i.e.,
edge-coloured directed graphs. In this model for relational structures, one can perform
neighbour queries, querying for both in- and out-neighbours and the edge colour that
connects them. This model is natural in the context of relational databases, where
each (edge-)relation is given by a list of the tuples it contains.

We consider the testability of first-order properties in the bounded-degree model
according to quantifier alternation, inspired by a similar study for dense graphs by
Alon et al. [4]. On relational structures of bounded-degree over a fixed finite sig-
nature, we have the following simple observation: Any first-order property definable

This manuscript is for review purposes only.
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by a sentence without quantifier alternations is testable. This means the sentence
either consists of a quantifier prefix of the form 3* (any finite number of existential
quantifications), followed by a quantifier-free formula, or it consists of a quantifier
prefix of the form V* (any finite number of universal quantifications), followed by a
quantifier-free formula. Basically, every property of the form 3* is testable because
the structure required by the quantifier-free part of the formula can be planted with
a small number of tuple modifications if the input structure is large enough (depend-
ing on the formula), and we can use an exact algorithm to determine the answer in
constant time otherwise. Every property of the form V* is testable because a formula
of the form VZo(Z), where ¢ is quantifier-free, is logically equivalent to a formula
of the form —3Zy(Z), where 9 is quantifier-free. Testing —3Z¢(Z) then amounts to
testing for the absence of a finite number of induced substructures, which can be done
similarly to testing subgraph freeness [21]. The testability of a property becomes less
clear if it is defined by a sentence with quantifier alternations. Formally, we let IIo
(resp. X3) denote the set of properties that can be expressed by a formula in the
V*I*-prefix (resp. 3*V*-prefix) class. We obtain the following.

Every first-order property in Yo is testable in the bounded-degree model (Theorem
6.1). On the other hand, there is a first-order property in Ila, that is not testable in
the bounded-degree model (Theorem 4.7).

The theorems that we refer to in the above statement speak about relational
structures, while we also give a lower bound on graphs (Theorem 5.1), so the statement
also holds when restricted to FO on graphs. Interestingly, the above dividing line is the
same as for FO properties in dense graph model [4], despite the very different nature
of the two models. Our proof uses a number of new proof techniques, combining graph
theory, combinatorics and logic.

We remark that our lower bound, i.e., the existence of a property in Il; that is
not testable, is somewhat astonishing (on an intuitive level) due to the following two
reasons. Firstly, it is proven by constructing a first-order definable class of structures
that encode a class of expander graphs, which highlights that FO is surprisingly
expressive on bounded-degree graphs, despite its locality [24, 17, 32]. Secondly, it
is known that property testing algorithms in the bounded-degree model proceed by
sampling vertices from the input graph and exploring their local neighbourhoods,
and FO can only express ‘local’ properties, while our lower bound shows that this
is not sufficient for testability. We elaborate on this in the following. On one hand,
Hanf’s Theorem [24] gives insight into first-order logic on graphs of bounded-degree
and implies a strong normal form, called Hanf Normal Form (HNF) in [9], which
we briefly sketch. For a graph G of maximum degree d and a vertex x in G, the
neighbourhood of fixed radius r around z in G can be described by a first-order
formula 7,.(x), up to isomorphism. A Hanf sentence is a first-order sentence of the
form ‘there are at least ¢ vertices x of neighbourhood (isomorphism) type 7,.(x)’.
A first-order sentence is in HNF, if it is a Boolean combination of Hanf sentences.
By Hanf’s Theorem, every first-order sentence is equivalent to a sentence in HNF
on bounded-degree graphs [24, 32, 14]. Note that Hanf sentences only speak about
local neighbourhoods. Hence this theorem gives evidence that first-order logic can
only express local properties. On the other hand, if a property is constant-query
testable in the bounded-degree graph model, then it can be tested by approximating
the distribution of local neighbourhoods (see [11] and [22]). That is, a constant-
query tester can essentially only test properties that are close to being defined by a

This manuscript is for review purposes only.
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4 I. ADLER, N. KOHLER, P. PENG

distribution of local neighbourhoods. For these reasons!, a priori, it could be true that
every property that can be expressed in first-order logic is testable in the bounded-
degree model. Indeed, the validity of this statement was raised as an open question
in [1]. However, our lower bound gives a negative answer to this question.

1.1.2. GSF-locality is not sufficient for proximity oblivious testing.
Typical property testers make decisions regarding the global property of the graph
based on local views only. In the extreme case, a tester could make the size of the
local views independent of the distance ¢ to a predetermined set of graphs. Motivated
by this, Goldreich and Ron [22] initiated the study of (one-sided error) prozimity-
oblivious testers (POTs) for graphs, where a tester simply repeats a basic test for a
number of times that depends on the proximity parameter, while the basic tester is
oblivious of the proximity parameter. They gave characterizations of graph properties
that can be tested with constant query complexity by a POT in both dense graph
model and the bounded-degree model. In each model, it is known that the class of
properties that have constant-query POTs is a strict subset of the class of properties
that are testable (by standard testers).

Informally, a (one-sided error) POT for a property P is a tester that always
accepts a graph G if it satisfies P, and rejects G with probability that is a mono-
tonically increasing function of the distance of G from the property P. We say P is
proximity-oblivious testable if such a tester exists with constant query complexity. To
characterise the class of proximity-oblivious testable properties in the bounded-degree
model, Goldreich and Ron [22] introduced a notion of generalized subgraph freeness
(GSF), that extends the notions of induced subgraph freeness and (non-induced) sub-
graph freeness. A graph property is called a GSF-local property if it is expressible as a
GSF property. It was shown in [22] that a graph property is constant-query proximity-
oblivious testable if and only if it is a GSF-local property that satisfies a so-called
non-propagation condition. Informally, a GSF-local property P is non-propagating if
repairing a graph G that does not satisfy P does not trigger a global “chain reaction”
of necessary modifications (see Section 7.1 for the formal definitions).

A major question that is left open in [22] is whether every GSF-local property
satisfies the non-propagation condition. By using the aforementioned non-testable
FO property and establishing a new connection between FO properties and GSF-
local properties, we resolve this question by showing the following negative result.

There exists a GSF-local property of graphs of degree at most 3 that is not testable
in the bounded-degree model. Thus, not all GSF-local properties are non-propagating
(Theorem 7.5).

We expect this result will shed some light on a full characterisation of testable
properties in the bounded-degree model. Indeed, in a recent work by Ito, Khoury and
Newman [27], the authors gave a characterization of testable monotone graph prop-
erties and testable hereditary graph properties with one-sided error in the bounded-
degree graph model; and they asked the open question “is every property that is
defined by a set of forbidden configurations testable?”. Since their definition of a
property defined by a set of “forbidden configuration” is equivalent to a GSF-local
property, our result above also gives a negative answer to their question.

We complete the picture by showing the following.

LFurthermore, previously, typical FO properties were all known to be testable, including degree-
regularity for a fixed given degree, containing a k-clique and a dominating set of size k for fixed k
(which are trivially testable), and the aforementioned subgraph-freeness and subgraph containment
(see e.g. [18]).

This manuscript is for review purposes only.
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Every GSF-local property of graphs of degree at most 2 is non-propagating (The-
orem 7.16).

1.2. Our techniques.

1.2.1. On the testability and non-testability of FO properties. For show-
ing that every property P defined by a formula ¢ in 39 (i.e. of the form 3*V*) is
testable, we show that P is equivalent to the union of properties P;, each of which is
‘indistinguishable’ from a property Q; that is defined by a formula of form V*. Here
the indistinguishability means we can transform any structure satisfying P;, into a
structure satisfying 9, by modifying a small fraction of the tuples of the structure
and vice versa. This allows us to reduce the problem of testing P to testing properties
defined by V* formulas. Then the testability of P follows, as any property of the form
V* is testable and testable properties are closed under union [18]. The main challenge
here is to deal with the interactions between existentially quantified variables and
universally quantified variables. Intuitively, the degree bound limits the structure
that can be imposed by the universally quantified variables. Using this, we are able
to deal with the existential variables together with these interactions by ‘planting’ a
required constant size substructure in such a way, that we are only a constant number
of modifications ‘away’ from a formula of the form V*.

Complementing this, we use Hanf’s theorem to observe that every FO property
on degree-regular structures is in IIy (see Lemma 4.5). Thus to prove that there
exists a property defined by a formula in Il which is not testable, it suffices to
show the existence of an FO property that is not testable and degree-regular. For
the latter, we note that it suffices to construct a formula ¢, that defines a class of
relational structures with binary relations only (edge-coloured directed graphs) whose
underlying undirected graphs are expander graphs. To see this, we use an earlier
result that if a property is constant-query testable, then the distance between the
local (constant-size) neighbourhood distributions of a relational structure A satisfying
the property ¢ and a relational structure B that is e-far from having the property
must be relatively large (see [1] which in turn is built upon the so-called “canonical
testers” for bounded-degree graphs in [11, 22]). We then exploit a result of Alon
(see Proposition 19.10 in [30]), that the neighbourhood distribution of an arbitrarily
large relational structure A can be approximated by the neighbourhood distribution
of a structure H of small constant size. Thus, for any A in ¢, by taking the union
of “many” disjoint copies of the “small” structure H, we obtain another structure
B such that the local neighbourhood distributions of A and B have small distance.
If the underlying undirected graphs of the structures in ¢ are expander graphs, it
immediately follows that B is far from the property defined by the formula ¢, from
which we can conclude that the property ¢ is not testable. We remark that for
simple undirected graphs, it was known before that any property that only consists
of expander graphs is not testable [15].

Now we construct a formula ¢, that defines a class of relational structures with
binary relations only whose underlying undirected graphs are expander graphs, arising
from the zig-zag product by Reingold, Vadhan and Wigderson [33]. For expressibil-
ity in FO, we hybridise the zig-zag construction of expanders with a tree structure.
Roughly speaking, we start with a small graph H, which is a good expander, and the
formula ¢ expresses that each model? looks like a rooted k-ary tree (for a suitable

2When the context is clear, “model” refers to a structure that satisfies some formula. This should
not be confused with the names for our computational models, e.g., the bounded-degree model.
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6 I. ADLER, N. KOHLER, P. PENG

fixed k), where level 0 consists of the root only, level 1 contains Gy := H?, and level i
contains the zig-zag product of G?_; with H. The class of trees is not definable in FO.
However, we achieve that every finite model of our formula is connected and looks
like a k-ary tree with the desired graphs on the levels. This structure is obtained by
a recursive ‘copying-inflating’ mechanism, to mimic the expander construction locally
between consecutive levels. For this we use a constant number of edge-colours, one
set of colours for the edges of the tree, and another for the edges of the ‘level’ graphs
G;. On the way, many technicalities need to be tackled, such as encoding the zig-zag
construction into the local copying mechanism (and achieving the right degrees), and
finally proving connectivity. We then show that the underlying undirected graphs
of the models of ¢ are expander graphs. Using a hardness reduction which inserts
carefully designed gadgets to encode the different edge-colours, we finally obtain a
non-testable property of undirected 3-regular graphs.

1.2.2. On GSF-locality and POTs. We then proceed to showing that this
property of 3-regular graphs is GSF-local. For this, we first study the relation between
locality of first-order logic and GSF-locality. Hanf’s Theorem [24] implies that we can
understand locality of FO as prescribing upper and lower bounds for the number of
occurrences of certain local neighbourhood (isomorphism) types. On the other hand,
a GSF-local property as defined in [22] prescribes the absence of some constant-size
marked graphs, where a marked graph F specifies an induced subgraph and how it
‘interacts’ with the rest of the graph (see Definition 7.1). Intuitively, such a property
just specifies a condition that the local neighbourhoods of a graph G should satisfy,
i.e., certain types of local neighbourhoods cannot occur in G, or equivalently, these
types have 0 occurrences. However, it does not follow that every GSF-local property
is FO definable, because the set of forbidden marked graphs depends on the size n of
the graphs in the class. Indeed, it is not hard to come up with undecidable properties
that are GSF-local.

To establish a connection between FO properties and GSF-local properties, we
first encode the bounds on the number of occurrences of local neighbourhood types
into what we call neighbourhood profiles, and characterise FO definable properties of
bounded-degree relational structures as finite unions of properties defined by neigh-
bourhood profiles (Lemma 7.7). We then show that every FO formula defined by a
non-trivial finite union of properties each of which is defined by a 0-profile, i.e. the
prescribed lower bounds are all 0, is GSF-local (Theorem 7.9). Given the fundamen-
tal roles of local properties in graph theory, graph limits [30], we believe this new
connection is of independent interest.

For technical reasons, we make use of the property defined by our formula ¢ above,
which is a property of relational structures that is not testable in the bounded-degree
model, instead of directly using our non-testable graph property of 3-regular graphs.
We prove that the property defined by ¢ can actually be defined by 0-profiles (Lemma
7.12). We then derive that our non-testable graph property of 3-regular graphs is also
GSF-local (Lemma 7.14), by showing that the reduction maintains definability by
0-profiles.

1.3. Other related work. Besides the aforementioned works on testing prop-
erties with constant query complexity in the bounded-degree graph model, Goldreich
and Ron [22] have obtained a characterisation for a class of properties that are testable
by a constant-query proximity-oblivious tester in bounded-degree graphs (and dense
graphs). Such a class is a rather restricted subset of the class of all constant-query
testable properties. Fichtenberger et al. [15] showed that every testable property is

This manuscript is for review purposes only.



ON TESTABILITY OF FIRST-ORDER PROPERTIES IN BOUNDED-DEGREE GRAPHS 7

either finite or contains an infinite hyperfinite subproperty. Informally, a hyerfinite
subproperty is a subset of graphs that can be partitioned into small connected compo-
nents by removing a small fraction of the edges and is invariant under isomporphism.
Tto et al. [27] gave characterisations of one-sided error (constant-query) testable mono-
tone graph properties, and one-sided error testable hereditary graph properties in the
bounded-degree (directed and undirected) graph model.

In the bounded-degree graph model, there exist properties (e.g. bipartiteness, ex-
pansion, k-clusterability) that need Q(y/n) queries, and properties (e.g. 3-colorability)
that need Q(n) queries. We refer the reader to Goldreich’s recent book [18].

Property testing on relational structures was recently motivated by the appli-
cation in databases. Besides the aforementioned work [1], Chen and Yoshida [10]
studied the testability of relational database queries for each relational structure in
the framework of property testing.

The notion of POT was implicitly defined in [8]. Goldreich and Shinkar [23]
studied two-sided error POTs for both dense graph and bounded-degree graph models.
Goldreich and Kaufman [20] investigated the relation between local conditions that are
invariant in an adequate sense and properties that have a constant-query proximity-
oblivious testers.

1.4. Structure of the paper. Section 2 contains the preliminaries, including
logic, property testing and the zig-zag construction of expander graphs. In Section 3
we construct the FO formula ¢ and prove properties of its models. In Section 4, we
prove that there is a Ils-property that is not testable, by proving that the property
defined by ¢ on bounded-degree structures is not constant-query testable. Using a
reduction, in Section 5 we then provide a IIs-property of undirected graphs of degree at
most 3 that is non-testable. In Section 6, we show that all X5 properties are testable.
In Section 7 we then turn to POTSs, showing that our Ils-property of undirected graphs
of degree at most 3 is GSF-local and propagating. We then show that all GSF-local
properties of degree at most 2 are non-propagating. We conclude in Section 8.

2. Preliminaries. We let N denote the set of natural numbers including 0, and
Nsg :=N\ {0}. For n € N we let [n] := {0,1,...,n — 1} denote the set of the first n
natural numbers. For a set S and k € N we denote the Cartesian product S x --- x §
of k copies of S by S*. We use (g) to denote the set of all two-element subsets of 5,
we denote the disjoint union of sets by U and the symmetric difference by A.

2.1. Undirected graphs. Unless otherwise specified we allow graphs to have
self-loops and parallel edges. We represent an undirected graph G as a triple (V, E, f),
where V' is the set of vertices, E is the set of edges and f : E — V U (}) is the
incidence map. An isomorphism from Gy, = (V4, E1, f1) to Go = (Va, Ea, fo) is a
pair of bijective maps (hy,hg), where hy : Vi — V5 and hg : B3 — Es, such that
hv (fi(e)) = fo(hg(e)) for any e € Eq, where hy (X) := {hy(z) | z € X} for any set
X C Vj. Undirected graphs without self-loops and parallel edges are called simple.
For a simple graph G, we also represent G as a tuple G = (V(G), E(G)), where V(G)
is the vertex set and E(G) C (‘2/) The degree degq(v) of a vertex v in a graph G is
the number of edges to which v is incident. In particular, self-loops contribute one to
the degree. We will say that a graph G is d-reqular for some d € N if every vertex
in G has degree d. We specify paths in graphs by tuples of vertices. We further let
all paths and cycles be simple, i.e. no vertex appears twice. The length of a path
on n vertices is n — 1. We define the distance between two vertices v and w in a
graph G, denoted distg (v, w), as the length of a shortest path from v to w or oo if

This manuscript is for review purposes only.
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8 I. ADLER, N. KOHLER, P. PENG

there is no path from v to w in G. Any subset S C V of vertices induces a graph
GlS]) = (S,{e€ E| f(e) € SU (g)},f|3) A connected component of G is a graph
induced by a maximal set S, such that each pair v,w € S has finite distance in G.
A graph is connected if it has only one connected component. We refer the reader
to [12] for the basic notions of graph theory.

We also consider rooted undirected trees. By specifying a root we can uniquely
direct the edges away from the root. This allows us to use the terminology of children
and parents for undirected rooted trees. We call a tree a full k-ary tree if every vertex
has either none or exactly k children. If, in addition, for every i € N there are either
exactly k' or no vertices of distance i to the root of the tree we call it a balanced full
k-ary tree.

2.2. Relational structures and first-order logic. We will briefly introduce
structures and first-order logic and point the reader to [14] for a more detailed intro-
duction. A (relational) signature is a finite set 0 = {Ry,..., Ry} of relation symbols
R;. Every relation symbol R;, 1 < ¢ < £ has an arity ar(R;) € Nsg. A o-structure
is a tuple A = (U(A), R1(A),...,Re(A)), where U(A) is a finite set, called the uni-
verse of A and R;(A) C U(A)*W) is an ar(R;)-ary relation on U(A). Note that
if o = {E,...,E;} is a signature where each FE; is a binary relation symbol, then
o-structures are directed simple graphs with ¢ edge-colours. Let ograpn := {E} be a
signature with one binary relation symbol E. Then we can understand undirected
simple graphs as ggraph-structures for which the relation E is symmetric (every undi-
rected edge is represented by two tuples) and irreflexive. Using this we can transfer all
notions defined below to simple graphs. Typically we name graphs G, H, F', we denote
the set of vertices of a graph G by V(G), the set of edges by F(G) and vertices are typ-
ically named u, v, w,u’,v’,w’,.... In contrast when we talk about a general relational
structure we use A, B and a,b,d’, ¥, ... to denote elements from the universe.

In the following we let o be a relational signature. Two o-structures A and B are
isomorphic if there is a bijective map from U(A) to U(B) that preserves all relations.
For a o-structure A and a subset S C U(A), we let A[S] denote the substructure of
A induced by S, i.e. A[S] has universe S and R(A[S]) := R(A)NS*) for all R € 0.
The degree of an element a € U(A) denoted by deg4(a) is defined to be the number
of tuples in A containing a. We define the degree of A, denoted by deg(A), to be the
maximum degree of its elements. A structure A is d-reqular for some d € N if every
element a € U(A) has degree d. Given a signature o and a constant d, we let C, g4 be
the class of all o-structures of degree at most d, and let Cy the set of all simple graphs
of degree at most d. Note that the degree of a graph differs by exactly a factor 2 from
the degree of the corresponding ograph-structure. Let C be any class of o-structures
which is closed under isomorphism. A property P in C is a subset of C which is closed
under isomorphism. We say that a structure A has property P if A € P.

The syntax and semantics of FO logic are defined in the usual way (see e. g. [14]).
We use 32"z ¢ (and 3=z ¢, IS™x @, respectively) as a shortcut for the FO formula
expressing that the number of witnesses x satisfying ¢ is at least m (exactly m, at
most m, respectively). We say that a variable occurs freely in an FO formula if at
least one of its occurrences is not bound by any quantifier. We use ¢(z1,...,2x) to
express that the set of variables which occur freely in the FO formula ¢ is a subset of
{x1,...,2}. For a formula ¢(x1,...,2t), a o-structure A and a4, ...,a; € U(A) we
write A |E p(aq,...,ax) if ¢ evaluates to true after assigning a; to z;, for 1 <14 < k.
A sentence of FO is a formula with no free variables. For an FO sentence ¢ we say
that A is a model of ¢ or A satisfies ¢ if A = p. Let C be a class of o-structures
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closed under isomorphism. Every FO-sentence ¢ over o defines a property P, C C on
C, where P, :={AcC|AE ¢}

Hanf normal form. The Gaifman graph of a o-structure A is the undirected graph
G(A) = (U(A), E), where {v,w} € E, if v # w and there is an R € o and a tuple
@ = (a1,...,aa(r)) € R(A), such that v = a; and w = ay for some 1 < k,j < ar(R).
We use G(A) to apply graph theoretic notions to relational structures. Note that for
any simple graph the Gaifman graph of the corresponding symmetric ograpn-structure
is the graph itself. We say that a o-structure A is connected if its Gaifman graph G(A)
is connected. For two elements a,b € U(A), we define the distance between a and b
in A, denoted by dist4(a,b), as the length of a shortest path from a to b in G(A), or
oo if there is no such path. For r € N and a € U(A), the r-neighbourhood of a is the
set NA(a) := {b € U(A) : dista(a,b) < r}. We define N2A(a) := A[N/(a)] to be the
substructure of A induced by the r-neighbourhood of a. For » € N an r-ball is a tuple
(B,b), where B is a o-structure, b € U(B) and U(B) = NP (b), i.e. B has radius r
and b is the centre. Note that by definition (N (a), a) is an r-ball for any o-structure
Aand a € U(A). Two r-balls (B, b), (B’,b") are isomorphic if there is an isomorphism
of o-structure from B to B’ that maps b to ’. We call the isomorphism classes of
r-balls r-types. For an r-type 7 and an element a € U(A) we say that a has (r-)type
7 if (NWA(a),a) € 7. Moreover, given such an r-type 7, there is a formula ¢, (z) such
that for every o-structure A and for every a € U(A), A = ¢, (a) iff (N2 (a),a) € 7.
A Hanf-sentence is a sentence of the form 3™z, (z), for some m € N+, where 7 is
an r-type. An FO sentence is in Hanf normal form, if it is a Boolean combination®
of Hanf sentences. Two formulas ¢(z1,...,zr) and ¥(xq,...,x) of signature o are
called d-equivalent, denoted by ¢(x1,...,2x) =4 ¥(21,...,2k), if they are equivalent
on C, g4, i.e. for all A € C, 4 and all (a1,...,ax) € U(A)* we have A = p(ay, ..., ar)
ifft A v¥(a,...,a;). Hanf’s locality theorem for first-order logic [24] implies the
following.

THEOREM 2.1 (Hanf [24]). Let d € N. Every sentence of first-order logic is
d-equivalent to a sentence in Hanf normal form.

Quantifier alternations of first-order formulas. Let o be any relational signature.
We use the following recursive definition, classifying first-order formulas according to
the number of quantifier alterations in their quantifier prefix. Let ¥y = Il be the
class of all quantifier free first-order formulas over . Then for every ¢ € N+ we let
3; be the set of all FO formulas ¢(y1, ..., ye) for which there is k¥ € N and a formula
V(x1,. . Tk, Y1, - -+, Ye) € I1;—1 such that

=3z ... Jxpp(x1, . T, Y1y -, Ye)-
Analogously, II; consists of all FO formulas ¢(y1, - . ., ye) for which there is k € N and
a formula ¥ (z1,..., Tk, Y1,--.,Ye) € Bij_1 such that

o =Vr1.. Vepp(er, ..., Te, Y1, -, Ye)-

We further say that a property P C C is in X; or II; if there is an FO-sentence ¢ in
%; or II;, respectively, such that P = P,.

EXAMPLE 1 (Substructure freeness). Let B be a o-structure, and let d € N. The

property
P:={A€Csql| A does not contain B as substructure}

15 1N Hl.

3By Boolean combination we always mean finite Boolean combination.
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10 I. ADLER, N. KOHLER, P. PENG

2.3. Property testing. In the following, we give definitions of two models for
property testing - the bounded-degree model for simple graphs introduced in [21] and
a bounded-degree model for relational structures similar to the model introduced in [1].
The model for relational structures described here is chosen to simplify notation. It
differs from the model in [1] in the way the query access is defined, however, they are
equivalent in the sense that testability in either model implies testability in the other
model. This can be easily seen using a local reduction as defined in Section 5.2. The
bounded-degree model for relational structures extends the bounded-degree model for
undirected graphs introduced in [21] and conforms with the bidirectional model of
[11].

For notational convenience, C will either denote a class of graphs of bounded-
degree d closed under isomorphism, or a class of o-structures of bounded-degree d
closed under isomorphism for some signature o and some d € N. Let P be a property
on C. We will further refer to both graphs and o-structures as structures. Let P, be
the subset of P with n vertices/elements. Thus P = J,, . P,. We define the distance

of a structure A on n vertices/elements to a property P = (J,,c Pn as

R(A)AR(B
dist(A,P) = min =kee FALRB]
BePn dn

For ¢ € (0,1) we say that a structure A on n vertices/elements is e-close to P if
dist(A4, P) < ¢, that is one can modify A into a structure in P by adding/deleting at
most edn tuples of A. We say that A is e-far from P if A is not e-close to P.

An algorithm that processes a structure A € C does not obtain an encoding of A
as a bit string in the usual way. Instead, we assume that the algorithm receives the
number n of elements/vertices of A, and that the elements/vertices of A are numbered
1,2,...,n. In addition, the algorithm has direct access to A using an oracle which
answers neighbour queries in A in constant time. A query to a o-structure A of
bounded-degree d has the form (a,%) for an element a € U(A), i € {1,...,d} and
is answered by ans(a,) := (R, a1, ..., aar)) Where (a1, ..., (r)) is the i-th tuple
(according to some fixed ordering) containing a and (ai,...,a.(r)) € R(A), or a
special symbol “1” if i is greater than the degree of a. A query to a graph G of
bounded-degree d has the form (v,1) for v € V(G), i € {1,...,d} and is answered by
ans(v, 1) := w where w is the i-th neighbour of v.

Now we give the formal definitions of standard property testing and proximity-
oblivious testing.

DEFINITION 2.2 ((Standard) property testing). Let P = (J, . Pn be a property.

An e-tester for P, is a probabilistic algorithm which, given query access to a structure
A € C with n vertices/elements,

e accepts A with probability 2/3, if A € P,.

e rejects A with probability 2/3, if A is e-far from P,,.
We say that a property P is testable if for every n € N and € € (0,1), there exists
an e-tester for P, that makes at most ¢ = q(e,d) queries. We say the property P is
testable with one-sided error if the e-tester always accepts A if A € P.

We introduce below the formal definition of proximity-oblivious testers.

DEFINITION 2.3 (Proximity-oblivious testing (with one-sided error)). Let P =
U,enPn be a property. Let n : (0,1] — (0,1] be a monotonically non-decreasing
function. A proximity-oblivious tester (POT) with detection probability n for P,
is a probabilistic algorithm which, given query access to a structure A € C with n
vertices/elements,
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e accepts A with probability 1, if A € P,,.
o rejects A with probability at least n(dist(A4,Pr)), if A ¢ Pn. FEquivalently,
for any A that is not in Py, the algorithm accepts A with probability at most
1 —n(dist(A4, Py)).
We say that a property P is proximity-oblivious testable if for every n € N, there
exists a POT for P, of constant query complexity with detection probability n.

We remind the reader of the following which we argued in the introduction.

Remark 2.4. Let d € N. Every propery definable in ¥; is testable on Cy, and
every property definable in II; is testable on Cy.

2.4. Expansion and the zig-zag product. In this section we recall a con-
struction of a class of expanders introduced in [33]. This construction uses undirected
graphs with parallel edges and self-loops.

Let G = (V, E, f) be an undirected D-regular graph on N vertices. We follow the
convention that each self-loop counts 1 towards the degree. Let I be a set of size D.
Then a rotation map of G is a function ROT¢ : V x I — V x I such that for every
two not necessarily different vertices u,v € V

{(i,5) € IxIT|ROTg(u,i) = (v,§)} = 2{e € E | f(e) = {u, v}}|

and ROT¢ is self inverse, i.e. ROTg(ROT¢(v,7)) = (v,4) for allv € Vi € I. A
rotation map is a representation of a graph that additionally fixes for every vertex v
an order on all edges incident to v. We let the normalised adjacency matrix M of G
be defined by

1
My i= 35 Hel S(e) = {w o},

Since M is real, symmetric, contains no negative entries and all columns sum up to 1,
all its eigenvalues are in the real interval [—1,1]. Let 1=X; > Ao > -+ > Ay > —1
denote the eigenvalues of M. We let A(G) := max{|\z|,|An|}. Note that these notions
do not depend on the rotation map. We say that a graph is an (N, D, \)-graph, if G
has N vertices, is D-regular and A\(G) < A\. We will use the following lemma.

LEMMA 2.5 ([26]). The graph G is connected if and only if A2 < 1. Furthermore,
if G is connected, then G is bipartite if and only if Ay = —1.

For any subsets S, T C V let (S,T)g:={e€ E | f(e)NS #0, f(e) NT # 0} be the
set of edges crossing between S and T'.

DEFINITION 2.6. For any set S C'V, we let h(S) := % be the expansion of

S. We let h(G) be the expansion ratio of G defined by h(G) := minggcv | sj<ny/2} h(S).

For any constant € > 0 we call a sequence {G,,}men., of graphs of increasing
number of vertices a family of e-expanders, if h(G,,) > € for all m € N5y. We say
that a family of graphs is a family of expanders if it is a family of e-expanders for
some constant € > 0. We further often call a graph from a family of expanders an
expander. There exists the following connection between h(G) and A(G).

THEOREM 2.7 ([13, 6]). Let G be a D-regular graph. Then it holds that h(G) >
D(1 - X@))/2.

This implies that for a sequence of graphs {G, }men., of increasing number of
vertices, if there is a constant ¢ < 1 such that A(G,,) < € for all m € Nyg, then the
sequence {Gp, }men., is a family of D(1 — ¢)/2-expanders.

This manuscript is for review purposes only.
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12 I. ADLER, N. KOHLER, P. PENG

Fig. 1: Zig-zag product of a 3-regular grid with a triangle

DEFINITION 2.8. Let G be a D-regular graph on N wvertices with rotation map
ROTg : VXTI =V xI and I a set of size D. Then the square of G, denoted by
G?, is a D?-regular graph on N wvertices with rotation map ROTgz(u, (ki, ko)) :=
(w, (€2,¢1)), where

ROTq(u, k1) =(v, 1) and ROTg (v, ko) = (w, L2),

and u,v,w €V, ki, ko, l1,0s € 1.

Note that the edges of G? correspond to walks of length 2 in G and the adjacency
matrix of G? is the square of the adjacency matrix of G. Note here that if G is
bipartite then G2 is not connected, which can be easily seen by using Lemma 2.5.

LEMMA 2.9 ([33]). If G is a (N, D, \)-graph then G* is a (N, D? \?)-graph.

DEFINITION 2.10. Let Gy = (V4, Ex, f1) be a Diy-regular graph on Ny wvertices,
I a set of size D1 and ROTq, : Vi x I1 — Vi x I a rotation map of Gi. Let
Gy = (11, Ea, f2) be a Do-regqular graph, let I be a set of size Dy and ROTg, :
I x Iy = I x Iy be a rotation map of Go. Then the zig-zag product of G; and Gs,
denoted by G1 @) Ga, is the D3-reqular graph on vertex set Vi x Iy with rotation map

giwen by ROT¢, g, (0,F), (0, 7)) == ((w,£), (§', 7)), where
ROTg, (kal) = (k/ai/)’ ROTg, (’UJ{/’/) = (wagl)v and ROTg, (gluj) = (&j/)y

and v,w e Vi, k, k', 0,0 € Iy, 1,1,3,5 € I.

The zig-zag product G1 @) G2 can be seen as the result of the following construc-
tion. First pick some numbering of the vertices of G3. Then replace every vertex in
G1 by a copy of G where we colour edges from G1, say, red, and edges from G5 blue.
We do this in such a way that the i-th edge of a vertex v in GG; will be connected to
vertex ¢ of the replica of Ga, which replaces the vertex v in the preceding step. Then
for every red edge (v,w) and for every tuple (i,7) € Is x Iy we add an edge to the
zig-zag product G1 (@) G2 connecting v' and w’ where v’ is the vertex reached from v
by taking its :-th blue edge and w’ can be reached from w by taking its j-th blue edge.
Figure 1 shows an example, where in the graph on the right hand side we show the 4
edges that are added to the zig-zag product for the highlighted edge of the graph on
the left hand side.

THEOREM 2.11 ([33]). If Gy is an (N1, D1, A1)-graph and G2 is a (D1, Da, A2)-
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graph then G1 @) Gs is an (N1 - D1, D3, g(\1, X\2))-graph, where

1 1
g0 2) = 5 (1= ) + 5\/(1 CA2)2A; 4 42,

This function has the following properties.
1. If both A1 < 1 and Ay < 1 then g(A1,A2) < 1.
2. g()\h)\g) < A1+ Ag.

DEFINITION 2.12 ([26]). Let D be a sufficiently large prime power (e.g. D =
216). Let H be a (D*, D,1/4) expander (an explicit constructions for H exist, cf. [33].)
We define {Gr, }men., by

(2.1) Gy:=H? — Gn:=G%_ @H form>1.

PROPOSITION 2.13 ([26]). For any m € Nxq, the graph G, is a (D*™, D? 1/2)-
graph.
In the next section we will use the following lemma.

LEMMA 2.14. Let G be a D-regular graph and S be the set of vertices of a con-
nected component of G*. Then \(G?[S]) < 1.

Proof. Let 1 = A\; > Xg > --- > Ay be the eigenvalues of G?[S]. Since G?[9] is
connected, Lemma 2.5 implies that A\; > Ay. Now assume that —1 is an eigenvalue
of G?[S] with eigenvector 7. Then the vector ¥’ defined by v/, = v, for all v € S and

v, = 0 otherwise is the eigenvector for eigenvalue —1 of the graph G2. But G? can

not have a negative eigenvalue as every eigenvalue of G2 is a square of a real number.

Therefore A\; # Ay and A(G?[S]) < 1 as claimed. d

3. A class of expanders definable in FO. In this section we define a formula
such that the underlying graphs of its models are expanders. We start with a high-
level description of the formula. Let {Gy}men., be as in Definition 2.12. Loosely
speaking, each model of our formula is a structure which consists of the disjoint union
of Gy, ...,G, for some n € Nyg with some underlying tree structure connecting G, _1
to G, for all m € {2,...,n}. For illustration see Figure 2. The tree structure enables
us to provide an FO-checkable certificate for the construction of expanders. The tree
structure is a D4—ary tree, that is used to connect a vertex v of G,,,_1 to every vertex
of the copy of H which will replace v in G,,. We use D* relations {Fi}ke(pp2)> to
enforce an ordering on the D* children of each vertex. We use additional relations to
encode rotation maps. For i,j € [D]? let E;; be a binary relation. For every pair
i,j € [D]? we represent an edge {v,w} in G,, by the two tuples (v,w) € E; ;(A) and
(w,v) € E;;(A). This allows us to encode the relationship ROTg,, (v,i) = (w,j) in
first-order logic using the formula ‘E; ; (v, w)’.

We use auxiliary relations R and Ly, for k € ([D]?)?, to force the models to be
degree regular. The relation R contains the tuple (r,r) for the root r of the tree, and
Ly, will contain the tuple (v,v) for every leaf v of the tree.

We now give the precise definition of the formula. We use [n] := {0,1,...,n—1}
for n € N. Let

o:={{Ei;}ijep)2 {Frtre(p2)2s R, {Litrep2)2 }»

where E; j, Fy, R and Ly, are binary relation symbols for i, j € [D]? and k € ([D]?)%.
For convenience we introduce auxiliary relations F and F' with the property that for
every o-structure A we have E(A) 1=, j¢(pj2 Ei,j(A) and F(A) := Uy (pj2)2 Fr(A).

This manuscript is for review purposes only.
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G
o . 1
o e
B - .
. .

G

Fig. 2: Schematic representation of a model of @) where the parts in red (grey) only

contain relations from E and relations in F' are blue (black). Relation R and L are
omitted.

573 In any formula we can reverse using these auxiliary relations by replacing formulas
574  of the form “E(x,y)” by “vi,jE[DP E; j(z,y)” and formulas of the form “F(z,y)” by
575 “\/ke([D]g)g Fy(z,y)” below.
576 We use the following formula @0t () := Vy—F(y, ) and we say that an element
577 a € U(A) is a root of a structure A if A = proot(a).
578 We now define a formula ¢yce, which expresses that any model restricted to the
579 relation F locally looks like a D*-ary tree. More precisely, the formula defines that
580 the structure has no more than one root, that every other vertex has exactly one
581 parent and every vertex has either no children or exactly one child for each of the D*
582 relations Fj. It also defines the self-loops used to make the structure degree regular.
583 Diree = I 2P0t (T) A Vm((goroot(x) A R(z, x))\/
584 (37'yF(y,x) A ~FyR(w,y) A =FyR(y,2)) ) A
585 Vx({—EIyF(x,y) A /\ L (z,z)A
([D1?)2
586 Vyly#z— N —Lelxy) A N ﬂLk(y,x))}
ke([D]?)? ke([D]?)?
587 % {ﬂﬂy \/ (Li(z,y) V Li(y,z)) A /\ Jyk (J? # yr N\ Fr(z, yp)A
ke([D]?)? ke([D]?)?
- (N Bl A £ ~Filen)] ).
ke ([D]?)? k' #k
589 The formula @rotationmap Will define the properties the relations in & need to have

590 in order to encode rotation maps of D?-regular graphs. For this we make sure that
591 the edge colours encode a map, i.e. for any pair of a vertex z and index i € [D]? there
592 is only one pair of vertex y and index j € [D]? such that E; j(z,y) holds and that the
593 map is self inverse, i.e. if E; j(z,y) then E; ;(y, x).

594 <;OrotautionMaLp ZVCEVy( /\ (Ei,j ($7 y) — Ej,i (ya ZL’))) A
i,j€[D]?
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Vx( A ( \ GE j(zyn N\ -FE,; (f&y))»
i€[D]?  j€[D]? J'€[D)?
i'#i

We now define a formula ¢p,s which expresses that every root x of a structure
has a self-loop (z,z) in each relation F;; and that the D* children of a root form
G;. Let H be the (D%, D,1/4)-graph from Definition 2.12. We assume that H has
vertex set ([D]?)2. We then identify vertex k € ([D]?)? with the element y such that
(z,y) € Fy(A) for each root z. Let ROTg : ([D]*)? x [D] — ([D]?)? x [D] be any
rotation map of H. Fixing a rotation map for H fixes the rotation map for H2. Recall
that Gy := H%. We can define G by a conjunction over all edges of G.

Pbase =V (@root(x) — |: /\ (Ei,j ('Ta JJ)/\
i,j€[D]?

Yy (96 #y— (2B (x,y) A —E; ;(y, 3?))))/\

A 3 (Fuley) APl y) A B (5,9)])
ROT ;2 (kyi)=(k',i’)
kK €([D)?)?
i,i’ €[D]?

We will now define a formula ¢ ecursion Which will ensure that level m of the tree
contains G,,. Recall that G,, := G?,_, @ H. We therefore express that if there is a
path of length two between two vertices z, z then for every pair i, j € [D] there is an
edge connecting the corresponding children of z and z according to the definition of
the zig-zag product. Here it is important that x and z either both have no children
in the underlying tree structure or they both have children. This will also be encoded
in the formula.

Precursion =VaVz [(ﬁayF('fL’7 y) A ﬁHyF‘(Za y)) \

/\ (Ely (B o (2,y) A By (y, 2)] =
k! ky€[D]?
£,45€[D]?

/\ o' 32 [Fr(z, ') A Fy(z,2') N Eg gy, rin (@ z')])]
i,4,',5'€[D],k.L€([D]*)?
ROTH(sz):((ki’ké)sl/)
ROT# ((£5,£1).9)=(£,5")

We finally let PG) = Prree A ProtationMap A Pbase /\ Precursion- Lhis concludes
defining the formula.

3.1. Proving expansion. In this section we prove that the formula Y@ defines

a property of expanders on bounded-degree relational structures.

Let d := 2D? + D* + 1, which is chosen in such a way to allow for any element
of a o-structure in C, 4 to be in 2D? E-relations (G,, is D? regular and every edge of
G is modelled by two tuples), to have either D* F-children or D* L-self-loops and
to either have one F-parent or be in one R-self-loop.

To each model A of Y@ we will associate an undirected (with parallel edges

and self loops) graph G(A) with vertex set U(A). For every tuple in each of the
relations of A, the graph G(A) will have an edge. We will define G(A) by a rotation
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16 I. ADLER, N. KOHLER, P. PENG

map, which extends the rotation map encoded by the relation E. For this let I :=
{0} U ([D]?)? U [D]? be an index set. Formally, we define the underlying graph G(A)
of a model A of @ to be the undirected graph with vertex set U(A) given by the

rotation map ROTg(a) : A X I — A x I defined by

(v,0) ifi=0and (v,v) € R(A)

(w,j) ifi=0and (w,v) € Fj(A)
ROT¢a)(v,1) := ¢ (w,0) if i€ ([D]*)? and (v,w) € F;(A)

(v,i) ifi € ([D]?)? and (v,v) € L;(A)

(w,j) ifie€ [D)? and (v,w) € E; j(A).
We can understand this rotation map as labelling the tuples containing an element v as
follows: (v,v) € R(A) or (w,v) € Fy(A) respectively is labelled by 0, (v, w) € Fy(A)
or (v,v) € Li(A) respectively is labelled by k and (v,w) € E; ;(A) is labelled by 1.
Note that G(A) is (D? + D* +1)-regular. We chose the notion of an underlying graph
here instead of the Gaifman graph, and it is more convenient in particular for using
results from [33]. However the Gaifman graph can be obtained from the underlying
graph by ignoring self-loops and multiple edges.

THEOREM 3.1. There is an € > 0 such that the class {G(A) | A E Lp@} is a
family of e-expanders.

In the rest of this section, we give the proof of Theorem 3.1. Let A be a model of
(p@. Let A|F be the {(Fk)ke([D]z)z}-Structure (U(4), (Fk(A))ke([D]z)z). Recall that
we denote the Gaifman graph of A|p by G(A|r). Let A|g be the {(Es;); e }-
structure (U(A), (E; j(A))ijep2). We further define the underlying graph G(A|g)
of Alg as the undirected graph specified by the rotation map ROT¢(4),) which is
defined by ROTga|,)(v,i) = (w,j) if (v,w) € E;;(A). This is well defined as
A E @rotationMap. We use the substructures G(A|r) and G(A|g) to express the
structural properties of models of Y@ More precisely, we want to prove that G(A|r)

is a rooted balanced full tree and G(A|g) is the disjoint union of the expanders
Gi,...,G, for some n € N (Lemma 3.10). To prove this we use two technical lemmas
(Lemma 3.2 and Lemma 3.5). Lemma 3.2 intuitively shows that the children in
G(A|F) of each connected part of G(A|g) form the zig-zag product with H of the
square of the connected part. Lemma 3.5 shows that G(A|r) is connected. To prove
Theorem 3.1 we use that a tree with an expander on each level has good expansion.
Loosely speaking, this is true because cutting the tree ‘horizontally’ takes many edge
deletions and for cutting the tree ‘vertically’ we cut many expanders.

LEMMA 3.2. Let A be a model of 20 and assume S s the set of all vertices

belonging to a connected component of (G(A|g))? not containing a root and let S’ :=
{w € U(A) | (v,w) € F(A),v € S}. If ' # 0 then G(A|g)[S'] is a connected
component of G(A|g) and G(A|g)[S'] = ((G(A|g))?[S]) @ H.

We use connected components of (G(A|g))? as the square of a connected component
of G(A|g) may not be connected, in which case the zig-zag product with H of the
square of the connected component cannot be connected.

Proof of Lemma 3.2. Assume that S’ # (). We first show that G(A|g)[S'] =
((G(A|g))?[S]) @ H. For this we use the following two claims.
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Cram 3.3. If

ROT(Q(A|E))2[S]@H((u’k)’ (Za.j)) = ((wag)a (jlvi/))

for some u,w € S, k, 0 € ([D]*)?, i,j,i',j' € [D] then there is v € S such that
(u,v) € Ep; ¢ (A) and (v,w) € Eyy ¢ (A) where ROTy (ki) = ((k},ks),i") and
ROT (¢4, £0).7) = (6,).

Proof. By the precondition of the Claim and the definition of the zig-zag product,
we have that ROT g(a|,))21s1(u, (K1, k5)) = (w, (€3, ¢})) for ROT g (k, i) = ((ky, k5),1")
and ROTH((€27£ )7 ) - (67] )

Since ROT (g(a|))2(5) 1s equal to ROT g(a|))2 restricted to elements of the set S,
we have that ROT g(a|,))2 (u, (K], k3)) = (w, (£5,£])). Consequently, by the definition
of the square of a graph ROT G(Alx)? (U, (K1, k5)) = (w, (€5, £7)) implies that there is
v such that ROTg(4),)(u, kl) (v,£7) and ROTg(a|,) (v, ky) = (w, £5). |

Cram 3.4. If (u,v) € Ey ¢ (A) and (v,w) € Eyy g (A) for u,v,w € U(A),

1, kb, 00,0y € ([D)?)? and there is ' € U(A) with (u,u') € F(A) then there is

w' € U(A) such that (w,w') € F(A). Furthermore for any i,i',j,j' € [D] there are

a,w € U(A), k, £ € ([D]*)? such that (@,w) € E; ) i) (A) for (u,u) € Fi(A) and
(w, W) € Fy(A) where ROT g (k,i) = ((k1,k5),4") and ROTg((¢5,01),7) = (£, 5').

Proof. We only use that A = ¢recursion. SINCE Qrecursion has the form VaVzi(z, 2)
for some formula ¥(z, z) we know that A = ¢ (u,w). Since (u,u’) € F(A) we have
A W =3yF(u,y) A —~JyF(w,y). Since A |= Iy [Ey; o (u,y) A Egy o (w, 2)]

Al /\ 32" 32" [Fio(u,a") A Fy(w, 2") A B )0 (@', 2)]

1,5, ,j' €[D],k,L€([D]?)?
ROT g (k,i)=((k{,k}),i’)
ROT i ((£5,£1),5)=(£,3")

Since H is D-regular, for every ki, kb € [D]? and i,i’ € [D], there is k € ([D]?)?
such that ROT g (k,4) = ((k1,k%,4") (and the same for ¢},¢,7,5'). Thus, the above
conjunction is not empty. This further implies that for any 4,4, j,j € [D] there are
a,w € U(A), k,¢ € ([D]*)? as claimed. In particular there is w’ € U(A) such that
(w,w') € F(A). O

We will argue that for every element w € S there is a w’' € S’ such that
(w,w") € F(A). For this pick any v’ € S’. Let u € S be the element such that
(u,u’) € F(A). By combining Lemma 2.14, Theorem 2.11 and Lemma 2.5 it follows
that (G (A|E)) [S]) @ H is connected. Therefore, there exists a path (ug,...,u,,) in
((G(A|r))?[S) @ H from uf, = (u, (ki,k2)) to ul, = (w, (¢1,42)) for some k1, kg,l1,lo
€ [D]2. By Claim 3.3 there is a path (uo,vo,ul,m,. Um—1yVm—1,Um) in G(A|E)
from ug = u to u,, = w. By inductively using Claim 3.4 on the path we find w’ such
that (w,w’) € F(A).

Combining this with A = ptree implies that the map f : S x ([D]?)? — S, given
by f(v,k) = w if (v,u) € Fy(A), is well-defined. Furthermore, by Claim 3.3 and 3.4,
we have that if it holds that ROT G(Al))28] @H(( k), (i,7)) = ((w,£), (1)) then

ROT (a5 (f(u, k), (4,5)) = (f((w, £)), (5',1)).

This proves that f maps each edge in ((G(A|g))?[S])@ H injectively to an edge
in G(A|g)[S’]. Then the map f together with the corresponding edge map is an
isomorphism from ((G(A|g))?[S]) @ H to G(A|g) as both are D%-regular.
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Moreover, G(A|g)[S"] = ((G(A|g))?[S]) @ H implies that G(A|z)[S’] is connected
and D?-regular. Since A |= @rotationMap enforces that G(A|g) is D?-regular, no vertex
v € S’ can have neighbours which are not in S” and therefore G(A|g)[S’] is a connected
component of G(A|g). 0

LEMMA 3.5. Let A € C, 4 be a model of Y@ Then every connected component of
G(A|F) contains a root of A. In particular for every model A € Cy 4 of 20 the graph
G(A|F) is connected.

Note that the connectivity of G(A|r) for a model A € C, 4 of Y@ implies that A is

connected as G(A|r) is a subgraph of the Gaifman graph of A containing the same
set of vertices. Hence the following corollary follows immediately from Lemma 3.5.

COROLLARY 3.6. Any model A € Cyq of 0) is connected.

Proof of Lemma 3.5. Assume that there is a connected component of G(A|r)
which contains no root of A and let G’ to be a connected component of G(A|r) with
vertex set V' C U(A) such that A & @ro0t(v) for every v € V. For the next claim we
should have in mind that (A|r)[V] can be understood as a directed graph in which
every vertex has in-degree 1 and the corresponding undirected graph G’ is connected.
Hence (A|p)[V] must consist of a set of disjoint directed trees whose roots form a
directed cycle. Consequently G’ has the structure as given in the following claim.

CramM 3.7. G’ contains a tuple of vertices (co,...,co—1) such that either { = 2
and (co, c1), (c1,¢0) € F(A) or (co,...,ci—1) is a cycle. Furthermore, for every vertex
v of G’ there is exactly one path (po,...,pm) in G' with pg = v, pm € {co,...,co—1}
and p; & {co,...,co—1} for alli € [m —1].

Proof. We first identify a cycle (or a pair as mentioned in the statement) by
traversing along the path of incoming edges until encountering a repeated vertex. Let
vg be any vertex in G’ and let Sy = {vg}. We will now recursively define v; to be
the vertex of G’ such that (v;,v;—1) € F(A). Such a vertex always exists by the
choice of G’ (i.e. that no root is in G’) and the fact that A = ¢tree. Furthermore,
such a vertex is unique as A E ©iee. We let S; := S;_; U {v;}. Since U(A) is
finite, the chain Sy C S; C --- C S; C ... must become stationary at some point.
Let 4 € N be the minimum index such that S;_; = S; and let j < i be such that
v; = v;. Then (vj,vj41,...,vi-1,v;) is either a cycle in G’ or (in case j = 7 — 1)
(vj,v:), (vi,v;) € F(A). Let C = {co,...,co—1} be the vertices of the cycle or pair of
vertices.

We now show that for every vertex v in G’ there exists a unique path from v to C.
We first note that since G’ is connected, for every v, a path that satisfies the property
as described in the assertion of the claim always exists. Assume that there exists one
vertex v, from which there are two different paths to C, denoted by (po =v,...,Dm)
and (p, =v,...,p, ), respectively. We let p,, = ¢; and p,,, = ¢;. Let k < min{m, m'}
be the minimum index such that py # p},. Such an index must exist as the paths are
different, and as pg = pj = v, we also know that & > 1. Since A = @piee for every
vertex w of G’ there can only be one vertex w’ of G’ such that (w’,w) € F(A). As
Pm—1 ¢ C and (¢(i—1) mod ¢»Pm) € F(A) it follows that (p,,pm-1) € F(A). Applying
the argument inductively we get that (pg,pr—1) € F(A). The same argument works
for the path (pj,...,p), ) and therefore (pj,,p}_,) € F(A). By the choice of k we
know that py_1 = p},_, and py # p},, which implies that there exists one vertex with
two incoming edges. This contradicts the fact that A = @iree. Thus, for every vertex
v, there exists a unique path from v to C. This finishes the proof of the claim. O
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Let Sy be the vertex set of the connected component of G(A|g) with ¢y € Sp.
Note that Sy might not be contained in G’.

We now recursively define the infinite sequence of sets S; := {w € U(4) | (v,w) €
F(A),v € Si_1} for each i € N5g. Let m; := max,es,nv minjego,... ¢—13{distar (cj,v)}
and let v; € S; NV be a vertex of distance m; from C in G’. Note here that m; is
well defined as ¢; moq ¢ € S;.

CramM 3.8. G(A|p)[Si] = (G(Alp)[Si—1]))*@ H .

Proof. We show the stronger statement that G(A|g)[S;] is a connected component
of G(Al), (G(A|R)SI)?@H = G(Alr)[Sis1] and A(G(Ap)(Si]) < 1 for i € N by
induction.

G(A|g)[So] is a connected component of G(A|g) by choice of Sp. Let S := {w €
U(A) | (w,v) € F(A),v € Sp}.

We now argue that (G(A|z))?[S] is a connected component of (G(A|z))?. Assum-
ing the contrary, either a connected component of (G(A|g))? contains vertices from
both S and A\ S or (G(A|g))?[S] splits into more than one connected component.
Let S’ be the vertices of a connected component as in the first case. Then |S’| > 1 and
hence S’ can not contain any root as a root is not in any E-relation with any element
different from itself. Hence by Lemma 3.2 we get a connected component of G(A|g)
on the children of S’ containing vertices both from Sy and from U(A) \ Sy, which
contradicts Sy being a connected component of G(A|g). Now let S’ be a connected
component as in the second case, and pick S’ such that it does not contain a root
(this is possible as there is at most one root). Then by Lemma 3.2 Sy must have a
non-empty intersection with at least two connected components of G(A|g), which is
a contradiction.

Thus, by Lemma 2.14 A\((G(A|x))?[S]) < 1. But by Lemma 3.2 G(A|g)[So] =
((G(A|))?[S]) @ H. Then Theorem 2.11 and A\(H) < 1 ensure that \(G(A|g)[So]) <
1.

For ¢ > 1, by induction it holds that A(G(A|g)[Si—1]) < 1, which, together
with Lemma 2.9 and Lemma 2.5, implies that (G(A|z)[S;—1])? is a connected compo-
nent? of (G(A|g))? and that (G(A|g))?[Si—1] = (G(A|g)[Si—1])?. Since ¢; mod ¢ € Si,
by Lemma 3.2, we have that G(A|g)[S;] is a connected component of G(A|g) and
G(A|p)[S:] = (G(A|E)[Si—1])?@ H. Furthermore, using Lemma 2.9 and Theorem
2.11, this proves A(G(A|g)[S:]) < 1. 0

CLAM 3.9. For every v € S; there is w € V such that (v,w) € F(A).

Proof. By Claim 3.8 we have that G(A|g)[Sit1] = (G(A|g)[S:])?@ H. This
means that by definition of squaring and the zig-zag product we know that |S;11] =
D* . |S;|. But as in addition A = (e We know that every element v € S; will
contribute to no more then D* elements to S;+1. This means by construction of S;
that for every element in S; there must be w € V such that (v,w) € F(A). d

Therefore, for every i € N5 there is w; € V such that (v;,w;) € F(A) where v; is the
vertex of distance m; from C in G’ picked above. Let (uo, ..., um,) be the path in G’
from wy = v; to u,,, € C. Note that it is impossible that w; = u;. This is true as for
the path (uo, ..., Um, ), we have that (uji1,u;) € F(A) for all j € [m;]. Furthermore,
since v; = wp # w1, assuming that w; = u; would imply (v;,u1), (u2,u1) € F(A),
which contradicts A | @tree. Then (wj,uq, ..., unm,;) is a path in G’ from w; to C.

4We remark that the statement that (G(A|g)[Si—1])? is a connected component does not directly
follow from the fact that G(A|g)[Si—1] is a connected component of G(A|g), as the square of a
connected bipartite graph is not necessarily connected.
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Fig. 3: Illustration of the proof of Lemma 3.5.

Since w; € S;y1 by construction, Claim 3.7 implies that m;;1 > m; + 1. Therefore
m; > 1+ myg inductively. But this yields a contradiction, because £ + mg < my = mg
and ¢ > 0. See Figure 3 for an illustration. Therefore every connected component of
G(A|r) must contain a root of A. Furthermore, since every connected component of
G(A|r) must contain a root and since A = 351zp,001(2) there can not be more than
one root, G(A|r) is connected. |

We let ’P@ = for the formula Y@ from Section 3.

Pw@
LEMMA 3.10. Any (finite) model A € Cy.q of Y@ has the following structure.
o Either U(A) =0 or |[U(A)| =Y _o D*™ for some n € N;>1.
e G(A|r) is a rooted balanced full D*-ary tree, where the root is the unique
element r € U(A) for which A = ¢root(r)-
o G(Alg)[Tw] & G, where Gy, is defined as in Definition 2.12 and T,, is the
set of vertices of distance m to r in the tree G(A|r) for any m € {1,...,n}.
Furthermore for every n € N> there is a model of 20) of size Y DA™,

Proof. First note that the empty structure Ay € 73@ as Ay = 351201001 (7) and
therefore Ay = Y@ S Y@ is a conjunction of 35 xp,01 () and universally quantified

formulas. Hence U(A) = 0 is possible. Now assume that A is a model of 20) and

U(A) # 0. Then Lemma 3.5 implies that G(A|r) is connected. Combining this with
A = ¢iree Proves that G(A|r) is a rooted tree. Let n be the maximum distance of
any vertex in G(A|r) to the root and let T,,, be the vertices of distance m to the
root for m < n. Then G(A|g)[T1] = G1 because A = @Ypase. Now assume towards an
inductive proof that G(A|g)[Tim] & Gy, for some fixed m € N-g. Since AM(G,,) < 1
by Lemma 2.9 and Lemma 2.5 we get that (G(A|g))?[T},] is a connected component
of (G(A|g))?. Hence by Lemma 3.2 we get that G(A|g)[Tm+1] & Gy1. Since Gy,
has D*™ vertices this also proves that A has Y. _ D™ vertices. Furthermore, for
n € N the existence of a model of Y@ of size Y. _, D*™ is straightforward by the
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Sm////}',",g

g/////i/ FATAL

S §

Fig. 4: Schematic representation of S crossing edges (orange and blue) in the under-
lying undirected graph in the case of m’ < n.

construction of the formula Y@ a0

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. We will prove that for e = D?/12 the claimed is true. Let
A be the model of ¢ of size S _oD*™ and S CU(A) with |S| < (30 _, D*™)/2.
Let T,, be the vertices of distance m to the root of the tree G(A|r) and let S, :=
Tn,NS.

We can assume that |S| > 1 as every vertex has degree at least e. Let us first
assume that |S,,| < D™ /2 for all m € [n]. Then because G,, is a D?/4-expander
(this follows directly from Theorem 2.7 as A(G,,) < 1/2 by Proposition 2.13) and
G(A|g)[Tm] = G, we know that

_ " D2 D2 D2
> — > — = —15|.
(8, S)g(al fmZﬂ Sl > 35 mzzowm\ 5151

Now assume the opposite and choose m’ to be the largest index such that

|Tm’ ‘ D4m/
3.1 S = .
(3.1) (S| > 2 = =
We will use the following claim.
CrLam 3.11. 72| Ton| < 3|Ts| for all i < n.

Proof. Inductively, we argue that

m—1 m—2
Tl = D [Ton| + [T | < (3|Tm 1) < IT |
m=0 m=0 0

Claim 3.11 implies that 2 - |T,,| > |T,| + 3 Y0~ |T | = 1|A| > |S] > |S,|. In the
case that m’ = n, using that G, is a D?/4- expander we get

= D2 D2
(8, S)aa| = - (ITa] = |Snl) = —|T |2 ISl

Assume now that m’ < n. Since S is the disjoint union of all S,, we know that the
set (S, §>Q(A) contains the set (Sy,, T \ Sm)c(a), and for allm € {m'+1,...,n}, the
sets (T \ S, Trnr)g(ay and (Spr, T 1\ Smr 1) ¢(4), Which are all pairwise disjoint.
Since every vertex in 7T}, has D* neighbours in 7},/4; and on the other hand every
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vertex in T,/ 41 has one neighbour in T;,,» we know that [(Sy., Tin 11\ Smri1)aa)| =
|<Sm’aTm/+1>Q(A)| - ‘<Sm’aSm/+1>Q(A)| > D4|Sm’| - |Sm/+1| > D4(|Sm’| - D4m,/2)-
Since additionally G,, is an D?/4-expander for every m we get

D
)

— D? D2
[EETEEY T|Sm|+T|Tm,\Sm/|+D4<|sm/|,

m>m/

=S 1Sl (0 - D;)‘Sm" - (D4 ) B B+ Bt

2 2
m>m/

Equatlon 3.1 D Tm’

m>m/’
Clalm 3.11 D D? D?

Z |Sm|+ S |Sm"+? Z | Tom|

m>m/ m<m’
[T | 2] Sm D2
T O

By the ch01ce of € this shows that the models of Y are a class of e-expanders.

4. On the non-testability of a Il;-property. In this section we prove that
there exists an FO property on relational structures in II5 that is not testable. To do
so, we first prove that the property P, @ defined by the formula 26 in Section 3 is

not testable. Later we prove that Y@ is equivalent to a sentence in Ils.

4.1. Non-testability. Recall that r-types are the isomorphism classes of r-balls
and that restricted to the class C, 4 there are finitely many r-types. Let 71,...,7 be
a list of all m-types of bounded degree d. We let p4 , be the r-type distribution of A,

i.e. S ex {a € UA) [ NA(a) € T}
paqr(X). = = \U(A)]

for any X C {m,...,7¢}. For two o-structures A and B we define the sampling
distance of depth r as 0 (A4, B) = supxcyr, .. r} |lPar(X) — pp,(X)|. Note that
56(14, B) is just the total variation distance between pa ,, pp ., and it holds that

o% (A, B) Z\pm ({m:}) = pBr ({1}l

Then the sampling distance of A and B is defined as

oo

1 T
6o(A,B) =" o 06(A, B).
r=0
The following theorem was proven for simple graphs and easily extends to o-

structures.

THEOREM 4.1 ([30]). For every A > 0 there is a positive integer ng such that

for every o-structure A € Cy q there is a o-structure H € Cy 4 such that |H| < ng and
do(A H) < A

We make use of the following definition of repairable properties.

DEFINITION 4.2 ([1]). Let € € (0,1]. A property P C Co4 is e-repairable® on

5In [1], the notion of repairability is called locality.
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Co,a if there are numbers v := r(e) € N, X := Ae) > 0 and ng := ng(e) € N
such that for any o-structure A € P and B € C,q both on n > ngy vertices, if
St par({my) — per({m})| < A then B is e-close to P, where T1,...,7; is a list of
all r-types of bounded degree d.

The property P is repairable on Cy 4 if it is e-repairable on Cy q for every e € (0, 1].

The following theorem relating testable properties and repairable properties was
proven in [1].

THEOREM 4.3 ([1]). For every property P € Cy.q, P is testable if and only if P
is repairable on Cy q.

We recall that ’P@ =P, @Where @ is the formula from Section 3. We also let o,
D and d be as defined in Section 3.
THEOREM 4.4. P@ is not testable on Cy 4.

Proof. We prove non-repairability for ’P@ and get non-testability with Theorem

4.3. Let € := 1/(144D?%) and let r € N, A > 0 and ng € N be arbitrary. We set
N = \/(t2"H1), where T1,..., 7 are all r-types of bounded degree d, and let n} be
the positive integer from Theorem 4.1 corresponding to A'. We now pick n € N such
that n = Y% D% for some k € N, n > 4ng and n > 4(n)/A). Let A € Cyq be a
model of p@onn elements. By Theorem 4.1 there is a structure H € C, 4 on m < ny

elements such that do (A, H) < A. Let B be the structure consisting of [n/m] copies
of H and n mod m isolated elements (elements not being contained in any tuple).
Note that we picked B such that |A| = |B].

We will first argue that B is in fact e-far from having the property P@. First we

rename the elements from U(B) in such a way that U(A) = U(B) and the number
Y heo |R(A)AR(B)| of edge modifications to turn A and B into the same structure is
minimal. Pick a partition U(A) = U(B) = SUS’ in such a way that (S x S")NR(B) =
0, (8" x S)NR(B) =  for any R € ¢ and ||S| — |S’|| is minimal among all such
partitions. Assume that |S| < |S’|. Since the connected components of G(B) are
of size at most m we know that [|S]| — |S’|| < m. This is because otherwise we can
get a partition U(B) = T U T’ with ||T| — |T'|| < ||S] —|S’|| by picking all elements
of any connected component of G(B), which is contained in S’, and moving these
elements from S’ to S. Since |S| < |S'| and m < n/4 we know that n/4 < |S| < n/2.
Since (S x S') N RE = () we know that A and B must differ in at least all tuples that
correspond to an S and S’ crossing edge in U(A) i.e. an edge in (S, S")y(4). Hence

~ ~ Def 2.6
S IR(A)ARB)| = (S, eyl = S|+ h(A)
1:360
Thm 3.1 5, )2 1
> —

1
= D> .
VI DI g dn

~ 144D2

Therefore B is e-far from being in ’P@.

However, the neighbourhood distributions of A and B are similar as the following
shows, proving that P@ is not repairable.

Z [par({7i}) = pB.r({7:})]
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n mod m n

S o R ]

n m

- Z lpar(in}) -

< Z [par{mih) = pra ()| + Z L]

t
n m
+; ’PH,T({Ti}) - L%J T 'PH’T({T"})‘
t 2m
<" |parnd) = pra{mh)| + =
=1
2m
<t- sup |panr(X)—pu (X)) +—
XCB, n
< b2 0o (A H)+ 2
n
AA
<Z 4+ =\
Syt =A

Note that in the second inequality we use that >.'_, pg,.({n}) < 1 and the last
inequality holds by choice of A" and Theorem 4.1. |

4.2. Every FO property on degree-regular structures is in II,. We start
with the following observation.

OBSERVATION 1. A Hanf sentence 32™x @, (x) is short for

ElxlElem( /\ xi#xj/\ /\ @T(‘rl))a

1<i,j <mitj 1<i<m

and @ (x;) can be expressed by an I*V-formula, where the existential quantifiers en-
sure the ezistence of the desired r-neighbourhood with all tuples in relations / not in
relations as required by 7, and the universal quantifier is used to express that there
are no other elements in the r-neighbourhood of x;.

Note that by the above, any Hanf sentence is in ¥3. We now show the following
lemma.

LEMMA 4.5. Let d € N and let ¢ be an FO sentence. If every model of ¢ is
d-reqular, then ¢ is d-equivalent to a Ily sentence.

The lemma can be equivalently stated by the following syntactic formulation. Let
cp‘rieg be the FO-sentence expressing that every element has degree d. Then for every
FO-sentence ¢ the sentence ¢ A cpfeg is d-equivalent to a sentence in Ils.

Proof. Before we begin, let us define an r-type 7 to be d-regular, if for all struc-
tures A and all elements a € U(A) of r-type 7, every b € U(A) with dist(a,b) < r has
deg 4(b) = d.

We first prove the following claim.

CrAM 4.6. Let d € N, let ¢ be an FO sentence, and let ¢ be in HNF with ¥ =4 ¢
such that 1 is in DNF, where the literals are Hanf sentences or negated Hanf sentences.

Furthermore, assume that the neighbourhood types in all positive Hanf sentences of 1
are d-reqular. Then ¢ is d-equivalent to a sentence in 1ls.
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Proof. Assume 1 is of the form 32™z ¢, (x), where 7 is d-regular. As in Obser-
vation 1, we may assume @ (x) is an 3*V-formula, which arises from a conjunction of
an F*-formula ¢! (z) (expressing that  has an ‘induced sub-neighbourhood’ of type
7) and a universal formula saying that there are no further elements in the neighbour-
hood. We now have that ¢ =4 3™z ¢/ (z). To see this, let A = 3™y () and
deg(A) < d. Then A |= 32™ 2@, (x) because 7 is d-regular. The converse is obvious.
If 1 is of form =32™x ¢, (x), where o, (z) is an 3*V-formula, then 32"z o, ()
is equivalent to a formula in II5. Since Il is closed under disjunction and conjunction,
this proves the claim. ]

Now the proof follows from Claim 4.6, because if ¢ only has d-regular models, then
by Hanf’s theorem there is a formula ¥ =4 ¢ satisfying the assumptions of the claim.

Ezistence of a non-testable Ilo-property. With Lemma 4.5 and Theorem 4.4, we
are ready to prove the following theorem.

THEOREM 4.7. There is a degree bound d € N and a signature o such that there
exists a property on Cy q definable by a formula in Iy that is not testable.

Proof. Pick d = 2D? + D* + 1 for any large prime power D. Then using the
construction from [33] we can find a (D%, D,1/4)-graph H. By Theorem 4.4, using
this base expander H for the construction of the formula Y@ e get a property which
is not testable on C, 4. Since all models of P are d-regular by construction, Lemma
4.5 gives us that 20) is d-equivalent to a formula in IT. 0

5. Reducing to simple undirected graphs. By our previous argument, to
show the existence of a non-testable Ily-property for simple graphs, i.e. undirected
graphs without parallel edges and without self-loops, it suffices to construct a non-
testable FO graph property of degree regular graphs. To do so, we reduce testing the
o-structure property ’P@ from the previous sections to testing a property Pgrapn of
simple graphs of bounded degree 3. To construct the reduction we carefully translate
the edge-coloured directed graphs (o-structures) of our previous example in Section 3
to simple graphs. We encode o-structures by representing each type of directed edge
by a constant size graph gadget, maintaining the degree regularity. We then translate
the formula @ into a formula ¥gapn defining the graph property Pgrapn. This proves

the following result.

THEOREM 5.1. There exists an FO property of simple graphs of bounded degree 3
definable by a formula in Iy that is not testable.

In the rest of this section, we prove the above theorem via local reductions from a
structural property to a graph property, and the non-testable Ils-property in Theorem
4.7. This technique will also be in the proofs in Section 7.

5.1. Local reductions. We first introduce the following notion of a local re-
duction between two property testing models. In the following, when the context
is clear, we will use C to denote both a class of structures and the corresponding
property testing model, which can be either the bounded-degree model for graphs or
bounded-degree model for relational structures.

DEFINITION 5.2 (Local reduction). Let C,C’ be two property testing models and
let P CC, P CC be two properties. We say that a function f : C — C' is a local
reduction from P to P’ if there are constants c1,co € N>1 such that for every X € C
the following properties hold.

1. If X € P then f(X) € P.
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2. If X is e-far from P then f(X) is (e/c1)-far from P'.

3. For every query to f(X) we can adaptively® compute co queries to X such
that the answer to the query to f(X) can be computed from the answers to
the co queries to X.

The following lemma is known.

LEMMA 5.3 (Theorem 7.14 in [18]). Let C,C’ be two property testing models,
P CC, P CC be two properties and [ a local reduction from P to P'. If P’ is
testable then so is P.

5.2. Constructing the local reduction. Now we construct a property Pgraph
of 3-regular graphs from the property 77@. We obtain this graph property as f (P@)
by defining a map f : Cr.q — C3. To define f we introduce a distinct arrow-graph
gadget for every relation in o (i.e. for every edge colour). The map f then replaces
every tuple in a certain relation (every coloured, directed edge) by the respective
arrow-graph gadget. Here all arrow gadgets are designed to allow for 3-regularity
of the reduced graph. To obtain 3-regularity we additionally replace every element
of a structure in P@ by a cycle of length d such that each arrow-graph gadget can
be incident to a unique vertex of the circle. We further prove that this replacement
operation defines a local reduction f from P to Pgraph. Recall that a local reduction

is a function maintaining distance that can be simulated locally by queries. Since by
Lemma 5.3 local reductions preserve testability, we use the local reduction from P,
to Pgraph to obtain non-testability of the property Pgrapn from the non-testability of
73@. We will now define f formally.

We first define building blocks which will be combined to different arrow-graph
gadgets. Let Hp(u,v) be the graph with vertex set {u = wg,...,v = us} and edge
set {{u;,uiqs} | ¢ € {0,1,2}}. Next we let Ha(u,v) be the graph with vertex set
{u =1up,...,v=us} and edge set {{uo, ug}, {ui, wit2} | i € {1,2}}. Let H3(u,v) be
the graph with vertex set {u = ug,...,v = ug} and edge set {{ug, ug}, {u;, w2} |i €
{1,2,5,6}}. Let Hy(u) be the graph with vertex set {u = uo,...,us} and edge set
{{uo, us}, {v1, ua}, {ug,us}t}. See Figure 5 for illustration.

Let ¢ be the number of relations (the number of edge colours) in . We now
introduce the different types of arrow-graph gadgets we need to define the local re-
duction. For 1 < k < ¢, we let H*, (ug,v2¢) be the graph consisting of 2/ — 1 vertex
diSjOiIlt copies ]{1(’u07 Uo), cen ,Hl(uk_l, Uk_l), Hl(uk+1, 'Uk+1)7 ey Hl(u2g_1, Ugg_l),
one copy Ha(ug,vr), one copy Hs(usge,var) and additional edges {v;, u;41} for each
i € [2{] connecting the respective copies. Note that H¥, (ug,ves) has 12¢ + 10 vertices
and every vertex apart from wug, vop has degree 3. We call HF, (ug,va) a k-arrow. For
any graph G and vertices u,v € V(G), we say that there is a k-arrow from u to v,

denoted u =5 v, if there are 12¢ 4 8 vertices w1, ..., wi2+s € V(G) and an isomor-
phism g : H* (ug,vae) — N (w1, ..., wi2e48) such that g(up) = u and g(va) = v.
Note that requiring an isomorphism with these properties guarantees that no vertex
contained in a k-arrow has neighbours not contained in the k-arrow with the excep-
tion of the end vertices u and v. For any collection wi, ..., w1210 of vertices we
let E*, (w1, ..., wi20410) be a set of edges such that there is a graph isomorphism
f : Hi (’U,()7 ’()24) — ({wl, ey ’LU12@+10}, Ei (wl, N 7’w125+10)) with f(’u,o) = w1 and
J(v20) = wi2e410-

6By adaptively computing queries we mean that the selection of the next query may depend on

the answer to the previous query.
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e

(a) Hi(u,v) (b) Ha(u,v)
e e
 ome e

Fig. 5: Hlustration of the different building blocks used to define the arrow gadgets.

We now define a second arrow gadget. For 1 < k < ¢, let H, 8 (up) be the graph con-
sisting of ¢ — 1 vertex disjoint copies Hy(ug, vo), ..., Hi(ug—1,vk—1), H1(Uk+1,Vk41)s
ooy Hy(ug—1,v¢—1), one copy Ha(ug,vy), one copy Ha(us) and edges {v;, u;+1} for
each i € [( —1]. Note that HE (ug) has 6+ 5 vertices and every vertex apart from
has degree 3. We call Hé a k-loop. For any graph G and vertex u € V(G), we say that

there is a k-loop at u, denoted u LN u, if there are 6£+4 vertices w1, . .., weea € V(G)
and an isomorphism g : HE(up) — N (w1,..., weeta) such that g(ug) = u. For
any collection wy, ..., weets vertices we let E(k) (w1 ..., wees5) be a set of edges for
which there is an isomorphism f : HE(uo) = ({w1,..., weets}, EE(wi, ..., weess))
for which f(ug) = wy.

Finally, let H (ug) be the graph consisting of ¢ vertex disjoint copies Hj (ug, vg),
ooy Hi(ug—1,v0-1), one copy Hy(u,) and additional edges {v;, u;41} for each i € [(—1].
Note that H, (ug) has 6¢+5 vertices and every vertex apart from ug has degree 3. We
call H| a non-arrow. For any graph G and vertex u € V(G), we say that there is a

non-arrow at u, denoted u +, if there are 6¢+4 vertices wy, ..., wgsr+4 € V(G) and an
isomorphism ¢ : H; — N (wy,...,wersq) such that g(ug) = u. For any collection
wi, ..., Weers vertices we let ) (wy ..., weers) be a set of edges for which there
is an isomorphism f : H) (ug) — ({wl,...,w6g+5},ES(w1, . ,w65+5)) for which
f(uo) = wWj.

We now define a function f : C5 g — C3 by f(A) := G4, where G4 is the graph
on vertex set V(Ga) := {uq,i, vk ; |1 <i<d,acU(A),1 <k <6045} and edge set
E(G4) defined by

{{uayi,v}l’i} |lacU(A),1<i< d}
A

{tads a1} {tais it} | a € U(A), 1 i <d—1}

k(1 6045 6045 1
U U E_)<va,i,...,va’i Uy ,...,vb)j)

ans(a,i)=ans(b,j)=(k,a,b)
a#b
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k(.1 6045
U U Eo(va)i,...,va;‘)

ans(a,i)=(k,a,a)

1 60+5
U U EJ_(va’i,...,vw )7

ans(a,i)=1

where ans(a,i) = (k,a,b) denotes that the i-th tuple of a is (a,b) and is in the k-th
relation. Hence G 4 is defined in such a way that every element a € U(A) is represented
by an induced cycle (ug 1, ..., Uq,d; Uq,1) and if (a,bd) is a tuple in the k-th relation

of o in A, then ug; LN up,; in G4 for some 1 < 4,5 < d, and u,,; has a non-arrow
for every i satisfying that ans(a,i) = L for every k. Note that G4 is 3 regular by
construction for every A € C, 4. For illustration see Figure 6. In the following we
refer to vertices of G4 of the form u,; by element-vertices while we call vertices of
the form vf” relation-vertices. The following is easy to observe from the construction
and from the fact that d = 2D? + D* + 1 < 3D* + 1 = |o| = £ for some large prime

power D (see Section 3 for definitions).

FAcT 1. For every u € V(Ga), u is an element-vertex iff u is contained in a
simple cycle of length d. Furthermore, two vertices u,v € V(Ga) correspond to the
same element a of A (i.e. there are i,j € {1,...,d} such that u = uq,; and v =ug ;)
iff there is a simple cycle of length d containing both u and v.

Note that we do not need to ask for cycles of length d to be induced because the
structure we obtain does not allow for cycles of length d apart from the cycles corre-
sponding to elements.

Now we define property Pgrapn := {f(A4) | A € P@} C Cs.

LEMMA 5.4. The map f is a local reduction from 73@ 10 Pgraph-

Proof. First note that for any A € ’P@, we have that f(A) € Pgraph by definition.

Now let ¢; = 6d(1 4+ 6¢ + 5). We prove that if A € C, 4 is e-far from P@ then
f(A) is €/ci-far from Pgrapn by contraposition. Therefore assume that f(A) =: G4 is
not e/c-far from Pyrapn for some A € Cy 4. Then there is a set £ C {e C V(Ga4) |
le] = 2} of size at most € - 3|V (G4)|/c1, and a graph G € Pgrapn such that G is
obtained from G4 by modifying the tuples in F. By definition of Pgrapn, there is
a structure Ag € P@ such that f(Ag) = G. First note that |U(Ag)| = |U(4)],
as d(1 +6£+ 5)|[U(A)| = |V(Ga)| = |V(GQ)| = d(1 +6¢+ 5)|[U(Ag)|- Hence there
must be a set R of tuples that need to be modified to make A isomorphic to Ag.
First note that R cannot contain a tuple (a,b) where {uqi,vf ;, ups,vp, | 1 < i <
d,1 <k <{¢}ne = for every e € E. This is because if (a,b) is a tuple in the
k-th relation of A, then wug; LN up; in G4 for some 4,5 € {1,...,d}. But since
{Ua,i, vk s upi,vp; | 1< <d1 <k <fyne= 70 for every e € E, we have that

Ug i LN up; in G. Further, (uq1,...,Uq,d,%q,1) and (up1,...,Upd,up1) are simple
cycles of length d in G. Hence by 1 there are elements a,b in Ag corresponding
to (Ug1s- -, Ua,ds Ug,1) a0 (Up 1, ..., Upd, Up1) such that (a,b) is a tuple in the k-th

relation of Ag, and hence (a,b) cannot be in R. The same argument works when
assuming that (a,b) is a tuple in Ag. Since for every e € E, there is at most 2d tuples
(a,b) such that {ua,i,vfj’i,ubﬂ, vl’f’i [1<i<d,1<k</{}Nne#0, we get that

R| < 2de - 3|V (Ga)l/c1 = 6d(1+ 60 + 5)ed|U(A)| /ey = ed|U(A)].

Hence A is not e-far to being in P@.
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¢ oo o0 oo )
T k-th position

(b) Case ans(a, i) = (k,a,a)

(c) Case ans(a,i) = ans(b, j) = (k,a,b)

Fig. 6: Different types of arrows in G4. Here different coloured ellipses represent a
copy of Hy(u,v), Hy(u,v), Hs(u,v) or Hy(u) respectively (see Figure 5 for details).

Let ¢ :=d+1. Let A € C, g and G4 := f(A). First it is important to observe
that we can pick an ordering of the vertices of G 4 such that the position of each vertex
depends solely on the number of elements of A. Hence we can assume that for any
element a of A we can decide for any vertex v € V(G 4) whether v is of the form u, ;
and whether v is of the form vé, Now we argue how we can determine the answer to
any neighbour query in G 4. First note that for any a € U(A) and ¢ € {1,...,d} the
vertex ug,; is adjacent in G4 to v, ; and the two neighbouring vertices on the simple
cycle (g1, -, Uq,d Uq,1). Hence any neighbour query in G4 to u,,; can be answered
without querying A. Assume v € {v%, | 1 < k < (} for some a € U(A) and some
1 < i < d. Then we can determine all neighbours of v by querying (a, ) and further
if ans(a,i) # (k,a,a), ans(a,i) # L and ans(a,i) = (k, a,b), then we need to query
(b,7) for every 1 < j < d to find out for which j we have ans(b, j) = (k,a,b). Hence
we can determine the answer to any query to G4 by making ¢y queries to A. This
proves that f is a local reduction from P@ t0 Pgraph- 0

5.3. The property of graphs is definable in FO. In this section we find
an FO sentence 9grapn which defines the property Pgraph. We do this by defining a

. . k .
formula expressing for two vertices u, v that v — v, a formula expressing for vertex u

that u % u and a formula expressing for vertex u that u 4 and replacing formulas of
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the form R(u,v), R(v,v) and —=R(u,v) for R € o by the new formulas appropriately.
We additionally restrict the scope of the quantifiers. In the previous subsection we
already defined ¢ := |o|. We further rename the relations in ¢ in an arbitrary way
such that for this section we can assume that o = {R1,..., R¢}.

We now translate the formula Y@ into a formula ¥gapn in the language of undi-

rected graphs using the FO formulas defined in the following. We let a(x) be a formula
saying ‘z is an element-vertex’ and S(x,y) be a formula saying ‘x and y represent the
same element of A’ which is easy to do by Fact 1. We further let v(x) be a formula
saying ‘z is an internal vertex of either a k-arrow, a k-loop for any k € {1,...,¢} or
a non-arrow’. Here an ‘internal vertex’ of an arrow refers to any vertex on this arrow
except the two endpoints, or the single endpoint in case of a loop or non-arrow. Let
6%, (z,y) denote ‘x Ly for any k € {1,...,¢}, similarly, let 6% (z) denote ‘z £ 2 for
any k € {1,...,£}. Given Y@ formula ¥gapn is obtained as follows. In PG we replace
each expression Rj(z,z) by 6%(z,x) and each expression Ry(z,y) by 6, (z,y) (for
x # ). In addition, we relativise all quantifiers in the following way. We replace every
expression of the form Jx x(x,x1,...,%m) by 3z (a(x) A x(z,21,...,2,)) and every
expression of the form Vx x(z, 1, ..., 2m) by Vo (a(z) = JyB(z, ) Ax(y, 21, ., Tm)).
Let us call the resulting formula ¢. Then we set ¥grapnh to be the conjunction of the

formula ¢ and the formula Va:((ﬁa(ac) = y(x)) A (a(z) = Fyy(y) A E(z, y)))

LEMMA 5.5. For any A € Cyq the following proposition is true. A = 20) if and

only if f(A) = Ygrapn. Additionally we have that if G € C3 is a model of Ygrapn then
G = f(A) for some A€ Ay q.

Proof. First assume that A = Y@ First observe that by construction of G4 :=
f(A) and v, we get that A @ if and only if G4 = . Note that for this
statement it is important that the set of k-arrows and k-loops for all k € {1,...,¢}
is a set of pairwise non-isomorphic graphs. In the construction of G 4, every vertex is

either an element-vertex u,; in which case it is adjacent to the relation-vertex U; i
;

or is an internal vertex of some k-arrow, k-loop or non-arrow. Hence we get that
Ga E Vx((ﬂoz(a:) = () A (a(x) = Jyy(y) A E(a:,y))), which completes the proof
of the first statement.

Towards proving the second statement of Lemma 5.5, let us assume that some
graph G € Cs is a model of gapn. Then G = Vz((—\a(x) = (@) A (afx) —

Jyy(y) A E(x, y))) Hence G consists of a set of element-vertices that are connected
according to v with k-arrow, k-loops or non-arrows. Hence we can reverse the local
reduction to obtain Ag which is the corresponding model of 20) for which f(Aqg) = G
by the following construction. For any maximal set of vertices X C V(&) such that
B(u,v) holds for every pair u,v € X, we introduce an element ax. For X, Y C V(G),
we add a tuple (ax,ay) to the relation Ri(Ag) if there are u € X and v € Y such
that = v in G. With a similar argument as above, we get that Ag is a model of
o) by the construction of ). Additionally we get for some ordering of the neighbours

of each element of Ag that f(Ag) = G (this ordering has to be consistent with the
order of k-arrows along the cycle of element-vertices). 0

Proof of Theorem 5.1. As a consequence from Lemma 5.5, we get that tgrapn
defines the property Pgrapn on the class C3. Since we constructed the local reduction
f in such a way that f(A) is 3-regular for every A € C, 4 by Lemma 4.5, we get
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that Pgraph can be defined by a sentence in Il on the class C3. Combining this with
Lemma 5.3 and Lemma 5.4, we obtain Theorem 5.1. O

We would like to point out here that while we obtain the non-testability of Pgrapn
using the local reduction f, we can not conclude that Pgrapn is a class of expanders.
However, we will show that this is true in the following section.

5.4. The property of graphs is a class of expanders. In this subsection we
show that Pgraph is a family of expanders and hence prove the following theorem.

THEOREM 5.6. There exists a universal constant £ > 0 and an (infinite) class of
&-expanders with maximum degree at most 3 which is definable in FO on undirected
graphs.

Expansion of Pgrapn is not needed for the non-testability results in this paper. How-
ever, we think that Theorem 5.6 is of independent interest since it gives us new insights
into the expressibility of first-order logic. Furthermore, for an expanding property of
undirected graphs, its non-testability follows from the main result from [15].

LEMMA 5.7. The models of Ygraph 5 a family of &-expanders, for some constant
£>0.

Proof. Let A € 77@ and G4 = f(A). For every a € A, we define the vertex

set V, = {ua,i,vs)iﬂ <i<d,1 <k <60+5}, encompassing the element vertices
of a alongside the vertices of its loops, non-arrows, and half of the vertices of each
of its arrows. Considering a set S C V(G4) such that |S| < W7 we partition
U(A) into S™ = {a € U(A) : V, C S}, S48 = {a € U(A) : V,NS = 0} and
Spart — U(A) \ (Sfull U Sdisj).

First note that |Sf!l| < w. As G(A) is an e-expander by Theorem 3.1, there
are at least €/S™!!| edges between S™!! and SP*t U S48i. Hence, there are at least
€| STll| —d| SPart| edges between ST and S5, By the choice of the sets ST and 913,
for every such edge (a,b), there corresponds an edge, i.e. the edge {vgﬁ-‘" 5 vf?‘s} for
some 1 <4,5 < d, in G4 between S and V(G 4)\ S. Additionally, for every a € SP3't,
there is at least one edge in G4[V,] between S and V(G4) \ S.

We set ¢ = d(6/ + 6) and observe that St > Mcspm‘ Let us first consider

€|S| €|S|

the case that |Spa”| < 3‘@ < @ In this case, we have at least o edges between

S and U(A) \ S on account of edges between ST and S4I. On the other hand, if
|gpart| > % then we have at least % edges between S and U(A) \ S on account of
the edges within each G 4[V,] for a € SP*'*. Therefore, Pgraph is a class of E&-expanders

for £ = 355. ]

6. On the testability of all Ys-properties. Let 0 = {R3,..., R} be any
relational signature and C, 4 the set of o-structures of bounded degree d. We prove
the following.

THEOREM 6.1. Fwvery first-order property defined by a o-sentence in Xq is testable
in the bounded-degree model.

We adapt the notion of indistinguishability of [4] from the dense model to the
bounded-degree model.

DEFINITION 6.2. Two properties P,Q C Cy q are called indistinguishable if for
every € € (0,1) there exists N = N(e) such that for every structure A € P with
|[U(A)| > N there is a structure A € Q with the same universe, that is e-close to A;
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and for every B € Q with |U(B)| > N there is a structure B € P with the same
universe, that is e-close to B.

The following lemma follows from the definitions, and is similar to [4], though we
make use of the canonical testers for bounded-degree graphs ([11, 22]).

LEMMA 6.3. If P, Q C C,,q are indistinguishable properties, then P is testable on
Co,a if and only if Q is testable on Cy 4.

Proof. We show that if P is testable, then Q is also testable. The other direction
follows by the same argument. Let € > 0. Since P is testable, there exists an §-tester
for P with success probability at least % Furthermore, we can assume that the tester
(called canonical tester) behaves as follows (see [11, 22]): it first uniformly samples a
constant number co = ¢o(§,d) of elements, then explores the union of r-balls around
all sampled elements for some constant r = r(%,d) > 0, and makes a deterministic
decision whether to accept, based on an isomorphic copy of the explored substructure.
Let C = C(5,d) =co- (1 4+d+---+d") denote the upper bound on the number of
queries the canonical tester made on the input structure. Then there exists some
universal constant c¢; > 0 such that by repeating the canonical tester c¢; times, and
taking the majority vote, we can have a tester T" with ¢; - C' query complexity and
success probability at least %.

Let N be a number such that if a structure B with n > NN elements satis-
fies Q, then there exists a B € P with the same universe such that dist(B, B) <
min{§, m}dn for some large constant ¢, > 0. Now we give an e-tester for Q. If
the input structure B has size at most IV, we can query the whole input to decide if it
satisfies Q or not. If its size is larger than N, then we use the aforementioned §-tester

for P with success probability at least %. If B satisfies Q, then there exists B € P
that differs from B in no more than 1/(coC - d°*2)dn places. Since the algorithm
samples cg - c1 elements and queries the r-balls around all these sampled elements and
makes at most ¢y - C' queries in total, we have that with probability at least 1 — %,
the algorithm does not query any part where B and B differ, and thus its output is
correct with probability at least % — % = % If B is e-far from satisfying Q then it is
5-far from satisfying P and with probability at least % > %, the algorithm will reject
B. Thus Q is also testable. 0

High-level idea of proof of Theorem 6.1. Let ¢ € ¥5. We prove that the property
defined by ¢ can be written as the union of properties, each of which is defined by
another formula ¢’ in Y5 where the structure induced by the existentially quantified
variables is a fixed structure M (see Claim 6.6). With some further simplification
of ¢/, we obtain a formula ¢ in ¥y which expresses that the structure has to have
M as an induced substructure and every set of elements of fixed size £ has to induce
some structure from a set of structures $, and — depending on the structure from
— there might be some connections to the elements of M (see Claim 6.7). We then
define a formula v in II; such that the property defined by % is indistinguishable
from the property defined by ¢” in the sense that we can transform any structure
satisfying v, into a structure satisfying ¢” by modifying no more than a small fraction
of the tuples and vice versa (see Claim 6.10). The intuition behind this is that every
structure satisfying ¢” can be made to satisfy ¢ by removing the structure M while
on the other hand for every structure which satisfies ¥ we can plant the structure M
to make it satisfy ¢”. Since it is a priori unclear how the existentially and universally
quantified variables interact, we have to define i) very carefully. Here it is important
to note that the number of occurrences of structures in $) forcing an interaction with
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M is limited because of the degree bound (see Claim 6.8). Thus such structures can
not be allowed to occur for models of v, as here the number of occurrences can not
be limited in any way. Since properties defined by a formula in II; are testable, this
implies with the indistinguishability of ¢ and " that the property defined by ¢” is
testable. Furthermore by the fact that testable properties are closed under union [18],
we reach the conclusion that any property defined by a formula in 35 is testable.
We will not directly give a tester for the property P, but decompose ¢ into sim-
pler cases. However, every simplification of ¢ used is computable, and the proof below
yields a construction of an e-tester for P, for every e € (0,1) and every ¢ € Xs.

For the full proof of Theorem 6.1, we use the following definition.

DEFINITION 6.4. Let A be a o-structure with U(A) = {a1,...,at}. Let Z =

(21,...,2) be a tuple of variables. Then we define 1*(Z) as follows.
Arz) .
NZ) = /\ < /\ R(zil,...,zim(m)/\
e (ahv'“vaiar(R))ER(A)

/\ ﬁR(Zim'--aziar(R))) VAN /\ (ﬁzizzj).

(@1 10s0i 0,y ) EU(A) T\ R(A) ngt]

Note that for every o-structure A’ and @ = (a},...,a;) € U(A’)" we have that
A" = A@) if and only if a; — al, i € {1,...,t} is an isomorphism from A to
A'l{a}, ..., a,}]. In particular, if A’ = 14(@), then {a}, ..., a}} induces a substructure
isomorphic to A in A’.

Proof of Theorem 6.1. Let ¢ be any sentence in 5. Therefore we can assume
that ¢ is of the form ¢ = ITVY x(T,7y) where T = (x1,...,xx) is a tuple of k € N
variables, ¥ = (y1,...,ys) is a tuple of £ € N variables and x(z,7) is a quantifier-free
formula. We can further assume that x(Z,y) is in disjunctive normal form, and that

(6.1) o =325 \/ (a'(2) A B'(5) A pos' (,7) A neg!(7,7) ).
iel

where o(T) is a conjunction of literals only containing variables from Z, B%(7) is a
conjunction of literals only containing variables in ¥, neg’(Z,%) is a conjunction of
negated atomic formulas containing both variables from T and 7 and pos‘(%,7) is a
conjunction of atomic formulas containing both variables from = and §. Now note
that if an expression ‘z; = y;” appears in a conjunctive clause, then we can replace
every occurrence of y;+ by x; in that clause, which will result in an equivalent formula.

We now write the formula ¢ given in (6.1) as a disjunction over all possible struc-
tures in C, q the existentially quantified variables could enforce. Since the elements
realising the existentially quantified variables will have a certain structure, it is natural
to decompose the formula in this way.

Let M C Cyq be a set of models of ¢, such that every model A € Cyq of ¢
contains an isomorphic copy of some M € 9 as an induced substructure, and 9 is
minimal with this property.

CLAIM 6.5. Every M € 9 has at most k elements.

Proof. Assume there is M € 9 with |M| > k. Since every structure in 9 is
a model of ¢ there must be a tuple @ = (a1,...,ar) € U(M)* such that M =
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ViVier (0/ (@) A B(y) A posi(a,y) A neg'(a, @)) This implies that for every tuple
be U(M)" we have M = \/,; (o/ (@) A B°(b) A posi(a,b) A neg'(a, 5)) Furthermore,
since {ay,...,a,}" C U(M)" we have that M[{ay,...,ar}] = V7 V,c; (ai(d)/\ﬂi(y)/\
pos(a,y) A neg'(a, y)) This means that M[{ai,...,ar}] = ¢. Hence M contains an

induced substructure M’ of M[{ay,...,ax}]. Since every model of ¢ containing M as
an induced substructure must also contain M’ as an induced substructure 9t \ {M}
is a strictly smaller set than 91 with all desired properties. This contradicts the
minimality 9. ]
Therefore 9 is finite. For M € M let Jyy := {j € I | M = of(m) for some m €
UM)}C I
CLAIM 6.6. We have
e=a \ (Fvg[M @A\ (@) npos! (@.5) Aveg’ (7.7 ) ])-
Mem JE€IMm

Proof. Let A € C, 4 be a model of ¢. Then there is a tuple @ = (ay,...,ax) €
U(A)* such that A = Vyx(@,y). Since {ai1,...,ar}* C U(A)’ this implies that
Al{ay,...,ar}] E Yyx(@,y) and hence A[{a,...,ar}] E ¢. In addition, we may
assume that we picked @ in such a way that for any tuple @’ = (a},...,a}) €
{a1,...,a;}* with {da},...,a}} € {ai,...,ar} we have that A & Vyx(@,7). (The
reason is that if for some tuple @ thls is not the case then we just replace @ by @ and

so on until this property holds). Hence A[{ay,...,a;}] cannot have a proper induced
substructure in M, and it follows that there is M € 9 such that M = A[{a1,...,ar}].

By choice of Jys we get A = Vy |:LM @A VjEJM (ﬁj (¥) Apos’ (@, ) Aneg’ (a, y))} and
hence
Ak \/ (Elivy |:LM (T) A \/ (Bj (@) A pos’ (Z,7) A neg? (Z, y))} )
Mem JE€Tu

To prove the other direction, we now let the structure A € C, 4 be a model of the
formula

V rrem (HEVQ [LM @)AVjein (ﬁj (¥) Apos’ (Z,7) Aneg? (T, @))} ) Consequently there
is M € M and @ € U(A)* such that A = W[AM(E) AVjer (Bj@) A pos? (@, 7) A
neg’ (a, y))} . By choice of Jy this implies A = V7V, 5, (aj (@) A\ B (g) Apos? (a,y) A
neg’ (a, y)) and hence A |= . n]

Since the union of finitely many testable properties is testable (see e.g. [18]), it is
sufficient to show that the property P, is testable where ¢ is of the form

(62) ¢ = Zzvyx(.7),
where x(@,7) = (M@ A \/ (8(7) A pos’ (@,7) Aneg? (@,)) ],
J€JIMm
for some M € 9. In the following, we will enforce that for every conjunctive clause
of the big disjunction of x, the universally quantified variables induce a specific sub-
structure.

For j € Jp let $); C Cp g be a maximal set of pairwise non-isomorphic structures
H such that H |= 87(b) for some b = (by,...,bs) € U(H)* with {by,...,b;} = U(H).
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CrLAaM 6.7. We have

e =aFovg[ M@ n \/ (@) Apos’ (7,7) Aneg(7,7)) .
ey
Proof. Let A € Coq and @ = (ay,...,a) € U(A)%. First assume that A =
Vyx(@,7). Hence for any tuple b € U(A)* there is an index j € Jy such that A |=
B7(b) A pos? (@,b) A neg’(@,b). Then A |= 37(b) implies that A[{by,...,be}] = H for
some H € §;. Hence A = (b)) and A = {LM(H) AV mes;, (LH(B) A pos? (@, b) A

JE€EIN
neg’ (a, B))} .
For the other direction, we let A = V@[LM(E) A\ wes;, (LH@) A pos? (@, ) A

J€In
neg’ (a, y))} Then for every tuple b € U(A) there is an index j € Jy and H € §;

such that H |= o (b) A pos’(a,b) A neg’(a,b). Therefore A[{by,...,b;}] = H and we
know that A |= 39(b). Therefore A |= 37(b) A pos’ (a,b) A neg? (a,b) and since this is
true for any b € U(A)" we get A |= ¢. 0

Thus, it suffices to assume that

(63) v = Javyx(z,y),
where x(7,7) = {LM(E) A \/ (LH (¥) A pos? (F,7) A neg’ (T, y))}

HED,
JE€EIN
for some M € M.

Next we will define a universally quantified formula ¢ and show that P, is in-
distinguishable from the property P,. To do so we will need the two claims below.
Intuitively, Claim 6.8 says that models of ¢ of bounded degree do not have many ‘inter-
actions’ between existential and universal variables — only a constant number of tuples
in relations combine both types of variables. Note that for a structure A and tuples
ac U(AF b= (by,...,b) € U(A)* the condition A = 17 (b) A pos’(a,b) A neg? (@, b)
can force an element of b to be in a tuple (of a relation of A) with an element of @, even
if pos?(Z,y) only contains literals of the form x; = y;. (For example, it may be the
case that for some tuple b € {b1,. .., b}, every clause o’ () Apos? (Z, %) Aneg!' (%, 7)
for which A |= /' (5/) Apos? (@, B/) Aneg (a, 5/) forces a tuple to contain some element
of b and some element of a.) We will now define a set J to pick out the clauses that
do not force a tuple to contain both an element from @ and b. Note that we still allow
elements from b to be amongst the elements in @. In Claim 6.8 we show that for every
A € Cy, @€ U(A)* for which A |= Vyx(a@,y) there are a constant number of tuples
b € U(A)* that only satisfy clauses which force a tuple to contain both an element
from @ and from b.

Let j € Ju, H € 9 and h = (hy,...,h) € U(H)* such that H = H(h).
We define the set Pjg = {h; | i € {1,...,0},pos’(Z,7) does not contain y; =
xy for any ¢/ € {1,...,k}}. Now we let J C Jy x Cyq be the set of pairs (j, H),
with H € §); such that the disjoint union M UH[P; ]| = ¢. Now J precisely specifies
the clauses that can be satisfied by a structure A and tuple @ € U(A)* and b € U(A)*
where A does not contain any tuples both containing elements from @ and b.

CLAM 6.8. Let A € Coq and @ = (ay,...,ax) € U(A)F. If A = Vyx(a,y) then
there are at most k - d tuples b € U(A)* such that A = \/(ij)EJ(LH(b) A pos? (@, b) A
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neg’ (@,b)).
Proof. Since A |= ¥y x(@,7), it holds that A |= Vg \/ nes;, (LH@) A pos’ (@, y) A

J€Inr

negj(ﬁ,y)) by Equation(6.3). Now let B == {5 € U(A) | A} Ve, (F(B) A
i)-

pos’ (@, b) Aneg? (@, b))} C U(A)¢. Then each b € B adds at least one to Ele deg 4(a
Since A € C, g implies that Zle deg4(a;) < k-d we get that |B| <k -d. d

CLAIM 6.9. Let ¢ be a formula of the form ¢ = VzZx(Z) where Z = (z1,...,2t) is
a tuple of variables and x(Z) is a quantifier-free formula. Let A € Cy q with |U(A)| >
d-ar(o) -t and let b € A be an arbitrary element. Let A |= 1 and let A’ be obtained
from A by ‘isolating’ b, i. e. by deleting all tuples containing b from R(A) for every
Reo. Then A’ = 9.

Proof. First note that A’ = x(@) for any tuple @ = (ay,...,a;) € (A\ {b})" as no
tuple over the set of elements {ai,...,a;} has been deleted. Let @ = (a1,...,a;) €
U(A)" be a tuple containing b. Pick ¥’ € U(A) such that dist(a;,b’) > 1 for every
j€{1,...,t}. Such an element exists as |U(A)| > d - ar(R) - t. Let @’ = (a},...,a})
be the tuple obtained from @ by replacing any occurrence of b by b'. Hence a; — aj

defines an isomorphism from A’'[{a1,...,a;}] to A[{a},...,a}}] since b is an isolated
element in A'[{a1,...,a;}] and V' is an isolated element in A[{a},...,a;}]. Since
A | x(@), it follows that A’ = x(a). O

Let J' C J be the set of all pairs (j, H) for which pos? (%, %) is the empty conjunction.
J' contains (j, H) for which we want to use () to define the formula 1.

CLAIM 6.10. The property P, with ¢ as in (6.3) is indistinguishable from the
property Py, where 1 := WV(J‘,H)GJ' (7).

Proof. Let e > 0and N(e) = N := M and A € C, g be any structure with
|[U(A)| > N.

First assume that A | ¢. The strategy is to isolate any element b which is
contained in a tuple b € U(A)? such that A Viimer t(b) by deleting all tuples
containing b. This will result in a structure which is e-close to A and a model of 1.

Let @ € U(A)* be a tuple such that A |= Vyx(a,y). Let B C U(A)* be the set
of tuples b € U(A)* such that A = \/(j,H)eJ(LH(B) A pos? (@, b) A neg?(@,b)). Then
|B| < k-d by Claim 6.8. Hence the structure A’ obtained from A by deleting all
tuples containing an element of C' := {a1,...,ap} U {b € A | thereis (b1,...,b) €
B such that b € {by,...,bs}} is eclose to A. Since A | Vyx(a,y) implies A |=
Vg \ nes,;, 11 (g), by Claim 6.9 we know that A’ = V§\/ ues, (). For any tu-

JEInr JETnr
ple b = (by,...,by) € (U(A) \ C)* we have by definition of J' that A = *(b)
for some (j,H) € J'. Furthermore A[{b1,...,bs}] = A'[{b1,...,bs}] and hence
A =V e (D). Let b= (bi,...,b) € U(A)" be any tuple containing elements
from C and let ¢y, ...,c; € C be those elements. Pick ¢ elements ¢f,...,c; € U(A)\C
such that dista(ai,c}) > 1, dista(c},b;) > 1 and dista(c},c,,) > 1 for suitable 4,7’

This is possible as |U(A)| > (k + 2¢) - d - ar(R) which guarantees the existence of
k: + 20 elements of pairwise distance greater than 1. Let b = (b1, .., b)) be the vector
obtained from b by replacing ¢; with c;. Since b e U(A)* there must be j', H' € $;
such that A = ./’ (El) Apos? (a, B/) Anegl' (@, Bl). By choice of ¢, ..., c} we have that
pos,, (¥, 7) must be the empty conjunction and hence (j', H') € J'. Since additionally
b; — b} defines an isomorphism of A[{d},...,b,}] and A'[{b1,...,br}] this implies that
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A=V ey 7 (B) for all b € U(A)* and hence A’ |= o).

Now we prove the other direction. Let A |= ¢ with |[U(A)| > N. The idea here is
to plant the structure M somewhere in A. While this takes less then an e-fraction of
edge modifications the resulting structure will be a model of .

Take any set B C A of |[U(M)| elements. Let A’ be the structure obtained
from A by deleting all edges incident to any element contained in B. Let A” be the
structure obtained from A’ by adding all tuples such that the structure induced by B is
isomorphic to M. This takes no more than 2¢-d-ar(R) < e-d-|U(A)| edge modifications.
Let @ € B* be such that A = (M (a@). By Claim 6.9 we get A’ = ¢. Therefore pick
any tuple b = (by,...,by) € (U(A)\ B)*. Since by construction we have that all b;’s
are of distance at least two from @ we have that A” = \/(j,H)EJ,(LH (b) A neg’ (a@,b)).
By choice of M we also know that A” = \/ wes,, (LH(E) A pos’ (@,b) A neg’(a, B))

J€JIpng
for all b € B*. Therefore pick b = (by,...,b;) containing both elements from B
and from U(A) \ B. Now pick a tuple b= (b,...,b,) € (U(A)\ B)* that equals
b in all positions containing an element from U(A) \ B. As noted before there is
(j, H) € J' such that A” |= (. (b') Anegi (@,b')). Hence A”[{V},...,b,}] is isomorphic
to H and further because (j, H) € J' the set P; g (used in the definition of J) is
the entire universe of H. Since J' C J this means that by the definition of J we
get A"[{aq,...,ax, b ... by} = A" [{aq,...,ap}JUA"{b] ... b} = M UH[P; gl = .

Since b € {az,...,ax,b; ...b,}* this implies
A'far,. . a by E O\ (,,H(B) A pos? (@, B) A negj(a,z)).
€N
Then A" = \/?Ee/% (LH(B) A pos? (@, b) A neg’ (a, 5)) and hence A" = ¢. O

Since v € II; we have that Py is testable, and hence P, is testable by Claim 6.10. O

7. GSF-locality is not sufficient for proximity oblivious testing. In this
section we show that the property Pgrapn can be defined by a generalised notion
of forbidden subgraph introduced in [22] (Lemma 7.14). Here a subgraph is only
forbidden if it is connected to the rest of the graph in a predefined way, i.e. for a
vertex in a forbidden subgraph we can specify that it cannot have neighbours which
are not contained in the subgraph itself. Combining our results we show that not every
property definable by generalised forbidden subgraphs is testable in the bounded-
degree model (Theorem 7.5). This implies a negative answer to a question posed
by Goldreich and Ron in [22] (Question 1) which asks whether a small number of
appearances of generalised forbidden subgraphs can be fixed with a small number
of edge modification or whether any way of fixing the appearances invokes a chain
reaction of necessary edge modifications. In the following we introduce the notions
and results needed from [22].

7.1. Generalised subgraph freeness. In the following, we present the formal
definitions of generalised subgraph freeness, GSF-local properties and the notion of
non-propagation, which were introduced in [22].

DEFINITION 7.1 (Generalized subgraph freeness (GSF)). A marked graph is a
graph with each vertexr marked as either ‘full’ or ‘semifull’ or ‘partial’. An embedding
of a marked graph F into a graph G is an injective map f : V(F) — V(G) such that
for every v € V(F) the following three conditions hold.
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semifull  semifull
[ J
full
partial partial
F G1 Go Gs

Fig. 7: In the depicted example, G; and G5 are F-free (for G; we cannot find an
embedding satisfying the condition for the full vertex and for G2 we cannot find an
embedding satisfying the condition for the semiful vertices). On the other hand, F'
can be embedded into Gz (the embedding is indicated by colours).

1. If v is marked ‘full’, then N&(f(v)) = f(N{ (v)).

2. If v is marked ‘semifull’, then NE(f(v)) N f(V(F)) = f(NF (v)).

3. If v is marked ‘partial’, then NZ(f(v)) 2 f(N{' (v)).
The graph G is called F-free if there is no embedding of F into G. For a set of marked
graphs F, a graph G is called F-free if it is F-free for every F € F.

We refer to Figure 7 for an illustration of the definition of GSF. Based on the above
definition of generalised subgraph freeness, we can define GSF-local properties.

DEFINITION 7.2 (GSF-local properties). Let P = |J,cnPn be a graph property
where P, = {G € P | |V(G)| = n} and F = (Fn)nen a sequence of sets of marked
graphs. P is called F-local if there ewists an integer s such that for every n the
following conditions hold.

1. F,, is a set of marked graphs, each of size at most s.

2. Py equals the set of n-vertex graphs that are JF,-free.
P is called GSF-local if there is a sequence F = (Fyn)nen of sets of marked graphs
such that P is F-local.

The following concept of a non-propagating condition for a sequence of sets of marked
graphs was introduced in [22] to investigate constant-query POTs.

DEFINITION 7.3 (Non-propagating). Let F = (Fy,)nen be a sequence of sets of
marked graphs.

e For a graph G, a subset B C V(QG) covers F,, in G if for every marked graph
F € F,, and every embedding of F in G, at least one vertex of ' is mapped
to a vertex in B.

e The sequence F is non-propagating if there exists a (monotonically non-
decreasing) function T : (0,1] — (0, 1] such that the following two conditions
hold.

1. For every € > 0 there exists § > 0 such that 7(8) < e.
2. For every graph G and every B C V(G) such that B covers F, in
G, either G is 7(|B|/n)-close to being F,-free or there are no n-vertex
graphs that are JF, -free.
A GSF-local property P is non-propagating if there exists a mon-propagating
sequence F such that P is F-local.
In the above definition, the set B can be viewed as the set involving necessary modi-
fications for repairing a graph G that does not satisfy the property P that is F-local,
and the second condition says we do not need to modify G “much beyond” B. In par-
ticular, it implies that we can repair G without triggering a global “chain reaction”.
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Goldreich and Ron gave the following characterization for the proximity-oblivious
testable properties in the bounded-degree graph model.

THEOREM 7.4 (Theorem 5.5 in [22]). A graph property P has a constant-query
proximity-oblivious tester if and only if P is GSF-local and non-propagating.

The following open question was raised in [22].

OPEN QUESTION 1 (Are all GSF-local properties non-propagating?). Is it the
case that for every GSF-local property P = |
that is non-propagating and P is F-local?

nen Pn, there is a sequence F = (Fn)nen

We are now able to state our theorem answering Question 1. The rest of this section
is dedicated to the proof of Theorem 7.5.

THEOREM 7.5. There exists a GSF-local property of graphs of bounded degree 3
that is not testable in the bounded-degree graph model. Thus, not all GSF-local prop-
erties are non-propagating.

7.2. Relating different notions of locality. In this section we define proper-
ties by prescribing upper and lower bounds on the number of occurrences of neigh-
bourhood types. These bounds are given by neighbourhood profiles which we will
define formally below. We use these properties to give a natural characterization of
FO properties of bounded-degree structures in Lemma 7.7, which is a straightforward
consequence of Hanf’s Theorem (Theorem 2.1). We use this characterization to es-
tablish links between FO definability and GSF-locality. This connection is the key
ingredient in the proof of our main theorem.

Observe that for fixed r,d € N and o, there are only finitely many r-types in
structures in C, 4. For any signature o and d,r € N we let ng,, € N be the number
of different r-types of o-structures of degree at most d. Assuming that for all d,» € N
the r-neighbourhood-types of o-structures of degree at most d are ordered, we let
Té,na denote the i-th such neighbourhood type, for i € {1,...,n4,,}. With each
o-structure A € C, 4 we associate its r-histogram vector Tq,, ,(A), given by

(Taro(A))i = {a € U(A) | N (a) € iy o }]-

We let
J:={[k1] | k<leN}U{[k,00) | k € N}

be the set of all closed or half-closed, infinite intervals with natural lower/upper
bounds.

DEFINITION 7.6. Let o be a signature and d,r € N.
1. An r-neighbourhood profile of degree d is a function p: {1,...,ngro} — J.
2. For a structure A € Cy q, we say that A obeys p, denoted by A ~ p, if

(Taro(A))i € p(i) forallie {1,...,nq, 0}

Let P, be the set of structures A that obey p, i.e., P, ={A € Cyq| A~ p}.

3. We say that a property P is defined by a finite union of neighbourhood profiles
if there is k € N such that P = \J,<;<x Pp, where p; is an r;-neighbourhood
profile and r; € N for everyi € {1,...,k}.

We let ng, := naro,,.,,, denote the total number of r-types of directed graphs
of degree at most d. We fix an ordering of the types and let 75 . be the

)
=T
dﬂ‘;ffgmph
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1 T2 T3 T.

| VY

Fig. 8: All 1-types of bounded degree 2, where the centres are the large vertices.

i-th r-type of bounded degree d, for any ¢ € {1,...,ng,}. Further, for a graph G let
T4,(G) denote the r-histogram vector of G. Note if G is undirected, for any type Tém
where the edge relation is not symmetric we have that (74,(G)); = 0 and therefore
in any r-neighbourhood profile p for graphs we have p(i) = [0,0] for any type 7;,.
which is not symmetric. For convenience, for undirected graphs we will ignore the
non-symmetric types.

Let us consider the following example in which we find a representation by neigh-
bourhood profiles for an FO-property.

ExamMpLE 2. Consider the following FO-sentence.
= VaVy—-E(x,y) V VaeIy; Jys (yl #ya N E(z,y1) N E(z,y2)
AY2(z #y1 Az # y2) — —E(m,z)).

The property P, defined by the sentence ¢ is the property containing all edgeless
graphs and all graphs that are disjoint unions of cycles.

For degree bound 2 all 1-types are listed in Figure 8. Let p1 : {1,...,4} — T be
the neighbourhood profile defined by p1(1) = [0,00) and p1(i) = [0,0] fori € {2,3,4}.
Furthermore, let ps : {1,...,4} — T be the neighbourhood profile defined by p2(i) =
[0,00) fori € {3,4} and p2(j) = [0,0] for j € {1,2}. It is easy to observe that the
properties P, and P, U P,, are equal.

Indeed representing FO-properties by neighbourhood profiles works in general. We
now give a lemma showing that bounded-degree FO properties can be equivalently
defined as finite unions of properties defined by neighbourhood profiles. Here the
technicalities that arise are due to Hanf normal form not requiring the locality-radius
of all Hanf-sentences to be the same.

LEMMA 7.7. For every non-empty property P C Cy q, P is FO definable on C, 4 if
and only if P can be obtained as a finite union of properties defined by neighbourhood
profiles.

Proof. For the first direction assume ¢ is an FO-sentence. Then by Hanf’s The-
orem (Theorem 2.1) there is a sentence ¢ in Hanf normal form such that P, = Py.

We will first convert ¢ into a sentence in Hanf normal form where every Hanf
sentence appearing has the same locality radius. Let » € N be the maximum locality
radius appearing in 1, and let =™ := 3Z™z¢, (r) be a Hanf sentence, where 7 is
an r’-type for some ' < r. Let 71,..., 7 be a list of all r-types of bounded degree d
for which (M2 (b),b) € 7 for (B,b) € 7, for every 1 < i < k. Let II be the set of all

partitions of m into k parts. Let
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CLAIM 7.8. 2™ is d-equivalent to =™

Proof. Assume that A € C, satisfies =™, and assume that ai,...,a,, are m
distinct elements with (V4 (a;),a;) € 7, for every 1 < j < m. Let 7; be the r-type
for which (NA(a;),a;) € 7;. By choice of 71,...,7;, we get that there are indices
i1,...,%m such that 7; = 7;,. Fori € {1,...,k} let m; = |[{j € {1,...,m} | i; = i}|.
Hence A E /\f:1 FZMigp, () and since additionally (my,...,m) € II this implies
AR

On the other hand, let A € Cy satisfy =™, and let (my,...,m;) € II be a
partition of m such that A = /\f:1 F2Mizp,. (x). For every 1 <i <k, let ai,...,ad’

be m; distinct elements such that (N (a}), a}) € 7, for every 1 < j <m;. By choirgé
of 11,...,7, we get that (N;i‘(a§),a§) e, for every pair 1 <i <k, 1<j<m; But
since my + - - - +my, = m this implies that A = ¢Z™. This proves that ¢Z™ and ¢=™
are d-equivalent. O

Let 9" be the formula in which every Hanf-sentence =™ for which 7 is an 7/-type for
some 1’ < r gets replaced by ¢=™. By a simple inductive argument using Claim 7.8,
we get that ¢ is d-equivalent to ¢’, and hence P, = Py = Pys. Furthermore since
$Z™ is a Boolean combination of Hanf-sentences for every =™, and any Boolean
combination of Boolean combinations is a Boolean combination itself, 9’ is in Hanf
normal form. Furthermore, every Hanf-sentence appearing in ¢’ has locality radius r
by construction.

Since any Boolean combination can be converted into disjunctive normal form,

we can assume that v’ is a disjunction of sentences £ of the form

14

k
/\ 3= -TSOTJ ) A /\ _‘Hij-‘rlx@Tj (33),
=1 j=k+1

where £ € N>q, 1 <k </, m; € N>; and 7; is an r-type for every 1 <13 < ¢. We can
further assume that every sentence in the disjunction 1)’ is satisfiable by some A € Cq,
as any sentence with no bounded degree d model can be removed from 1)’

Let 74,...,7: be a list of all r-types of bounded degree d in the order we fixed.
Let k; ;= max({m; |1 < j < k,7; = 7} U{0}) and ¢4; := min({m; | k+1 < j <
0, 7j = T7;} U{oo}) for every ¢ € {1,...,t}. Since £ has at least one bounded-degree
model, k; < ¢; for every i € {1,...,t}. Let p:{1,...,t} — T be the neighbourhood
profile defined by p(i) := [k;, 4] if ¢; < oo and p(3) := [k;, £;) otherwise. Then by
construction, we get that P, = Pe. Since ¢’ is a disjunction of formulas, each of
which defines a property which can be defined by some neighbourhood profile, we get
that Py must be a finite union of properties defined by some neighbourhood profile.

On the other hand, for every r-neighbourhood profile p of degree d, 71,...,7¢ a
list of all r-types of bounded degree d in the order fixed and the formula

Pp = /\ (HZki‘TSOTi (z) A ﬁazeﬁ_lm@n (x)) A /\ HZkix@“ ()

i€{1,...t}, ie{1,....t},
p(i)=[k;,¢;] p(i)=[k;,o0)

it clearly holds that P, = P, . Hence every finite union of properties defined by
neighbourhood profiles can be defined by the disjunction of the formulas ¢, of all p
in the finite union. O
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7.2.1. Relating FO properties to GSF-local properties. We now prove
that FO properties which arise as unions of neighbourhood profiles of a particularly
simple form are GSF-local. For this let

o == {[0, K] | k € N} U {[0,00)} C 3.

We call any neighbourhood profile p with codomain Jy a 0-profile, as all lower bounds
for the occurrence of types are 0.

OBSERVATION 2. Let p be a O-profile. If two structures A, A’ € C,q satisfy
(Taro(A))i < (Uaro(A"))i for everyie {1,...,n4r0} and A" ~ p, then A ~ p.

In particular, this implies that there cannot be a 0-profile which defines the prop-
erty of all structures containing at least one occurrence of T, for any r-type T.

THEOREM 7.9. Every finite union of properties of undirected graphs defined by
0-profiles is GSF-local.

Proof. We prove this in two parts (Claim 7.10 and Claim 7.11). We first argue
that every property P, defined by some O-profile p : {1,...,nq,} — Jo is GSF-
local. For this it is important to note that we can express a forbidden r-type 7 by a
forbidden generalised subgraph. For (B,b) € 7, the set of all graphs with no vertex
of neighbourhood type 7 is the set of all B-free graphs where every vertex in V(B) of
distance less than r to b is marked ‘full” and every vertex in V(B) of distance r to b
is marked ‘semifull’. Since a profile of the form p : {1,...,n4,,} — Jo can express
that some neighbourhood type 7 can appear at most k times for some fixed k € N,
we need to forbid all marked graphs in which type 7 appears k 4+ 1 times. We will
formalise this in the following claim.

CLAIM 7.10. For every r-neighbourhood profile p : {1,...,nq,} — Jo, there is a
finite set F of marked graphs such that P, is exactly the property of F-free graphs.

Proof. Assume 7 is an r-type and k € Nyy. Then we say that a marked graph F’
is a k-realisation of T if F' has the following properties.
1. There are k distinct vertices v, ..., v in F such that (N (v;),v;) € 7 for
everyi=1,... k.
2. Every vertex v in F has distance less or equal to r to at least one vertex v;.
3. Every vertex v in F of distance less than r to at least one v; is marked as
“full’.
4. Every vertex v in F' of distance greater or equal to r to every v; is marked as
‘semifull’.
We denote by S*(7) the set of all k-realisations of 7.
Now we can define the set F of forbidden subgraphs to be

F = U SH(TL ).

kEN,1<i<ng,ro:p())=[0,k]

Let P be the property of all F-free graphs. We first prove that the property P
is contained in P,. Towards a contradiction assume that G' € Cq is F-free but not
contained in P,. As G is not contained in P, there must be an index i € {1,...,n4,}
such that (T4, (G)); & p(i). Since p(i) € Jg there is k € N such that p(i) = [0, k] and
hence (Ug,-(G)): > k. Hence there must be k + 1 vertices vy, ..., 541 in G such that
(NE (v:),v:) € 7 .- We define the marked graph F' to be the subgraph of G induced by
the r-neighbourhoods of vy, ..., vp41, i.e. G[U; ;< N (v3)], in which every vertex
of distance less than k to at least one of the v; is marked as ‘full’ and every other
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vertex is marked as ‘semifull’. Then F' is by definition a (k + 1)-realisation of 7; . and
hence F' € F. We now argue that F' can be embedded into G. Since F' is an induced
subgraph of G the identity map gives us a natural embedding f : F' — G. Let v be any
vertex marked ‘full’ in F. By construction of F, there is ¢ € {1,...,k + 1} such that
f(v) is of distance less than 7 to v; in G. But then N&(f(v)) is a subset of N (v;). As
F without the marking is the subgraph of G induced by (J, -, NS (v;) this implies
that f(N{ (v)) = NE(f(v)). Furthermore, assume v is a vertex marked ‘semifull’ in
F. Then f(Nf(v)) = NE(f(v)) N f(V(F)) holds as F without the markings is an
induced subgraph of G. This proves that G is not F-free by Definition 7.1. This is a
contradiction to our assumption that G is F-free and F' € F.

Similarly, we can show that P, C P by assuming G € Cq is in P, but not F-free,
and showing that the embedding of any graph of F into G yields an amount of vertices
of a certain type contradicting containment in P,. 0

Next we prove that classes defined by excluding finitely many marked graphs are
closed under finite unions.

CramM 7.11. Let F1, F2 be two finite sets of marked graphs. For i € {1,2}, let P;
be the property of F;-free graphs. Then there is a set F of generalised subgraphs such
that P1 U Ps is the property of F-free graphs.

Proof. We say that a marked graph F' is a (not necessarily disjoint) union of
marked graphs Iy, Fy if

1. there is an embedding f; of F; into the graph F' without its markings as in
Definition 7.1 for every i € {1, 2}.

2. for every vertex v in F' there is ¢ € {1,2} and a vertex w in F; such that
filw) = v.

3. every vertex v in F' is marked ‘full’, if there is ¢ € {1,2} and a ‘full’ vertex w
in F; such that f;(w) =wv.

4. every vertex v in F' is marked ‘semifull’, if there is ¢ € {1,2} and a ‘semifull’
vertex w in F; such that f;(w) = v and f;(u) # v for every i € {1,2} and
every ‘full’ vertex wu.

5. every vertex v in F' is marked ‘partial’ if f;(u) # v for every ¢ € {1,2} and
every ‘full’ or ‘semifull’ vertex wu.

We define S(Fi, F3) to be the set of all possible (not necessarily disjoint) unions of
F1, F5. We can now define the set F to be

F = U S(Fy, Fy).

FieF1,FaeFs

Let P be the property of all F-free graphs. Now we prove P C P; UP;y. Towards
a contradiction assume G is F-free but G is in neither P; nor in P,. Then for every
1 € {1,2} there is a graph F; € F; such that G is not F;-free. It is easy to see that
there is a union Fy, of F; and F5 such that G is not F,-free, which contradicts that
G is F-free.

Conversely, in order to prove Py UPy C P, if G is F; free for some i € {1,2} then
G must be F-free by construction of F. ]

Combining the two claims above proves Theorem 7.9. ]

Further discussion of the relation between FO and GSF-locality. First let us re-
mark that it is neither true that every FO definable property is GSF-local, nor that
every GSF-local property is FO definable.
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Fig. 9: Marked graphs for Example 5.

EXAMPLE 3. The property of bounded-degree graphs containing a triangle is FO
definable but not GSF-local.

Indeed, the existence of a fixed number of vertices of certain neighbourhood types
can be expressed in FO, while in general, this cannot be expressed by forbidding
generalised subgraphs. If a formula has a 0-profile (and hence does not require the
existence of any types) then the property defined by that formula is GSF-local, as
shown in Theorem 7.9.

EXAMPLE 4. The class of all bounded-degree graphs with an even number of ver-
tices is GSF-local but not FO definable.

Let us remark that Theorem 7.9 combined with Lemma 7.7 proves that every
finite union of properties definable by O-profiles is both FO definable and GSF-local.
Hence it is natural to ask whether the intersection of FO definable properties and
GSF-local properties is precisely the set of finite unions of properties definable by
0-profiles. However, this is not the case. The following example shows that there are
properties which are both FO definable and GSF-local but cannot be expressed by
0-profiles.

EXAMPLE 5. We let d > 2 and let By := ({v},{}), B2 = ({v,w}, {{v,w}}) be
two graphs. We further let 71,72 be the 1-types of degree d such that (B1,v) € 11 and
(Ba2,v) € 7o. Consider the property P defined by the following FO formula

p = —EkU(IE = .’E) V 3:1$(<p71 (1’) A Vy(w #Y = P, (y)))

P contains, besides the empty graph, unions of an arbitrary amount of disjoint edges
and one isolated vertex. To define a sequence of forbidden subgraphs we let G1,Ga,G3
be the marked graphs in Figure 9. Let Foyen := {G1} and Foqa := {G2,G3} and let
F = (Fu)nen where F; = Feyen if i is even and F; = Foaa if i is odd. Note that
every graph on more than one verter with an odd number of vertices which is Foqq-
free must contain a verter of neighbourhood type 11, and that the set of Feven-free
graphs contains only the empty graph. Hence P is F-local. Now assume towards a
contradiction that P = \J, ;< Pp; for 0-profiles p;. Let Gy, be the graph consisting
of m disjoint edges and one isolated vertex and H,, the graph consisting of m disjoint
edges. Since Gy, € P there is i € {1,...,k} such that G, ~ p;. By choice of G,
and H,, we have 0 < (T, (Hm))j < (Uar(Gm))j € pi(j) for every j € {1,...,nq,}.
Since additionally p;(j) € Jo this implies that (Tg,r(Hy,)); € pi(j). But then Hy, ~ p;
which yields a contradiction as Hy, ¢ P. Hence P cannot be defined as a finite union
of 0-profiles.

Figure 10 gives a schematic overview of all classes of properties discussed here and
their relationship.

7.3. Proving the existence of a GSF-local non-testable property. In this
section we prove Theorem 7.5. We show that the property 77@ from Section 4 can be
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Fig. 10: Overview of the classes of properties, here P; refers to the property from
Example 4, Cq refers to the property of all graphs of bounded degree d and Pgraph is
the property defined in Section 5.2.

expressed by a union of 0-profiles. We then show that the local reduction from P@

to Pgraph given in Section 5.2 preserves the expressibility by 0O-profiles, and hence by
Theorem 7.9 Pgrapn is GSF-local.
Let o be the signature, d € N and ’P@ be the property of d o-structures of

bounded-degree from Section 3.
7.3.1. Characterisation of the relational structure property by neigh-
bourhood profiles. Our aim in this section is to prove that the property 79@ of

relational structures can be written as a finite union of properties defined by O-profiles
of radius 2.
For all o-structures in 77@ (excluding Ayg) it is crucial that they are allowed to

contain precisely one root element. Hence the neighbourhood profile describing ’P@

must restrict the number of occurrences of the 2-type of the root element. But since
in P@ \ {4p}, the root elements in different structures may have different 2-types,

we partition 73@ \ {Ag} into parts Pi,..., P, by the 2-type of the root element.

Note that the number m of parts is constant as there are at most ng2, 2-types in
total. For each of these parts we then define a neighbourhood profile p; such that
PrU{Ay} = P,,. We would like to remark here that the roots of all but one structure
in P@ actually have the same 2-types. Hence the partition only contains two parts

and one of the two parts only contains one structure. We now define the parts and
corresponding profiles formally.
Assume without loss of generality that the 2-types 757270, e 775 527 of degree d

are ordered in such a way that for (B,b) € TZZM, it holds that B | ¢re0t(b) if and
only if k € {1,...,m} for some m < ngo,. For k € {1,...,m}, let

Pr={A¢€ P@ \ {Ag} | thereis a € U(A) such that (N3'(a),a) € TC’ZQ’J}.

Since by Lemma 3.5 every A € P@ \ {Ap} must contain exactly one root we get that

Po= U Pruidg

1<k<m

and this union is disjoint. Furthermore, for k € {1,...,m}, let Iy C{1,...,ng2}
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be the set of indices j such that there is a structure A € Py, and a € U(A) with
(N5(a),a) € T)2.0- For every k € {1,...,m} we define the 2-neighbourhood profile

Pk - {la"'and,Q,o’ — j0 by

0,1  ifi=k
pr(i) == ¢ [0,00) ifie I\ {k},
[0, 0] otherwise.

To prove that these O-profiles of radius 2 define the property P@, the crucial ob-
servation is that for every element a of some structure in C, 4, the FO-formula ¢
only talks about elements of distance at most 2 to a (i.e. Y@ is 2-local). Hence the
2-histogram vector of a structure already captures whether the structure satisfies Y@
We will now formally prove this.

LEMMA 7.12. It holds that P@ = U1gk§m P,

Proof. We first prove that 73@ - Ulgkgm P,.- First note that trivially Ay €
Ui<k<m Ppi- Now assume A € 73@ \ {Ay}. This implies that there is k € {1,...,m}
such that A € Pi. By construction we have that for every a € A, there is i € I such
that (N5'(a),a) € 7, ,. Furthermore, since A |= o) and U(A) # (), we have by

Lemma 3.5 that A = 37 2,00t (), and that there can be at most one a € U(A) such
that (N3'(a),a) € 75, ,. Therefore A € Py,

To prove Jy << Por € 7)@, we prove that every structure in J; < ,«,, Pp, must
satisfy @) We will prove that every A € U1< w<m Po, satisfies @recursion, and refer

for the proof that A satisfies Ytree /A @rotationMap A\ Pbase t0 Claim A.1, Claim A.2 and
Claim A.3 in Appendix A. Note that Ay = 20) by Lemma 3.10 and hence we exclude

Ay in the following.
CLAIM 7.13. Every structure A € U1gk§m Po. \ {Ap} satisfies Precursion-

Proof. Let A € Uy<<;m Por \ {Ap}. Then there is a k € {1,...,m} such that
AeP,,. o
By definition, @recursion := V2Vz (gp(m, 2) V(x, z)) (see Section 3), where

o(x,z) :===3yF(x,y) A -3yF(z,y) and

Y(z,2) = /\ (33/ (B o (2,y) A By o (y,2)] —
k] ks €[D]?
€.,,€[D)?

/\ o' 32" [Fr(w, ') A Fy(z,2") N Eg ), i (@ z')])
i,j,i',j' €[D],k,Le([D]?)?
ROTH ((£5,1),5)=(£,5")

Let a,c € U(A). Assume first that there is b € U(A) with (a,b) € F(A). Hence
A ¥ ¢(a,c). Since Precursion = VaVz(p(z, 2) V 1h(z, 2)) we aim to prove A = ¥(a, c).
By construction of py, there is an i € Ij such that (N3'(a),a) € Tj9.- Therefore

there is a structure A = ¢ and a € U(A) such that (N5 (a),a) = (N5'(a),a). Let f
be an isomorphism from (N3 (a), a) to (N5}(@),@). Since b € N5 (a), we get that f(b)
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is defined. Since f is an isomorphism mapping a onto a, we have that (a,b) € F(A)

implies that (@, f(b)) € F(A). Hence A £ ¢(a,é), for every é € U(A). But since
A = ©recursions a8 A = Y@ this shows that A = (a,é) for every ¢ € U(A)

Let ki,k, € [D]? and ¢;,¢, € [D]? be indices such that there is b’ € U(A)
with (a,0") € Ep ¢ (A) and (b',c) € Eyy ¢ (A). Since b',c € N3'(a), by assump-
tion we get that f(b) and f(c) are defined. Furthermore, (a,b') € Ej 4 (A) and
(V',¢) € Eyy e (A) imply that (a, f(b')) € Epr ¢ (A) and (f(b'), f(c)) € Epye(A),
since f is an isomorphism mapping a onto a. We proved in the previous paragraph
that A |= (@, f(c)). Hence we can conclude that for all indices 4, 7,4, € [D],
k, ¢ € ([D)?)? for which ROT g (k,i) = ((ki,k5),4") and ROT g ((¢5,0}),5) = (£,5'),
there are elements @',& € U(A) such that (a,a’) € Fp(A), (f(c),&) € F,(A),
and (a',¢) € E(i’j)’(j/’i/)(fl). Since @',& € Nj'(a), we get that o’ := f~1(a@’) and
¢ = f~1(&) are defined. Furthermore, we get that (a,a’) € Fx(A), (c,c') € Fy(A)
and (a',c’) € E(; j,;7,i)(A). This proves that A |=1(a,c).

In the case that there is b € U(A) with (c,b) € F(A), we can prove similarly

that A | ¢(a,c), by considering that there exist A = Y@ and ¢ € U(A) such that
(N (a), ) = (NS(E),) by construction of p. Finally if there is no b € U(A) such
that (a,b) € F(A) or (¢,b) € F(A) then A |= ¢(a,c). Since this covers every case we
get that A ): Precursion + O
Assume A € (J; <<, Pp.- As proved in Claims A.1, A.2, A.3 and 7.13 this implies
that A ': Sotreea_A_': QorotationMapv A ): Pbase and A ': Precursion- Since SO@ is a
conjunction of these formulas, we get A = @ and hence A € 77@. ]

7.3.2. The graph property is GSF-local. Let Pgrapn be the graph property
as defined in Section 5.2 and let f : C; ¢4 — C3 be the local reduction from P@ to

Poraph- We now use this local reduction and the expressibility of 73@ by O-profiles to
show that Pgrapn is GSF-local.
LEMMA 7.14. The graph property Pgraph s GSF-local.

Proof. For this we will prove that Pgraph is equal to a finite union of properties
defined by 0-profiles, and then use Theorem 7.9 to prove that Pgrapn is GSF-local. We
define the O-profiles for Pgraph in a very similar way to the relational structure case,
and then use the description of P@ by O-profiles shown in Lemma 7.12. To this end,

let ¢ := 24¢ + 18 + d and assume that the £'-types Tél/, cey T;Z}W are ordered in such

a way that (/\/,],C(B)(ub’l),ub,l) € 7'574/, for every k € {1,...,m} and (B,b) € T§,27U,
where m is the number of parts of the partition of 73@ defined in Subsection 7.3.1.

For k € {1,...,m}, let I, be the set of indices i such that there is A € Py, and
v € V(f(A)) for which (N{(A)(v)w) € 7hu- Let g {1,...,nae} — Jo be defined
by

0,1  ifi=Fk,
pr(i) == S [0,00) ifie I} \ {k},
[0,0] otherwise.

Cram 7.15. It holds that Peraph = U <p<rm P -
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Proof. First we prove Pgraph C Ulg k<m Ppr- Assume G € Pgraph and let A € P@
be a structure such that G = f(A). If A = Ay then clearly G € |J;;<,, Ps.- Hence
assume A # Ayg. Then A € Py, for some k € {1,...,m}. By the construction of
I}, we know that for every v € V(G) we have (NG (v),v) € T{ie, for some i € Ij.
Furthermore, since A € Py, there is at most one a € U(A) with (N5'(a),a) € 75,270.
We argue that this implies that there can be at most one vertex v € V(G) with
(NG (v),v) € T(]Ze,. Let us denote the set of vertices of G associated with an element
aof Aby V, = {uayi,vfj’i\l <i<d,1 <k <6¢+5} By construction of p we know
that only element-vertices can have type 75’5,. Assume that vertex up,; has type T(i o
By choice of ¢/, we know that the ¢'-neighbourhood of wu; must contain the sets V,
for every element a in the 2-neighbourhood of b. Hence, b must have type 7'5270.
We further note that any two element-vertices wup; and wuy 4, ¢ # j cannot be of the
same neighbourhood type. To see this, observe that there are several distinct arrows
attached to element b. These include the arrow representing the tuple (b,b) € R(A)
and the arrow representing the unique tuple (b,b') € Fi(A). These two arrows are
attached to distinct vertices amongst up,1,. .., upq, say up o and up jr, " # j'. Note
that up,; and up ; must have different distance (on the cycle (up 1, ..., upq)) to either
Up,40 OF Up jo. Since the ¢-neighbourhoods of both w; and w; ; must encompass i
and v ;- along with the arrow-gadget representing arrows (b,b) and (b,b), it follows
that up; and uy, ; necessarily possess distinct (-neighbourhoods. Hence G € Pj.

Now we prove that U,<p<,, Pon S Paraph- Let G € Ujcp<,, P and let k €
{1,...,m} be an index such that G € P,,. Further assume that G is not the empty
graph, as f(Ap) € Pgrapn is the empty graph.

Since for every ¢ for which p(i) # [0, 0], there is a graph G’ € Pgpapn and v € V(G')
such that (NG (v/),v) € 74.¢» We get that the £-neighbourhood of every vertex in G
appears in some graph G’ € Pgraph. By choice of ¢’ we get that every vertex v € V(G)
is either contained in a cycle of length d and is the endpoint of some k-arrow, k-loop
or non-arrow or v is an internal vertex of a k-arrow, k-loop or non-arrow. Hence, we
obtain a o-structure A with f(A) = G by replacing any cycle C of length d by an
element a¢ and adding a tuple (ac, acr) to the relation Ry (A) if there are vertices u
on C and v on C’ such that u % v in G. Let g be an isomorphism from f(A) to G.

Now we argue that A € P, . First assume that there are two elements a,b €
U(A) with (N3'(a),a) € 75,, and (N5'(b),b) € 75, ,. By definition, we get that
(N{(A) (Ua,1), Ua,1) € T, and (N{(A) (up,1),up1) € 7). Since g is an isomorphism,
the restriction of g to NJ(A) (tg,1) must be an isomorphism from N]f(A)(uaJ) to

~ A
Ng(9(ua,1)), and hence (N (g(ua1)). 9(ua,)) = N (uan) wa) € 7fp. But
the same holds for the ¢'-ball of g(uy,1), and hence we contradict the assumption that
G € P;, since pi(k) = [0,1]. Let us further assume that there is an a € U(A) such that
(N5'(a),a) € 7) 4, for some i ¢ I Since G € Py, we get (NG (9(ta,1)), 9(uan)) €
Tie, for some j € I,,. But then by construction of g, there must be G’ € Pgraph,
and a vertex v € V(G’) such that (NG (v),v) € Té - Furthermore, since ¢/ > d the

vertex v must be contained in cycle of length d. By construction of Pgraph, there is
a structure A € 73@ such that f(A’) = G’. Since v is contained in a cycle of length

d, v must be an element-vertex corresponding to some element a’ € U(A’). Since we
picked ¢ in such a way that f(N5' (a’)) € NG (v), we get (N3' (a/),a’) € Th9.0 DY
choice of 7 and j. Hence A’ ¢ P, . But this contradicts Lemma 7.12.
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Hence we have shown that A € P, . Then by Lemma 7.12 A € 73@, and by
construction G' € Pgraph- 0

Since by Claim 7.15 we can express Pgraph as a finite union of properties, each
defined by a O-profile, Theorem 7.9 implies that Pgrapn is GSF-local. 0

7.3.3. Putting everything together. Now we prove Theorem 7.5.

Proof of Theorem 7.5. Combining Theorem 4.4, Lemma 5.3 and Lemma 5.4 we
obtain that the graph property Pgrapn is not testable. Lemma 7.14 shows that Pgrapn is
also a GSF-local property. Hence there exists a GSF-local property of bounded-degree
graphs which is not testable. Furthermore, since having a POT implies being testable,
this proves that there is a GSF-local property which has no POT. By Theorem 7.4
this implies that not all GSF-local properties are non-propagating. ]

7.4. GSF-local properties of graphs of bounded degree 1 and 2 are non-
propagating. In this section, we show that the degree 3 from Theorem 7.5 of the
example of a GSF-local property which is propagating is optimal, in the sense that
all GSF-local properties of graphs of bounded degree 1 and 2 are non-propagating.
We note that Ito et al. [27] claimed that every GSF-local sequence of bounded degree
at most 2 is non-propagating in the appendix of their paper. However, there is one
subtle issue in their proof, as they only considered connected forbidden generalized
subgraphs (which are called forbidden configurations in [27]). In the following, we
resolve this issue. Indeed, the extension from connected forbidden generalised sub-
graphs to arbitrary forbidden generalized subgraphs is non-trivial and requires an
involved proof which we present in this section.

We first observe that even for graphs of bounded degree 1, not every sequence
of marked graphs F is non-propagating as the following example shows. A similar
example was given in [22].

EXAMPLE 6. Let P C Cy be the property of F-free graphs, where F is the marked
graph depicted in Figure 11, F, = {F} and F = (Fp)nen. Let Gy, be the graph
consisting of k edges and one isolated vertex. Then the set B containing the one
isolated vertex of Gy, covers all embeddings of F (see Figure 11). But the only way
to make Gy F-free is to remove all k edges of Gi. Hence Gy, is 1/2-far from being
F-free, which implies that P is propagating for F.

However, the property P is non-propagating, as we show in the proof of Theo-
rem 7.16. Indeed, consider the alternative sequence of marked graphs F = (Fp)nen,
where F, = {F} forn even and F,, = {F, F} forn odd. Clearly, in Gogy1 any set B
covering Fop1 must contain one incident vertex of every edge. Hence the number of
necessary modifications is at most |B|, suggesting that P is non-propagating.

Indeed, adding certain redundant marked graphs to the sequence F = (F,)nen to
control the behaviour of sets covering F,, as in Example 6 works in general both
in the degree 1 and degree 2 case and will be our proof strategy for the following
theorem. More precisely, for a property P of graphs of bounded degree 2, a sequence
F of marked graphs such that P is F-local and a bound k on the size of any graph
appearing in F, we add forbidden generalized subgraphs to F in the following way. In
case there is no graph in P with n vertices containing a set of different small connected
components (connected components with at most k vertices) each with frequency
at least k, we add a generalised subgraph forbidding precisely this combination of
connected components to F,,. Additionally, if no graph in P with n vertices contains
a set of different small connected components each with frequency at least k and
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Fig. 11: Marked graphs F and F and graph G} from Example 6.

one large component (connected component with at least k + 1 vertices), we add a
generalised subgraph forbidding precisely this combination of connected components
to F,,. Now for a graph G which is not in P and a set B covering all forbidden
generalised subgraphs in G, we look at what types of connected components appear
in the part of G not containing vertices from B. In case G is large enough and B is
small enough, we observe that some types of connected components have to appear
with high frequency, or there must be a large component in the part of G which is not
covered by B. By adding redundant subgraphs as described earlier, this now implies
that there must be a graph G’ in P, which has the same structure as G on a large
subset of the part of G which is not covered by B. Hence we can modify G to obtain
a graph satisfying the property P (by changing G to G’) without modifying G much
beyond B. The restriction to bounded degree at most 2 is crucial in this argument as
it gives us the necessary control over large connected components.

THEOREM 7.16. Any GSF-local property P C Cq for d < 2 is non-propagating.

Proof. We only consider the case that P C Co. We can consider any property
P C C; as a property in Cy by forbidding any vertex to have degree 2, i.e. adding a
path of length 2 in which both degree 1 vertices are marked ‘partial’ and the degree 2
vertex is marked ‘full’ to every set of forbidden marked graphs in any sequence defining
P, and adjusting constants in the following argument to account for the degree being
1 instead of 2.

Let P = U, e Pr and F = (Fn)nen be a sequence of marked graphs such that P
is F-local. By definition there exists & € N such that every marked graph appearing
in F contains at most k vertices.

For two sets I C [k] :={0,...,k—1}, J C{3,...,k} such that TUJ # 0 let Fy ;
be the marked graph which is the disjoint union of k paths of length i for every i € I
and k cycles of length j for every j € J in which every vertex is marked as ‘full’. Be
aware that a path of length 7 contains 7 4+ 1 vertices and a cycle of length j contains
j vertices. Note that graphs that are F7 j-free cannot contain at the same time &
connected components that are paths of length ¢ for every ¢ € I and k connected
components which are cycles of length j for every j € J. We let F la(;ge be a path
of length k£ + 1 in which both vertices of degree 1 are marked as partlal and every

other vertex is marked ‘full’. We further let F; large be the disjoint union of Fr ; and

Fl‘”ge for I C[k], J C{3,...,k} with TUJ # (Z) Note that graphs that are Fldrge free
cannot contain at the same tlme k connected components that are paths of length i
for every ¢ € I and k connected components which are cycles of length j for every
j € J and one connected component containing at least k + 1 vertices.
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—

We obtain a sequence 7 = (F, )nen by setting
f;:}#%Fe{%?iﬂJjﬁ?:Ig%LJgB,“wL

ITUJ#0}: every G € P, is F—free}.

First observe that by construction P must be F -local.
We use the following notation. For a graph G € Ca, i € [k] and j € {3,...,k} we
let
e p;(G) be the number of connected components of G that are path of length
i.
e ¢;(G) be the number of connected components of G that are cycles of length
j.
e cc™8°(@) be the number of connected components of G with more than k
vertices.
We choose the following (monotonically non-decreasing) function () := min(1, 8k3¢)
for € € (0,1]. First consider the two trivial cases. If P, contains all n-vertex graphs
in Cy, then every n-vertex graph is close to P,. On the other hand, if P, is empty,
then there are no n-vertex JF,-free graphs. Thus, the condition for non-propagation
is satisfied. Hence, we may assume that P, neither contains all n-vertex graphs in Co
nor is empty.

Let G be an n-vertex graph which is not F-free. Let B C V(G) be any set
covering F,. To show that F’ is non-propagating it is sufficient to show that G is
7(|B|/n)-close to P. By choice of 7 this means that we have to argue that we can make
G have property P,, by modifying at most 16k3|B| edges. Hence for the remainder of
this proof we argue that G is 7(|B|/n)-close to P.

Assuming n < 8k®, we get that 7(|B|/n) = 1 (since G is not F,-free we know
that |B| > 1), which means G is 7(|B|/n)-close to P, as in this case we can modify
all edges of G and hence we can make G into any graph in P,,. Hence we now assume
that n > 8k3.

Now consider the case that |B| > gi. In this case 7(|B|/n) = 1 and G is 7(|B|/n)-
close to P again because we are allowed to modify all edges of G which allows us to
make G into any graph in P,,. Hence from now on we only consider the case that
Bl < &.

Let S be the set of vertices for which the k-neighbourhood does not contain any
vertex from B. Let I C [k], J C {3,...,k} be the sets of indices such that ¢ € I if
and only if p;(G[S]) > k and j € J if and only if ¢;(G[S]) > k. Note that I U J could
be empty.

Case 1: Assume that F}f‘}ge ¢ F.

First note that every component of size at most k which contains a vertex from S
cannot contain a vertex from B by definition of S. Hence every connected component
of G of size at most k is either fully contained in S or disjoint from S. Since there are
at most 2k isomorphism types of connected components of size at most k& we know
that there are at most 2k% connected components X of G[S] such that there are at
most k& — 1 other connected components of G[S] isomorphic to X. In other words,
there are at most 2k% components X of G containing no element from B such that
if X is a path of length ¢ then ¢ ¢ I and if X is a cycle of length j then j ¢ J. We
now obtain G’ by the following edge modifications from G. For every cycle of length
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j where j ¢ J, we delete one edge (at most 2k? +|B| edge by our previous argument).
Then we add edges connecting all path (including the paths obtained in the last step)
of length i for i ¢ I to one long cycle C (at most 2k% + |B| edge additions). If C
has length less or equal to k there must be ¢ € I or j € J such that p;(G) > k or
¢;(G) > k, in which case we include one respective component in C' and repeat this
until C' has length at least k + 1 (at most 2k modifications). Since in total we did at
most 4k? + 2|B| + 2k < 16k%|B| edge modifications, G is 7(|B|/n)-close to G’. The
following claim completes the proof of Case 1 by showing that G’ € P,,.

CramM 7.17. Let I C[k], J C{3,...,k} and a;,b; > k wherei € I, j € J be any
selection of integers such that

(7.1) dicai+Y jbj<n—(k+1).

iel jeJ

IfF}?;ge ¢ F),, then any n-vertex graph H € Cy with p;(H) = a;, ¢;(H) =b; fori e I,
j € J, and one additional connected component which is a cycle is F, -free.

Proof. Assume there is a graph H € P, as given in the statement which is
not F)-free and let C' be the cycle in H of length larger than k. Then there is
F € F], such that there is an embeddings f : V(F) — V(H). Since Fjlir,ge ¢ F), by
construction there is a graph H' € P, with p;(H') > k, ¢;(H') > kfori eI, je J
and cc'®#¢(H') > 1. We let C’ be a connected component of H’ of size larger than
k. To find an embedding of F into H’, for every connected component X of H of
size at most k which contains a vertex from f(V(F')), we pick a unique connected
component X’ of H' which is isomorphic to X. Note that because |f(V(F))| < k and
pi(H') > k, ¢;(H'") > k we can pick the connected component in H" uniquely. For
every connected component X of H of size at most k which contains a vertex from
f(V(F)), we now define fx to be an isomorphism from X to X’. Furthermore, we pick
an injective graph homomorphism f'#¢¢ : f(V(F)) N C — C’. Again, this is possible
because |f(V(F))| < k. We now let f'(v) := fx(f(v)) if f(v) is in the connected
component X and f’(v) := f128¢(f(v)) if f(v) is in C. Note that f’ is injective by
construction. Furthermore, as a consequence of picking fx to to be isomorphisms and
f'arge to be a homomorphism we get that f’ is an embedding of F into H'. To see
this we observe that for any vertex v € V(F) which is marked as ‘full’ and for which
f'(v) is in a connected component X with at most k vertices we obtain the condition
N (f/(v)) = f/(NF (v)) from fx being an isomorphism. On the other hand, in case
f'(v) is in C” and v is marked ‘full’ we get that v has two neighbours wy,wy in F' and
f(wy), f(wz) are neighbours of f(v) (since f(v) must be on C) which implies that
f'(wy) and f'(wy) are neighbours of f/(v) (since f'#'8¢ is a homomorphism). Since f’
is an embedding of F' into H' we obtain a contradiction to H’ € P,, and hence H is
F-free. Therefore H must be F,,-free as claimed. O

Case 2: Assume that F}?;ge € F!. In this case our strategy is to modify the
connected components of G containing a vertex from B into paths and cycles of length
1 for i € I or 7 € J, respectively.

Since the k-neighbourhood of every vertex contains no more than 2k 4 1 vertices,
|B| < g implies that |S| > n/2. Furthermore, since F}?}ge € F! no vertex in S can be
contained in a connected component of size larger than k as otherwise there would be
an embedding of F}?}ge into G which is not covered by B. Hence G[S] is the disjoint
union of paths of length at most k — 1 and cycles of length at most k. Since |S| > 4k3
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and G[S] contains at most 2k different isomorphism types of connected components
and each of the connected components has at most k vertices we conclude that at
least 2k > k+1 of the connected components of G[S] are pairwise isomorphic. Hence
IT'UJ # 0. Furthermore, Fy ; is defined and not in F), since B covers F,.

The next claim is the key to showing that we can modify G into having property
P without modifying more than a constant number of edges in G[S].

CLAM 7.18. If for I C [k], J C {3,....k} with IUJ # 0 we have that F;* € F},
and Fr y ¢ F,, then for any selection of integers a;,b; > k where i € I, j € J such
that

(7.2) dicai+ ) jobj<n—k

iel jet
there is an F, -free graph H € P, such that p;(H) > a; and c¢j(H) > b;.

Proof. We set a; = 0 for ¢ € [k]\ I and b; = 0 for j € {3,...,k} \ J. Since
F}?}ge € F, and F; j ¢ F! by construction of F there must be a graph in P, whose
connected components include at least k paths of length i for every ¢ € I, k cycles of
length j for every j € J and no connected component containing more than k vertices.
Pick H amongst all graphs in P,, with these properties such that

W= Y a-p) Y by ()
i€ [k] JE{3,..., k}
pi(H)<a; cj (H)<bj
is minimal. In case (*) > 0 there is i € [k] such that either p;(H) < a; or ¢;(H) < b;.
Combining this with Equation 7.2 we obtain that there must be j € [k] such that
either p;(H) —a; > k or ¢;(H) —b; > k. We let H' be the graph obtained from
H by replacing 7 connected components which are paths of length j or ¢ connected
components which are cycles of length j, respectively, and adding j disjoint paths of
length 7 or j disjoint cycles of length 4, respectively. By choice of i, j we get that

(%) > E a; — pi(H') + E bj — c;(H').
i€[k] Jje{3,...,k}
pi (H')<a; cj(H')<bj

Furthermore, H' must be F),-free which we will argue in the following. Assume this
is not the case and there is F' € F,, and an embedding f : V(F) — V(H’). We obtain
amap f': V(F) — V(H) from f as follows. For every connected component X in
H'’ which has been altered we pick a unique connected component X’ of H’ which is
isomorphic to X and contains no vertex in the image f(V(F')). This is possible as
the assumption that X was altered implies that either |X|—1 € I or |X| € J and
hence there are at least k connected components isomorphic to X in H’ which were
not altered. Since further |f(V(F))| < k we can pick the X’ uniquely. We now let
fx be an isomorphism from X to X’ for every connected component X which has
been altered and fx the identity for every connected component X which has not
been altered. We define f'(v) := fx(v) for v € X. By construction f’ is obviously
an embedding of F' into H. Since H € P, this yields a contradiction. Hence the
existence of H' contradicts the assumption that (x) > 0 which implies that H has the
claimed properties. ]

First observe that n > 8k allows us to chose a; and b; for every i € I and j € J in such
a way that k < a; <p;(G[S]), k <b; < ¢;(G[S]) and 3, i-ai+3 ;5705 < n—k>.
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Amongst all such choices we pick a; and b; such that >, ;i a; + > ;7 b;is
maximum. Let M be a set of vertices containing all connected components of G
apart from a; paths and b; cycles from G[S] for every ¢ € I, j € J. Then |M| <
2k|B| + |B| + 4k® since M consists of NF(B) (at most 2k|B| + |B| vertices), all
vertices in a connected component which is either a path of length ¢ for i ¢ I or a
cycle of length j for j ¢ J (since there are at most 2k2 such paths and cycles (as
argued in Case 1) and each contains at most k vertices) or in case a; # p;(G) or
bj # ¢;(G) for some i € I, j € J, M consist of at most k> + k vertices as we picked
ai, b; to maximise > ;i a; +3 50,7 b

Now we use Claim 7.18 and obtain an F -free graph H € P,, such that p;(H) > a;
and ¢;(H) > b;. Hence we can modify G into a graph G’ which is isomorphic to H
by only modifying G[M]. Since we can modify G[M] into any graph with no more
than 4k|B| + 2|B| + 8k* < 16k?| B| modifications we showed that G is 7(|B|/n)-close
to having P. ]

8. Conclusion. We studied testability of properties definable in first-order logic
in the bounded-degree model of property testing for graphs and relational structures,
where testability of a property means that it is testable with constant query com-
plexity. We showed that all properties in 3o are testable (Theorem 6.1), and we
complemented this by exhibiting a property (of relational structures) in Ily that is
not testable (Theorem 4.7). Using a hardness reduction, we also exhibit a property
of undirected, 3-regular graphs in Iy that is not testable (Theorem 5.1). The ques-
tion whether first-order definable properties are testable with a sublinear number of
queries (e.g. y/n) in the bounded-degree model is left open.

Similar results (on the separation between X5 and Il properties) were obtained
in the dense graph model in [4], albeit with very different methods. Indeed, non-
testability of first-order logic in the bounded-degree model is somewhat unexpected:
Testing algorithms proceed by sampling vertices and then exploring their local neigh-
bourhoods, and it is well-known that first-order logic can only express ‘local’ proper-
ties. On graphs and structures of bounded degree this is witnessed by Hanf’s strong
normal form of first-order logic [24], which is built around the absence and presence
of different isomorphism types of local neighbourhoods. However, our negative result
shows that locality of first-order logic is not sufficient for testability. This also answers
an open question from [1].

We obtained our non-testable properties by encoding the zig-zag construction of
bounded-degree expanders into first-order logic on relational structures (Theorem 4.4)
and then extending this to undirected graphs (Theorem 5.1). We believe that this
will be of independent interest. We remark that it might also be possible to use the
iterative construction of replacement product graphs of [33] instead of the zig-zag
construction to obtain a similar example.

We then used our non-testable graph property to answer a question on prozimity
oblivious testers in the bounded-degree model, asked by Goldreich and Ron more
than 10 years ago [22]. Such a tester is particularly simple: it performs a basic
test a number of times that may depend on the proximity parameter, whereas the
basic test is oblivious of the parameter. In [22], the properties that are testable in this
model have been characterised as those that are both GSF-local, and non-propagating.
Roughly speaking, GSF-local means that the graph class omits a family of generalised
subgraphs (i.e. subgraphs with constraints on how the subgraphs interact with the
rest of the graph), and non-propagating means that graphs in which a forbidden
generalised subgraph is unlikely to be detected by sampling vertices are actually close
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to having the property in terms of edge modifications. In other words, no ‘chain
reactions’ occur, where repairing one edge will produce new unwanted configurations
that again need repairing, etc. Goldreich and Ron asked whether ‘non-propagating’ is
necessary. We showed that this is the case. Our proof is based on relating first-order
definable properties to GSF-local properties, via a notion that we call neighbourhood
profiles, which captures first-order definability.

Appendix A. Deferred Proofs from Section 7.3.1.
CramM A.l. Every structure A € U, <<, Pp \ {Ao} satisfies oree-
Proof. Let A € Uj<p<p Por \ {Ap}. Then there is k € {1,...,m} such that

AeP,,.
By definition, @ree := 35 00r00t(2) A @ AV (Y(z) V X (7)), where

© :=Vm((<proot(x) A R(z,2)) vV (37'yF(y,z) A =3yR(z,y) A ~3yR(y, x))),

Y(x) :=—3yF(z,y) A /\ Ly(z,x) A Vy(y Fr—
ke([D]?)?

N L@y A _‘Lk(yax))

ke([D]?)? ke([D]?)?

and

x(x) :===Jy \/ (Li(z,y) V Li(y, x)) A /\ Ty (96 # Ye A Fio(2, yr)
ke([D]?)? ke([D]?)?

AN P ) Ayl # vk~ Pk, y))-
k' e([D]?)? k' #k

Thus, it is sufficient to prove that A = 35 2,001 (), A = ¢ and A = Vz (v () Vx(z)).

To prove A = 35 2@p00t(2) wWe note that by construction of p, we have A
Yroot(a) for any a € U(A) for which (NV3'(a),a) ¢ Ti .- Since py restricts the number
of occurrences of elements of neighbourhood type 7572,0 to at most one, this proves
that there is at most one a € U(A) with A = @iee(a) and hence A = IS 20,001 (7).

To prove A |= ¢, let a € U(A) be an arbitrary element. Since A € P,,, there is
an i € Iy such that (N3'(a),a) € 75, ,. But then by definition, there exist A Y@
and & € U(A) such that (NV3'(a),a) = (N5 (@),a). Assume f is an isomorphism from
(N5t (a),a) to (N5*(a),a). First consider the case that A = ¢ro0t(a) = Yy—F(y,a).
Assume there is b € U(A) such that (b ) € F(A). Since b € N5 (a), there must be an
element b € N4'(a) such that f(b) = b. Since f is an isomorphism mapping a to a, this
implies (b,a) € F(A), which contradicts A = ¢root(a). Hence A = @ro0t(d). Since
A = Qiree, it holds that A = ¢, which means that (@,a) € R(A). But since f is an
isomorphism mapping a onto a, this implies (a,a) € R(A). Now consider the case that
A V= ¢root(a). Then there is b € U(A) with (b,a) € F(A). Since f is an isomorphism,
this implies (f(b),a) € F(A). Hence A |= 3=y F(y,a) A -3yR(a,y) A —IyR(y, a), as
A |= ¢. Now assume that there is b’ # b such that (b',a) € F(A). Then f(b) # f(')
and (f(b),a), (f(1'),a) € F(A). Since this contradicts A = 3=1yF(y,a) we have A |=
3='yF(y,a). Furthermore, assume that there is b’ € U(A) such that either (a,b’) €
R(A) or (t/,a) € R(A). Then either (a, f(b')) € R(A’) or (f(¥'),a) € R(A), which
contradicts A = =3R(a@,y) A =IyR(y,a). Therefore A = —~JyR(a,y) A =3IyR(y, a)
which completes the proof of A |= .
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We prove A | Va(¢¥(z) V x(z)) by considering the two cases A | —JyF(a,y)
and A = JyF(a,y) for each element a € U(A). For this, let a € U(A) be any
element. By the construction of p; there is A = Y@ and @ € U(A) such that

(N5'(a),a) = (N5}(a),a). Let f be an isomorphism from (N3'(a),a) to (N3'(a),a).
First consider the case that A = —3yF(a,y). If there was b e U(zzl) with (a,b) €

F(A) then (a, f~1(b )) € F(A) contradicting our assumption. Hence AE ﬂHyF( ,Y)
which implies that A & x(a). But since A |= Y@ it holds that A = Va(y(x) Vv

x(z)), which implies that A = ¢(@). Hence (a,a) € L(A) for every k € ([D]?)2.
Since f is an isomorphism and f(a) = @, it holds that (a,a) € Li(A) for every
k € ([D]?)?, and hence A = Nke(p)2)2 Lr(a, a). Furthermore, assume that there is
be U(A), b# aand k € ([D]?)? such that either (a,b) € Li(A) or (b,a) € Li(A).

Since f is an isomorphism this implies that either (a, f(b)) € Li(A) or (f(b),a) €
Li(A) which contradicts A = x(@). Hence A = Vy(y # a = Npeppzy2 ~Lr(a;y) A

Nrepy2yz L (Y, a)) proving that A = ¢¥(a).

Now consider the case that there is an element b € U(A) such that (a,b) € F(A).
Since this implies that (&, f(b)) € F(A), we get that A }~ ¢(a), and hence A |: x(a).
Now assume that there is b € U(A) and k € ([D]*)? such that either (a,b) € L(A)

v (b,a) € Ly(A). But then either (a, f(b)) € Li(A) or (f(b),a) € Li(A), which
contradicts A = x(a). Hence A = =3y Vie(p)2)2 (Lk(a,y) V Li(y,a)). For each
k e ([D]?)?, let b, € U(A) be an element such that A= a # by A Fi(a,by) A
(Awe(pizyz bk ~Fr (@ 01)) AVy(y # b — =Fi(@,y)). Since f is an isomorphism,
this implies that a # by := f~*(bx), (a,br) € Fr(A) and (a,by) ¢ Fi(A), for each
k' € ([D)?)?, k' # k. Furthermore, assume there is b € U(A), b # by such that
(a,b) € Fi(A). Since f is an isomorphism, this implies f(b) # f(bx) = by and
(a,b) € F(A), which contradicts A = Vy(y # bx — —Fi(d,y)). Hence A |= Vy(y #
b — —Fi(a,y)) and therefore concluding that A = x(a). This proves that in either
case A =1 (a) V x(a) and therefore A |= Va(¢(z) V x(x)). d

CrLAIM A.2. Every structure A € Ulgkgm Po. \ {Ap} satisfies protationMap-

Proof. Let A € Uy<<;m Por \ {Ao}. Then there is a k € {1,...,m} such that
AeP,,. o
By definition, ¢rotationmap = @ A ¥, where

pi=vavy( N\ (Bis(ey) = Buy.2)) and

i,j€[D]?
_Vx< A ( \/ G E @A N ﬂayEm,(x’y)))),
i€[D]? j€[D]? j'e[D)?

3’3
Thus, it is sufficient to prove that A = ¢ and A |= .

To prove A = ¢, assume towards a contradiction that there are a,b € U(A) such
that for some pair i,j € [D]?, we have that (a,b) € E; j(A), but (b,a) ¢ E;;(A).
By construction of P,,, there is a structure A = Y@ and a € U(A) such that
(V£ (a),a) = (N4 (@), a). Assume f is an isomorphism from (N3 (a), a) to (NE (@), ).
Note that f(b) is defined since b is in the 2-neighbourhood of a. Furthermore since
[ is an isomorphism, (a,b) € E; ;(A) implies (a, f(b)) € E; ;(A), and (b, a) ¢ E;;(A)
implies (f(b),a) ¢ E; (A ) Hence A £~ o, which contradicts A = @rotationMap-
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To prove A |= v, assume towards a contradiction that there is an a € U(A) and
i € [D]? such that A = 37YE; j(a,y) A Njeip)z ~3yEi i (a,y) for every j € [D)2.
B 3’7 B
We know that there is a structure A | Y@ and @ € U(A) such that (N3'(a),a) =
(N4(a),a). Let f be an isomorphism from (Nj'(a),a) to (N{\(a),a). Since A = o),
there must be j € [D]? such that A = 3=y E; ;(a,y) A Njerp2 73 Eij(a,y). Hence
5 5 B B J'#i 5
there must be b € U(A) such that (a,b) € E; j(A), which implies that (a, f~*(b)) €
E; j(A). Since we assumed that A = 3=y E; j(a,y) A \jrep2 ~FyEi i (a,y), there
) '
must be either b # f~1(b) with (a,b) € E; j(A), or there must be j' € [D]?, j' # j
and b € U(A) such that (a,b’) € E; j/(A). In the first case (a, f(b)) € E; ;(A), since
[ is an isomorphism. But then A = 3=1yF; ;(a,y), which is a contradiction. In the
second case, we get that (a, f(V')) € E; j»(A). But then A & Ayicipi2 =3y Ei (@, y),
J'#j
which is a contradiction. Hence A = ¢ A . |
CramM A.3. Every structure A € Uy <j<p, Po \ {Ap} satisfies prase-

Proof. Let A € ;<< Por \ {Ao}. Then there is a k € {1,...,m} such that
AeP,,. o
By definition, ¢pase := V2 (@root (z) = (p(x) A ¥(x))), where

o(x) == /\ (Ei,j(ac,x) A Vy(x #y— (E;;(z,y) A —\Eu(y,x)))) and
i,j€[D]?
¥(x) = A 3y (Fr(z,y) A Fi(2,y') A Eii(y,9'))-
ROT ;2 (ki) = (k' i)
k.k'e([D]?)?
i’ €[D]?
Thus, it is sufficient to prove that A = p(a) and A = 9(a) for every a € U(A) for
which A | ¢root(a). Therefore assume a € U(A) is any element such that A
Proot(a). Because A € P, there is an i € Iy such that (N3'(a),a) € T49.0- Then
by definition there is a structure A = v@ and @ € U(A) such that (Ni'(a),a) =

(N5'(@),a). Let f be an isomorphism from (N3'(a),a) to (N5'(a),a). Assume that
there is an element b € U(A) such that (b,a) € F(A). Since f is an isomorphism and
b € N£(a) we get that (f~1(b),a) € F(A) which contradicts that A = ¢o0t(a) as
©root () := Vy—F(y, ). Hence there is no element b € U(A) such that (b,a) € F(A)
which implies that A = ¥root(@). But since A = Y@ we have that A E ©base and

hence A |= (&) and A |= (a).

To prove A = p(a) first observe that (a,a) € E; ;(A) for every 4,5 € [D]? since
A |= p(a) implies that (@,a) € E; ;(A) for every i,5 € [D]? and f is an isomorphism
mapping a onto a. Assume that there is an element b € U(A), b # a and indices
i,7 € [D]? such that either (a,b) € E; j(A) or (b,a) € E; ;(A). Since b € N3'(a) and
f is an isomorphism we get that f(b) # f(a) = @ and either (a, f(b)) € F; j(A) or
(f(b),a) € E; ;(A). But this contradicts A |= ¢(a) and hence A |= ¢(a).

We now prove that A = v(a). Let k, k' € ([D]?)? and i, € [D]? such that
ROT 2 (k,i) = (k',i'). Since A |= 1)(d) there must be elements b, b’ € U(A) such
that (a,b) € F(A), (a,V') € Fy(A) and (b,0') € E;i:(A). But since b,b' € N3'(a) we

get that f~1(b) and f *l(l;’ ) are defined and since f is an isomorphism we get that
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(a, f71(D)) € Fr(A), (a, f~' (1)) € Fw(A) and (f~1(b), f~1(¥')) € E;ir(A). Hence
A = Fyy (Fr(a,y) A Fk/(a y')NE; i (y,y') for any k, k’ € ([D]?)? and i,i' € [D]?
such that ROT g2 (k,4) = (k',i’) which implies that A |: ¥(a). O
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List of Notation

Notation
N
N>o

dist 4 (v, w)
dist(4, P)

H
e

pos'(T,7), neg' (7,7)

I. ADLER, N. KOHLER, P. PENG

Description

the set of natural numbers including 0

the set of all positive natural numbers

the set {0,...,n—1}

disjoint union

symmetric difference

the neighbourhood of fixed radius r around z, up
to isomorphism

asymtotic upper-bounds

zig-zag product

expansion ratio of G

edges crossing S and T in G

signature

signature with one binary relation symbol £
degree of vertex v in G

distance between two vertices v and w in A
distance between structure A and property P
rotation map of G

the (u,v) entry of the normalised adjacency matrix
M of G

substracture of A induced by S

the r-neighborhood of a in structure A

arity of relation R

class of graphs of bounded degree d

class of o-structures of bounded degree d

property defined by formula ¢

prefix classes with i — 1 quantifier alterations

is a model of

equivalence of FO-formulas
equivalence of FO-formulas
bounded degree d

logical negation, conjunction, disjunction, implica-
tion and biimplication

existential and universal quantifier

answer to query ¢ to structure A

binary relation symbols for i,j € [D]? and k €
(ID]?)?

underlying graph of a model A of @

on structures of

the formula definded in Section 3 whose underlying
graphs are expanders

a set of models of some sentence in Yo

a maximal set of pairwise non-isomorphic structures
in Cg’,d

a conjunction of atomic (resp. negated) formulas
containing both variables from tuples 7 and ¥
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Notation Description

PA,r the r-type distribution of A

06 (A, B) the sampling distance of depth r between two o-
structures A and B

HNF Hanf normal form
POT proximity oblivious tester
GSF generalised subgraph freeness
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