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Abstract

This paper contains two results of independent interest, the first being more mathematical in
nature whereas the second more physical. We first show that the hierarchy of Higgs branch RG
flows between the 6d (1,0) SCFTs known as A-type orbi-instantons is given by the Hasse diagram
of certain strata and transverse slices in the double affine Grassmannian of Fg. Secondly, we
leverage the partial order naturally defined on this Hasse diagram to prove the a-theorem for orbi-
instanton Higgs branch RG flows, thereby exhausting the list of c-theorems in the even-dimensional

supersymmetric setting.
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1 Introduction and summary

Recently, there have been many fascinating developments in quantum field theory (QFT). Yet,
many simple but central dynamical questions remain open, especially pertaining to the structure of
renormalization group (RG) flows along which QFTs sit, and which are “bounded” by fixed points,
i.e. scale-invariant field theories which (in the relativistic context) are typically assumed to also be
conformally invariant, i.e. to be full-fledged conformal field theories (CFTs).!

In this paper we will answer one of these important questions, namely we will prove the so-called
a-theorem for an infinite class of six-dimensional superconformal field theories (6d SCFTs) with
minimal (1,0) supersymmetry. It is worth noting that this is the last case standing of supersymmet-
ric c-theorems in any even dimension, and moreover that there are no known non-supersymmetric
interacting CFTs in six dimensions (or higher), so its proof represents an important step in the
study of (S)CFTs in general. The proof reduces to an analysis of some properties of a mathe-
matical object called double affine Grassmannian (of Eg) and the (combinatorial) construction of
“transverse slices” between its “strata” (symplectic leaves).

The aim of the paper is thus to combine mathematics and physics to deliver a powerful statement
in QFT. Moreover (and perhaps most interestingly to the string theory cognoscenti) it provides
another glimpse into the physics of one of the most mysterious extended objects in the theory: the
Horava—Witten M9-wall.

1.1 Six-dimensional a-theorem

Concretely, by 6d supersymmetric a-theorem we mean:

i) that there is a function defined along the flow which at the fixed points equals the so-called
a conformal anomaly (or a central charge) of the SCFT, i.e. the coefficient of the 6d Euler

density Ejg in the trace of its stress-energy tensor on a curved background,
3
i=1

Namely, the Ward identity (7)) = 0 of the CFT is violated by a c-number on a curved

background, and for this reason equation (1.1) is known as the trace, or Weyl, anomaly [6-10].?

ii) That this function decreases monotonically along any unitary RG flow connecting ultraviolet
(UV) and infrared (IR) SCFTs, implying that

Aa :=ayy —ag >0 . (1.2)

Tn two dimensions, scale and conformal invariance are famously equivalent for unitary theories [1,2]. In four
dimensions, the strong nonperturbative arguments of [3] were essentially proven by [4]. Subtleties can arise when
nonlocal operators are included in the theory however. See also the lecture notes [5].

2The I; are Weyl invariants (or “cocycles”) of weight 6, and ¢; their coefficients (which satisfy the relation
2¢1 = ¢z + c3 [11]); see [12-15]. Equation (1.1) is sometimes written with a total derivative term V;J* added to the
RHS, which can be safely neglected for our considerations (see e.g. [13]).



It is known that a > 0 for all unitary SCFTs [16], and this statement is logically independent
of Aa > 0.3

It is a quantitative translation of the intuition that the number of degrees of freedom should decrease
along an RG flow as we integrate out high-energy modes, and it also implies that the RG flow is
irreversible. In other words, we can only flow to the IR.

As stated, this 6d a-theorem should be thought of as another instance of the c-theorem proven
by Zamolodchikov in 2d [1]; and conjectured [19], proven perturbatively [20—22], and finally non-
perturbatively [23] also in 4d." In both 2d and 4d the function that decreases along the flow
equals the a conformal anomaly of the CFT at fixed points (historically called ¢ in 2d, since it
is equal to the central charge of the Virasoro algebra — see e.g. [27]). In 5d or higher we do not
have conclusive evidence in favor of the existence of non-supersymmetric interacting CFTs at the
time of writing.” Leaving aside the odd-dimensional case (for which there is no trace anomaly
anyway [13, Eq. (14)]), the strategy of [23] (i.e. the use of an effective action for the “dilaton”,
the Nambu—Goldstone boson of broken conformal invariance, appearing as the conformal mode in
a so-called local Riegert action [39-41]) does not generalize straightforwardly to 6d, and for this
reason it does not give rise to a general proof of the (non-supersymmetric) a-theorem [42,43].
See [60] and references therein for a recent reanalysis of this problem. Therefore we have to settle
for supersymmetric theories.

Luckily though, six is the largest dimension in which SCFTs can be defined [61,62] (see in
particular [63, Sec. 5.1.4]), and a massive body of literature has moreover shown that 6d SCFTs
can be thought of as an “organizing principle” for most lower-dimensional SCFTs, geometrizing
their construction, dualities, and interdependencies across dimensions. Therefore studying the a-
theorem for 6d SCFTs is a meaningful endeavor. With (1,0) (or (2,0)) supersymmetry there are
no relevant or marginal supersymmetry-preserving deformations we can turn on [64,65], so all RG
flows are flows onto the moduli space of supersymmetric vacua of the UV SCFT [66], obtained by
giving vacuum expectation values (VEVs) to some operators. This moduli space is composed of two
main branches: a tensor branch, parameterized by scalars in the tensor multiplets taking VEVs;
and a Higgs branch, where scalars in the matter hypermultiplets take VEVs. Along flows onto

either branch conformal invariance is spontaneously broken,” but in the latter case it is recovered

3The statement a > 0 is also known to be true for 4d CFTs [17], with the bound saturated only by a theory with
no local degrees of freedom. For a recent discussion about the role of Ac in 4d see [18] and references therein.

“This hinges upon the findings of [24]. See also [3,25] for further discussions and [26] for an earlier investigation
with a perturbative proof for some theories.

®See however [28—31] for proposals in 5d, 6d, and even 8d from string constructions, even though their ultimate
fate remains uncertain (see e.g. [32—38] for a large-N analysis in 5d and 6d from both a field theoretic and holographic
perspective).

5See also [44-47], or [48] (and references therein), for an alternative version of this statement (that uses the CFT
entanglement entropy in the latter case). See [26,49-51] for early investigations on the trace anomaly in arbitrary
even dimensions (in particular 6d) in the context of the a-theorem, and [52-56] for the use of the entanglement
entropy to prove various c-theorems (e.g. in 3d [54], where there is no trace anomaly). See [57] for a proof that uses
the averaged null energy condition. Finally, see [58,59] for a holographic proof of a c-theorem which holds in any
dimension.

"See e.g. [66, Sec. 2.2.] for more details.



in the deep IR, where a new SCFT sits, with a global symmetry generically different from the UV
parent.® On the other hand, for tensor branch flows the deep IR is a generalized quiver gauge

theory of massless vectors plus tensors,” and the a-theorem was proven in [66] (and in [67] in the
(2,0) case).!?

1.2 A-type orbi-instantons and hierarchies of RG flows

Exploration of the Higgs branch RG flows, on the other hand, has remained elusive for longer.
A proof of the a-theorem for a special but infinite class of theories known as “T-brane theories”
(descending from the “conformal matter” of [69]) was finally provided in [70] (with prior evidence
both in field theory and holography given in [71-74]). However there exists another infinite class
of 6d SCFTs which, together with a subclass of this conformal matter, generates all other known
6d SCFTs via “fission and fusion” [75]. (This procedure involves subsequent ungaugings and
gaugings of symmetries, respectively.) The theories in this second class were dubbed “ADE-type
orbi-instantons” in [69], and are the data of: the number N of M5-branes simultaneously probing
an M9-wall (i.e. acting as pointlike instantons in the four codimensions) and the orbifold point of
C? /T apg wrapped by the M9 (with T'apg C SU(2) finite); the order of said orbifold; a boundary
condition at the spatial infinity S3 /T apE of the orbifold, which is a representation po, : 'apg — Fs
(the Eg gauge bundle supported on the M9-wall acting as a flavor symmetry from the perspective of
the 6d worldvolume of the M5’s). The integer N and the homomorphism p, represent respectively
the number of instantons and the holonomy at infinity (of the flat connection of the gauge bundle)
needed to fully specify the instanton configuration on (the deformation/resolution of) the orbifold
(see e.g. [76, Sec. 2.1]).

When I' is of type A we can fix the order k of the Z; orbifold, allowing us to use the triple
(N, k, pxo) to indicate an orbi-instanton SCET of this type. We will also say that N is the number of
“full instantons” for reasons that will become clear later.!! Each flat connection po is conveniently
specified by a choice of “Kac label” [76], that is an integer partition [k;] of k which uses only the
Coxeter labels 1,2,...,6,4",3',2" of the affine Es Dynkin diagram. In the mathematics literature,
and in the following sections, such a partition will be called a “Kac diagram Ag,c at level k7. It is

given by a weighted affine Fg Dynkin diagram of the form

nay

|
AKac @ N1 —MN2—MN3— N4 —N5— Ng — Nar — N/, (1.3)

8Likewise, the UV R-symmetry is broken by Higgs branch flows generically since the matter hypermultiplets are
charged under it, and a new SU(2) R-symmetry emerges in the IR. There exist also mixed branch flows, arising as a
combination of the two aforementioned types of flow; we will comment on them in the main text when appropriate.
9This is an example of a scale-invariant (but non-conformal) QFT, or SFT for short [3].

198ee also [68] for earlier investigations in the special (2,0) case. The a-theorem is also valid for flows from SCFT
to supersymmetric SFT, see in particular [66, Sec. 6.2].

"Because the four-dimensional space C? /T'a contains an orbifold singularity, the instanton number [ F A F on the
resolution/deformation of the singularity is fractional and is given by N — <X X) /(2k) (X is defined in (3.15) and
the inner product in (5.1)), if [FAF=1on C? for the smallest possible instanton number. See also [77, p. 19] for
the topological data of the instanton on the (fully unresolved) singularity.



with

6
k= <Z m,) + 4ny + 3nz + 2nyr . (1.4)
i=1

(We briefly recap the theory of Kac diagrams in section 2.1.) The UV SCFT whose Higgs branch
we are exploring can be identified with the trivial choice of boundary condition which preserves
the full Fg from the M9, that is Kac label py : k = [1¥] (which obviously exists for any k), or
AKac = 1 0000000- The IR SCFTs that can be reached by (subsequent) Higgs branch RG flows
are instead identified with other possible choices of coefficients n;, n; (some of which may be zero),
namely

Poo + k= [171,272 313 414 515 N6 AN QN2 3Ns!] (1.5)

(How to extract the flavor symmetry of the UV and IR SCFTs from the associated Kac diagrams
will be explained in section 2.2.) In what follows, we will use the notations (1.3) and (1.5) inter-
changeably. There is another mathematical structure naturally parameterized by pairs (Akac,n) of
a Kac diagram and an integer n: the set of dominant coweights for an affine Kac-Moody Lie alge-
bra. A major part of our work will be to make precise the relationship between triples (N, k, pso)
and coweights (Akac,n) for affine Fjg.

In [78], exploiting the technology of “3d magnetic quivers” [79] and quiver subtraction [79], the
first two authors have constructed very intricate hierarchies of allowed RG flows between UV and IR
A-type orbi-instantons defined by different Kac diagrams, and verified, by computing the a anomaly
of UV and IR SCFTs connected by an RG flow, that each flow thus constructed satisfies the a-
theorem. (In [80], the same authors with Giacomelli have extended this analysis to another infinite
class of 6d SCFTs known as massive E-string theories, which can be engineered from the orbi-
instantons via the above-mentioned fission procedure.) The three present authors have moreover
conjectured that, if we fix k but allow N to change, that is we consider mized Higgs-tensor branch
RG flows, these intricate hierarchies can be understood as (semi-infinite periodic) Hasse diagrams
of the so-called “double affine Grassmannian of Eg”, which was introduced in the mathematics
literature [81-83] to generalize the better known affine Grassmannian (see e.g. [84, Sec. 6.5]).
Under the proposed identification, the SCFTs in the hierarchy are certain symplectic leaves (or
strata) of the Grassmannian, and the Higgs branch RG flows that connect them are the transverse
slices between “neighboring” leaves (with the direction of flow increasing along the partial order on
strata). The larger the leaf (i.e. Higgs branch of the CFT), the smaller its a anomaly. Let us see
how.

In finite type, the strata in the affine Grassmannian are parameterized by the so-called dominant
coweights (as we explain below in section 3.1). The closure ordering on strata corresponds to the
dominance ordering on coweights; the “minimal degenerations” (adjacent pairs) are classified by
an algorithm due to Stembridge [85]. Slices in the affine Grassmannian are known [86] to be
isomorphic to Coulomb branches M¢ of 3d N/ = 4 theories (in the sense of [77,87]). The latter
can also be realized in string theory via Hanany—Witten brane setups (and the brane moves one

can do within them). See e.g. [84,88-90] for many examples in type ABCD. It has moreover been



recently established that Coulomb branches are symplectic singularities.'?

The affine Grassmannian plays a crucial role in relation to the representation theory of a finite-
dimensional simple Lie algebra g via the geometric Satake correspondence [93]. The analogous
object for the affine counterpart g,g is the “double affine” Grassmannian, conjecturally defined
by Braverman and Finkelberg in [81-83]. It is conjectured that Braverman-Finkelberg’s double
affine Grassmannian also gives rise to Coulomb branches of 3d AN/ = 4 theories — see e.g. the
proceedings [94] or [86, Sec. 3(viii) (b)].'? In fact, because of the semi-infinite periodic structure
of its Hasse diagram (which will become apparent in later sections), a definition of this object in
toto is beyond current mathematical technology, so that, practically speaking, it only makes sense
to construct transverse slices between strata. These transverse slices are finite-dimensional, hence
consist of finitely many strata ordered by the closure relation. It is known that some (but not all)
of the strata are parameterized by dominant affine coweights (Akac,n); the minimal degenerations
for affine coweights have been classified by Roy’s generalization [101] of Stembridge’s result in finite
types. The basic objects of study are slices M¢(u, A) between strata defined by dominant coweights
A < p. Note that this requires A and p to have the same level k (i.e. same order of the Zj orbifold
in M-theory).

The symplectic leaves in M (i, A) have been classified in affine type A [95, Sec. 7.7]. In the
following discussion we will assume (as is expected) that an analogous classification holds in any
affine type. (We also assume k > 1; the case k = 1 is similar, but with fewer strata.) Just as
in the finite case, each coweight v satisfying 1 > v > X leads to a symplectic leaf in Mc(u, A).
However, in contrast with the finite case, there are additional strata: if A < v < u — M§ (where
d is the minimal positive imaginary root in the affine root system), then between v and v + M¢
there is also a sequence of strata corresponding to Sym™ (C2?/Z;\ {0}) (and Sym™ ~1(C2/Z;\ {0}),
Sym™=2(C?/7Z;, \ {0}), ...). The strata in Sym* (C?/Z; \ {0}) are in one-to-one correspondence
with the integer partitions [m;] of M, and are (closure) ordered via refinement of partitions (in

reverse, joining parts). We can express this in terms of 3d Coulomb branches as follows:

strata: - Mo(p, A) = | | ME" (1, A) x Symy), ((C?/Z, \ {0}) (1.6)
v, [ml]
slices:  Mc(p— Mé,v) x ch[mi} , (1.7)
i=1

where A\ < v < p— M6 and [m;] is a partition of M, and | | stands for disjoint union. Here
(1.7) denotes the transverse slice from a point of the stratum labeled by (v, [m;]), and Uy, is
the (Uhlenbeck partial compactification of) the centered moduli space of m; Eg-instantons on C2.

(See appendix A for more details.) Note that the smooth locus of Mc(v, A) is precisely the open

128ymplectic singularities have been introduced in [91] as an analog to rational Gorenstein singularities in Calabi—
Yau varieties in the eight-supercharge setting, i.e. what physicists would call hyperkéahler cones [92].

13In affine type A, it is proven that the Coulomb branch is given by a quiver variety of affine type [95] known as
Cherkis bow variety [96-99]. The bow in the name comes from a Hanany—Witten D3-D5-NS5 brane configuration
on a circle. See e.g. the video recordings of Cherkis’ 2018 mini course on Instantons and monopoles at 1ICTS,
Bangalore [100].



symplectic leaf (corresponding to v).
Before explaining how these 3d Coulomb branches come about in 6d, we remark the following.
A similar behavior (i.e. stratification) has been observed [102] for “conformal matter” theories of
type (A, A) (i.e. bifundamentals of SU(k)) engineered by N M5’s probing C?/Zy, in the following
sense. It is well-known that if one flows onto the Higgs branch of the UV theory
su(k)  su(k)
[SU(k)] 2 N -1 2 [SU(k)] (1.8)

by giving VEVs to matter hypermultiplets charged under the (nonabelian part of the) flavor sym-
metry, i.e. SU(k) x SU(k), one can reach new IR fixed points with a different flavor symmetry
which is specified by the choice of a (two) nilpotent orbit(s) in SU(k) (SU(k) x SU(k)); that is, we
reach a T-brane theory [69,103].'* We will call these flows “flavor Higgsings”.

However, one can also explore other phases of the UV theory (still on its Higgs branch) obtained
by moving some (or all) of the M5’s off of the singularity. This is done in [102], which constructs a
Hasse diagram (via quiver subtraction of 3d magnetic quivers, making use of an improved algorithm
based on “decorations” [107]) for the Higgs branch of the UV theory while excluding the flavor
Higgsings (which would lead to T-brane theories in the IR). These phases correspond to decoupled
products of lower-rank (A, A) conformal matter (i.e. defined by some M < N) and a bunch of
A-type (2,0) theories given by stacks of M5’s (such that the total number of M5’s is M). Some
of the leaves in this Hasse diagram are symmetric products and correspond to the Higgs branch of

15

stacks of M5’s (away from the singularity), ® while the slices between adjacent symplectic leaves
are either Ap_; Kleinian singularities or certain non-normal singularities introduced in [109, Sec.
1.8.4] (or unions of multiple copies thereof).

In this paper we will mostly be interested in flavor Higgsings, taking us from UV SCFT to IR
SCFT with (generically) different flavor symmetry (with an exception for & = 1, i.e. for E-string

theories — see section 4.1).

1.3 Higgs branch RG flows and slices in the Grassmannian

We would now like to understand in 6d QFT what the different strata of the double affine Grassman-
nian of Eg, and the slices between them, correspond to. Under the identification of the hierarchy of
RG flows with the Hasse diagram of the strata already proposed in [78], the latter should correspond
to various (UV and IR) CFTs, whereas the slices to Higgs branch RG flows.

Generally speaking, there are two types of Higgsings (i.e. flows) that we can realize among orbi-
instantons. The first — flavor Higgsings, as we called them above — correspond to giving a VEV
to (scalar) operators in the matter hypermultiplets charged under a flavor symmetry, in particular

the left symmetry factor f C Eg of the orbi-instanton. (This will also be denoted [F] in the generic

The abelian part of the flavor symmetry is studied in detail in [104]. The AdS; holographic duals to T-brane
theories were studied in [71,73,74,105,106].

15Symmetric products also appear for the same reason in the Higgs branch Hasse diagram of the rank-N E-string,
see [108, Fig. 3.6].



quiver on the tensor branch of the SCFT - see [78] and (2.6) below for the notation.'%) We then flow
to a new IR SCFT on the Higgs branch of the UV one, which is defined by a different Kac diagram
at level k (holonomy at infinity ps : Zr — Es). This type of flow is fairly easy to understand in
QFT: the operators taking a VEV satisfy a chiral ring relation which defines either a “minimal
singularity” a;<g, 0i<s, ¢6, ¢7, ¢s (i.e. a singular variety given by the closure of the minimal nilpotent
orbit ming of that algebra g), or the Kleinian singularity A;,_1 (i.e. C?/Z;). This was described for
any k in [78] (with examples for some k given before in [110]), where moreover a connection with the
so-called minimal degeneration singularities of the Eg[z]-orbits of the (singly) affine Grassmannian
of (non-affine) Fg (classified by [111] thanks to work by Stembridge [85]) was put forth. Notice
that this type of flow lacks a “good” description in terms of M-theory branes (or brane moves). It
is the analog of the T-brane VEVs for T-brane theories studied in [69,103].17

The second type of flow has the opposite behavior, i.e. it has an easy description in terms of
branes but lacks an equally easy description in QFT, at least for orbi-instantons.'® It corresponds
to separating some of the M5’s from the stack at the singularity, while still keeping them on the
M9, and organizing them into substacks, potentially made up of a single brane.'” At the orbifold
point we are left with NV — M M5’s, i.e. a “lower-rank” orbi-instanton. See figure 1 for clarity.
Each of the “separated” Mb’s sees a copy of the singularity in its transverse space (within the M9),
so M (indistinguishable) M5’s will see the symmetric product Sym™ (C2?/Z;, \ {0}) (of quaternionic
dimension dimyg = M).?’ More precisely, we need to specify an integer partition [m;] of M,
say with m parts, to describe m substacks each containing m; branes. The symmetric product
Sym™(C2/Z; \ {0}) has a non-trivial Hasse diagram: we can join together substacks, i.e. we can
glue together parts of the partition [m;]. (As stated above, the slices in this Hasse diagram are
either the quotient C?/Z;, or a union of finitely many copies of C2/Zs or the non-normal singularity

m studied in [109].) Furthermore, the full symmetric product Sym™ (C?/Z;,) is the disjoint union:

Sym™ (C? /2y, \ {0}) || Sym™ =1 (C?/2Z, \ {0}) | | Sym™>(C?/z \ {o}) [ |-+~ {0}, (1.9)

50Of course, one could also activate VEVs charged under the right flavor symmetry factor, i.e. gr = su(k) or [SU(k)],
and this has been considered e.g. in [80] for massive E-string theories and in [76, Sec. 5.6] for orbi-instantons. We
will not discuss such flows here, save for a brief mention in the conclusions.

17Tt would be interesting to study whether an analog to Nahm’s equations, probably involving the G4 flux, can be
defined for M-theory flavor Higgsings. We thank Alessandro Tomasiello for this suggestion.

8For a rank-2 E-string (which can be thought of as a limiting case of an orbi-instanton with k = 1, N = 2, poo :
2 = [1%]) a QFT description exists: the Higgsing is induced by giving a VEV to an SU(2) moment map, where this
SU(2) is a factor of the flavor symmetry [112,113]. We would like to thank Simone Giacomelli for discussion on this
point.

9Tt is the analog of the Higgs branch flows studied in [102] for the (A, A) theory of N M5’s probing C?/Zj,. In [103]
it is suggested that the “separation” brane move should correspond to a diagonalizable VEV, i.e. a semisimple element
of the algebra f = su(k) of the flavor factor [SU(k)]; on the contrary, our flavor Higgsings correspond in that context
to nilpotent elements, i.e. T-brane VEV, as reiterated above. We would like to thank Alessandro Tomasiello for
discussion on this point.

20The symmetric product is known be the Coulomb branch (as a quiver variety) of the so-called “Jordan quiver” [77].
The Higgs branch of the Jordan quiver is instead the (Uhlenbeck partial compactification of the) moduli space of k
instantons of SU(M) on C* by ADHM [114]. Thanks to mirror symmetry [115,116] (boiling down to a “symplectic
duality” [117,118] in this case), this Higgs branch is the same as the Coulomb branch of the mirror (framed) necklace
quiver, whereas its symmetric product Coulomb branch is the same as the Higgs branch of the necklace.
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Figure 1: Top left: the generic point on the tensor branch of the UV orbi-instanton. Top right: the
origin of the tensor branch where the orbi-instanton SCFT defined by the triple (N, k, pZV) lives; all M5’s are
brought on top of each other and on top of the C?/Zy, orbifold point, where the M9 sits (along x°). Bottom
left: an IR orbi-instanton defined by a different Kac diagram (N, k, p!). (The coweight corresponding to
(N, k, pIZ) lies above the coweight corresponding to (N, k, pUV) in the partial order.) To reach it, we activate
a VEV for matter operators (in flavor hypermultiplets), and generically break the UV flavor symmetry (a
mazimal subalgebra of Es, including the full Eg by extension). Bottom right: a product of a “lower-rank”
orbi-instanton (N — M, k, pZV) times m substacks of m; M5’s (with > ;- m; = M ).

and hence the Hasse diagram extends to include all symmetric products Sym™ % for i < M; in this
context one can also “dissolve a stack of ¢ M5’s into flux” (within the M9), i.e. perform 7 small
Es-instanton transitions transmuting 4 tensors into 29:¢ hypermultiplets [119], thus degenerating
from Sym™ to Sym™~*. Finally, we can remove any of the remaining M5’s from the singularity
(reducing the number N — M of remaining M5’s, but in this case degenerating from Sym™ to
Sym™* for some 7).

Notice that, because of the presence of the M9, each substack of separated M5’s provides a
decoupled copy of a rank-m; E-string theory,

[Es] 12---2, (1.10)

mg

itself a 6d (1,0) interacting SCFT.



It is natural to identify orbi-instantons defined by triples (N, k, poo) (and without any decoupled
E-string) with strata of the double affine Grassmannian defined by a dominant coweight A\ =
(AKac,n) of affine FEg, since specifying po, is the same as specifying a Ak, at level k. (We will
elucidate the precise relationship between N and n at the end of section 3.2.3). On the other hand,
the M separated M5’s organized in m substacks are identified with Symf\nﬂi] (C2/Z4,\{0}). The slices
between UV and IR orbi-instantons (N, k, p%Y) and (N, k, pi?) are identified with a degeneration
> A; the slices between symmetric products with the reduced moduli spaces of m; Eg-instantons
on C2. The quaternionic dimension of the latter is dimy CZ/{[mi] = 30m; — 1. For m; = 1 (i.e.
dissolving a single M5 from the separated stacks into flux) this dimension is obviously 29, i.e. the
dimension of ming, or the Higgs branch of a (rank-1) E-string. This is precisely the number of
hypermultiplets produced by a single small Eg-instanton transition. Then the slice [];", CZ/{[mi]
means we are performing a total of M = Y " m; small Eg-instanton transitions, reducing N to
N — M2

1.4 Three dimensions from six dimensions, and vice versa

The result dimpy Cu[md = 30m; — 1 was recovered using the 3d magnetic quiver of the rank-m;
E-string (which will appear in section 4.1) in [121], and this is no coincidence, as we now explain.

The Higgs branch of a supersymmetric theory is expected to be invariant under torus com-
pactification: compactifying on T2 the F-theory “electric quiver” (2.5) of a 6d orbi-instanton (i.e.
its weak-coupling limit on the tensor branch, obtained via the algorithm of [76] from a choice of
(N, k, pso)),?? and applying mirror symmetry to the 3d quiver gauge theory thus obtained, we land

on a new “magnetic quiver” [122]:%3

T3 +3M
|
1=2—o—k—(r1+M)—(ra+2M)—(r3+3M)—(r4+4M)—(r5+5M ) — (r6+6 M) — (ryy+4M ) — (1o +2M) . (1.11)

The latter is a 3d N' = 4 unitary quiver gauge theory flowing to a SCFT in the IR; the SCFT sits
at the intersection between Higgs and Coulomb branch. (We are selecting a vacuum of maximal
breaking of the gauge symmetry, i.e. the product gauge group of rank rv is Higgsed to maximal
torus T7V. ry is given by the sum of all gauge ranks minus one.) The power of this construction
lies in the fact that the 3d Coulomb branch captures the Higgs branch of the starting 6d theory

at weak and strong coupling [122] (i.e. at the generic point on the tensor branch and at its origin,

2'For a rank-2 E-string, i.e. the orbi-instanton k¥ = 1, N = 2, po : 2 = [1?] according to footnote 18, the full
Hasse diagram of Higgs branch RG flows can be constructed [120, Fig. 45]. In that figure, a1 is the operator VEV
charged under SU(2) of [112,113]; H = C? = Sym'(C?); g = ¢s indicates the es minimal degeneration, i.e. ming,,
and corresponds either to a slice of the type just described (going from a stack of 2 M5’s to 2 stacks of 1 M5 each,
i.e. m =2 and m; = 1) or a small Es-instanton transition, when a rank-1 E-string (i.e. one tensor multiplet coupled
to Es matter) transmutes into 29 = dimg ming, hypermultiplets. More generally, [108, Sec. 3.2] constructs in a
schematic form the Higgs branch Hasse diagram of the generic rank-M E-string.

22Both 6d (1,0) tensor and vector multiplets reduce to 3d N' = 4 vector multiplets.

23By the results of [123], it is star-shaped with three legs, given that it is mirror dual to the compactification on
S! of the class-S theory obtained by compactifying the orbi-instanton on T2, itself a fixture with three punctures
(defined in [76, Eq. (4.1)]).

10



where the CFT sits).

The details of the above quiver (which can be found in appendix A, together with the relevant
notation) are not important for the present discussion. What is important is that this quiver is
neither of finite nor of affine type, so the stratification result outlined in section 1.2 (a conjectural
extension of the results of [95] to affine type E) does not apply. (Incidentally, it would be interesting
to develop the technology needed to construct its Coulomb branch as a quiver variety [124]. We
will briefly come back to this point in the conclusions.)

As a first step toward understanding what the Coulomb branch M\C of (1.11) is, it was proposed
in [76, Sec. 4.3] that the hyperkéahler quotient of the latter times the hyperkahler space O¢ by SU(k),
ie. (./T/l\c x O¢)/// SU(k), yields the Coulomb branch ME* of a quiver of affine type E, namely

T3 +3M
|
—(rl+1\7)—(7~2+21\7)_(r3+3M)_(7~4+41\7)_(r5+5z\7)_(r6+61\7)—(r4,+41\7)_(r2,+21\7) , (1.12)

for which the results of [86,95] should apply. This fact is proven in appendix A. Then, since Miém
is the centered moduli space of M FEg-instantons on C2/7Zy, M\c should be the instanton moduli
space on the deformation or resolution of C?/Zj. In fact, O¢ can be understood as a (SU(k)c)
“regular coadjoint orbit” for & = ({c,&r) € su(k) ® (CHR), and has a hyperkéhler metric specified
by ér. The latter acts as a resolution modulus for C?/Zy; on the other hand a nonzero &c deforms
the singularity.

From a physics perspective, Og is nothing but the Coulomb (or Higgs) branch of the T'(SU(k))
tail (which is self-mirror dual [125]) on the left of (1.11), i.e.

1_2_..._(,14;_1)_7 (1.13)

where now & can be understood as an SU(2)gr triplet of mass parameters of the SU(k) flavor
symmetry represented by .

Because of this T'(SU(k)) tail, the stratification of the Coulomb branch Me will contain many
more strata than M@E5': some strata will come from the base (which is parameterized by &), while
others from the fiber (i.e. the instanton moduli space for each possible value of £). However, we
can stay in the vicinity of &g = 0; then, the stratification result (1.6) which is expected to hold for
a quiver of affine type E, i.e. for (1.12), should carry over to (1.11). In practice, we are disregarding
the strata given by symmetric products, as these are not important for proving the a-theorem for
flavor Higgsings.

We are finally ready to interpret strata and slices. We identify the Higgs branch of the UV
theory with §f = Eg flavor symmetry with the Coulomb branch Mc(u, A), where A, p are dominant
coweights of affine Eg satisfying pu > A. We write A = (Agac,n) and similarly for p; then we must
have p = X+, vioz;/ where oziv are the simple coroots. In our case we will always set pkac to be the
Kac diagram [1¥]. Then M¢(u, \) is the Coulomb branch of the UV orbi-instanton magnetic quiver,
disregarding the T'(SU(k)) tail (in the sense just explained). We now look at the stratification of
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this Coulomb branch. There is a stratum associated with each coweight v satisfying A < v < p,
which is equal to the open stratum (i.e. the smooth locus) in the Coulomb branch Mc(v,\) of
the magnetic quiver associated with the interval v > A. For each such coweight v there are several
additional strata contained in Mc(v, A) but not in Mc(&, \) for any £ < v. These strata are
indexed by partitions [m;] of M where v — M¢§ > X and “seen” by M separated M5’s away from
the singularity and organized in substacks containing m; branes each. We will label the additional
stratum given by a partition [m;] of M by /\/l[én"](u, A). Note that Mc(v, A) contains the closure
of M[éni](y, A), which contains Mc(v — M4, A) (but not Mc(v — (M — 1)d,A)). The transverse
slice to MEooth(3, \) is isomorphic to the Coulomb branch Mc (i, v) (and can be understood by
quiver subtraction). The transverse slice to Mémi)(u, A) is isomorphic to the product of M¢(u,v)
and (the Uhlenbeck partial compactifications of) the centered moduli spaces of m; FEs-instantons
on C?, i.e. the Higgs branch of a rank-m; E-string (given by m; M5’s away from the singularity
but lying on the M9), representing small Fg-instanton transitions reducing N to N — M.

1.5 Strategy of proof and results

Having spelled out the details of the various possible Higgsings, we will now explain what we will
do with them. First of all (and in analogy with the T-brane case [70,103]) we will entirely disregard
flows from a UV orbi-instanton to a lower-rank orbi-instanton times a collection of decoupled E-
strings in the IR.?* This is because the a-theorem for the E-strings has already been proven (as
we will review below in section 4.1) both for tensor and Higgs branch flows, so we are reduced to
proving the a-theorem for flows from UV to IR orbi-instantons if we want to complete the list of
c-theorems in even dimension.

This can be done as follows. The 6d anomaly polynomial of the decoupled system is given
by the sum of the anomaly polynomials of the two ingredients, i.e. lower-rank orbi-instanton and
E-strings. The same is true for the total a anomaly, being the sum of the a anomalies of the two
ingredients. Therefore establishing an a-theorem for these flows boils down to separately proving it
for their “constituent” a anomalies. It turns out that the a anomaly of an orbi-instanton defined by
(N, k, pso) is always higher than that of the system (N — M, k, poo) plus a collection of n; rank-m;
E-strings (where (n;,m;) is an integer partition of M ie. >, nym; = M) e.g. a single rank-M
E-string, M rank-1 E-strings etc. We prove this in appendix B. Therefore, these flows are included
within our proof of the a-theorem

Having identified orbi-instantons (N, k, poo) with dominant coweights A = (Agac, n) of affine Fg,
and UV-IR flavor Higgsings with degenerations p > A, we will prove two facts.

i) As we shall explain in section 3.2.1, affine coweights can be expressed as triples (k, \,n),
where )\ is a weighting of the finite Eg Dynkin diagram and n is an arbitrary integer. On
the basis of an explicit algorithm (due to Roy [101]) determining the Hasse diagram of affine

coweights, we will interpret n in terms of the physical number N of M5-branes (in the process

21For an example of the full Higgs branch for N = 1,k = 2 which includes the decoupled E-strings see [108, Fig.
3.1]. In that Hasse diagram, the a anomaly reduces from bottom to top.
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clarifying the relationship between the numbers N3, Ng and Ng introduced in [76]). This
provides the sought-after partial order on the space of homomorphisms Hom(Zy, Es) (a ques-
tion asked e.g. in [75,126-128]) and establishes, independently of 3d magnetic quivers and
quiver subtractions, a hierarchy between Higgs branch RG flows. As a result, the hierarchies
of [78] can be embedded as connected subdiagrams in the aforementioned Hasse diagram. (In
that paper, they were obtained by fixing the sum N + N, for ease of illustration, where the
number N, depends solely on the choice of po, and is defined in (2.7) — see section 4 for an

expanded explanation on this.)

ii) Secondly, the a anomaly of each SCFT can be written in terms of combinatorial data of the
associated stratum. (This is akin to what happens for T-brane theories, where the hierarchy
of nilpotent flavor Higgsings mimics the Hasse diagram of nilpotent orbits of the flavor Lie
algebra [103], and writing a in terms of the dimensions of these orbits ultimately allows to
prove that Aa > 0 [70]. Here we see that this happens also in the case of orbi-instantons,
but with the dominant coweight strata of the double affine Grassmannian.) The partial order
on the dominant coweights induces a partial order on the SCFTs (exactly the one obtained
in [78,110] via 3d magnetic quiver subtraction and for k¥ = 4 via a 6d anomaly polynomial
analysis in [127]), and writing a in terms of data of the strata allows us to prove Aa > 0
in full generality. There are finitely many cases to check, and we have checked the required
condition Aa > 0 by computer in all cases. However, we also sketch a conceptual proof which
is valid for a large family of cases (and which could in theory be adapted to other cases).

This requires a certain amount of analysis of the formula for the a anomaly, especially terms
> asoAM@)? and > .o A(a)® which appear in it.

1.6 Organization

The rest of the paper contains the technical proofs for the statements made so far, and is organized
as follows. In section 2 we define Kac diagrams as the relevant objects needed to classify Z-gradings
of Lie algebras (Eg in our case), i.e. homomorphisms Hom(Zj, Eg), and we give a lightning review
of orbi-instantons. In section 3 we introduce the affine and double affine Grassmannian of Fg, and
give an explicit algorithm to construct strata of the latter defined by dominant coweights. Using
this algorithm, in section 4 we construct Hasse diagrams of dominant coweights for a few values
of k, and we verify that the hierarchies of RG flows (flavor Higgsings) obtained in [78, 110, 127]
(via magnetic quiver subtraction or 't Hooft anomaly matching) can easily be recovered from these
Hasse diagrams as connected subdiagrams. In section 5 we prove the a-theorem, inducing the
partial order on the a anomalies of UV and IR orbi-instantons from the corresponding two strata
(dominant coweights) of the Grassmannian, such that Aa > 0 for any pair of SCFTs connected
by RG flow (flavor Higgsing). We close in section 6 with a few observations and an outlook. In
appendix A we recall properties and notation of 3d magnetic quivers associated with 6d orbi-
instantons, and we also prove that MIst = (ﬂc x O¢)/// SU(k) as quiver varieties. In appendix

B we prove the a-theorem for flows between orbi-instantons and decoupled E-strings.
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2 A-type orbi-instantons and Kac diagrams

We begin this section with a brief account of the theory of Kac diagrams, and end it with a lightning

review of orbi-instantons and how Kac diagrams enter the physics discussion.

2.1 Kac diagrams and Z;-gradings of Fjs

In mathematics, Kac diagrams were introduced in [129] to deal with gradings of Lie algebras by finite
cyclic groups (denoted Zy, here). Therefore, in this section we briefly recall the relationship between
“affine Kac-Moody Lie algebras” and periodic automorphisms of (finite-dimensional) simple Lie
algebras, as explained in [129, Ch. 6-8]. For simplicity, we focus on the untwisted case, which is
the only one relevant to us.?’

Let g be a finite-dimensional simple Lie algebra and let g,g be the corresponding (untwisted)
affine Kac-Moody Lie algebra. Fix once and for all a Cartan subalgebra t of g (contained in a
Cartan subalgebra t,g for g.g), and let ® = ®(g,t) denote the root system of g relative to t.
Choose a positive system ®* C & (or equivalently, choose a Borel subalgebra b containing t). Let
{a1,...,a,} be a basis of simple roots in ®*, which we complete to a basis {ag,...,a.} for the
affine root system ®,g. Recall that g.g is not simple: it is a semidirect product [gag, gaft] B Cd,
where d is any element of the Cartan subalgebra not contained in the span of the coroots. (The
standard choice — see e.g. [129, Ch. 6.2] is d such that ag(d) = 1 and «;(d) = 0 for @ > 0.) The
derived subalgebra glg := [gafr, garr] is called the affine Lie algebra. Note that g/ is not simple
either: it has a one-dimensional center Cec, where ¢ is the canonical central element [129]. (The
value of ¢ on a given representation is called, rather evocatively, the “central charge” [27].%°) It is
well known that the quotient g/4/Cc is isomorphic to the loop algebra L£(g) := g ® C[t,t™].

There is a more general loop algebra construction. Let § be an automorphism of order k of
the simple Lie algebra g and let ¢ = €2™"/%. Since its minimal polynomial divides t¥ — 1, 6 acts

diagonalizably on g, hence there is a decomposition as a direct sum of eigenspaces:

g=g0)@g()@...®g(k—1) (2.1)

where g(7) = {z € g: 6(x) = ¢(J2}. This is a grading over Zy: for any integers j,/ modulo k we have
[9(4),08(0)] C g(j +1). We define an infinite-dimensional, Z-graded Lie algebra, called the #-twisted

loop algebra, as follows:
L(g,0) =EPol) @t/ CgaClt,t ). (2.2)
JEZL
In the case § = 1, we recover the loop algebra £(g) with the standard grading (i.e. with g® ¢/ in
degree j).
Now let 6 be an arbitrary inner automorphism. By an important theorem of Kac [129, Thm.

8.5], L(g,0) is isomorphic as an ungraded Lie algebra to £(g). This isomorphism induces a non-

2The reader interested in the twisted case may consult [130] for a brief discussion on outer automorphisms.
26See e.g. [131] for a brief account on the Sugawara construction.
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standard grading on £(g), and hence on g,g. After conjugating if necessary, any such grading has
tap C gaf(0) and gagra C Y ;>0 Gam (i) for all simple roots ap,...,a,. The data of such a grading
therefore comes down to a norI—negative integer weight for each simple root, and can be represented
by a Kac diagram, i.e. a copy of the affine Dynkin diagram with the weights (n;)o<i<, attached

(see again (1.3) for g = Eg). We thus obtain a one-to-one correspondence:
{periodic inner automorphisms of g}/conjugacy Aol {Kac diagrams}.

Remark 2.1. i) We here gloss over some subtleties concerning symmetries of the Dynkin dia-

gram. This will not be a problem for us since there are no such symmetries in type Eg.

ii) The periodic outer automorphisms are classified via the same procedure, leading to Kac
diagrams on the twisted affine root systems. We refer to [129] for the details (which we do

not need, since there are no outer automorphisms in type Eg).

Each Kac diagram Ak, in (1.5) uniquely defines a homomorphism Z®,g — Z which sends Y ;_, m;a;
to >, min;. We will use the notation Axac(D; micy;) for this weight. Recall that a root o € ®pg
is real if it is conjugate to a simple root «;, and is imaginary otherwise. In (untwisted) affine types,

there is a unique minimal positive imaginary root

T
0 :=aqag+ Zmiai , (2.3)
i=1

where & = Y, mja; is the (unique) highest root in ®*, and all imaginary roots are of the form
nd for n € Z\ {0}. A Kac diagram Ag,c determines a Z-grading of gag satisfying gag s C gam(k),

where

k= Akac(0) = ag + Z m;n; (2.4)
=1

is the level of Akac (again using terminology common from 2d CFTs). It follows that this grading
induces a Zg-grading of g, hence an inner automorphism of g of order dividing k. If the n; have no
common factor then this automorphism has order k.

Note for instance that there are (up to conjugacy) three Zg-gradings of a simple Lie algebra of

type Es, i.e. when k = 2 (see section 3.1.1 for our conventions on numbering):

i) the trivial grading with g = g(0), given by n; = 2 and all other n; = 0. This is Kac diagram
AKac = [12]5

ii) the grading with ny = 1 and all other n; = 0. This is Kac diagram Agac = [2];
iii) the grading with noy = 1 and all other n; = 0. This is Kac diagram Ak,. = [2/].

Kac diagrams incorporate a great deal of information about automorphisms. For example, for
a Kac diagram Agac with corresponding automorphism 6, the fixed point subalgebra g = g(0)
can be read off as the reductive subalgebra generated by t and the simple root elements e1, such

that Agac(a) = 0; in this context we identify the affine root elements eio, with ers, where &
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is the highest root element in ®*. Such subalgebras are called pseudo-Levi subalgebras in the
mathematical literature. For the three Kac diagrams of order 2 listed above, we have respectively
g(0) = e, e7 @ su(2) and so016. Notice that this pseudo-Levi subalgebra is precisely what we called

f (i.e. the preserved flavor symmetry) in section 2.2.

2.2 Orbi-instantons from M-theory

Orbi-instantons are 6d (1,0) SCFTs which are the datum of the number N of M5-branes probing
an M9-wall and simultaneously the orbifold C?/T'apg (with Tapg C SU(2) finite), the order of
the orbifold, and (the holonomy of) a flat connection at the spatial infinity S3/T'apg for the Eg
gauge bundle supported on the M9-wall in eleven dimensions. Such flat connections are elements of
Hom (1 (S2/TapE), Es) & Hom(T Apg, Es). Hereafter we are going to focus exclusively on Tapg =
Zy. Then po : Zy — Es € Hom(Zy, Eg) is a grading of Eg by Zj of the type introduced in the
previous section.
The tensor branch of each such orbi-instanton can be given an F-theory description as follows [69]
(to which we refer the reader for the relevant notation):
su(k)su(k)  su(k)
[Eg] 1 2 -.- 2 [SU(k)]. (2.5)
N

However, this quiver represents only a partial tensor branch. Depending on the specific flat connec-

tion chosen (with this data being hidden in the notation of (2.5)), we may have to introduce extra

su(k)

compact curves in the base of F-theory. This is because the intersection [Eg] 1 is too singular,
and e.g. when k = [1¥] a further k blowups in the base are required in the middle of the two curves
(each instance involves introducing a new 1 curve, decorated by su(k —1i), i = 1, ..., k, and blowing
up the “old” 1 into a 2). More generally, the full tensor branch of the orbi-instanton is given by

the following generalized F-theory quiver,

g su(mq) su(msz) su(my,—1) su(k) su(k) su(k)
Fl1 2 2 - 2 2 2 ... 2 [SU(K), (2.6)
[Ny=k—mp,_1]
max(Np,1)

N+1

where [F] is (the nonabelian part of) a maximal subalgebra f of Fg, and g € {0, usp(my), su(mg)}.
For g = su(myg) we also have one hypermultiplet in the two-index antisymmetric representation of
su(myg) for all mg # 6 (and a half hypermultiplet in the three-index antisymmetric representation
of su(myg) for mp = 6). All ranks and matter representations (i.e. hypermultiplets) are determined
by the chosen ps via a simple algorithm which can be found in [76]. The subalgebra f of Eg that is
unbroken by the Kac label is the commutant of the image po(Z) C Eg, and its Dynkin diagram is
easily obtained by deleting the nodes of affine Eg appearing in the partition (1.4) (i.e. the nodes of

(1.3) whose n; are nonzero), together with an Abelian subalgebra making the total rank 8 [129, Sec.
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8.6], i.e. a summand of the form €, u(1);.?” We will also say that the orbi-instanton has a plateau
of length N 41, i.e. the region where the gauge algebras all become su(k), corresponding to having
stacks of k D6’s in that region of the Type IIA reduction of M-theory.

What is N, in the above expression? The F-theory description, i.e. the Type IIB background
with varying axiodilaton and nonperturbative seven-branes, is T-dual to a Type IIA setup with one
O8 -plane and 8 D8-branes. The different ways in which the stack of D8’s split into substacks (one
of which may be on top of the O87) encode the different subalgrebras f. There are also k D6-branes,
which can end with different patterns on the D8’s on the left of the configuration. (Each pattern
is specified by a different p,.) Moreover the D6’s are suspended between NS5-branes. (For details
see e.g. [78].) For each Mb5-brane in the original M-theory configuration we have one NS5-brane;
however, because of the orbifold, the M9 fractionates [69], generating extra NS5’s once we reduce
to Type IIA. Then N, precisely captures this number. It depends on the chosen po,, and we will

say that it gives the number of “fractional instantons”. In F-theory, it signals that the intersection
su(k)
between [Fg] and 1 is too singular, and needs to be blown up N, times to bring the model in

Kodaira—Tate form.

N, can be determined in the following simple way in terms of ps (i.e. (1.3)):

6

. ng + ny Nor + Nar + 2nyr

Np::Zni+p, p::mln<{32 4J,{2 Z 4J). (2.7)
=1

When the Kac diagram does not contain any primes, N, is identical to the total number of unprimed
parts.’® It may sometimes happen that N » =0 (e.g. picking [4'] for k = 4); in this case the above

electric quiver reads

g su(mq) su(mo) su(k)  su(k) su(k)
F]1 2 2 - 2 2 ... 2 [SUK), (2.8)
[Nty ] [Ngy] [Nt atean)
N+1

where the ranks and matter representations depend nontrivially on the chosen k£ and g. (For

concrete examples see [78].)

3 Affine and double affine Grassmannians

Having introduced orbi-instantons and Kac diagrams, we move on to the next dramatis persona —
Grassmannians. We begin the section by introducing affine Grassmannians. We then move on to
a discussion of double affine Grassmannians, whose original (in some sense conjectural) definition
is due to Braverman—Finkelberg [81-83], and which have subsequently been studied in the context
of 3d Coulomb branches by the same authors in collaboration with Nakajima [86, 95,99, 133-135].

2"The maximal subalgebras that do not contain u(1) summands are the semisimple regular ones; those that do are
non-semisimple regular. The former are preserved by Kac labels with a single part, the latter by those with more
than one part. See [78, Sec. 3.3] for the u(1) summands.

28Notice that our p also appears in [132, Eq. (3.109)] with the same name, and in [76] denotes the difference
between Ng and Ng.
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3.1 Affine Grassmannians

Let us define the affine Grassmannian of a simple algebraic group G over C. Let C[z] denote
the ring of formal complex power series f(z) = > o a;2", and let C((2)) be its field of fractions,
that is, all expressions f(z)/g(z) with f(2),g(z) € C[z] and g(z) # 0. An element of C((z)) can
be written uniquely as a Laurent series h(z) = Y00\ a;z" with N € Z and ay # 0. Let G
be an algebraic subgroup of GL(n,C). By definition, G = {M € GL(n,C) | Pj(M) = 0} for
some polynomials P;. (Assume {P;} is a complete set, i.e. generates the ideal of all polynomials
vanishing on G.) The exceptional groups, in particular Eg, can be considered as algebraic subgroups
in this way.” The collection of polynomials P; allows us to define points of G in an arbitrary
ring containing C. Specifically, we have: G[z] = {M € GL(n,C[z]) | P;(M) = 0 Vj} and
G(z) = {M € GL(n,C((2))) | Pj(M) = 0Vj}. We consider G[z] as a subset of G((2)) in the
canonical way. (Note that G((z)) is sometimes called the loop group; it can be considered as a
completed version of the group analog G|z, 27 !] of the loop algebra considered in section 2.1.)

The affine Grassmannian of G can be defined as the space of left cosets:
Grg = G((2))/G[7] - (3.1)

Left multiplication defines an action of G[z] on Grg; note that the set of orbits for this action is
in one-to-one correspondence with the set of double cosets G[z]\G((2))/G[z]. There is a natural
topology on Grg, and the closure O of a G[z]-orbit in Grg has a structure of (finite-dimensional,
generically singular) projective variety containing O as a Zariski-open subset. As we recount below,
there are countably many orbits, and any orbit closure O is a union of finitely many orbits, each a
locally closed subset of O. This gives Grg a structure of infinite-dimensional variety, or ind-variety.
Given any M € G((2)), denote by [M] the coset M -G[z] € Grg, and by G[z]-[M] the corresponding
G[z]-orbit.

Recall that an algebraic group is simple if it is nonabelian and has no closed connected normal
subgroups; this includes Fg. Let G be simple and let g be the Lie algebra of G (which is a simple
Lie algebra). We retain the notation (t, ®, ®*, «;) introduced in section 2.1. Let T' be a maximal
torus of G with Lie algebra t, and identify ® = ®(g,t) with the roots ®(G,T) relative to T'. Each
a € ® is therefore an algebraic character T'— C*, and hence the root lattice Z® embeds in the
character group X (7). Similarly, for each a there is a corresponding coroot o, which we think
of both as an element of t and as a cocharacter, i.e. a homomorphism C* — T. We denote the
group of all cocharacters by Y (T'). The coroot lattice Z®" therefore embeds in Y (7). In general,
both inclusions are proper: the center Z(G) is isomorphic to X (7")/Z®, and the fundamental group
m1 (@) is isomorphic to Y (T)/Z®". Thus, G is simply-connected if Y (T') = Z®". Obversely, G is of
adjoint type if X (T) = Z®; for any simple G the quotient G/Z(G) is of adjoint type.

The lattices X(7') and Y (7T') are dual, in the following sense. For & € X(T') and A € Y(T)
we denote by A(€) the unique integer such that &(A(t)) = /&2 for all t € C*. This defines a

29 Algebraic varieties and hence algebraic groups are more properly defined “intrinsically”, that is, in a way that is
independent of any particular embedding.
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perfect pairing X(T) x Y(T') — Z, i.e. it identifies Y (T') with Hom(X(T"),Z), and vice-versa. We
can therefore identify elements of Y (7T') with linear functions X (7') — Z. Hence we have dual
inclusions:

7Z® C X(T) C Hom(z®",Z), Hom(Z®,Z) > Y(T) D> Zd" , (3.2)

where the first (resp. second) inclusion in each pair is an equality if G is of adjoint type (resp.
simply-connected). The homomorphisms Z®" — Z (resp. Z® — Z) are called weights (resp.

coweights). Since any coweight is determined by its values on the simple roots «;, the lattice of

coweights has a basis consisting of the fundamental coweights w," satisfying w}/(ai) =1lifi=j
and 0 otherwise.

A coweight (hence also any cocharacter) A is dominant if AM(a) > 0 for all positive roots a.
Clearly, the dominant coweights are those of the form Y, n;w;” with n; € Z>o. To each dominant
cocharacter A € Y (T') is naturally associated an element A, € G(C((z))) (which we can think of as

“evaluating A at 2”), and hence a G[z]-orbit:
(Gre]* := Glz] - [Ma] (3:3)

also known as a Schubert cell. We have dim¢[Grg] = 2)\(p) where p is the Weyl vector, i.e. the
half sum of the positive roots. (The Weyl vector can also be defined by «;(p) = 1 for all simple
coroots o, that is, p is the sum of the fundamental weights ;.) It turns out that all G[z]-orbits
are of this form, and the orbits of distinct dominant cocharacters are distinct. When G is of adjoint

type, we therefore obtain the statement:
for G adjoint, the G[z]-orbits in Grg are in correspondence with dominant coweights.

There are finitely many Schubert cells of each dimension, hence there are finitely many orbits in
the closure of [Grg]*. We write A < i when [Grg]* C [Grg]#; this defines a partial order on the
dominant cocharacters. This partial order is very well understood; we will return to it below.

It may be worth clarifying the relationship between coroots and coweights. For a simple root «;
v
i

o) = > Cijoo). (This shows that the coroot lattice is of index (det C) in the coweight lattice.)

We can therefore express the fundamental coweights as (in general rational) linear combinations of

and a simple coroot o, we have o (oj) = C; is the coefficient of the Cartan matrix for g. Hence,

the simple coroots: @, =3 AY o, where (AY) is the inverse of the Cartan matrix.

3.1.1 Coweights in type Fjg

We specialize to G = Eg from now on. In this case G is both simply-connected and of adjoint type.
(This follows from the fact that the Cartan matrix has determinant —1. Note that Eg is the only
simply-laced root system with this property.)

We use Coxeter labels i € {2,3,4,5,6,4',3',2'} = A for the Dynkin diagram of Fj:

Rie Qgr
2 3 4 5 6| vy 2
Eg: o—o0o—-—0—0— 0 —0 — o . (3.4)
a2 a3 a4 ap g oy Qg
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As above, denote by «;, o and w,; the simple root, simple coroot and fundamental coweight

corresponding to . It follows from the simply-laced property that for any root a = ), m;ay,

the corresponding coroot is a¥ = >, m;a. Denote by @ the highest root in ®. Then we have
wy =a¥ = Z?:2 ial\/%—Z?ZQ iay, which in particular is dominant. This holds more generally: if a;

is the highest root element of any irreducible simply-laced root system ®;, then @) is a dominant
coweight with respect to ®; (and is the only dominant coroot). We will apply this in cases where
I is a connected subdiagram of the (affine) Dynkin diagram of type Eg. We briefly note how & is
expressed in terms of fundamental coweights. In all cases, a node i € A\ I is joined via at most
one edge to elements of I. We let w; = 3 4,07 ;@] Then @ = w] — w;, where w] is the

unique dominant coroot within the root subsystem ®;. We specify w? in each case:
e if ] is a singleton set then @, = 2w)’;
o if I={i,...,j}is of type Ay, (m > 2) then w zwlv—i-w}/;

oif I = {i,i+1,...,57—2,5— 1,7} is of type D,, (with branch node (j — 2) and “tail”
i—--—(j—2) then w] =@, ;

o if I ={2/,3,4',6,5,4} is of type Eg then w; = wy;

o if I ={2/,3,4',6,5,4,3} is of type E7 then w] = wy,.

3.1.2 Orbits as weighted Dynkin diagrams

As mentioned above, the G[z]-orbits [Grg,]* are in one-to-one correspondence with the dominant

coweights p, i.e. the non-negative integer linear combinations

poi= anw;/ . (3.5)
IEA
The n; can be thought of as “multiplicities” of the Coxeter labels in the Eg Dynkin (3.4). Similarly
to the Kac diagrams studied in section 2.1, this allows us to represent orbits via “weighted Dynkin
diagrams” .’

The closure order on orbits induces a partial order on dominant coweights. In fact we have
[Grg,|* C m if and only if 4 — A is a non-negative linear combination of simple coroots. A
pair (A, ) with A < p is called a degeneration; it is a minimal degeneration if there is no v with
A < v < p. The partial order on coweights can be represented via a Hasse diagram, where an edge
connects adjacent coweights (i.e. minimal degenerations). According to a result of Stembridge [85],

there are (in the simply-laced case) exactly two types of minimal degeneration A < u:

i) pairs (A, = A+ @ay), where I is a connected component of the subdiagram of zeros of u (i.e.

zero multiplicities in the weighted Dynkin);

30However, this phrase often has a more restricted meaning: the classification of nilpotent orbits via slo-triples
{h,e, f} allows one to uniquely attach a coweight to each nilpotent orbit; in the mathematical literature, the phrase
“weighted Dynkin diagram” usually refers only to these particular coweights.
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i) pairs (A, = A+ @), where n; > 0 for all j’s connected via an edge to i.

Note that if we express X as sum Y, n;w,’ of coweights and p— A =", [;a;/ as a sum of coroots,
then in case ) we have n;l; =0 for all i € {2/,3',4/,6,5,4, 3,2}.

3.1.3 Geometry and slices in the affine Grassmannian

Each orbit Gr,, in the affine Grassmannian is smooth, with singular points lying on the boundary

Gr, \ Gr, = U Gr) . (3.6)

pn<A

The geometry of singular points can be understood using transverse slices. Suppose A < p =
A+ Zlia;/ is a degeneration of dominant coweights. The transverse slice Sy, to Gr, at )\, is a
symplectic singularity. By an earlier remark, dimg(Sy,) = (# — X)(p) = >_1;, i.e. the height of
p — A. In particular, in case i) above (with g — A\ = @}) this dimension is h; — 1, where hy is the
Coxeter number of the root system spanned by [; in case i), (1 — M\)(p) = 1.

The main result of [111] is a classification of the singularities associated to minimal degener-
ations in affine Grassmannians (in which case the singularity is isolated at \,). Specifically, the
singularity in case i) is the closure of the minimal nilpotent orbit of a simple Lie algebra of type I
(a so-called minimal singularity); in case ii) it is an A, 41 type surface singularity, i.e. C2/Z,, +o.
These results are clearly consistent with the dimension statement above. Note that the pairs in
i) and 4i), and hence the partial order on dominant coweights, are naturally expressed in purely

combinatorial terms (i.e. without reference to the affine Grassmannian).

3.2 Double affine Grassmannians

The affine Grassmannian has an important role in representation theory because of the geometric
Satake correspondence [93], which is a deep theorem relating irreducible representations of g to
the geometry of Grg. The double affine Grassmannian is a (somewhat conjectural) object playing
a similar role for the affine Lie algebra g.g. To outline what is known about the double affine
Grassmannian, we need to clarify what are the coweights for the corresponding affine (i.e. Kac—

Moody) Lie algebra. We keep to type Eg since this is the only case that concerns us.

3.2.1 Coroots and coweights

Extend the Dynkin diagram for Eg by adding an affine node, labeled 1; set A,g = AU {1}:

3o Qgr
1 2 3 4 5 6| "y 2
Eél): O—0—0—0—0—0 — 0 — O . (3.7)
aq s as ay as ag oy Ouyr

Correspondingly, we introduce an affine root oy and coroot oy, generating (along with ® and ®V)

the affine root lattice Z®,g and coroot lattice Z@Zﬂc. These lattices are not dual via the affine
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Cartan matrix, because of the imaginary roots in ®,g and the central elements in ®;. Thus we
need to extend further (in the language of Kac [129], to a realization of the generalized Cartan
matrix, allowing for a perfect pairing between weights and coweights). Following the notation
in [129, Ch. 6], we therefore introduce an additional weight Ay and an additional coweight d. Then
the weight lattice (of the affine Kac-Moody group) is Xaff = Z®,.q P ZAy and the coweight lattice
is Yagr := Z®Yy @ Zd.

The elements d and Ag are defined such that Hom(X,.g, Z) = Yag, and vice versa. (We can and

~ ~

should think of i;aﬂ‘ as the set of cocharacters in a 10-dimensional torus with character lattice X aff-)
To this end we need to describe the pairing )A(ag X }A/aff — 7.

We use the generalized Cartan matrix to define the pairing between roots and coroots:

2 ifi=j,
of (a;) = ¢ =1 if i and j are connected by an edge, (3.8)

0 otherwise.

(Note that this pairing extends the pairing on simple roots and coroots for the finite diagram.)
We can extend this by «(Ag) = 0 for ¢ # 1 and oy (Ag) = 1; similarly, d(o;) = 0 for i # 1
and d(ay) = 1; finally d(Ag) = 0. This gives the perfect pairing: with respect to the bases

{a1,... 06,0, a3, 00, Ao} and {o, ..., a, oy, o, o, d}, it is given by the matrix
2 -1 0 0 0 O 0O 0 0 1
-1 2 -1 0 0 0 0 0 O
o -1 2 -1 0 0 0 0 0 O
0 O -1 2 -1 0 0O 0 0 O
0 o 0 -1 2 -1 0 0 0 0 (3.9)
0 0 0 o -1 2 -1 -1 0 O
0 0 0 0 0O -1 2 0 -1 0
0 0 0 O 0O -1 0 2 0 O
0 0O 0 0 0 -1 0 2 0
1 0 0 0 0 0 0 0 0 O

Note in particular that all entries in the matrix are integers (so the pairing is well-defined) and
the determinant equals —1 (so the pairing is perfect, i.e. it identifies }Afag with the linear functions
)?aﬁ — 7). The analog here of the fundamental coweights in Z®" is the basis for }7&3 which is dual
to the basis {aq,...,Ag} for )?aﬁ‘. Let

bo=wy+2d, &G=wy+3d, ..., Efy=wy+2d. (3.10)

It is easy to check that the basis for i}aﬂf which is dual to {aq,..., Ao} is {d, &2, ..., &, c} where ¢
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is the canonical central element (or central charge)

6
c= (Z ial\-/> + 4oy, + 3oy + 20 (3.11)
i=1

Hence we can denote d by &. (Note that the fundamental coweights @, in Z®" are no longer
fundamental coweights for the affine root system; this role is now played by the &;.)

In the affine case, a dominant coweight is an element of }/}aff of the form:

6
A= <Z n,&) 4+ ngéy + nz€y + nokar + nc (3.12)
i=1
where all the n; are non-negative integers. (To connect to well known physics, n can be an arbitrary
integer, and would correspond to the energy of a 2d WZW model. Moreover there is a natural Z-
shift acting on n which will have an interpretation in terms of tensor branch flows shifting N.) We
say that A has level
6
k= (Z zm) + 4ny + 3ng + 2ny . (3.13)
i=1

This gives another way of understanding the Kac diagrams mentioned in section 2.1. Moreover,
k= \), (3.14)

where § is the smallest positive imaginary root. Hence the dominant coweights of level k£ can be
identified with the pairs (Akac,n) of a Kac diagram of level k and an arbitrary integer n. In the

notation of [82], one writes

Agac = (K, A), A= niwy = Aicac — kd . (3.15)
i#1
Note that A(a) = Agac(@) for any a € ®,¢ and A(a) = A(«) for any o € ®. The point of the above

discussion is to highlight the three different ways of writing dominant coweights for affine Fjs:

i) for [82], these are triples (k, A\,n) where X is a dominant coweight for the finite diagram, of

level (i.e. A(@)) less than or equal to k. In our notation, this form for \ arises from the direct

sum Yo = Zd & Z® @ Zc. In particular, X is a Z-linear combination of ay,..., o, hence
also of the fundamental coweights @y, ... ,wQV, introduced in the previous subsection.

it) Alternatively, we can write A in (3.12) as (Akac, ) Where Akac is a Kac diagram. Here Akae
is a linear combination of &; for i € A,g, and this decomposition arises from i) by considering
Zd ® Z®" as the span of the &. (This form helps to understand the connection with Kac
diagrams.) In particular, a given Kac diagram gives rise to infinitely many dominant coweights

in Yaﬁ‘ .
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ii1) Finally, we can express A as a pair (k, Acomb), Where Aeomp is a Z-linear combination of the
simple coroots o for i € A,g, subject to the positivity conditions (i, Acomb) > 0 for i # 1
and (a1, Acomp) > —k. This arises from the decomposition ?aﬁ” = Zd®ZP)s. (In the notation
of i), we have Z®Y & Zc = ZPY;.)

3.2.2 Partial order on coweights

Recall from the previous subsection that the closure order on orbits in the affine Grassmannian
induces a partial order on the dominant coweights in g, with respect to which the adjacent pairs
(A, ) were classified by Stembridge [85]. We now explore the analogous partial order for dominant
coweights for the affine Lie algebra. Similarly to the affine Grassmannian, we write A < p if g — A

vV
R

is a non-negative integer linear combination of simple roots «, where ¢ € A,g. We explore the

statement g > A in each of the settings ¢)-iii) above for the dominant coweights.

iit) If (k, Acomb) < (I, ftcomp) then clearly k& = [. Thus, there are infinitely many connected
components of i}aff with respect to the partial order (at least one for each k); the partial order
arises solely from its restriction to Z®Y;. On the other hand, the meaning of Acomb < Acomb

is not immediately clear.

i) If (Akac,n) < ((Kac, ') then it follows from i) that Akac and pukac are Kac diagrams of the
same order; further, we clearly have n < n/. A (mathematically, but not physically) trivial
case i8 (AKac, ) < (AKac, n+1), by addition of c¢. (We will see in section 4.1 that this minimal
degeneration corresponds to performing a tensor branch flow from a rank-(n + 1) E-string to

a rank-n E-string.)

i) If \, @ are dominant coweights for g, both of level less than or equal to k, then (k,\,n) <
(k,7t,n) if and only if A < 7 in the partial order on Z®". Thus (using the fact that the
coroot lattice equals the coweight lattice in type Eg), for any dominant coweight (k, \,n) we
have (k,A\,n) > (k,0,n) (since ) is dominant, so is a non-negative linear combination of the
w,’ for i # 1, hence is a non-negative linear combination of the a; too). By our remark in
i1), it follows that there is exactly one component of i}aﬁ‘ for each positive value of k. This

component is periodic with respect to the Ag,. component.

3.2.3 Minimal degenerations for affine coweights

Let A = (Akac,n) be a dominant coweight in i;aﬂ‘. As per the finite case, if I is a connected
proper subdiagram of the affine Dynkin diagram then we define @} to be the highest coroot in the

corresponding (finite) root subsystem. As coweights, we have ay = §;r —&; . We have:

_ 2&1 if I = Ej,
5[ =

Zedgejfl & otherwise,
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and 5? = & if I = Eg and follows exactly the same pattern as w}L (see section 3.1.1) otherwise.

We are interested in the adjacent pairs of dominant coweights for the affine Lie algebra of type
FEg. This combinatorial problem has been solved for arbitrary affine Kac—-Moody Lie algebras, by
Roy [101]. The results for type Fg (indeed for any simply-laced case) are:

Theorem 3.1 (Roy). For g of type Ex, let A\ = (MAkac,n) = (k,\,n) be a dominant coweight for
gaft- If K =1 then A = & + nc, and the only minimal degeneration A < p is p = A+ c. Fork > 1,

the minimal degenerations are:
i) A< XA+ aj where I is a connected component of the subdiagram of zeros of Akac;
W) A <A+ where Xaj) > 0 for all j connected to i by an edge.

Directly generalizing the cases in section 3.1.2, we will refer to these as type ¢) and type i) minimal

degenerations. As an example, consider both types in the framework of the previous subsection.

i) If I does not contain the affine node, then yu = (k, A + @y, n), so this can be identified with
a degeneration in the ordinary affine Grassmannian of Eg. If I does contain the affine node

then ¢ — @} is a positive coroot and p = (k, A +c—ay,n+1).

i) If i is not the affine node then p = (k, A\ + o, n). If i is the affine node then yu = (k, X —
av,n+1).

3.2.4 Relationship between N and n

The dominant coweights are the triples (k, X\,n), with A a dominant coweight on the finite root
system satisfying (@) < k. The subset of dominant coweights with fixed values of k& and n has
a unique minimal element (A = 0), hence is connected. For instance, for k = 4 this leads to a
Hasse diagram such as [78, Fig. 12] (which is also identical to the Higgs branch RG flow hierarchy
of [127, Fig. 1] obtained via 't Hooft anomaly matching).

In [78, Fig. 11, Fig.s 13-25], different hierarchies were considered: in that case the number of full
and fractional instantons was kept constant. (Note that N (75) = Ng # Nhere, i-€. the number of full
instantons, c.f. footnote 31.) Given the full semi-infinite periodic poset of coweights of (fized) level
k, the value of n for a given coweight A is equal to the value of n for the maximal coweight v < A
with 7 = 0. This stratification (by value of n) is therefore very easy to understand in terms of the
combinatorics of coweights. On the other hand, we are interested in Coulomb branches M¢(u, \)
with @ = 0, so, given any A, we want to understand the minimal coweight v with 7 = 0 satisfying
v > A, i.e. we want to find the minimum value of n such that (k,0,n) > A. Note that the hierarchies
in [78] each contained a unique maximal node, with Kac diagram [1¥], i.e. with A = 0. (These were
however depicted with A at the bottom of the Hasse diagram. With this convention, the direction
of flow — i.e. smaller a — is downwards; note that the IR strata are of larger dimension.)

In all of the following, integers i’ are interpreted in formulas “without primes” when required;
the notation [x], resp. |x] means the smallest integer greater than or equal to x, resp. the greatest

integer less than or equal to x.
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Lemma 3.2. Let \ = (k,x, n) be a dominant coweight for gag. Let n; be the coefficients of Akac,
let X=3",, mia}, and let

6

. ny + ny Ny + Ny + 2Ny

Np:Zni—l—p, pzmln({?’2 4J,{2 Z 4J> (3.16)
i=1

as in (2.7). Then:
a) The minimum value of m such that (k,0,m) > (k,A\,n) is n + max;z [2+];
b) in terms of the Kac coefficients, this value is n+k — N,.

Proof. We may clearly assume n = 0. By the discussion in section 3.2.1, we have \ = > 21 niw, .
Hence we have to find the smallest value of m such that me > 37, niw;. The equality m =
max;x1 [+ ] is clear, so we only have to prove (b). It is easily observed from the inverse Cartan

matrix that
c+al  +2aY 4. +(i—1aY fi=2,...,6,

) ayray st i,
C) aY 4aY 420 +3%5 oY ifi =3

o T Qg & =10 =9,

ay, + 2ay, + 2ay, + 42?21 ay if i =4'.

In particular, this implies that m < 2ny 4 3ng + 4ny + S0 (i — 1)n; = k — 3.0, n;. Then:

6
(k - Z n,) c— = (ng +ng)ay + (ny +nz + 2ng)ay + (no + 2n3 + 2ng)ay, +
i=1
6
+ ) (20 + 3ng + 4ng + nig1 + 2nig2 + .+ (6 —i)ng) o) (3.17)
i=1

Note that n3';n4’ < n2'+2nj'+2n4' and n2’+n§ +2ny < 2n2’+3%3’+4n4’. It follows that the smallest
value of m such that me > Xis k — 320, n; — min( Ln:”';%' 1, Ln2'+ni§+2n4' 1), which equals k — N,

as required. ]

Example 3.3. a) Let A = (Akac, 0) where Akqc is the Kac diagram [3',2"2]. This can be thought
of as wy, + 2wy, = &y + 28y — 7&1. Then k=7 and N, = S ni=p=0. Concretely:

A =@y + 2wy = Tay + 1day + 21ay + 28ay + 350 + 24a), + 18ay + 13ay, ,  (3.18)

and this is the unique expression in Z®" for X\. The smallest multiple mc satisfying mc > X

is m = 7, obtained from [12] = 7. This is clearly equal to k — N,,.

b) Consider instead p = ([4',3'],0). Again k =7 and 3.°_, n; = 0, but here N, = 1. We have

=y +wy = Tay + 1day + 21ay + 28ay + 350 + 24, + 18y + 12ay, ,  (3.19)
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with only the coefficient of 2’ changing. (We see here that @ < A\ = 1 + ay, is a minimal

degeneration.) In this case we can read off that m = 6.

¢) Finally, consider vkae = [3/,2/,1%]. Then k = 7 and p = 0 as in (a), but now N, = 2. We

have:
U =wy + wy = bay + 10ay + 150 + 200y + 250 + 17 + 130y, + 9oy (3.20)

and the value of m is 5 (seen from the values of mg, my/, ms and my ).

Now we note that each time the number n+k — N, increases by 1, the number NN 75 decreases by
1. Recalling also that N 7g) = Npere + N, we therefore set Nhere = —n.3!

We close this section with an explanation of the difference between the hierarchies of Higgs
branch RG flows that have already appeared in [78] for any k and in [110,127] for a few chosen

values of k, since they use different notions of N.

e In [78] we have kept the total number of instantons (full and fractional), i.e. N, + N in
our present notation, fixed (for ease of presentation, and in analogy with what was done
in [76]). Then, since in those flows the number N, of fractional instantons increases along
the Higgs branch RG flow, to compensate this increment the number IV of full instantons has
to decrease. So, we are performing tensor branch flows down the hierarchy. As a result, n

mcreases.

In that paper we have explicitly verified that Aa > 0 for all such flows. The allowed transitions
(compatibly with the a-theorem) between orbi-instantons are determined via 3d magnetic
quiver subtraction. Such hierarchies can be understood as connected subdiagrams of the
Hasse diagrams at fixed level k that we will present below. They are obtained at fixed values

of n+k — N,, so by slicing by minimal coweight with Kac diagram [1F] > A

e In [127], which only analyzed the k = 4 case, the number N of full instantons (and conse-
quently n) is held fixed (so there are no tensor branch flows involved), and the flow is between
orbi-instantons from higher to lower number of fractional instantons, i.e. N, decreases (as
well as the total number N 4+ N,, as a consequence).

Again, in [78] we have verified that Aa > 0 for this second choice. The allowed transitions

are determined via a 't Hooft anomaly matching analysis.*”

e Finally, [110] constructed RG flows for a few values of k, and both N and N, are decreased

along the flow. Again, this is done via 3d magnetic quiver subtraction.

31Tn the notation of [76], we therefore have n = —N3 = — Nhere, but N (78] = Ne. We remark however that the a
anomaly formula in [78] was expressed in terms of Ns.

32Essentially, one subtracts from the 6d anomaly polynomial of the UV SCFT, the one defined by Kac diagram [1¥],
the anomaly polynomial of all other IR SCFTs (defined by the other allowed po’s), and checks which subtractions
are perfect squares, according to a criterion of [136,137]. All such subtractions represent allowed flows from UV to
IR SCFTs.
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) N, =0 RG flow direction: 1], N, — 4
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2,2], N, =1 3,1, N, =2
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2,1%], N, =3 [4'], N,=0
[1], N, =4 2], N, =0

Figure 2: The hierarchy of Higgs branch RG flows for k = 4 from [78, Fig. 11(c)] (left) and [127, Fig.
12] (right), which are also shown in figure 3 (on the left and right respectively), and with red and blue nodes
respectively in the right panel of figure 5. (Notice that in the above diagrams we are disregarding branchings
between flows.) In the first the value of n increases (as —n decreases), whereas it remains constant in the
second. The a conformal anomaly decreases from top to bottom along the yellow arrow.

See figure 2 for a pictorial representation when k = 4. See figure 3 for the actual hierarchy of RG
flows in the prescription of the first, respectively second, bullet here above. In sum, because of the
semi-infinite periodic structure of the double affine Grassmannian’s Hasse diagram, we can decrease
N, and N simultaneously: within a fixed-NV slicing (i.e. subdiagram) of it only N, is reduced, but
we can also “transition” from an orbi-instanton at rank N (i.e. with N M5-branes) to another at
N — 1, which are generically defined by two different Kac diagrams, by performing a tensor branch
flow. In the next two sections we will construct such Hasse diagram and prove that for both types

of transitions Aa > 0.

3.2.5 Geometry of the double affine Grassmannian

As remarked earlier, the symplectic leaves in a slice Mc(u, A) in the double affine Grassmannian

(when k > 1) are expected to be indexed by two pieces of data:
e coweights v with A <v < u;
e for each such v, and for each M such that v — M¢§ > A, a partition [m;] of M.

Let us denote by M[én i](y, A) the symplectic leaf corresponding to v and the partition [m;]. Note
that we count the case M = 0 (i.e. the trivial partition), which is exactly Mgt (y, X). The
partial order on symplectic leaves restricts to the dominance order on coweights outlined in section
3.2.2. The dominance order also replicates some of the partial order for nontrivial partitions: if
A<¢é<v<pand £ — Mé > A then

M, 2) > ME (e N (3.21)
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143 Jm
(N—4,N,=4) (N,N,=0)
(1] ¢ f= Ex [2%] > § = 50(16)
(a) N+ N, fixed (b) N fixed

Figure 3: Hierarchies of flavor Higgsings for k = 4: on the left N + N, fized (both N, and n increase), on
the right we are keeping only N fized (both N, and n decrease).

There are three further transitions generating the full Hasse diagram of symplectic leaves in

Mc (i, A), as we now explain.

i) Firstly, let us subdivide the partition [m;] into two subpartitions [mgl)], [m§-2)] of My, Mo

respectively (with My + Ms = M). Since v — Md > X implies a fortiori that v — M1d > A,

then the parts m§.2)

(1)
can be deleted, producing the symplectic leaf M[gL : ](I/, A). The closure
of this symplectic leaf is expected to contain /\/l[én i](y, A). This aspect of the partial order

was considered in depth in [102,107] (see e.g. [102, Fig. 5(a)]).

ii) On the other hand, one also has (v — Msd) — M10 > ), hence there is a symplectic leaf
M[m }(V — M4, \). Any such stratum is in the closure of ./\/l[cmi}(u, A).

ii1) Finally, if we fix the coweight v and the integer M such that v — M > A, then the strata
are in one-to-one correspondence with the partitions of M. Joining any of the parts of the

partition [m;] together (always possible unless [m;] = [M]), one obtains a coarser partition
[m}] of M; then the closure of M%ﬂ"](u, A) contains M%ni](u, A).

/

Considering the last two types of transition, and taking all pairs (v — 19, [m}]) where [m)

]is a

partition of (M — ), we obtain a subhierarchy similar to [102, Fig. 5(b)]. In fact, a transverse
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slice from MEroth(y — MG, \) to M[ClM](V, ) is expected to be isomorphic to Sym™ (C?/Zy,). This
symplectic singularity is well understood (for example, it is known to have a symplectic resolution).

The above considerations lead us to the classification of minimal degenerations of symplectic
leaves (i.e. edges in the Hasse diagram), according to four basic types. We can also describe the
associated singularities. Recalling that the slice from Mgn ﬂ(v, A) is independent of A, it follows
that the singularities associated to each minimal degeneration are also independent of the choice
of A.

In the following, [m;] is a partition of M, with the parts taken in any order:

i) Degenerations M[Cmi] (v,\) D /\/l[g”} (&, \), where v > £ is a minimal degeneration of coweights
and £ — M > A. The singularity can be determined by an extension of the algorithm of [111]
in finite types, or using quiver subtraction: if v = £ + @} where I is a connected subdiagram
of the affine Dynkin diagram, then we obtain a minimal singularity of type I; if v = £ + o

then we obtain the surface singularity C2/Z,, 2.

i1) Degenerations /\/l[éni](y, A) D M[éni’l}(u, A), where v — (M + 1)6 > X. The singularity is a
union of [ copies (branches) of the minimal singularity eg, where [ is the multiplicity of 1 in
the partition [m;] (see e.g. [102, Fig. 5(a)]). (Note the presence of branching, which does not

occur in 7).)

iii) Degenerations M[Cmi](u, A) D M[d"mi*l’mi“"”](u —m;d, A) (including the case ./\/l[éw](y, A) D

Mgneoth(y, — M5, N)). The singularity in all such cases is C?/Zy, (where k is the level of \).

iv) Degenerations ./\/lgni](z/, A) D ./\/l[c'"’mﬁm”l"”}(y, A) (where there exist at least two parts of
the partition [m;]). Let [ be the multiplicity of m; + m;y1 in [...,m; + mit1,...]. Then
the singularity associated to this degeneration has [ isomorphic branches: these are C?/Zy if

m; = mj;+1 and are the non-normal singularity m from [109] otherwise.

Note that a mathematical proof of these results depends on extending [95, Thm. 7.26] to affine Fs.

However, the classification of the singularities is not needed for our proof of the a-theorem.

4 Hierarchy of flows as Hasse of dominant coweights

We can now bring the abstract lessons learned in the previous section to fruition, and construct the
hierarchy of flavor Higgsings among A-type orbi-instantons as the Hasse diagram of strata in the
double affine Grassmannian of Eg corresponding to dominant coweights A, ;1 connected by minimal
degenerations A < p (transverse slices). We will do so explicitly for £ = 1,...,7, even though it is

clear the algorithm presented above can be applied at any arbitrary level k.

4.1 k=1

The k = 1 case is somewhat degenerate and deserves a separate discussion. (Since there is no

orbifold to begin with, the theories in this class are just E-strings.) It falls into the class of diagrams
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studied in point 1) of section 3.2.2. The only allowed diagram is Akac = [1] s0 (Akac,n) = ([1],n)
is the only dominant coweight at level k& = 1. Therefore the only possible minimal degeneration
between diagrams is ([1],7) < ([1],n+1), and is of type eg according to theorem 3.1. That is, it is a
minimal eg singularity, which is the closure of the minimal nilpotent orbit of the Eg algebra, which
has dimyg ming, = 29 and Fg isometry as a hyperkihler space. N, =1 and the number N of full
instantons is given by n = —N. Therefore, we can equivalently label the dominant coweights by V.
Suppose we start with ([1], N), then each eg degeneration removes a 1, i.e. we land on ([1], N —1),
and so on. That is, this flow is a tensor branch one. (From the geometric perspective, this was
already analyzed in [137]; from the 6d anomaly polynomial perspective, in [136].)

On the other hand, we could also have Higgs branch flows corresponding to separating vertically
(along the M9) some of the M5’s, or even dissolving some (or all) back into flux. These transitions
are still captured by the degenerations in section 3.2.5.

Focusing on the tensor branch flows, the double affine Grassmannian at level 1 has a “degener-

ate” Hasse (sub)diagram:
S5 (LN +1) S (L,N) S (U, -1) = - 5 ([1),1) . (4.1)

Just as easily we can understand the transverse slices of type eg from a 3d Coulomb branch, or 6d
Higgs branch, perspective.
If £ = 1 there is no orbifold in the first place: the N Mb’s are just probing the M9, and this

engineers a rank-N E-string rather than an orbi-instanton, with electric quiver

[Es]12---2 . (4.2)
N

Each tensor branch flow contracts the —1 curve to zero size, and F-theory requires [138] that the
adjacent —2 in turn blows down to —1, leaving behind a rank-(N — 1) E-string. This process can be
iterated all the way down to [Es]1, the rank-1 E-string corresponding to ([1],1), or even to empty
theory corresponding to ([1],0) (i.e. with 0 M5’s).

What does this correspondence mean in practice? If we include the center-of-mass hypermulti-
plet degrees of freedom, the Higgs branch of the rank-N E-string has dimyg HB = 30N, which for
N =1 gives 30 = 29 + 1 = dimyg ming, + dimyg H. This agrees with the dimension of the Coulomb
branch of the magnetic quiver for the “¢ = 1 N = 1 orbi-instanton” (i.e. the rank-1 E-string)

in [132, Eq. (2.20)],%
3

\
1-1-2-3-4-5—-6—-4-2, (4.3)

given by the total sum of the gauge ranks minus 1. (See appendix A for general definitions and
results on magnetic quivers, in particular the dimension formula in (A.8), when k£ > 1.) This is
not a coincidence, as the Coulomb branch of the above quiver is by construction the same as the

Higgs branch of the E-string SCFT (via compactification on T2 followed by mirror symmetry).

33This quiver is the “over-extended” affine Es Dynkin quiver introduced in [139, 140].
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Decoupling the center-of-mass hypermultiplet,®! the Higgs branch of the interacting part of the E-
string theory is given by the reduced (i.e. centered) moduli space of N Eg-instantons on C? [141],
i.e. dimgHBE gty = 30N — 1. For N = 1, this has quaternionic dimension 29, as does ming, or the

Coulomb branch of 5

\
1-2-3-4-5-6-4—2, (4.4)

which is the magnetic quiver originally proposed in [121, Eq. (2.27)].%

In other words, in the language of (1.6)-(1.7) there are no flavor Higgsings (slices between
dominant coweights at level k) but only “U; slices between the stratum of the symmetric product of
N objects (M5’s) identified with the partition [N] and the analog stratum for N — 1 objects. This
Higgs branch flow is an instanton transition dissolving one M5 (or more) into flux. Notice that these
symmetric products have nontrivial Hasse diagrams themselves, corresponding to separating the
N M5’s into substacks (according to a partition [n;] of N). Here, we are neglecting slices between
strata of a given symmetric product (i.e. different partitions [n;]) as well as slices between strata
of two different symmetric products except for the one identified with “U;. (The schematic form of
the full Higgs branch of the rank-N E-string can be seen in [108, Fig. 3.6] and was given already
in [120, Fig. 45] for N = 2.%9)

Finally, for £ = 1 we can already give a direct computational proof of the a-theorem, given the
simplicity of the transverse slices between the strata considered. This is done as follows (we repeat
the argument of [66] for the convenience of the reader). The eight-form 6d anomaly polynomial of
the rank-N E-string plus free hypermultiplet I = It gy + Iree hyper Was computed in [141] (to which

we refer the reader for the notation), and reads:

4N3 +6N? + 3N 5 G6N?+4+5N 7N s N
I= — (T ——p1 (T — —po(T 4.
91 c2(R) 18 p1(T)e2(R) + 192p1( ) 48p2( ), (45)
4N3 + 6N? + 3N 6N? + 5N
IE-str = CQ(R)2 - 5 P (T)CQ(R)
24 48
7(30N — 1) 5 120N —4
— I (T)" — ——po(T 4.
5760 p1(T) 5760 p2(T) , (4.6)
Tp1(T)? — 4pa(T)
Ifree hyper = 5760 . (47)

7p1(T)%—4p2(T)
5760

Higgs branch of the theory, since is the contribution to the 6d anomaly polynomial of
a single hypermultiplet. Then, (4.5) gives dimyg HB = 30N, while (4.6) gives dimyg HB = 30N — 1,

as expected. The a anomaly can now be computed applying the well-known relations [66, Egs.

In particular, from the relation I > dimy HB one can read off the dimension of the

7p1(T)2—4pa(T)
5760

34A free hypermultiplet, corresponding to the center-of-mass motion of the N M5’s decouples from the dynamics.
It corresponds to a translational mode of the codimension-4 instantons on C? [136].

35Here k [121] = 4.

36The full semi-infinite periodic Hasse diagram should also be recoverable using the decorated quiver subtraction
algorithm of [102,107], though the complexity of this procedure increases dramatically as we increase k, as we should
also include slices among the symmetric product strata themselves, corresponding to the “reunification” of substacks
of separated M5’s into larger and larger substacks. We would like to thank Antoine Bourget and Julius Grimminger
for illuminating discussions on this point. The new algorithm of [142,143] should remedy this situation.
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(1.6) & (1.7)] to (4.5), yielding [66, Eq. (5.2)], namely:

64 144 99

QE-str + free hyper(N) 7 N3 7 N 7 N (48)
64 144 99 11
r(N)= =N34+ N2 4+ =N — — . 4.
apsu(N) = 7N+ == N+ TN = 75 (4.9)

It is easy to verify the a-theorem for tensor branch flows:

Aatensor = AE-str + free hyper(N + ) — AE-str + free hyper(N) = aE—str(N + 1) - aE—str(N)
192 480 307
=N N0 (410

for any N > 1. Similarly, for a Higgs branch flow dissolving M M5’s into the M9 we have

AaHiggS = AE-str + free hyper(N) - 30Mafree hyper = aE—StI‘(N) - 29Mafree hyper (411)
64 144 99
— N34+ —-N?4+ N - 29—M 4.12
7 7 7 7-30 ( )

which is positive for

1920 4320 270
N3 N2+ _N>M, 4.1
519 T 310 959 " 7 (4.13)

ie. forany 0 < M < N.

4.2 k=2

The k = 2 case is the first for which actual orbi-instantons exist (i.e. we have a C?/Zy orbifold in
M-theory).

In figure 4 we can see the repeating pattern of the semi-infinite Hasse diagram: in red we have
highlighted the hierarchy of RG flows at fixed number N of full instantons,?” whereas in blue the

hierarchy at fixed total number of instantons (full plus fractional), which coincides with [78, Fig.

11(a)].

43 k=3,...,7

In this section we simply showcase the Hasse diagrams of dominant coweights of affine Fg at level
k=3,...,7. Once again, the a anomaly decreases along any allowed path, and by slicing at fixed
N + N, we recover the hierarchies of [78].

3"The red slicing can also be seen in the leftmost column of [108, Fig. 3.1], when read from bottom to top. (That
is, the a anomaly decreases when climbing up that diagram: the top leaf is the largest, the bottom one the smallest,
and the opposite is true for the associated a anomalies.) Only the bottom three entries in that column correspond
to orbi-instantons, namely Kac diagrams [12], [2], [2/] respectively, with the others corresponding to either (decoupled
collections of) E-strings (indicated by U) or the empty theory (top entry).
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Figure 4: A cutout from the semi-infinite periodic Hasse diagram of dominant coweights at level k = 2, that
is the hierarchy of flavor Higgsings between orbi-instantons for k = 2 and reducing numbers of full (N ) and
fractional (N,) instantons. The labels on the transitions are the minimal degeneration types from section 3,
and correspond to the subtraction of the 3d magnetic quivers associated with the UV and IR orbi-instantons.
The a conformal anomaly decreases along all allowed oriented paths (RG flows).

5 Proving the a-theorem

We are finally in a position to prove the 6d a-theorem for Higgs branch RG flows of the flavor
Higgsing type between A-type orbi-instantons. To prove that Aa > 0 for all allowed flows we use
the partial order on the Hasse diagram of dominant coweights of affine Fg, and express a in terms

of combinatorial data of the latter.

5.1 The exact a anomaly of A-type orbi-instantons

We retain all the notation A = (Akac, n) = (k, \,n), nj, N, (defined in Lemma 3.2) and the relation
N = —n determined in section 3.2.4. In particular, the condition that the total number of full
and fractional instantons is at least equal to k is given in our notation by n < N, — k. Recall
that there is a bilinear form (.,.) on Y (7') which is invariant with respect to the Weyl group and
which satisfies (A, a") = A(«) for any root a.. For distinct simple coroots o, a}/, we therefore have

(af;af) =2 and (o, af) is =1 if i — j is an edge of the Dynkin diagram, and is zero otherwise.
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Figure 5: A cutout from the semi-infinite periodic Hasse diagram at level k = 3,4. The magenta node is
shared between blue and red slicing (connected subdiagram). The blue slicing coincides with [78, Fig. 11(b,c)].
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Figure 7: A cutout from the semi-infinite periodic Hasse diagram at level k = 7. The full diagram is
too long to present here, so it has been cut into three pieces here corresponding to (a), (b), (c), with each
beginning where the previous ends. Some overlapping regions have been presented for clarity. The magenta
node is shared between blue and red slicing (connected subdiagram). The blue slicing coincides with [78, Fig.

13].

Expressing A as Yica b, we therefore have:
<X, X> = Q(b% — b2b3 + bg — ...+ bg — b6b3/ + b%/ — b6b4/ —+ bi/ — b4/b2/ —+ b%/) . (51)

The quadratic form (X, ) is the length function; it is simply the bilinear form obtained from the
Cartan matrix for Eg. When X\ = dicA n;w,;’, then the length function is obtained from the inverse
Cartan matrix. One important property is that (A, A\) = 2 if and only if X is a coroot.

An equally important function is obtained from the Weyl vector p = % Yoacht =D icA Wi €
X (T). This satisfies af(p) = 1 for all simple coroots a;’, hence we obtain the height function:

A(p) = D ;en bi where X =3, 4 b}

The a anomaly of orbi-instantons can be extracted from the anomaly inflow calculation in [76,
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Sec. 3.4]. In our notation, i.e. when expressed in terms of the data A, k,n, it reads:

3 16 — — 48 —
a=—-Xp) - =N [ — 150 + k (602 — 6kn + 2K + 13) } + = [k - n}
1
+ o [ 502 + 14415k + 251k2 + 3680k3 + 576k
0 (5.2)
— (18900 + 12960k + 2880k")n + 2880k (5 + 2k*) n® — 3840k°n’
+400 3 Ma)* 96 Y X(a)ﬂ.
acdt acdt
Since N = —n, we see that a can only depend on N and the choice of Kac diagram Agac = (k, \),

and its large-N leading term (%N 3k?) scales like N3 and is universal, as it should.*® For example,
it is straightforward to verify that for k = 1 (which implies A = 0, \(p) = (A, A) = 0) the expression
in (5.2) correctly reduces to (4.8).

5.2 The proof

Because of Roy’s Theorem 3.1, the proof of the a-theorem for & > 1 is reduced to the statement:

Aa = a(\)—a(p) > 0 for any pair A < p of dominant coweights of either of the following two forms:
e Type i): pt = A+ @) where [ is an irreducible component of the subdiagram of zeros of \.
e Type #): pp =X+« where n; > 0 for all j which are connected to ¢ by an edge.

The proof comes down to a case by case check for each of the 53 proper connected subdiagrams of
the affine Dynkin diagram in Type i), and each of the nine simple coroots in Type 4i). Although
one could in principle deal with these cases by hand, many of the calculations become rather
complicated; we therefore checked the details with a computer. (We used the computational algebra
platform GAP.) We will however sketch an argument that covers most of the cases in Type 7). Note
that this type is often more straightforward to compute, because various coefficients n; must be
Z€ro.

Let A < p be a pair as in Type ). For simplicity, assume until further notice that I does not
contain the affine node aj. Then A = (k,A\,n) and u = (k,A + ay,n) (i.e. the value of n does
not change — there are no instanton transitions in this RG flow). Hence the second and third lines
in the formula for the a anomaly (5.2) are unchanged in passing from A to u. It follows from our

earlier discussion that 7i(p) = A(p) + hy — 1, where hy is the Coxeter number of the root subsystem

spanned by I. Moreover, by assumption we have (\,@Y) = 0 and hence
(mm) = (A +aj, A+ay) = (AN + (@), ar) = M\ +2. (5.3)

These observations lead to a simple formula for the change in the first line of (5.2). For the final

line, we need to analyze the change in values of > o+ A(@)® and Y o+ Ma)®.

38Gee [73,74] for analogous calculations in T-brane theories. This leading term was also obtained via holography
in [74,144].

38



5.2.1 Considerations on sums of powers of roots

Fix an integer m > 1. Let

Fu(®) = 3 Ma)™ (5.4)

a>0

which we think of as a homogeneous form (i.e. a multivariate polynomial in the coefficients n;) of

degree m. Introduce bihomogeneous forms of degree (m — i,1), defined as follows:

- m

EW(X,0) = 'l)' > Ma)" () (5.5)

il(m —
acdt
Then F,(A+0) = Y, j2l9 (X, 0) for all A\, . In particular we have £V (\,0) = F,,()\) and
i (A, 0) = F,(6). We will carry out a general analysis of the linear and quadratic functions

F},})(X, —) and jolQ (A, —). We assume X = Y, n;ww, where n; > 0 for all i. (In this section, all

such sums are over 7 # 1, i.e. i € A.) We start with the following observations.
Lemma 5.1. If (\,0) = 0 then F,g)(X,G) =0 form > 1.

Proof. By definition, F#})(X, 0) =m0 Ma)" 10(a). Since 6 is a linear combination of coroots
o) with A(e;) = 0, it will suffice to prove the Lemma for § = o). The positive roots 8 € &\ {a;}
are either orthogonal to ; (in which case A\(3)0(3) = 0) or belong to a chain 3, 3 + «; of positive
roots, with 6(8) = «(8) = —1. Then AX(B)™ 10(B) + A8 + ;)™ 10(B + a) = —X(B)™ ! +
A(B)™~! = 0. Summing up over all such chains, we obtain FT(,LI)(X, 0) = 0. O

To understand the quadratic form F,(n2 ) (X, —), it will be useful to express A simultaneously in

terms of fundamental coweights and simple coroots:
X = Z nzw;/ = Z biaz\/ . (5.6)
i i

By assumption, n; > 0 for all i. Writing 6 similarly as ), ¢;e), we have:

_ F,,
FD(X,0) = ‘967@ . (5.7)

We therefore obtain:

Corollary 5.2. For any m > 2, %Lbz_" 18 divisible by n;.

We note the special case %{? = 60n;. (In fact, we have F»(\) = 30(\, \), which can be deduced
from inspection of (5.1).) For m > 2, we write %Lb’i" = p;n;, where p; has degree m — 2. Similarly

to the above, we have:

2 2
FEA (X, 0) = EZ O L c; + i} CiCj » (5.8)
— j
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where the second sum is over the unordered pairs i # j. We are especially interested in the case
0%F,
ab?

(X, 0) = 0, which is equivalent to ¢;n; = 0 for all i. Hence we only need to know the coefficients

F
modulo multiples of n; and dba% modulo linear combinations of n; and n; (written: mod (n;, n;)).
Recall that the support of = . ¢;a is the set {i € A : ¢; # 0}. The support of a coroot is a

connected subset of the Dynkin dlagram.

Lemma 5.3. a) If i — j is an edge then p;(\) = p;(A) mod (n;,n;).

b) Assuming (X, 0) = 0, we have F? N 0) =Y, pi(\)e? — doiej pi(N)cicj, where the second sum
is over all edges i — j, taken in any order. (This is well-defined, by (a))

c¢) If in addition the support J of 6 is connected then F(2)()\ 0) = Qp] (M\)(0,0) for any choice of
j € J. In particular, if 0 is a coroot then Fr(n)()\,é?) =p;(N).

Proof. Clearly, a%i(ni) = 2 and, for j # i,

0 —1 if 7 — j an edge,
J 0 otherwise.
From the above, we have aafgm =2p; + nZ ’ and
2 8]72 . f s d
0°F,, n’(’)b pi 11— al edge,
= 5 . (5.10)
dbi0b; n; af’ otherwise.
We see immediately that if i is not connected to j by an edge then 2 8b m is divisible by n;, so the
cicj term can be omitted from the sum when (), 8) = 0. Furthermore, 1f i — j is an edge then we
have g;% = —p; = —p; mod (n;,n;), giving (a) and (b). For (c), we observe that if 4,j € J and
2 2
i—j is an edge then (since (X, 6) = 0) we have n; = n; = 0 and %885; =pi=pj = %88% = —gbig’l;;.

By assumption, the indices 4, j, k, etc. in J can be connected by edges i — j, 5 — k, etc. and we
therefore obtain F\2) (A, 0) = pi(\)(c? — cicj + c? —cjep+c2—...) = pi(2)(0,0). The final assertion
follows from the fact that (a¥,a) = 2 for any coroot a". O

The above observations apply to Fj, for any m > 1. Note that if m = 2 then equality of the
second order mixed derivatives and the connectedness of the Dynkin diagram imply that p; = p; for
all i,7. (It is straightforward to calculate that p; = 60.) The observations in the proof of Lemma

5.3 are also quite useful when m = 3.

Opi _ Opj 0

Lemma 5.4. Assume m = 3. If i is not connected to j via an edge then b, = o6 =

Proof. By the remark in the proof of the above Lemma, we have n; gbl =n; gb Since p; is linear,

it follows that gg’_ and % are scalars, hence they must both be zero. O
J 7

The previous two lemmas suffice to determine (up to a common scalar multiple) the polynomials

p; modulo n;. Although computer verification of the following Lemma is very straightforward, we
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have retained the conceptual proof because the same argument can be applied to an arbitrary

simply-laced Lie algebra.

Lemma 5.5. In the case m = 3, we have p; = 12bg for i = 6,3',4',5 and:

po = 12(bg + nys) mod ny, pg = 12(bg + ns) mod ny , (5.11)
p3 = 12(bg + n5 + 2n4) mod n3, p2 = 12(bg + ns + 2n4 + 3n3) mod ng . (5.12)

Proof. By Lemma 5.4, p; depends only on b; and the b; such that ¢ — j is an edge. It follows in
particular that ps is a linear combination of by and bg, and pg is a linear combination of bg, bs/, bys, bs.
Since pg = py mod (ng/, ng), then pg must be of the form £bs + &by +nbg +vbs. By exactly the same
argument using py, we must have v = £. Hence pg = £(bs + by + b3r) + nbg = —Eneg + (0 + 28)bg.
Writing psr = yag + zbg similarly, we obtain (by an equality above) zng — yby — zbg = Eng — &(bs +
by + by) —nbg, so & = 0. Thus pg = nbg. Subject to calculation of 1, our previous observations
now allow us to determine all the coefficients p; modulo n;. In particular, ps is congruent to nbg
modulo (n3/,ng), but is also a linear combination of by, bg, hence we must have p3 = nbg mod ng.
Similarly, py = nbg mod (ny) and ps = nbs mod (ns). Now, po is congruent to nbs modulo
(ngr,ny); the only linear combination of by, by which has this property is n(bg+n4) = 1n(2by —bar).
Similarly, we must have py = n(bg + ns) = n(2bs — by) mod ny. With the same argument, we obtain

p3 = n(be+mns5+2n4) = n(3bg — 2b3) mod n3 and py = n(bg + ns + 2n4 +3ns3) = 1(4bs — 3b2) mod no.
Fs _ 40ps
ob3 — T obg
Hence the coefficient of ¢§ in F3(6) is 2. But F3(a) = 8, hence n = 12. O

It only remains to determine 7. It follows from our earlier observations that = 4n.

Corollary 5.6. If \(8) = 0, then FEEQ) (X, BY) > 12bg, with equality if the support of B contains at
least one of 6,5,4',3.

Note that the condition in the Corollary fails precisely when 8 = asos or § is in the root subsystem

generated by asg, as, ay.
Proof. This follows immediately from Lemma 5.3 and Cor. 5.6. O

Cor. 5.6 completes our analysis of F3. For Fj5, we will require a certain lower bound on
F5(2) (X, 8Y). In theory, a similar analysis to Lemma 5.5 could be applied to determine Fé2) (A, 0) as
a quadratic polynomial in the ¢;. By Lemma 5.3, we only need to find p;(A) modulo n; for each
i. The calculations involved are rather intricate, hence we turn to computer verification for the

following result. Recall that

6
k= Zmz + 2ngy + 3ng +4ngy =ng + (A, wy) =nq + by . (5.13)

=1

We define various integers 7; j, as follows. For fixed i, the number r (i) of such integers is i — 2 if 4

41



is an unprimed integer, 5 if i = 3/,4’ and 6 if i = 2/. For 2 < i < 6 we have

Ti,1 = E nj s Ti2 = E nj s e y Tiyi—2 = M—1 - (5.14)

2<j<i 3<j<i
Similarly,
6 6
TYI= D M. Ty =) M. Ty =g (5.15)
j:2 j:S
and 7y ; = 73 ; for all j. Finally, 7o/ ; = 73/ ; + ng +ny for 1 < j <5 and 79/ 6 = ng. Then we
have:

Lemma 5.7. Assume m = 5. Then we have:

1~ 5 —
5PN = =2(b2 = 73,1)” +6(b2 = i1 ) (A ) +2Z mod (n;) . (5.16)

Proof. This can be verified by a computational proof, differentiating F5 and dividing by n;. O
Corollary 5.8. For any root 3 with \(8) = 0, we have F ( ,BY) +20(2b3 — 6b2 (X, ) > 0.

Proof. By Lemma 5.3(c), we only need to show that s5p;(X) + 2b3 — 6b2(X, X) > 0 for each i. By
Lemma 5.7, it is enough to prove that G; + 2b3 — 6b2(\, \) > 0, where

Gi e —2(()2 — Ti?l)g —|— 6(b2 — 7'2 1 X X + 22 . (517)

This is a straightforward computer verification. In fact the following stronger property holds: G;

is non-decreasing as i moves along the Dynkin diagram from i = 2 to i = 2'. O

Note that pa(\) + 2b§’ — 6ba(\, A) = 0, so the inequality in the Corollary is sharp. We need one

final observation about Fs.
Lemma 5.9. For any root 3 with \(3) = 0, we have F5(3) (X, 8Y) =0 and F5(4) \,BY) =2 3( (\, BY).
Proof. We observe that the positive roots o come in three classes:

e we have 8Y(a) = 2 if and only if o = 3, in which case A\(3) = 0;

e the remaining roots with 3Y(a) # 0 come in pairs {a,a + 8}, where 8Y(a) = —1 and
BY(a+ B) = +1 (note that A(a + ) = Aa));

e otherwise, 3¥(a) = 0.

Let S be the set of positive roots satisfying 3¥(a) = —1. Then

> M) Y (@) =2 ) M) 1+ (-1)7) . (5.18)

acedt a€Sg
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In particular, we have F ( ,8Y) =0 and

P06 =6 XNa), FE'X ) =103 Xa (5.19)

OtESB a635
which completes our proof. O

Corollary 5.10. Suppose further that the support of 3V contains at least one of 6,5,4',3". Then
we have F3(A+ B8Y) = F3(\) +12bg + 8 and

Fs(X + BY) > F5(X) + 20(6b2 (X, X) — 2b3) + 20bg + 32 . (5.20)

Proof. Tt is straightforward to check F ( ,BY) = F3(B8Y) = 8, since (using the argument in the
proof of Lemma 5.9) the only class of positive roots which has a non-zero contribution to the sum
is a = 8. Similarly, F5(38Y) = 32. O

We use the notation b; for brevity in the above formulas. In the sketch of the proof of the

a-theorem which follows, it will be important to bear in mind the equalities:

6

by = 2ng9 4+ 3ng + dny + Zml =k—nq, (5.21)
1=2
- 6 5
b = (N, o) = 10ny + 15ny + 20y + Y 6ing =5k — > (6 —i)n; . (5.22)
2 i=1

5.2.2 Finalizing the proof

Let (A, u = MA@} ) where I is an irreducible component of the subdiagram of zeros of A. Assume the
support of I contains at least one of 6,5,4’,3', so that Cor. 5.10 applies. We recall the requirement
that n + k — N, < 0; in particular, we have n < 0. We here outline the uniform argument which
establishes Aa = a(A) — a(p) > 0 in these cases; the remaining (and indeed all) cases have been
checked by computer.

Inspecting the a anomaly (5.2) and using Cor. 5.10, we can rewrite it as

2
Aa = g(hf — 1)+ 37(61m2 — 6k®>n — 15n + 2k> + 13k)

80 40
~ Db — o (b +2) +

B2 (X 1) (k—n) +

8 ~ v
35F§>(A,a) be+ (h1+14) (5.23)

Subtracting the strictly positive term %h} + %3, it will suffice to show that the sum of the

remaining terms is non-negative. Multiplying by 312, we obtain a quadratic polynomial in n of the

following form:
e the coefficient of n? is 6k, hence is positive;

e the coefficient of n is —6(k* — (X, A)) + 9
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Note that the linear coefficient here is always negative (but n is non-positive). In fact, we observe
that (X, \) < k2. Indeed, we have k > > iz1ini and

A A) = Z<w;/, w!)n? +2 Z(w;/, wjv>nmj , (5.24)
i i#]

and one sees easily that <w;/,w}/> < ij. Adding the non-negative term 6kn® — 9(n +k — N,), it

will suffice to show that the following expression is non-negative:

— = 3 1 T ~
20 — k(X X) — Jbs + 16k + 2—0F5(2)()\, ay) — 9N, . (5.25)
Recalling that k = by +n1, we note that this expression is increasing with ni, hence we may assume
k = by. The sum of the cubic terms is 2b5 — 6ba(\, ) + 2—10F5(2) (A, @y), which is non-negative by
Cor. 5.8.

It only remains to check that %bs + 9N, < 16b. But it can be easily verified that:

32by — 3bg = 46no + 60n3 + 74ny + 88ns + 102ng + 5lng + 68ny + 34ny (5.26)

from which the required bound follows immediately.

This proves the desired inequality in the cases where T = X + ay and I contains at least one of
the nodes 3',4',6,5. It is worth remarking again that the sharp equality in Cor. 5.8 is exactly what
was needed to deal with the cubic terms in Aa. We used the computational algebra platform GAP
to check in all cases (including these, and the Type 4i) cases i = A + o) that the bound Aa > 0
holds.

6 Conclusions

In this paper we have realized the hierarchy of Higgs branch RG flows between the A-type orbi-
instantons as the Hasse diagram of the stratification of the double affine Grassmannian of Eg. The
strata that we have considered are given by the orbi-instantons (with no decoupled E-strings) at
fixed k but different holonomy at infinity po, and (potentially) number N of full instantons (M5-
branes); the transverse slices among them are the flavor Higgsings reducing the Eg flavor symmetry
of the UV SCFT on its Higgs branch. Exploiting the natural partial order defined on this Hasse
diagram, we have proven analytically the a-theorem for all such RG flows.

Several extensions of this work can be considered. In this work we only considered the case where
I'apE is cyclic, i.e. of type A. For ['apg of type D or E, the problem of classifying homomorphisms
Fape — G is (in general) open. The homomorphisms from I'g, to exceptional type G have been
classified in a series of papers by Frey [145-147]. Some partial results on homomorphisms from I'p,
and I'p, to Eg were also obtained in [145]. In subsequent work with Rudelius [127], a conjectural
classification of homomorphisms I'p to Eg was given in terms of orbi-instantons (and their F-theory

electric quivers), leading to a partial order on such homomorphisms via RG flows. However, it is
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unclear what is the correct mathematical language to understand the flows.

For binary dihedral groups, i.e. for I' of type D, a “Kac-style” classification of homomorphisms
I' — Aut G is possible, using the theory of involutions of simple Lie algebras. The idea is as follows:
let Akac be a Kac diagram with an associated homomorphism I' : Z; — T C G into the standard
maximal torus of Fg. There is an element wqy of the Weyl group which acts as —1 on the Cartan
subalgebra (i.e. as ¢t — ¢t~ on T'). Furthermore, wy has a representative ng in the normalizer of T,

and n% = 1. It follows that I' extends to a homomorphism from the dihedral group
(a,b:a*=0"=1, bab™t=a1) (6.1)

to Eg, sending a to I'(1) and b to ng. One can modify this construction by sending b to ngg for
any g which commutes with I'(a), i.e. which lies in the zero subalgebra of Aka.. The challenge now
is to determine which g lead to homomorphisms from the binary dihedral group I'p, , to g, and
when two choices of g lead to conjugate homomorphisms. We will return to this in future work.
We remark here an obvious connection with unipotent orbits in G. (This connection was hinted
to at various places in the physics literature, perhaps starting with [75, Sec. 5].) Recall that the
conjugacy classes of such homomorphisms are in one-to-one correspondence with the homomor-
phisms SU(2) — G. Specifically, for each unipotent element = € G there exists a homomorphism
¢ : SU(2) — G such that ¢ (} 1) = u, and any two such homomorphisms are conjugate by an ele-
ment of the centralizer of u. If u # 1 then ¢ is either injective or has kernel {—1}. Thus, any finite
subgroup I'apg C SU(2) has image ¢(I'apg) C G which is isomorphic to I'apg or I'apg/{£I}. For
a fixed subgroup I'apg, this construction (ranging over various unipotent orbits) produces various
homomorphisms I'aopg — G. It is clear from Kac’s classification that not all homomorphisms from
a cyclic group I' to G can be extended to a homomorphism from SU(2) to G. By considering an
involution which acts as —1 on a fixed Cartan subalgebra, we observe that this also holds for binary
dihedral groups. On the other hand, in Frey’s classification it appears that all homomorphisms
from the binary icosahedral group I to Eg arise as the restriction of a homomorphism SU(2) — G.
However, it is quite possible for two distinct homomorphisms ¢1,¢2 : SU(2) — G to have the
same restriction to a finite subgroup I'ypg C SU(2). We mention for example that in Frey’s clas-
sification [145,147] there is exactly one homomorphism I — G whose image has trivial connected
centralizer. By a straightforward calculation involving standard results on centralizers [148], one ob-
serves that this holds for the restriction of the SU(2) for each of the following seven (distinguished)
unipotent orbits: those with Bala—Carter labels Eg (regular), Eg(ai) (subregular), Eg(az2), Es(as),
Es(as), Eg(bs) and Eg(ay). (These are the distinguished orbits for which the adjoint action of
the corresponding image of SU(2) has no summands S‘V for i = 12, 20, 24, 30, 32, 36, 40 etc.,
where V' is the natural representation for SU(2); such a summand would give rise to a subspace
fixed by I.) There is no apparent pattern to this repetition. The last observation complicates the
relationship between unipotent orbits and homomorphisms I — G: while one might expect such
homomorphisms to be encapsulated in the set of unipotent elements (the unipotent cone), this is

not consistent with the repetition observed above.
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Another direction worth exploring is the study of the Coulomb branch of the magnetic quiver
of 6d orbi-instantons as a quiver variety. The problem, as we mentioned in the introduction, is that
the former is neither of finite nor affine type, so it is beyond reach using results already available
in the mathematics literature. However, given its shape (see (A.7)), a possible trick would be to
“embed” in it a long quiver of type D to study (at least partially) the root space, which is needed
to apply the results of [77].

One final comment regards the study of the “full” Higgs branch of the orbi-instantons, by which
we mean also including flavor Higgsings of the right [SU(k)] factor in (2.5).%” As is by now well
known, these are classified by nilpotent orbits of its su(k) algebra, so the study of the full Higgs
branch would involve mixing left homomorphisms Hom(Zy, Eg) and right orbits Osu(r)- However
we also remark that the a-theorem for such a combined flow would still boil down to a-theorems
for its constituents, which are either already proven [70,103] (right orbit) or have been proven here

(left homomorphism).
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A Magnetic quivers

In this appendix we summarize the results of [132], which constructed 3d magnetic quivers for
6d orbi-instantons. The former are 3d N/ = 4 quiver gauge theories which, in the case of orbi-

instantons, flow in the IR to SCFTs. (They are “good” quivers in the sense of [125].)

39Some examples have been studied in [76,80, 108].
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On the tensor branch of the 6d orbi-instanton (i.e. at finite coupling for all gauge algebras in

(2.6) or (2.8)), the associated magnetic quiver is star-shaped with many arms:

M
—~
1---1 ry
\./ |
1-2——(k=1)—k—ri—ro—rs—ry—175— 76 — Ty — T (A1)

with M == N + Z?:l n;, or, equivalently,

M

1 1
(rgr T3p)

1-2——(k—1)— k —(r1—p)—(ra—2p) — (r3—3p)— (ra—4p)— (r5—5p) — (16 —6p) —(r ;s —4p)— (ror —2p) (A.2)

with M = M—i—p = N + N,, remembering the definition in (2.7). The ranks r;, r; are given by:

6—7 6 6—j
ry = (1 — 5]'6) Z iniﬂ 4+ 2ng9r + 3ng + 4dny =k — Z’an + (1 — 5j6) Ziniﬂ- <A3)
=1 =1 =1
for yj=1,...,6 and
ror =ng + Ny, Ty =nNo +ng +2ng , T4 =no + 2ng + 2nygs . <A4)

Notice that 7o also equals 2(p + 7) in the notation of [132]; that is, r is defined as

ri= % —p= % —min (| (ng +ny) /2], [ (ne + 13 + 2n4) /3]) . (A.5)

The number 7oy = 2(p + r) is the total number of half-NS5’s stuck on the O8~ in a Type IIA
engineering of the orbi-instanton. This number is important, as starting at level k = 7 the following
happens: there are some Kac diagrams for which the resulting ranks r;, r; are all greater or equal
to the Coxeter label of affine Eg in position ¢,7'. That is, p # 0. Let us call these the “saturating
diagrams”.*Y For these diagrams the bouquet in the finite-coupling magnetic quiver (A.1) has
p extra 1’s. Or, the total number of full instantons (NS5’s in the orientifold of Type IIA) is
increased by p. Notice that this is already taken care of by our definition of M” = N + N,, since
N, = 2?21 n; + p: for the saturating diagrams, this p # 0 precisely accounts for the extra full
instantons that we get in the Type ITA picture. Then, we simply remove the p “extra” affine Fg
Dynkins from the right tail, obtaining (A.2).

The SCFT at the origin of the tensor branch has a magnetic quiver obtained by performing M

40Gince for this to be possible we must have
Tor = Ng/ + Tyr 2 2 , T'gr = Nor +’I’l3l + 2n4/ 2 3 y, Tar = Nor + 2713/ + 27’L4I Z 4 (A6)

(which automatically imply that r¢ = 2ny + 3ns + 4ny > 6), we see that the first case is the [3',4'] diagram at
k = 7 (which saturates the above bounds). A simple case-by-case analysis shows that the saturating diagrams must
have (ng/,nge ) > (1,1), (0,2), (2,0) where in the last case we should also impose that no > 1.
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small Fg instanton transitions. Performing the transitions in (A.1), the proposal of [122] is that we

obtain the following quiver:

T3 +3M
\
1—2——k—(r1+M)—(ra+2M)—(r3+3M)— (ra+4M)— (rs+5M ) — (r6+6 M) — (14 +4M ) — (1o +2M) . (A.7)

The Coulomb branch dimension of the above quiver was computed in [76], and reads:
. o k _
dimg Mc = 30(N + k) + §(k +1)—Xp) -1, (A.8)

for all k > 1, where A(p) is the height function associated with the diagram Akac = (k, \) defined

in section 5.1:
A(p) = 2915 + 5Tnz + 84ny + 110n5 + 135n6 + 461y + 68nz + lny | (A.9)

which obviously vanishes only for the diagram [1%].

A.1 SU(k) hyperkihler quotient of orbi-instanton magnetic quiver

We can now prove*! that the hyperkihler quotient (/\//\lc x O¢)/// SU(k), with M the Coulomb
branch of (A.7), equals the moduli space of Eg-instantons on the deformation/resolution of C2/Z;,
i.e. the Coulomb branch M%‘St of

T3/+3M
\
[k |- (r1 +0) — (ro4+20) — (r3+3M) — (ra+AM) — (r5+-5M) — (r6 +6 M) — (ry +4M) — (roy +20) . (A.10)

(As is well known, that the Coulomb branch of the above quiver gives the instanton moduli space
was originally proposed by [115] for k = 1 and [149] for any k.) Because of the hyperkéahler quotient,
we have:

dimg ME* = 30(N + k) — X(p) . (A.11)

(There is no overall U(1) gauge group that decouples because of the presence of the flavor node
%)

We simply need to apply [133, Rem. 5.21], which in our present context directly gives the
wanted statement:

(Mc(T(SU(K)) x Mc)/// SU(k) = Mt (A.12)

where all Coulomb branches are understood as Nakajima quiver varieties [77,87] associated with
the two quivers above and T'(SU(k)) =1—... — (k—1) — , and = means that the coordinate

rings of the two algebraic varieties are isomorphic.

41This proof is due to H. Nakajima.
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B RG flows for the decoupled system

We will now show that the a central charge decreases along an RG flow from an orbi-instanton
defined by (N + M, k, pso) to a decoupled system given by (N, k, pso) and n; decoupled rank m;
E-strings such that ) . n;m; = M, i.e. all integer partitions of M. We will do this in three steps.

i) We will first show that Aa > 0 for the top partition i = 1, (mi,n1) = (M,1) i.e. a single
rank-M E-string.

i1) We will then show that a decreases for all flows from a single rank-M E-string to two E-strings

of rank p and ¢ such that p+¢g= M ie. i =2,(mi,n1) = (p,1), and (ma,n2) = (gq,1).

ii1) Applying step (i) and then step (i) recursively implies Aa > 0 for all partitions (m;,n;) of
M and completes the proof.

Lemma B.1. The a anomaly decreases along the RG flow from the orbi-instanton (N + M, k, pso)
to (N, k, pso) and the top partition of M: i =1,(my,n1) = (M,1), i.e. a single rank-M E-string:

Aa" = a (N + Mk, poc) — a (N, k, pos) — a (M. 1, [11}) > 0. (B.1)
Proof.

Aa® = a (N + M, k, po) — a (N, k, pso) —a (M1, [11])
] 2

48M | k2 5 - = 7 4M?
=—— |- (2M* =3) + | s+ k(M +2N)+k* - (AN | — (5 +3M+
7 |6 2 - 4 3
>0 (B.2)

48M | k? 5 2 /7 AM2
> —— | — (2M? - —+kM) — (= +3M+—
> — 6( 3)+(2+ > <4+3 +— >]

>0 VkE>land M > 1.
O

Lemma B.2. The a anomaly decreases when a single rank-M FE-string breaks into two E-strings

of rank p and q respectively such that p+q= M.

Ad =a (M, 1,[1']) —a(p,1,[1']) —a(q.1,[1']) > 0. (B.3)

Proof.
A = gpq (34+2p+2q) >0. (B.4)
U

In particular, the above lemma proves the case of degeneration 7v) in section 3.2.5.
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Now, every nontrivial integer partition of M can be written as a sum of at least two integers.

Therefore, applying lemma B.2 repeatedly it is easy to see that

a(M,1,[1']) > Znia(mi, 1LY . (B.5)

Finally, consider the quantity

Aa") = o (N + M, k, poo) — a (N, k, pos) an a(mg, 1,[11) . (B.6)

Subtracting Aa® defined in B.1, we have

Aa™ — A" = a (M, 1, [1']) = Y mia(mi, 1,[11) > 0, (B.7)

where the second inequality is due to (B.5). This implies

AT — Aa® >0 = Aa > Ag®D > 0= Agl >0 (B.8)

where the last inequality follows from lemma B.1. This completes the proof.
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