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1. Introduction

Let k be an algebraically closed field of characteristic p > 0 and r a positive integer.
We write &,. for the symmetric group on r letters and k&, for its group algebra over
k. For each partition A of r we have the Specht module Sp(\) and for each composition
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a of r we have the permutation module M («). Recall that Sp(A\) may be viewed as a
submodule of M (A). One fundamental result by James states that unless the character-
istic of k is 2 and A is 2-singular, the space of homomorphisms Homgg, (Sp(A), M ())) is
one-dimensional[11, Corollary 13.17]. It follows that the endomorphism algebra of Sp(\)
is one-dimensional and so in particular that Sp()\) is indecomposable.

In contrast, if the characteristic of k is 2 and A is a 2-singular partition, that is A has
a repeated term, Sp(\) may certainly decompose. The first example of a decomposable
Specht module was discovered by James in the late 70s, thereby setting in motion the
investigation of the (in)decomposability of Specht modules; a problem that has attracted
a lot of attention over the years [14], [4], [8], [2]. In a recent paper [8], Donkin and
the first author considered partitions of the form A = (a,m — 1,m — 2,...,2,1%) and
obtained precise decompositions of Sp(\) in the case where a — m is even and b is odd.
An interesting feature arising in these decompositions is that there is no upper bound
for the number of indecomposable summands of Sp(A) and so in turn for the dimension
of its endomorphism algebra [8, Example 6.3]. Almost half a century after James’ first
example, a classification of the (in)decomposable Specht modules remains to be found
and there is no known formula describing the dimension of their endomorphism algebra.
In this paper, we provide a new characterisation of Endkg, (Sp(A)) as a subset of the
homomorphism space Homgg, (M (X'), M (X)), where X is the transpose partition of .
Our description allows one to realise an endomorphism of Sp(A) as an element of the set
Homyg, (M (N'), M())) that satisfies certain concrete relations. In this way, we are able
to show that for A\ = (a,m —1,...,2,1%) with a — m = b (mod 2), the endomorphism
algebra of Sp(A) is one-dimensional.

We do so by taking inspiration from the category of polynomial representations of the
general linear groups. More precisely, for a partition A, we compare two different construc-
tions of the induced module V() for GL,, (k): the first introduced by Akin, Buchsbaum,
and Weyman [1, Theorem I1.2.11] and the second by James[11, Theorem 26.3(ii)]. By
applying the Schur functor [10, §6.3], we then obtain two characterisations of the Specht
module Sp(A): first as a quotient of M (\') and then as a submodule of M (). This leads
to a concrete description of the endomorphism algebra of Sp(\), which we shall then
investigate in detail for partitions of the form A = (a,m —1,...,2,1%).

The paper is arranged in the following way. Section 2 provides the necessary back-
ground on polynomial representations of GL, (k) and k&,-modules. In Section 3 we
explore the connection between these two categories via the Schur functor f and its right-
inverse g. As a by-product of our considerations, we provide a new short proof of the fact
that gSp(A\) & V(A) for p # 2. Then, we focus on homomorphisms and in Lemma 3.3
we obtain the desired description of Endge, (Sp())) in characteristic 2. In Section 4 we
utilise more tools from the representation theory of GL, (k) to obtain a reduction tech-
nique that will be instrumental to our investigation of the case A = (a,m — 1,...,2,1°)
in Section 5.
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2. Preliminaries
We write N for the set of non-negative integers.
2.1. Combinatorics

Let ¢ be a positive integer and o = (a, . .., ay) be an {-tuple of non-negative integers.
We let deg(ar) := a3 + -+ + ap and call it the degree of a. We define the length of «,
denoted £(«), to be the maximal positive integer [ with 1 <1 < ¢ such that a; # 0 if v is
non-zero, and we set £(a) = 0 for a = (0°). Now, fix positive integers n and r. We write
A(n) for the set of n-tuples of non-negative integers, and A™(n) for the set of partitions
with at most n parts. We write A(n,r) for the subset of A(n) consisting of those elements
of degree 7, and AT (n,r) for the partitions of r with at most n parts. Given a partition
A € AT (n), we write X’ for its transpose partition. For o € A(n) and 1 < i < j < {(«)
with a; # 0, and for 0 < k < a;, we shall denote by a®® = (a{*"" a5 ...) the
element of A(n) with terms o) == a; + k(8;; — 0;,).

2.2. Representations of general linear groups

We consider the general linear group G = GL,(k) and its coordinate algebra
k[G] = k[c11,. . ., Can,det™ ], where det is the determinant function. We write Ay (n) =
klci1, ..., cun) for the polynomial subalgebra of k[G] generated by the functions ¢;; with
1 <i,j < n. The algebra Ay(n) has an N-grading of the form Ay(n) = @, . Ak(n,7)
where Ay(n,r) consists of the homogeneous degree r polynomials in the ¢;;. Given
a rational G-module V', we shall denote by cf(V) the coefficient space of V, that
is the subspace of k[G] generated by the coefficient functions f,. : G — k satisfying
g-v' =3 cv for(g)v for g € G, v, € V, where V is some k-basis of V. We say that
V is a polynomial representation of G if cf (V) C Ag(n) and a polynomial representation
of G of degree r if cf(V) C Ag(n,r). We write My(n) for the category of polynomial
representations of G and Mg(n,r) for its subcategory of representations of degree r.
Recall that the category Mg (n,r) is naturally equivalent to the category of Sk(n,r)-
modules, where Sk(n,r) := Ax(n,r)* is the corresponding Schur algebra[10, §2.3, §2.4].
For V € My(n) we write V° for its contravariant dual, in the sense of [10, §2.7].

We fix T to be the maximal torus of G consisting of the diagonal matrices in G. An
element o € A(n) may be identified with the multiplicative character of T' that takes
an element ¢ = diag(ty,...,t,) € T to a(t) == 7' ---t% € k. We denote by k, the
one-dimensional rational T-module on which ¢ € T acts by multiplication by «(t). Then,
given V € Mi(n), o € A(n), we write V* :={v € V | t-v = «a(t)v for all t € T'} for the
a-weight space of V. We write E = k®" for the natural G-module and S"E (resp. A" E,
D" E) for the corresponding rth-symmetric power (resp. exterior power, divided power)
of E. For ¢ > 1 and an ¢-tuple @ = (aq,...,ay) of non-negative integers, we define the
polynomial G-modules: S*FE = SM"E®---Q S*FE, AE = A"EQ®- - A E, and
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D*E :=D*"E®---® D*E. If deg(a)) = r, then each of these modules lies in My (n,r).
For V € My(n), there is a k-linear isomorphism Homg(V,S*E) = V*[6, §2.1(8)]. For
a € A(n), the T-action on k, extends uniquely to a module action of the subgroup
B C G of lower-triangular matrices. For A € AT (n), we write V(\) == ind$ ky for the
induced G-module corresponding to A[12, §I1.2]. Recall that there is a G-isomorphism
V(A)° =2 A(X), where A(X) is the Weyl module corresponding to A[12, §11.2.13(1)].

Here, we shall review a construction of the induced module by Akin, Buchsbaum, and
Weyman. In [1, §I1.1], the authors associate to a partition A with A; < n, a G-module
denoted Ly (E), which they call the Schur functor of E. Further, in [1, §I1.2] the authors
provide a description of Ly (E) by generators and relations. More precisely, in [1, Theorem
11.2.16], the authors identify Ly(E) with the cokernel of a G-homomorphism between a
pair of (direct sums of) tensor products of exterior powers of E. By [7, §2.7(5)], we have
that Ly(FE) is isomorphic to an induced module, namely Ly(E) = V()X) for A € AT (n)
(note that Y'(A) is used in place of V() in [7]). The construction as a cokernel by
Akin, Buchsbaum, and Weyman is as follows. Recall that the exterior algebra A(FE) of
E enjoys a Hopf algebra structure [1, §1.2]. We write A and p for the comultiplication
and multiplication of A(F) respectively. Let A be a partition with £ := £(\). For 1 <
1<l 1 <3<l t>1,and1 < s < )\, we consider the G-homomorphisms Ag\‘"” :
ANTE — AME @ A'E and pf® 0 AE ®@ ANTSE — A% E, coming from A and p
respectively. Further, for 1 <7 < j </, 1 < s < \; we construct the G-homomorphism

N A" B 5 AME as the composition:

1@--@A0 " g--@1

AN R AME® - QAEQNE® - @AY SE® - @ AME
o9 g

CLANER - QANE® QAN EQATER ... @ AN E L2 @81 \ap

(2.1)

where o denotes the isomorphism that permutes the corresponding tensor factors, and
each 1 refers to the identity map on the corresponding tensor factor. Now, set:

Xit1 Ait1 -
()\i,i+1) — Z ¢()\i,i+l,s) . Z A)\(z,wl,s)E N A/\E, (2.2)
s=1 s=1
-1 =1 Nit1 N
o= o 3N AT E L AE. (2.3)
i=1 i=1 s=1

For A € AT (n), we have that coker¢y = Ly (F) [1, Theorem I1.2.16], and hence
coker ¢ = V(A) [7, §2.7(5)]. We shall refer to this description as the ABW-construction
of V()).

Now, we review an alternative description of V() due to James [11, §26]. Although
James refers to this module as the “Weyl module”, it is not to be confused with the usual
Weyl module A(X) that we discussed above [10, Theorem (4.8f)]. James’ construction is
as follows. Recall that the symmetric algebra S(FE) of F also has a Hopf algebra structure
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[1, §I.2]. As a slight abuse of notation, we shall once again use the symbols A and p for
the corresponding comultiplication and multiplication of S(E) respectively. Let A be a
partition with £:=¢(\). For 1 <i< £, 1<j<{(1<t< Aj, and s > 1, we consider the
G-homomorphisms A : SNE — S'E @ SY'E and p* : SNE® S°E — SMTE
coming from A and u respectively. Further, for 1 <¢ < j </, 1 <t < A;, we construct
the G-homomorphism {7 : S*E — SN E as the composition:

19--@AY g @1

S E SME®---@SNE®---S'EQSNTITE®--- @ SME 2
cout P ... i,5.t
MER. .. SMERSIER - SN TE®-.-Q SME 1®--®uy " @1 S’\< )E,
(2.4)

where o denotes the isomorphism that permutes the corresponding tensor factors, and
each 1 refers to the identity map on the corresponding tensor factor. Now, set:

Ait1 Ait1

(1 i+1) . Z w(m i+1,¢) S)\E - Z S>\(i,i+1,t)E7 (2.5)
t=1
1 )\1+1 (i,i+1, t)
R NCEIE RS S Il 29
i=1 t=1

For A € AT (n), we have that V(\) = ker, [11, Theorem 26.5]. We shall refer to this
description as the James-construction of V().

It is important to point out that the James-construction of V(A) may be derived
from Akin, Buchsbaum, and Weyman’s construction of the Weyl module A()\) via
contravariant duality [1, §II.3]. Similarly to (2.1), (2.2), and (2.3), one may define a
G-homomorphism 6&”‘” DN E L DME for 1 <i<j<{1<t< ), and then
construct the G-homomorphism:

£—1 Ait1 £—1 Ait1 Gt
Ori=>_ > 003N DY E — D E. (2.7)
=1 t=1 i=1 t=1

For A € A" (n), we have that A(\) = coker @y [1, Theorem I1.3.16]. Now, recall that
A(N)° 2 V(A) and that (D*E)° =2 S*E for a € A(n). By taking contravariant duals,
it follows that V(A) = ker,° and it is easy to check that we have the identifications
0)° =y and 05707 = {70 for 1 <i<j <O, 1<t <\

2.8. Connections with the symmetric groups

Recall that for a partition A of r, we have the Specht module Sp(\) for k&,. For
A = (1"), we have that Sp(1") is the sign representation sgn,. of k&,. We fix n > r,
and we consider the Schur functor f: Mg(n,r) — k&,-mod, where fV = v for
V € My(n,r) [10, §6.1, §6.3]. For A € A" (n,r) we have the isomorphism fV()\) = Sp()\)
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[10, (6.3¢)], and for o € A(n,r) we have the k&, -isomorphisms fS*E = M(«) and
fAYE = M(o) @ sgn, = My(a), where M,(c) denotes the signed permutation module
corresponding to « [5, Lemma 3.4]. We set £ := ¢()). By applying the Schur functor to the
maps ¢y and ¥ from (2.3) and (2.6) respectively, we obtain the k&,-homomorphisms:

£—1 Xita
o= f(6r) : D P M) = M (N, (2.8)
i=1 s=1
B £—1 XNit1
U= f(n) : M(N) — D M), (2.9)
i=1 t=1

As a consequence of the exactness of the Schur functor f, it follows that Sp(A) & coker D
and Sp()\) & kery. This second isomorphism is an alternative realisation of James’
Kernel Intersection Theorem [11, Corollary 17.18]. These two descriptions of the Specht
module Sp(\) will be crucial for our considerations in this paper.

We set S := Sk(n,r) for the Schur algebra. The group algebra k&, may be identified
with the algebra eSe for a certain idempotent e of S [10, (6.3)]. Accordingly, the Schur
functor f may be identified with the functor f : S-mod — k&,-mod with fV = eV [10,
§6.2, §6.3]. Now, the Schur functor f has a partial inverse g : k&,-mod — S-mod with
gW = Se®cs5.W for W € k&,-mod [10, (6.2c)]. This functor is a right-inverse of f and it
is right-exact. Moreover, it is easy to see that g is left-adjoint to f, and so for V- € Mg(n,r)
and W € k&,-mod, there is a k-linear isomorphism Homg(¢W, V) = Homygg, (W, fV).
For a € A(n,r) one has that gM(a) = S“E [9, Appendix A], and for A € AT (n,r) and
p # 2 one has that gSp(\) = V(X) [5, Proposition 10.6(i)], [13, Theorem 1.1]. Further
results related to the properties of g will be proved in Section 3, including a new short
proof of the fact that gSp(A\) = V(A) for p # 2.

3. Endomorphism algebras
3.1. General Results

From now on we fix n > r. Note that for A\ € AT (n,r) we have that X € AT (n,r).
First, in Proposition 3.1(i), we point out a new property of the functor g, which we
immediately apply in Proposition 3.1(ii) to obtain a new short proof of the fact that
gSp(A) = V(A) when p # 2. Then, we utilise the two different descriptions of the Specht
module Sp(\) to introduce a new description of its endomorphism algebra.

Proposition 3.1. Assume that p # 2. Then:

(i) For a € A(n,r), we have gMs(a) = AYE.
(ii) For A € AT (n,r), we have gSp(A\) = V().
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Proof. (i) Recall that for 8 € A(n,r) and V € Mg(n,r), we have a k-isomorphism
Homg(V,SPE) = V#, and so in particular dim V? = dim Homg(V, SPE). Moreover,
fS*E = M(a) and so it follows that:

Homg(ng(a)7SﬁE) =~ Homgg, (M (), fSﬁE) = Homgg, (M (), M(5)).

Now, since p # 2, the dimension of Homgg, (Ms(«), M(5)) does not depend on the value
of p [3, Theorem 3.3(ii)], and so in order to calculate the dimension of gM (a)?, we
may assume that p = 0. However, in characteristic 0, the functors f and g are inverse
equivalences of categories and so gM;(a) = A“E. Therefore, for p # 2, we deduce that
dim gM,(a)? = dim A*E” for all 3 € A(n,r). Now, recall that for V € My(n,r), we
have the weight space decomposition V' = @ gcp (. V8 (10, (3.2¢)], and so it follows
that, for p # 2, we have dim gM;(a) = dim A“E.

Now, we have that M(1") = eSe and so gM(1") & Se ®.s. eSe = Se = E®" [10,
(6.4f)]. For a € A(n,r) we have a surjective G-homomorphism E®” — A®E and so via the
Schur functor, we get a surjective k&,-homomorphism M (1") — M,(«). The functor g,
being right-exact, preserves surjections, and so the G-homomorphism gM (1") — gM(«)
is surjective. We consider the commutative diagram:

gM(1T) —= B

L]

gMs(a) —— A“E

where the horizontal maps are induced from the k&, -inclusions M (1") & fE®" — E®"
and Mg(a) &2 fA“E — A®E. The top horizontal map is an isomorphism and the
right-hand vertical map is surjective, and so the bottom horizontal map is hence surjec-
tive. Since dim gM, (o) = dim A*E away from characteristic 2, we obtain gM,(a) = A*E
for p # 2.

(i) Recall that V(X) 2 coker ¢y, where ¢y : K(N) — AN E and K(X) is the direct
sum of tensor products of exterior powers given in (2.3), where here we replace the parti-
tion A with \’. By applying the Schur functor f to ¢y, we obtain the k&,-homomorphism
ba : K(N) — My(XN), where K()\) is the direct sum of signed permutation modules
given in (2.6), again substituting A with X. Also, recall that Sp(\) = coker ¢,. By
part (i), we have that gM,(\) = AN E and so gK(X) = K()\). Hence, we obtain the
commutative diagram:
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The image of g(é ») is mapped isomorphically onto the image of ¢/, and so in particular
coker ¢/ = coker g(gz%«). Finally, g preserves cokernels since it is right-exact, and so we
deduce that V() 2 coker ¢y = coker g(éx) = g coker gy = gSp(N). O

Lemma 3.2. Let a, § € A(n,r). Then:

(i) Homye, (M(a), M(B)) = Homg(S*E,SPE) = (S*E)P.
(ii) For p # 2, we have Homyg, (M,(a), M(B)) = Homg(A®E, SPE) = (A*E)P.

Proof. Recall that for V€ Mg(n,r) and W € k&,-mod, we have a k-isomorphism
of the form Homg(¢gW,V) = Homge, (W, fV). Parts (i)-(ii) then both follow from our
comments in §2.2, §2.3, and Proposition 3.1(i). O

Lemma 3.3. Let A € AT (n,r). Then:
(i) There is a k-isomorphism:
Endge, (Sp(\)) = {h € Homyg, (M(\), M(N) | ho ¢y =0 and ) o h = 0}.
(ii) In particular, when p = 2, there is a k-isomorphism:
Ends, (Sp(V)) = {h € Homge, (M (), M(N)) | ho ¢x = 0 and ¢y o h = 0}.

Proof. Part (i) follows immediately from the two descriptions of the Specht module:
Sp(A) = coker ¢y and Sp(\) = ker by, from §2.3. Part (ii) then follows from part (i) and
the fact that the permutation module and the signed permutation module coincide in
characteristic 2. 0O

Recall the G-homomorphisms ¢{7* and |’ from (2.1) and (2.4) respectively.
Lemma 3.4. Let A € AT (n) with £ := £(\). Then:

(i) im {7 Cimey for 1 <i<j <L, 1<s< ).
(ii) kertpy C kerzb&f“”“ Jor1<i<j<{, 1<t< A

Proof. For part (i), from [1, Theorem II.2.16], we have that im ¢, = kerd,, where
the map dy : AME — SNE is a G-homomorphism that arises as a composition of
(tensor products of) comultiplications between exterior powers and (tensor products of)
multiplications between symmetric powers [1, Definition II.1.3]. Now, from [1, Lemma
I1.2.3], we have that for each 1 < ¢ < ¢, the map dy may be factored through the
G-homomorphism:

1@ ®d(x; 2,41 ® @1

AE AME®- - @ AN E® (S?E)®Ni+
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® E®(>\i_>\i+1) ® A/\i+2E R ® AAZE,

where d(y, ,,,) is the corresponding map associated to the partition (s, Ai1), and each
1 refers to the identity map on the corresponding tensor factor. Now, it is clear that one
may replace i+ 1 with any j > ¢ in the statement of [1, Lemma II.2.3] without any harm.
Then, part (i) follows by applying [1, Theorem II.2.16] for the partition (A;, A;).

For part (ii), we use the ABW-construction of the Weyl module A()) (2.7). Similarly
to part (i), from [1, Theorem II1.3.16] and the comment before [1, Definition II.3.4], we
deduce that im 9;”‘” Cimfy for 1 <i < j</fand 1 <t < ). Taking contravariant
duals, we have that ker 6,° C ker 6""'"° for all such 4, j,t. The result follows by recalling
the identifications 6,° = 1, and 677° = {7 from §2.2. O

Let A € AT (n,r). By applying the Schur functor f to the maps ¢ and {*"* of
(2.1) and (2.4) respectively, we obtain the k&,-homomorphisms:

G s My(AD) = My(A), 987 s M(A) = M(AC59),

Remark 3.5. We may view any partition A\ € AT (n,r) as an n-tuple by appending an
appropriate number of zeros to A. Accordingly, we may relax the dependence on £(\) of
the maps ¢, and 1. We do so by setting ¢ :== 0 and ¢{7" = 0 if /(\) < j < n.

By Lemma 3.3(ii) and Lemma 3.4, we obtain the following Corollary:

Corollary 3.6. Assume that char k = 2 and let A € AT (n,r). Then the endomorphism al-
gebra of Sp(\) may be identified with the k-subspace of Homge, (M (XN'), M()\)) consisting
of those elements h that satisfy:

(i) ho&f;j’5)20f0r1§i<j§nandlgsg)\;,
(i) Y7 oh=0for1<i<j<nandl<t<\,.

3.2. A concrete description

From now on we shall assume that the underlying field k has characteristic 2. We
write [r] == {1,...,r} and as always we assume that n > r. First, we provide a matrix
description of a k-basis of Homgeg, (M («), M(5)) for o, 8 € A(n,r), and then we shall
utilise this description to obtain some crucial information regarding the endomorphism
algebra of Sp(X).

We write M,,«,,(N) for the set of (n x n)-matrices with non-negative integer entries.
Let {e; | 1 <i < n} be the standard basis of column vectors of E. Then, for o € A(n, ),
we consider the k-basis {e]"'e3"* ... efl" ® - - @e{"es" . .eprn | 305 a;; = g} of SYE,
where the ith-tensor factor is defined to be 1 if a; = 0 for some 1 < i < n. We may
parametrise this k-basis by the set of all elements of M,,,(N) whose sequence of row-
sums is equal to a. Accordingly, for 3 € A(n,r), the B-weight space (S®E)? has a
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k-basis parametrised by the set of all matrices in M,,x,(N) whose sequence of row-sums
is equal to «, and whose sequence of column-sums is equal to 5. On the other hand, the
permutation module M («) has a k-basis consisting of all ordered sequences of the form
(z1]...|®n), where each x; = (21, Zi2,. .., %iq,) is an unordered sequence with terms
from [r], that satisfy the property that for each k € [r], there is a unique pair (¢, j) with
z;j = k. Here x; denotes the zero sequence whenever a; = 0.

We set Tab(a,ﬁ) = {A e (aij)m S Man(N) ‘ Zj Q5 = Oéi,zi ai; = ,Bj} We as-
sociate to each A € Tab(q, ), a homomorphism p[A] € Homge, (M (a), M(8)). We do
so as follows: Given a basis element « == (z1]...|x,) € M(a), we set p[A](x) to be the
sum of all basis elements of M () that may be obtained from x by moving, in concert,
a;; entries from its ith-position x; to its jth-position x; for every 1 <7, j < n. The set
{p[4] | A € Tab(w, )} is linearly independent. Indeed, take any linear combination of
the p[A]s, say h = Y , h[A]p[A] (h[A] € k), along with any basis element x of M (),
and then consider the coefficients of the basis elements of M (3) in h(x). The linear inde-
pendence of the p[A]s along with Lemma 3.2(i) gives that the set {p[A4] | A € Tab(a, )}
forms a k-basis of Homye, (M (a), M(B)). Accordingly, for h € Homye, (M (), M (B))
and A € Tab(a, 3), we shall denote by h[A] € k the coefficient of p[A] in h so that

h = ZAeTab(a,ﬁ) h[A]p[A].

Examples 3.7. Let A € A (n,7). For 1 <1i,j <n, denote by E;; € M, x,(N) the matrix
with a 1 in its (7, j)th-position and Os elsewhere. Notice that:

(i) ¢\ = p[A], where A = diag(A1,..., Aiy. .., Aj — 8, ..., \y) + sEjj.
(11) ;\LJ = [B]7 where B := diag(/\l, .. .,)\i7 .. .,)\j — t, “ay /\n) + tEﬂ

Remark 3.8. Consider the k-basis {p[A] | A € Tab(a, 8)} of Homye, (M (a), M(B)). For
A € M, xn(N), we write A’ € My,»,(N) for the transpose matrix of A. If A € Tab(«, 3),
then it is clear that A’ € Tab(8, ). Moreover, the set {p[A'] | A € Tab(w, )} forms a
k-basis of Homge, (M (), M («)).

Now, for @ € A(n,r), recall that the permutation module M(«a) is self-dual. We
write 0y : M(a) = M(a)* for the k&, -isomorphism that sends each basis element x
of M(a) to the corresponding basis element of M (a)* dual to . We shall denote by
Ca,p : Homye, (M (), M(8)) — Homye, (M(B8)*, M(c)*) the natural k-isomorphism,
and by 7a,5 : Homye, (M (a), M(5)) — Homye, (M (B), M(c)) the k-isomorphism with
Na,6(h) = 85" 0 Ca,p(h) 0 d5 for h € Homye, (M(a), M(B)).

Lemma 3.9. Let o, B € A(n,r). Then 14 5(p[A]) = p[A'] for all A € Tab(a, ).
Proof. This is a simple calculation which we leave to the reader. O

Definition 3.10. For h € Homyg, (M (c), M (8)), we shall denote by A’ the homomorphism
Na,3(h) € Homyg, (M (), M(a)) and call it the transpose homomorphism of h.
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Notice that if h = 3 s cqupa,p) RIAIPIA], then B' = 37, 10,5 MAIP[A'] by
Lemma 3.9.

Lemma 3.11. Let o, 8,7 € A(n, 7). Then we have the identity (he o hy)’ = h} o hYy for all
hi € Homgg, (M (o), M(8)) and hy € Homge, (M (8), M(Y)).

Proof. Since (4 ~(h2 0 h1) = (a,5(h1) 0 (g, (h2), we have:

(haohy) =6, 0 Cap(h1) 0 Cpn(h) 0 by
= (65" 0 Cap(h1) 0 dp) 0 (65" 0 (s4(ha) 06,) =Ry ohh. O

Lemma 3.12. Let A € AT (n,r) and h € Homye, (M (N'), M(X)). Then:

(i) (hO(ﬁ(”b)) w(w&)oh/
(ii) ( ;\ut) h) h o ¢)(ut).
(iif) The map nx x induces a k-isomorphism 7 : Endys, (Sp(A)) = Endie,. (Sp(X)).

Proof. By Lemma 3.9 and the examples in Examples 3.7, it follows that (gg(;’j‘”)'
Y. Now, parts (i)-(ii) follow directly from Lemma 3.11. For part (iii), notice that
Lemma 3.3 gives that any element h € Endyes, (Sp(\)) may be identified with a ho-
momorphism h € Homyg, (M(N), M(\)) such that h o ¢{;"™" = 0 for 1 < i < n,
1<s< X, andalso """ oh=0for 1 <i<mn,1<t< N\ By parts (i)-(ii), we
deduce that ¥§;"""” o B’ = 0 and ' o ¢{""**” = 0 for all such i,s,t and so h’ induces
an endomorphism of Sp(\’), I/ say. Therefore, it follows that the map Ny,x induces a
k-homomorphism 7y : Endge, (Sp(\)) — Endye, (Sp(\)) with A +— A’. By applying the
same procedure to the map ) x/, we see that 7, is a k-isomorphism with inverse 7 as
required. 0O

For A = (aij)ij € Mpxn(Z) and 1 < k,l < n, we shall write A®" for the element
of My «n(Z) with entries given by a(" o= aij + 8¢5, and A, for the element
of Myxn(Z) with entries given by @ yij = Gij — 0. 0en- Let @, 8 € A(n,r) with
A € Tab(a,8), and let 1 <i < j <n, 1 < k,l <n. Note that A"} € Tab(a®/V | ) if

(€]
aj # 0, whilst A®? € Tab(a, B491) if ay; # 0.

(k,3)

Henceforth, we denote by T, the set Tab(\,A) for A € AT (n,r).

Lemma 3.13. Let A € AT (n,r) and 1 <i < j <n. For A € Ty we have:

(i) plA]o 07 =37 (ay + 1)p[AL))], where the sum is over all | such that aj # 0.
(ii) ¢ o p[ | = > k(ani + 1)p[AL D], where the sum is over all k such that ay; # 0.

Proof. We shall only prove part (i) since part (ii) is similar. We may assume that j <
U(N). Fix 1 < i < j <£(N), and we denote by x = (@1]...|x;i|...|x;|...|x,) a basis
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element of M(XN“""), where x; = (z;1,... ; Ti(x,+1)) say. Then o\ (x) = 22 ng x

where z* denotes the basis element of M ()\') that is obtained from = by omitting the
entry z;; from the sequence x; and placing it in the (unordered) sequence x;. For
1 <k <N +1, we have p[A](z*) = Y, cxe2[t], where the z[t] are the basis elements of
M(\) and the Ckt are constants with ¢y, € {0,1}. Then p[A] o ¢{,7"(z) = 3, cr2[t]
where ¢; = Zk ] th Now, fix 1 <k < X, + 1 and some s with ckg = 1. Then, suppose
that the entry x;, appears in the {th-position z[s]; of z[s] and hence aj; # 0. Note that
the sequence z[s]; contains a; entries from {@;1, ..., Zik_1), Titk+1), - - - Tiv 1)} I Ti
is such an entry with v # k, then ¢,s = 1. On the other hand, given 1 < ¢ < X, + 1,
if x;, does not appear as an entry in z[s];, then ¢4s = 0. It follows that ¢, = ay + 1.

3,17

Meanwhile, given 1 <1’ < n, z[s] appears in p[A“l 1 (z) if and only if I’ = I, in which
t follows. O

case it appears with a coefficient of 1. The resu

Lemma 3.14. Let A € AT (n,r) and consider a homomorphism h € Homge, (M (X'), M (X))
with h =) s h[A]p[A]. Then for 1 <i < j <n, we have:

(i) hodl? =0 if and only if 3 bilh[Bﬁj ;;] = 0 for all B € Tab(N'"?", \).
(i) D70 0 h =0 if and only if 3, dyih [Dgﬁ ;;} = 0 for all D € Tab(X, \G:#1).

Proof. We shall only prove part (i) since part (ii) is similar. By Lemma 3.13 we have:

hod = 37 hlA] ) =3 nla (Za”+1) [Ag;;;D
l

A€eTx A€TH
=3 Ytaa+pAplagy] = > <szzh[32i§§]> olB).
AETy 1 BeTab(N\ (14,1 )

The result now follows from the linear independence of {p[B] | B € Tab(X“"" \)}. O

Definition 3.15. Let A € AT (n,r). We say that an element h € Homgg, (M (X\'), M())) is
relevant if h o ¢\;"" =0 and ¥{""P oh=0forall 1 <i < j <n.

Denote by Relgs, (M (X)), M(\)) the k-subspace of Homgg, (M (N'), M (X)) consisting
of the relevant homomorphisms M (X)) — M (A). The following Remark is clear:

Remark 3.16. Let A € AT (n,r). Note that there is a k-embedding of the endomorphism
algebra of Sp(\) into the k-space Relgg, (M (X)), M (N)).

Now, by Lemma 3.14, we deduce the following Corollary:

Corollary 3.17. Let A\ € At (n,7) and h € Homgg, (M (N), M()\)). Then we have that
h € Relgs, (M (X)), M(X)) if and only if the coefficients h[A] of the p[A] in h satisfy:
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(i) Forall1<i<j<n,1<k<n,andall AT, with aji, # 0, we have:

(aik + DA[A] = 3" aah[AG100], (RE,(4))
£k

(ii) Foralll<i<j<n,1<k<n, and all A€ Ty with ay; # 0, we have:

(ans + DHA] = 3 anih [AL0)]. (Cl(A))
£k

4. A reduction trick
4.1. Flattening the partition

Now, we fix integers a, b, m with a > m > 2, and we write a’ := b+m—1,V = a—m+1.
We denote by A the partition (a,m — 1,...,2,1%), and we fix r := deg()). Note that the
transpose partition A of A is given by N = (a/,m —1,...,2,1%).

Recall that through the ABW-construction of the induced module, we see that V()
is isomorphic to a G-quotient of ANE =A"E@A™ 'E®@--- @ A2E ® E®Y | namely
by the submodule im ¢y (2.3). We claim that we can replace the factor E®? with the
symmetric power SY E. This process is in fact independent of the characteristic of the
field k. To this end, we construct from the multiplication map u : E®Y Sb,E7 the
surjective G-homomorphism 1 ® u : AMNESANEQAN"'E®- -9 A2E® SVE.

Lemma 4.1. For m > 2 and A = (a,m — 1,m —2,...,2,1%), we have:

(i) ker(1® p) = S0 im @t 2m 5D C im gy
(ii) V(A) = coker ((1 ® p) o ¢xr) as G-modules.

Proof. (i) Firstly, that im ¢{;™* """ Cim¢, for 1 < k < ¥/ follows from the def-

inition of ¢y/. Then, note that by the definition of the symmetric power Sb/E, the
k-space ker i is generated by elements of the form e&k] for 1 < k < V' and sequences

©:= (i1,...,% ) with terms in [n], where egk} =(e;, ® - ®e; ®ey,, Q- --®e;,) — (€, ®
e ® e, ®ey @ --®e;,, ). Then, it follows that the k-space ker(1® ) is generated by
elements of the form z ® eyﬂ forr e A EQA"E®---® A?E, and such k and i. But

given such z, k and %, the image of the element x®e;, ®- - - ® (e;, Ne€iin Q- - -®e;,, under

prkm bl s precisely x®e£k], and so :v®e£k] € im ¢, "~V On the other hand,
(k]
i

generate the k-space im ¢§; """ 50,

it is clear that the elements of the form z @ e
from which part (i) follows.
(ii) Now, themap 1@ p: ANE 5 AYE@ A" 'E® .- ® A2E ® S” E induces a sur-

jective G-homomorphism:
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AM'E R AMEQA" 'E® - @ N E® SYE
T .
ker(1 ® u) im ((1 ® u) o)

Moreover, it follows from part (i) that ker 7 = im ¢y, / ker(1 ® ), and so we deduce that
V(A) = coker (L@ p)opn). O

On the other hand, recall that through the James-construction of the induced module,
we see that V()) is isomorphic to a submodule of S*E, namely as the kernel of the
G-homomorphism 1, (2.6). We claim that we may replace the factor E®® with the
exterior power A’E. Once again, this process is independent of the characteristic of k.
For this, we construct from the comultiplication map A : A’E — E®"_ the injective
G-homomorphism 1@ A: SE® S" 'E® - ---® S?E® A\’E — S E.

Lemma 4.2. For m > 2 and A = (a,m — 1,m —2,...,2,1%), we have:

(i) kergoy C Mozt kergp{™ 1 +eD — im (1 @ A).
(ii) V(A) Zker(¢y o (1® A)) as G-modules.

Proof. (i) Firstly, it follows from the definition of ¢, that keryy C ker¢p{"+"=m+D
for 1 <k < b. Then, the k-space ker ¢p{"**~""*" ig generated by elements of the form
x®e£k] forr € S°E®S™ 'E®---®S?E, 1 < k < b, and sequences i = (i1, ...,i,) with
terms in [n], where egk] = (6, ® - -®e;, ®e;, Qe ) — (€5, ® Qe ,, ®ej, ® - Qe ).
It follows that the k-space ﬂz;ll ker i {"T*71m D s generated by elements of the form:

Z sgn(o) (z ® Cipy @ ® eid(w) =@ A(e;; Ao Neg) €im(1®A).
oceGy

Moreover, it is clear that elements of the form = ® A(e;, A--- Ae;,) generate the k-space
im (1 ® A), from which part (i) follows.

(ii) Now, the map 1®A : S ERS" 'E®---®S?EQA'E — S*E induces an injective
G-homomorphism v : ker(1) o (1 ® A)) — ker 1px. Moreover, it follows from part (i) that
v is surjective, and so we have a G-isomorphism ker(y o (1 ® A)) Zkeryy 2 V(A). O

Now, we shall return to the situation where the underlying field k has characteristic
2. We fix the sequences o :== (a/,m —1,...,2,0) and 8 := (a,m —1,...,2,D).

Remark 4.3. We shall consider the constructions of this section from the perspective of
the Specht module Sp(\).

(i) By Lemma 4.1(ii) we have that V(\) = coker ((1® u) o ¢»/). By applying the Schur
functor f, we obtain that Sp(\) 2 coker (f(1® u) o x/). Now, since we are in char-
acteristic 2, we have that f(AYEQ A" 'E® ... ® A2E ® S¥ E) is identified with
fS"E®S"E®..-® S?E ® S E) which in turn is isomorphic to M(a). We
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write mo 1 M(N) — M(«) for the surjective k&, -homomorphism that is obtained
from f(1® p) under these identifications. We set b =T 0Py and we deduce that
Sp(A) = coker ¢,

(ii) On the other hand, by Lemma 4.2(ii) we have that V() & ker(¢y o (1 ® A)). B
applying the Schur functor f, we deduce that Sp(\) = ker(¢ o f(1 ® A)). But
once again, since we are in characteristic 2, f(S?E®@ ST 'E®---® S?E ® A’E)
is identified with f(S°E ® S" 1E® ---® S?E ® SYF) which in turn is isomorphic
to M(B). We write t5 : M(8) — M(\) for the injective k&, -homomorphism that
is obtained from f(1 ® A) under these identifications. We set 7];5 ‘= 1)y o 13 and we
deduce that Sp()\) = ker ¢3.

We summarise the content of Remark 4.3 in the following Lemma:

Lemma 4.4. For m > 2 and A = (a,m — 1,m —2,...,2,1%), we have:

coker ¢ as kG,-modules.

(i) Sp(V)
S ker s as k&,-modules.

p(A) =
We define the following k&,.-homomorphisms:

GG = 1o 0 B MNO) = M(a), 57 = G50 0 45 2 M(B) — M(A9),

where 7, and ¢ are as defined in Remark 4.3.

Lemma 4.5. For m > 2 and A = (a,m — 1,m —2,...,2,1%), we have:

(i

) ¢GD =0 form <i<j<n.
(ii)z/_)é“)—()form<z<j<n
(i) do = S5 S e
() 6p = S S gl

Proof. Parts (i)-(ii) follow from Lemma 4.1(i) and Lemma 4.2(i) respectively. Then,
parts (iii)-(iv) follow immediately from parts (i)-(ii). O

Now, the following Lemma provides an analogue of Lemma 3.4:

Lemma 4.6. For m >2 and A = (a,m — 1,m —2,...,2,1%), we have:

(i) imgﬁgw C in}&)a Jor1<i<j<m,1<s<N,.
(ii) kereys C kerwg’j’t) for1<i<j<m,1<t<M\;.

Proof. Firstly, recall the k&,-homomorphisms 7, and tg defined within Remark 4.3.
Then, part (i) follows from Lemma 3.4(i) by applying the Schur functor and post-
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composing by 7. Similarly, we see that part (ii) follows from Lemma 3.4(ii) by applying
the Schur functor and pre-composing by tg. O

Then, by combining the results of Lemma 4.4, Lemma 4.5, and Lemma 4.6, we obtain
the following description of the endomorphism algebra of Sp(\):

Corollary 4.7. The endomorphism algebra of Sp(\) may be identified with the k-subspace
of Homyg, (M (), M(B)) consisting of those elements h that satisfy:

(i) hogl =0 for1<i<j<mand1<s<N,
(if) P57 oh=0for1<i<j<mand1<t<)\;.

Definition 4.8. Let m > 2, A= (a,m —1,m —2,...,2,1%), a = (a’,m —1,...,2,V'), and
B=(a,m—1,...,2,b). Then:

(i) We say that an element h € Homyg, (M (N), M(\)) is semirelevant if ho ¢{;"" =0
and {7 oh =0 forallm <i < j<n.

(ii) We say that an element h € Homye, (M (), M(B)) is relevant if h o ¢§Y = 0 and
Pg7 oh=0forall 1 <i<j<m.

Denote by SRelges, (M (X)), M()\)) the k-subspace of Homgg, (M (X'), M (X)) consisting
of the semirelevant homomorphisms M (\') — M(\), and then, we shall also denote by
Relks, (M (o), M(B)) the k-subspace of Homye, (M (o), M(8)) consisting of the relevant
homomorphisms M (a) — M ().

Lemma 4.9. Denote by w : Homgg, (M («), M(8)) — Homgg, (M (XN'), M (X)) the k-linear
homomorphism with w(h) == 13 0 h o my. Then w induces the following k-linear isomor-
phisms:

—
—
Nad
&

: Homyg, (M (a), M(8)) — SRelgs, (M (X)), M(N)).
: Relks, (M (), M(8)) — Relgs, (M (N'), M(N)).

I

(i)

Proof. Firstly, notice that Lemma 4.5(i) and Lemma 4.5(ii) justify the stated codomains
of the maps @ and w respectively. Moreover, & and w are clearly injective. Now,
Lemma 4.1(i) and Lemma 4.2(i) give that both maps are surjective. O

Remark 4.10. Let v € A(n,r) with ¢ := (). Then:

(i) Fix B € Tab(a, 7). Then p[B] o 7, € Homgg, (M (X), M (7)) and one can easily
check that p[B] o s =Y 4 p[A], where the sum is over those A € Tab(\,~) whose
first (m — 1) rows agree with those of B, and also >

i=m

aij:bmijI'lSjS
£. Informally, these A are obtained from B by distributing, along columns, each
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non-zero entry within the mth-row of B into rows m through a of A such that these
rows of A contain exactly one non-zero, and hence equal to 1, entry.

(if) Now, let B € Tab(v, ). Then g o p[B] € Homye,. (M (), M (X)) and one can easily
check that ¢z o p[B] = >_ 4 p[A], where the sum is over those A € Tab(vy, A) whose
first (m — 1) columns agree with those of B, and also Z?/:m a;j = bim for 1 <i < L.
Informally, these A are obtained from B by distributing, along rows, each non-zero
entry within the mth-column of B into columns m through a’ of A such that these
columns of A contain exactly one non-zero, and hence equal to 1, entry.

The following Example details the forms of the compositions of maps discussed in
Remark 4.10.

Example 4.11. For A = (3,1?), we have:

5 9 2 2 2 2
(R R |
o[22 [2110] f2101], 2011
‘GHCPIL 1] TP 0001 P10 1 0 P11 0 0|
5 9 r2 1 1 0 2 1 0 1 2 0 1 1
L(3,3)Op|:1 1:|O7T(472)p 1 0 0 0 +p 1 0 0 0 +p 1 O 0 O
L0 0 0 1 00 1 0 010 0
r2 1 1 0 21 0 1 2.0 1 1
+pl0 00 1|+p|l0 01 0|+p|0 1 0 0].
1.0 0 0 1000 1 000

The following Lemma provides an analogue of Corollary 3.17:

Lemma 4.12. Let h € Homye, (M (), M(B)). Then h € Relxs, (M (a), M(8)) if and only
if the coefficients h[B] of the p[B] in h satisfy:

(i) Foralll <i<j<m,1<k<m,and all B € Tab(c, 5) with bj, # 0, we have:

(b + DR[B] = > bah [ BEE] (R, (B))
Ik
ii) Foralll1<i<j<m,1<k<m, and all B € Tab(a, 8) with by; # 0, we have:
J
(bis + DALB] = 3 bush [ B (Ch;(B))
Ik

Proof. For B € Tab(a, ), we denote by Q(B) the subset of matrices in Tab(\, \) with:

w(plB) = poplBloma= 3 plAl. (4.13)
AeQ(B)



H. Geranios, A. Higgins / Journal of Algebra 652 (2024) 20-51 37

Clearly, given B # B’ € Tab(a, ), we have that Q(B) N Q(B’) = @. Now, we fix
h € Homgg, (M (a), M(B)) with h = 3 pcmap,(a,) R Blp[B], and we shall fix the notation
h = w(h) = 15 0 hom,. Then, it follows from Remark 4.10 that the coefficients h[A] of
the p[A] in h satisfy:

h[A] = (4.14)

- h[B], if A€ Q(B) for some B € Tab(a, ),
0, otherwise.

Now, suppose that h is relevant and we shall show that the coefficients h[B] of the p[B]
in h satisfy the relations stated in (i), and it may be shown in a similar manner that they
also satisfy the relations stated in (ii). Firstly, note that h is relevant by Lemma 4.9(ii).
Wefix1 <i<j<m,1<k<m,and B € Tab(w,) with b, # 0. Then, there
exists A € Q(B) with a;), # 0. For such an A, since h is relevant, the relation Rf’j(A) of
Corollary 3.17(ii) gives that:

(ase + DA[A] = Y aah[AG007). (4.15)
£k

Now, take any 1 < [ < n with [ # k such that a;; # 0. If [ < m, then a;; = b;; and

AGRED € BTG, so that BlAGDIE] = h[BEREH]. On the other hand, if 1> m,

then a;; = 1 with AZHYD € Q(BUH ™) 50 that E[A“"“)(“)] = h[B“”“)(j”"”}. Therefore,

(4, k) (i,1) (3,k) (i,m) (3,k) (i,1) (3,k) (i,m)

we may rewrite (4.15) as:

(ass + DRIB) = Y buh[BERED] + (Y aa)r|BERG]. (16)
I<m I>m
1+k I#k

Now, if k < m, then a;; = b;, and ZlZm ai; = bim. Thus, (4.16) becomes:

(b -+ DRIB] = 3 bu BB + b [BUB ] = 3 van [ BB
I<m I#k
1#k
which is precisely the relation Rﬁ ;(B).
On the other hand, if £ = m, then a;,, = 0, since a;,, # 0, and so Zl>m a;; = bim.-
Moreover, B{")¢") = B, and so (4.16) becomes:
BIB] = 3 buh|BERR] + binhlB),

I<m

which in turn gives the relation R}";(B):

(bim + 1)h[B] = Z bzlh[Bﬁﬁiiiiﬁi}
I#m



38 H. Geranios, A. Higgins / Journal of Algebra 652 (2024) 20-51

Conversely, suppose that the coeflicients h[B] of the p[B] in h satisfy the relations
stated in the Lemma. Note that by Lemma 4.9(ii), in order to show that h is relevant,
it suffices to show that & is relevant. To this end, we shall show that & o qg()f;j’l) = 0 for
1 <i < j <n,and it shall follow similarly that ¢/{*"" o h = 0 for such i, j. Note that
h is semirelevant by Lemma 4.9(i) and so h o _(;,’j’l) = 0 for ¢ > m. Therefore, we may
assume that ¢ < m. Accordingly, fix some 1 < i < j < n with ¢ < m. Then, as in the

proof of Lemma 3.14, we have:

hogih = % > cahcen] | elcl. (4.17)

CeTab(\ (83,1 \) \1<I<n

Let C' € Tab(N“7'V )), and we wish to show that the coefficient of p[C] in h o ¢{;"
is equal to 0. According to (4.14) and (4.17), we may assume that there exists some
1 <k < nwith ¢, # 0 such that A .= C) € Q(B) for some B € Tab(a, 3), where Q(B)

G.D
(i.1)

p[C] in (4.17) is equal to zero. Then, it follows from (4.17) that the coefficient of p[C] in
ho ¢l is:

is as in (4.13), since otherwise, each summand cah {C ] appearing in the coefficient of

We split our consideration into the following cases:

(i) (j <m; k< m): We have ¢;;, = a;+1 = b, +1. Now, if 1 <1 < m withl # k, then

. ik) (5,1 ik) (5,1 7 ik) (5,1 _ i k) (5,1
e = au = b with AGDEY € QBEEED) so that A[AGHED] = n|BEEED]. On

the other hand, if I > m with ¢;; # 0, then ¢;; = a; = 1 with A%RY) € Q(BURE™)

ERSTENS! (o) (i)
so that h [AE;Z;EZ;;} =h {BE;BE?:;} . Note that there are precisely by, such values of

l. Hence, we may rewrite (4.18) as:

(a+ DRB)+ 37 dah BB + b | BGEER] =0
1<l<m
1+£k

since the coefficient h[B] satisfies the relation R} ;(B).
(i) (j < m; k > m): Here, we have ¢;; = 1 and also bj,, # 0 since A € Q(B).

Now, if 1 < 1 < m, then ¢; = ay = by with A0 € Q(BEE)) so that

B[AEJ’;;EJﬁ;} = h[BEJ;EJg} On the other hand, if I > m with [ # k and ¢; # 0,

(k)G R GD)
are precisely b, such values of I. Hence, we may rewrite (4.18) as:

then ¢;; = a; = 1 with AP € Q(B) so that B[A“’k)(“)} = h[B]. Note that there
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pBI+ Y buh[BEE] + bimhlB] =0,
1<i<m
since the coefficient h[B] satisfies the relation R}";(B).
(iii) (j > m; k < m): Now, we have ¢ = a;, + 1 = by, + 1 and also by, # 0 since A €
Q(B). Now, if 1 <1 < mwithl # k, then ¢;; = a; = by with AR € Q(BER™Y)

.k (i,1) (m, k) (i,1)

so that E{Aﬁjfiifg} = h[BE;f,igZﬁﬂ On the other hand, if | > m with ¢;; # 0, then
e = an = 1 with AGDD € Q(BLASER) so that R[ALDR] = n[BURSD].

(3,k)(4,1) (m k) (i,m) (3,k) (4,1) (m,k)(i,m)

Note that there are precisely b;,, such values of [. Hence, we may rewrite (4.18) as:

(b + DAIBI+ >~ buh[BEASID] + bk [BES] = 0.
1<i<m
I£k
since the coefficient h[B] satisfies the relation Ry, (B).
(iv) (j > m; k > m): Finally, in this case, we have ¢;; = 1 and also by, # 0 since
A € Q(B). Now, if 1 <1 < m, then ¢;; = ay = by with AN € Q(BL™ (D)

(j,k)(i,1) (m,m)(i,l)
so that h[AGTE) = A[BGISES]. On the other hand, if 1> m with | # k and
cit # 0, then ¢;; = ay = 1 with A7) € Q(B) so that E{AEE’;;EZB} = h[B]. Note
that there are precisely b;,, such values of I. Hence, we may rewrite (4.18) as:

BBl + Y buh|BGISEh] + bih[B] =0,

1<l<m

since the coefficient h[B] satisfies the relation R, (B).

Thus, we have shown that the coefficient of p[C] in ho q_Sf\i,’j 'Y is zero in all possible cases,
and so we are done. O

Now, since a and 8 both have length m, we may ignore the final (n — m) rows and
columns of each matrix in Tab(«, 8) and Tab(3, ). Accordingly, we identify Tab(a, 3)
with the set 7 := {4 € M xm(N) | Zj a;j = a; and Y . a;; = P}, and Tab(3, o) with
the set 7' :== {A € Mpxm(N) | X2, a;; = B; and >, a;; = oy}

Remark 4.19. Note that X and its transpose X' are of the same form. That is to say,
the swap A < ) is equivalent to the swap (a,b) < (a’,V'), where '’ =b+m — 1,
b = a — m + 1 respectively, which in turn is equivalent to the swap a < 3. Therefore,
after defining the notion of relevance for elements h € Homye, (M (5), M («)), similarly
to Definition 4.8(ii), and also swapping 7 with 77, we obtain the following analogue of
Lemma 4.12:

Corollary 4.20. Let h € Homye, (M(8), M(«)). Then h € Relys, (M (8), M(«)) if and
only if the coefficients h[B] of the p|B] in h satisfy:
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(i) Rﬁj(B)foralllgi<j§m,1§k§m, and B € T" with bji, # 0,
(ii) C’i’fj(B) foralll<i<j<m,1<k<m, and B € T" with by; # 0.

The following Remark is clear:
Remark 4.21. Let m > 2 and A = (a,m — 1,m — 2,...,2,1°). Then:

(i) We have a k-linear embedding of the endomorphism algebra of Sp(\) into the
k-space Relgs, (M (a), M(5)).

(ii) We have a k-linear embedding of the endomorphism algebra of Sp()\’) into the
k-space Relgs, (M (8), M (c)).

Remark 4.22. Let h € Homge, (M (a), M(B)) and consider its transpose homomorphism
B € Homyge, (M (B), M(«)). We have:

(i) For1 <i<j<m,1<k<m,and A € T with a;; # 0, the relation Rﬁj(A)
concerning the coefficient of p[A] in h coincides with the relation C’i’f ;(A") concerning
the coefficient of p[A’] in A'.
(i) For 1 <i<j<m,1<k<m,and A € T with ag; # 0, the relation C’gfj(A)
concerning the coefficient of p[A] in h coincides with the relation R} ;(A’) concerning
the coefficient of p[A’] in A'.
(iii) The transpose homomorphism k' is relevant if and only if A is relevant.

4.2. A critical relation

Here, we shall highlight a new relation that occurs as a combination of the relations
R} ;(A) and CF;(A) of Lemma 4.12 that will play an important role in our considerations
below.

Lemma 4.23. Suppose that h € Homyg, (M (a), M(B)) is a relevant homomorphism. Then
the coefficients h[A] of the p[A] in h satisfy the relations:

2(ARA] = " auh[AGHED] + Y auh[AGRED] (Z(4))
i<j >7
>k <k

foralll < j,k <m and A € T with aj, # 0, where zj ,(A) == > aix+ > auy+j+k €k
i<j I<k

Proof. Since h is relevant, the coefficients h[A] of the p[A] in h satisfy the relations of
Lemma 4.12, and so in particular, given 1 < j, k < m, the coeflicients satisfy the relation

dici Rfj (A)+ > Cik(A) for all A € T with aj; # 0. But, the left-hand side of this
relation is given by:
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> (ai + DA[A]+ Y (aj + 1)h[A] = 2 (A)h[A], (4.24)

i<j I<k

by definition of z; x(A). On the other hand, the right-hand side of this relation is:

" auh[AGRED] + D7 auh[AGS)- (4.25)
i<j <k
£k i#j

Now, notice that for i < j, I < k we have A7)h = AZD) and so after cancelling

those terms that appear twice, we may rewrite (4.25) as:

(1.1) (D) @mGn| (11D (1.1) (D)
E :ailh[Au‘k)u,z)} + § :ailh{Au,mu,w} = E :ailh[A(j,k-)(z‘,l)] + E :ailh[Au‘k)u,z)}’
i<j 1<k i<j i>j
I#£k i#£j 1>k i<k

which, along with (4.24), gives the required expression. 0O
5. One-dimensional endomorphism algebra

Given integers s, t, we write s = ¢ to mean that s is congruent to ¢ modulo 2, and so
in particular, are equal as elements of the field k. From here, we shall assume that the
parameters a, b, and m satisfy the parity condition: a — m = b (mod 2). Note that this
condition is preserved by the swap (a,b) <> (a/,V’), where a’ =b+m—1,0 =a—m+1.

Firstly, we highlight some basic properties of the coefficients z; 1 (A) from Lemma 4.23.

Lemma 5.1. Let A € T. Then:

) Zj7k(A) = Zi>j a;r + Zl>k ajr + a; + Bk +j+k forl1<jk<m.

) 2jk(A) = 2is; @ik + Dpsp agr for 1< gk <m.

(ii) zjm(A) =b+1+ > 0, aim and 2 k(A) = a+m+ 32, ) am; for 1 <j,k <m.
) Zm.m(A4) = 1.

) 21m(A) = 2551 Gim and zpm 1 (A) = 30551 Gmi-

Proof. Part (i) follows from substituting the two expressions: ZKJ. aix = Pr — ij ik
and ), aj; = aj — 5, aj; into the definition of z; j(A). Parts (ii)-(v) then follow
immediately from part (i) along with the forms of « and 5. O

Definition 5.2. Let A, B € 7. Then:

(i) We write A <r B to mean that B follows A under the induced lexicographical
order on rows, reading left to right and bottom to top. This is a total order and we
call it the row-order.
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(ii) We write A <¢ B to mean that B follows A under the induced lexicographical
order on columns, reading top to bottom and right to left. This is a total order and
we call it the column-order.

Remark 5.3. Let 1 < j,k < m and let A € T with aj; # 0. Then any B = A{")¢) that
appears in the relation Z; (A) of Lemma 4.23 satisfies both B <z A and B <¢ A.

From now on, we fix a relevant homomorphism h € Homyg, (M (a), M(f5)).
Lemma 5.4. Let A € T and suppose that apm # 0. Then h[A] = 0.
Proof. Firstly, 2z, m(A) = 1 by Lemma 5.1(iv), and the result follows by Z,, »(4). O

Remark 5.5. Assume that m = 2, where then « = (b+ 1,a — 1) and § = (a,b). Suppose
that h € Homyg, (M (o), M(5)) is a non-zero relevant homomorphism, and suppose that
A € T is such that h[A] # 0. We may assume that ass = 0 by Lemma 5.4. Now, since
a12 + ass = b and a1 + aze = a — 1, we deduce that a1 = b and as; = a — 1. Moreover,
since a11 + a;2 = b+ 1, we have that a;; = 1. Hence, there is a unique matrix A for
which h[A] # 0, namely:

1 b
a—1

A:

Hence for A\ = (a,1°) with @ = b (mod 2), we deduce that Endyg, (Sp())) = k, and in
this way we recover Murphy’s result [14, Theorem 4.1].

Lemma 5.6. Let A € T and suppose that there exist some 1 < j, k < m such that a;., # 0
and amy # 0. Then h[A] = 0.

Proof. Suppose for contradiction that the claim is false and let A € T be a counterex-
ample that is minimal with respect to the column-order <. We choose 1 < j, k < m to
be maximal such that a;m, amr # 0. We may assume that a,,, = 0 by Lemma 5.4. Now,
by Lemma 5.1(iii) we have z;j p,(A) + 2m 1k (A) = 1 and so the relation Z; ,,,(A) + Z,, 1 (A)
gives:

h[A] =" agh[BU] + Y " ayh[DE],

>3] i<m
I<m >k
where B0 = A0 for i > j, 1 < m with ay # 0, and DU = AQFID for @ < m,

I > k with a; # 0.

Suppose that i > j, | < m are such that a; # 0, and consider the matrix B,
If ¢ = m, then bl™4 = 0 and so h[BI™!] = 0 by Lemma 5.4. On the other hand, if
i < m then b"" "l £ 0, and notice also that B"" <o A by Remark 5.3. Therefore, by

mm’ “mk
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minimality of A, we have that h[B"Y] = 0. Similarly, one may show that h[DI¥] = 0 for
i <m,l >k with a;; #Z 0, and so we deduce that h[4] =0. O

Definition 5.7. We define the sets:

(i) TR={AeT|ax=1forl1<i<m, and ay =0for 1 <k <m}.
(ii) TC={AeT |ay =1for 1 <k <m, and a;, =0 for 1 <i < m}.

Lemma 5.8. Let A € T and suppose that A ¢ TRUTC. Then h[A] = 0.

Proof. By Lemma 5.4 we may assume that a,,,, = 0. Suppose that a,,; # 0 for some k
with 1 < k& < m. Then, by Lemma 5.6, we may assume that a;,, =0 for 1 < j < m. But
then ay,, = b and so ka a1; =m—1. Since A ¢ TC we deduce that there exists some
1 <1 < m with a;; = 0. Now, the relation C}, (A) gives that h[A] = > js1 ajih[BY]
where BUl := A{}V") for j > 1 with aj; # 0. Suppose that j > 1 is such that a;; # 0.
If 5 = m then blml # 0 and so h[B!"™] = 0 by Lemma 5.4. Moreover, for 1 < j < m
we have that b7, | bg’ﬂn # 0 and so h[BY] = 0 by Lemma 5.6. Therefore, we deduce that
h[A] = 0.

Hence, we may assume that a,,x = 0 for all 1 < k£ < m and so it follows that
am1 = a —m -+ 1 and that Zj<m aj1 = m — 1. However, since A ¢ TR we must have
that a;; = 0 for some j with 1 < j < m. Now, the relation R, (A) gives h[A] =
> io1 ajih[DY] where D = AZN () for 1 > 1 with aj; # 0. Suppose that [ > 1 is such
that a;; # 0. If { = m, then d}, # 0 and so h[D!"]] = 0 by Lemma 5.4. On the other
hand, if 1 < < m then dl;, # 0. Now, if dlll  # 0 for some 1 < v < m, then h[D"] =0
by Lemma 5.6. Hence, we may assume that dl'l, =0 for all 1 < u < m and so we deduce
that d[llln = a1y, = b. Since A € TC we have that there exists some 1 < k < m with
a1, = 0 and hence dj}, = 0. Then, the relation C}  (D") expresses h[D"] as a linear
combination of h[F]s where either f.,, # 0, or f; # 0 and f,,, # 0 for some v with
1 < v < m. Once again, Lemma 5.4 and Lemma 5.6 give that h[F] = 0 for all such F
and so h[D"] = 0. Hence h[A] =0. O

Definition 5.9. We shall require some additional notation that we shall introduce here:

(i) In order to assist with counting in reverse, set 7(i) :=m — (i — 1) for 1 <i < m.
(ii) For 1 < i < m, we define:

TR; ={A € TR | the 7(j)th-row of A contains j odd entries for 1 < j < i}.
(iii) For 1 <i < m, we define TR; := TR; \ TRiy1, where we set TR,, = J.

Remark 5.10. Let A € 7. Recall that ), a,¢;y; =i for 1 < i < m. Therefore, if A € TR;
for some 1 < ¢ < m, then the 7(j)th-row of A consists entirely of ones and zeros for all
1<y <
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Definition 5.11. Let 1 < i < m and A € TR;. Then:

(i) Weset Ky ={2<k<il|ay =1for () <u<7(k)}.

(ii) Weset kg =min{2<k<i+1|k&Ka}.

(iii) If kg <4, we set j4 = min{ky <j <1i| Ur(j)ks = 0}.

(iv) If ka < i and ka < j < i, we denote by w’(A) = (w](A), w)(A),...) the decreas-
ing sequence of column-indices within the final 7(k4) columns of A that satisfy

=1 for s > 1.

Dr(iywi(a)
Notice that the sequence w’(A) has j — k4 + 1 terms.

Example 5.12. We have k4 = 4, ja = 4, and w®(A) = (7,5), where:

1
1 1111 [2]0f0]o0

A 1 tjtfof[1]of1][0][0|cTR,.
1 t{tfofl1]ofofo]o
1 t{1fofofofofo]o
1 tjofofolofofofo
a—m+1]oflofoflof[ofofo]o

Lemma 5.13. Let 2 < i < m and let A € TR; with ks < i. Suppose that there exists
some index k with ka < k < i such that w!(A) = wi=}(A) for all ka < j < k and all
even t. Then forl > ka, ka < j <k, we have ZUZT(j) aw = 1 if and only if | = wi(A)
for some odd s.

Proof. We proceed by induction on j. The case j = k4 is clear and so we may assume
that j > k4 and that the claim holds for all smaller values of j in the given range. Let
l > k4 and suppose that Zuzr(j) au; = 1. Suppose, for the moment, that ay; = 0.
Then }°,~ () Gu = Zu?f(jfl) Ayl apd so | = wi=1(A) for some odd s by the inductive
hypothesis. However, w!, ,(A) = wi~'(A) = 1 and so a(j; = 1, contradicting that
arj = 0. Hence, arj;; = 1 and so | = wl(A) for some s. Moreover, ZuZT(j) ay =1
if and only if 3, o ;1) aw = 0 and so by the inductive hypothesis | # wirt(A) for
any odd s’. Now, if s is even then w’(A) = wi~}(A), leading to a contradiction. Hence,
s must be odd. Conversely, suppose that [ = w(A) for some odd s, and suppose, for
the sake of contradiction, that ZUZT( j) Qul = 0. Then, there exists some k4 < j' < j
such that a,(;y; = 1, and we choose j’ to be maximal with this property. Therefore,
ay = 0 for 7(j) < u < 7(j') and ZUZT(J”) ay = 1. Then, by the inductive hypothesis,
I = wi/(A) for some odd s'. But then wg:ﬂ(A) = wl/(A) = I, by our assumption,
and so a,(j;41); = 1. Now, by the maximality of j’, we must have j' 4+ 1 = j. Thus,
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l= wg;ﬂ(A) =wl(A) = wi(A) and so s’ + 1 = s, which is impossible since s’ and s
are both odd. Hence ZuZT(j) ay = 1, and so we are done. O

Lemma 5.14. Let 2 < i < m and let A € TR; with ka < i. Suppose that Zr()i(A) =0
for all ka < j <1, ka <1 <m with a;;;; = 1. Then wi(A) = wi=(A) forka <j<i
and even s with s < j—ka + 1.

Proof. We fix i and we proceed by induction on j, with the base case being j = k4 +
1. Here w/(A) = (w](A),w}(A)) and for w = wi(A) we have z,(j),(A) = 0. Now,
by Lemma 5.1(ii) we have z7(j)w(A) = 3 or(j) Guw + Xpsy Gr(je = Ar(j—1w + L.
Therefore, the entry a,(;j_1), is odd and so w = wh4 (A) as required. Suppose now that
ka+ 1 < j <iand that the claim holds for smaller values of j in the given range. Note
that this implies that the hypotheses of Lemma 5.13 are met for k = j — 1.

Suppose that s is even and set [ := w(A). Then Dusr(you + s —1 =0 by
Lemma 5.1(ii) since Z,T(j)’l(A) = 0. Therefore, 3~ ;_1)@u = 1 and so by Lemma 5.13
we deduce that [ = w1 (A) for some odd s’ with s’ < j — k. Now, the sequence w’(A)
has exactly one extra term compared to w’~1(A) and so the number of even indices in
w?(A) equals the number of odd indices in w’~!(A). It follows that s’ = s — 1 and so we
are done. O

Lemma 5.15. Let 1 < i < m and let A € TR; with ka < 4. Suppose that
wl(A) > w! ™ (A) for all jo < j < i. Then we may express h[A] as a linear combi-
nation of h[B|s for some B € T where either:

(i) B € TRy for some i’ <i,
(ii) B € TR; with kg > ka,
(iii) B € TR; with kp = ka and B <¢ A, which is witnessed within the final T(w!* (A))
columns of A and B.

Moreover, if A& TC then B & TC for all such B listed above.

Proof. To ease notation we set u == 7(j4) > 1, k = ka, and w := w}*(A). Notice that
w > k, and that a,, = 0 and @y, = 1. The relation Cf; , (A) gives h[A] = 7, aih[B"]
where B = Afw 0w for | # u with ay, # 0. Let | # u be such that a;, # 0, and let

[”(B[”). We shall proceed by induction on j4,

kW = kgw, j¥ = jgw, and wH = ’wjl
decreasing from j4 = i.

Firstly, suppose that j4 = i. If [ > w and a;, # 0, then BY € TR, for some i’ < i,
and so B! is as described in case (i). Now, if I > u with a;, = 0, then k¥ = k, Bl <& A,
and the final column in which B"™ and A differ is the wth-column. Hence, here BY is as
described in case (iii). On the other hand, if | < u, then k¥ > k and B! is as described

in case (ii).
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Now, suppose that j4 < i and that the claim holds for all D € TR; with j4 < jp < i.
We split our consideration into steps:

Step 1: If I > w and a;, # 0, then BY € TRy for some i’ < i, and so B is as
described in case (i). On the other hand, if I > u and ag, = 0, then BY € TR; with
kW =k and BY <& A. Moreover, the final column in which B" and A differ in this case
is the wth-column and so BW is as described in case (iii).

Step 2: Now, if 7(i) <1 < u with aj,, # 0. Then BY € TR,,—; with m — 1 < i since
I >7(i) =m—i+1, and so B" is as described as in case (i).

Step 3: On the other hand, if 7(i) <! < u and ag, = 0, then B € TR; with k! = k
and j" > j4. Moreover, the final column in which A and B differ is the wth-column,

and so w!(BY) = wl(A) for all j4 < j < i, since w](A) > w] '(A) for all j4 <

j < i, and so in particular w](B") > w]~'(BW) for each j" < j < i. Hence, by the
inductive hypothesis, B must satisfy the claim, and so h[B"] may be written as a
linear combination of h[D]s for some D € T where either:

(iv) D € TRy for some i’ < i,

(v) D € TR; with kp > k¥,

(vi) D € TR; with kp = k¥ and D <¢ BY, which is witnessed within the final 7(w!)
columns of BY and D.

Any such D as in (iv) is as described in case (i), whereas any such D as in (v) is as
described in case (ii) since k" = k4. Now, notice that the final 7(w) columns of A and
B match since wi > w, and so any such D as in (vi) also satisfies D <¢ A (witnessed
within the final 7(w) columns of A and D), and so is as described in case (iii).

Step 4: Finally, if I < 7(), then B" € TR;. Moreover, if ay, = 1 for all 7(i) < t <
7(ja), then k™ > k and so B is as described in case (ii). On the other hand, if a;, =0
for some t in this range, then k! = k with j > j4 and then one may proceed as in Step

3 above.

Now, suppose that A & TC but B € TC for some | # u with a;r # 0. Notice that
this forces | = 1 and a;; = 2, which contradicts that a;; #Z 0. Hence if A ¢ TC, then
BY ¢ TC for all | # u with a;;, # 0. By applying this argument recursively, it follows
that if A & TC, then all such B produced by this procedure satisfy B € TC as well. O

Lemma 5.16. Let 1 <i<m—1 and let A € TR; with ka =i+ 1. Then we may express
h[A] as a linear combination of h[B]s for some B € T where either:

(i) B € TRy for some i’ < i,
(ii) B TR.

Moreover, if A& TC then B & TC for all such B listed above.



H. Geranios, A. Higgins / Journal of Algebra 652 (2024) 20-51 47

Proof. Firstly, recall that the sum of the entries in the 7(i + 1)th-row of A is i+ 1. Now,
since A ¢ TRi+1, we deduce that the 7(i 4+ 1)th-row of A contains at most ¢ — 1 odd
entries. Hence, there exists some 1 < s < such that a,(;;1)s is even and we choose s be
minimal with this property. To ease notation, we set ¢ := 7(i+1) and u := 7(s). Note that
ays = 1. The relation Rj ,(A) gives that h[A] = 3=, agh[B"] where B = AL
for | # s with ag # 0.

If [ = 1, then B" ¢ TR, and so B! is as described in case (ii). Now, if 1 < < s,
then BY € TR,_; with s — 1 < 4, and so BU is as described in case (i). Meanwhile, if
[ > s, then B € TR; and, as in the previous paragraph, we may find some s < t < i
(depending on 1) such that bg}/ is even, and we take ¢ to be minimal with this property.
The relation R;T(t)(B[”) expresses h[B"] as a linear combination of h[D]s for some
D € T that must either fit into one of the cases described in the statement of the claim,
or otherwise once again D € TR; and there exists some ¢t < v < 4 such that dgv is even,
and we take v to be minimal with this property. Noting that v > t > s, it is clear that
this process must terminate, hence providing the desired expression for h[A].

Now, suppose that A & TC but B" € TC for some | # s with ag # 0. Then, notice
that B! agrees with A outside the 7(i + 1)th-row and 7(s)th-row, and so in particular
they agree in the first row since ¢ < m — 1. Hence a1, = by =1 for 1 < v < m since
BW € TC. Now, by considering the first row-sum and the last column-sum of A, we
deduce that a1, = b and a,,, = 0 for 1 < v < m. However, this implies that A € TC,
which is a contradiction. Once again, by applying this argument recursively, it follows
that if A € TC, then all such B produced by this procedure satisfy B ¢ TC as well. O

Lemma 5.17. Let 1 <i <m—1 and let A € TR;. Then we may express h[A] as a linear
combination of h|B|s for some B € T\ TR. Moreover, if A & TC then all such B satisfy
B¢gTRUTC.

Proof. We proceed by induction on ¢ > 2. Firstly, suppose that ¢ = 2. Since A ¢ TR3
with >, agn—2y = 3, the (m — 2)th-row of A must contain a single odd entry, which
must then be equal to 1, and be located in the first column of A. On the other hand,
since A € TRz, there exists a unique [ > 1 with a,,_1y; = 1. The relation Rﬁn_Q,m_l(A)
gives h[A] = h[B] for B := Al "33~ 1), Evidently, B ¢ TR, and so the claim holds
for i = 2.

Now, we suppose that i > 2 and that the claim holds for all B € T such that B € TR
for some 2 < 4’ < i. Suppose, for the sake of contradiction, that the claim fails for this
particular value of i and consider the set of counterexamples A € TR; whose value of
k4 is maximal amongst all counterexamples. Now, we choose A to be the element of this
set that is minimal with respect to the column-ordering. In other words, if D € TR, is
a counterexample to the claim, then either kp < k4, or kp = ka4 and D >¢ A.

Now if k4 = i+ 1, then Lemma 5.16 states that we may express h[A] as a linear
combination of some h[B]s for some B € T where either B € TR; with i/ < i, or
B ¢ TR. In the first case the inductive hypothesis states that h[B] can be expressed
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as a linear combination of some h[D]s with D ¢ TR, whilst in the second case we have
B € T\ TR. Thus, h[A] satisfies the statement of the claim which contradicts that A
was chosen to be a counterexample.

Hence, we may assume that k4 < 7. Suppose, for the sake of contradiction, that there
exists kg < j <14, ka < k < m such that a,(, = 1 and 2,y 1(A) = 1. The relation
Z:(5),k(A) gives the expression:

hAl = 3" awh[B"+ 3 auhlB=1], (5.18)
u<7(j) u>7(j)
1>k 1<k

where Blv1 = AT for all such (u, 1) satisfying a,; # 0.

Now, set B := Bl*! where (u,l) is as in (5.18) with a,; # 0. We claim that B fits
into one of the following cases: B € TR, B € TR for some i’ < i, or B € TR; with
kp = ks and B <¢ A. We provide full details for the case where v > 7(j), | < k with
the other case, that is u < 7(j), { > k, being similar.

If I =1 then B ¢ TR and so B is of the desired form. Now, if 1 <[ < k4, then either
u > 7(ka) or 7(j) < u < 7(ka). In the first case, we have B € TR,_1, whilst in the
second case we have B € T_RT(M)_l if ayr =1 and B € ﬁj,1 if ayr = 0. Hence, in
either case, we deduce that B € TRy for some i’ < i. Suppose now that ky < [ < k,
then we must have 7(j) < u < 7(k4) since a,; Z 0. Now, if a,, = 1 then B € WT(U)_D
whilst if a,x = 0 and a,¢j,; = 1, then B € ﬁj,l. Finally, if a,x = 0 and a,¢jy; = 0,
then B € TR; with kg = k4 and B < A. But then, either by the inductive hypothesis
on i, or by the minimality of A, all such B produced in this procedure must satisfy the
statement of the claim, and hence so must A, which contradicts that A was chosen to
be a counterexample.

Therefore, we may assume that that z;;) ,(A) =0 forall ka <j <i, kg <k<m
such that a,(;;; = 1. Then, by Lemma 5.14 and Lemma 5.15, we may express h[A] as
a linear combination of h[B]s for some B € T where either: B € TR, for some i’ < i,
B € TR; with kg > ka, or B € TR; with kg = k4 and B <¢ A. But then, either
by the inductive hypothesis on ¢, maximality of k4, or minimality of A, each such B
must satisfy the statement of the claim, and hence so must A, which contradicts that A
was chosen to be a counterexample. Thus, no such counterexample may exist. Finally,
once again, it is clear to see from the steps taken above that if A ¢ 7C, then all such B
produced by this procedure satisfy B ¢ TC as well. O

Corollary 5.19. Let 1 <i<m —1 and let A € TR; with A ¢ TC. Then h[A] = 0.

Proof. By Lemma 5.17, we may express h[A] as a linear combination of h[B]s for some
B e T with B¢ TRUTC. But h[B] = 0 for all such B by Lemma 5.8, and so the result
follows. O

Lemma 5.20. Let A € TR\ TC. Then h[A] = 0.
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Proof. Suppose, for the sake of contradiction, that the claim is false, and let A € T be a
counterexample that is minimal with respect to the column-ordering of Definition 5.2(ii).
By Corollary 5.19, we may assume that A ¢ TR, for any i < m—1, and so we must have
that A € TR,,—1 \ TC since A € TR. Hence, for each 1 < u < m, either a,, = 0 or
aum = 1, and we claim that there exists at least one u in this range with a,,, = 1. Indeed,
suppose otherwise, then there exists some 1 < v < m with ay, even since A € TC. But
then the relation C}, (A) expresses h[A] as a linear combination of h[B]s for some B € T
with B <¢ Aand B € TR\ TC. But h[B] = 0 for all such B by minimality of A, which
contradicts that A was chosen to be a counterexample. We hence write (uy,...,us) for
the increasing sequence whose terms are given by all u in the range 1 < u < m with
aym = 1. Firstly, suppose that s > 1 and set v := us_; and v’ := u,. By Lemma 5.1(iii),
we have that zy ., (A) + 2w .m(A) = 1 and so the relation Z, ,(A) + Zy .m(A) is given
by:

h[A] =Y auh[B" ]+ > ayh[D), (5.21)
< iz

where B = AL D and D= AL D for all such (v,1) with ay # 0. Now, let
(v,1) be as in (5.21) with a,; #Z 0.

If | =1, then B, D1 TRUTC and so h[BY] = h[D'] = 0 by Lemma 5.8.
On the other hand, if I > 1, then B Dl*U € TR\ TC and A <¢ B™Y D, Hence, by
the minimality of A, once again we deduce that h[BY] = h[D!] = 0. Thus h[A] = 0,
which contradicts that A was chosen to be a counterexample.

Hence we may assume that s = 1, or in other words that there exists a unique u in
the range 1 < u < m such that ay, = 1, and so then 21 ,,(4) = 1 by Lemma 5.1(v).
By applying similar considerations to the above to the relation Z ,,(A), we once again
reach a contradiction, and so no such counterexample may exist. 0O

Definition 5.22. For 1 < i < m, similarly to 7R; of Definition 5.9(ii), we define:
TC; ={A € TC | the 7(j)th-column of A contains j odd entries for 1 < j < i}.

Remark 5.23. Firstly, note that by Remark 4.22, we see that the transpose homomor-
phism k' € Homye, (M (B), M(«)) of h is relevant. Now, the results proven above
are independent of the values of a and b, provided that they satisfy the parity con-
dition @ —m = b. In particular, note that this condition is preserved under the swap
(a,b) +» (a’,b'), where «/ =b+m — 1,V :=a— m+ 1. But, as in Remark 4.19, this
swap is equivalent to the swap A <+ )\ and accordingly a <+ 8 and 7 < T’. There-
fore, by defining the subsets TR, TC' C T analogously to TR, TC C T, we obtain the
analogous results to those shown in this section for the coefficients h'[A’] of the p[A’] in
h.

Proposition 5.24. Let A € T and suppose that A € TRuy—1 NTCp—1. Then h[A] = 0.
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Proof. Suppose that D € T is such that hA[D] # 0. Then, we may assume that we
have D € TRUTC since otherwise h[D] = 0 by Lemma 5.8. Moreover, we may as-
sume that D ¢ TR\ TC since otherwise h[D] = 0 by Lemma 5.20. On the other hand,
if DeTC\TR, then D' € TR'\ TC', where TR',TC' C T’ are as defined in Re-
mark 5.23. But then we have h[D] = h/[D’] = 0 4 la Lemma 5.20, which contradicts our
choice of D, and so we may assume that D ¢ TC \ TR. In sum, we have shown that
h[D] =0 for all D € T with D € TR N TC. In particular, to prove the Proposition, we
may assume that A € TRNTC. Now, if A € TR,,_1, then there exists some i with
1 <i < m—1 such that A € TR;. But then Lemma 5.17 allows one to express h[A]
as a linear combination of h[B]s for some B € T with B ¢ TR. But then every such
B satisfies B ¢ TR N TC and hence that h[B] = 0 as shown above, and so h[A] = 0.
On the other hand, if A & TC,,—1, then A’ & TR, | where TR, _; C T’ is defined
analogously to TR,,—1 C T. But then h[A] = h'[A] = 0 by the '-decorated analogue to
the argument outlined above, and so we are done. 0O

Theorem 5.25. Let A = (a,m—1,...,2,1%) witha > m > 2,b > 1, where r := deg(\), and
suppose that the parameters a, b, and m satisfy the parity condition: a —m = b (mod 2).
Then Endgs, (Sp(A)) = k.

Proof. Let h be a non-zero endomorphism of Sp(\), which we identify with a relevant
homomorphism h € Homgg, (M (c), M(5)) as in Remark 4.21. If A € T with h[A] # 0,
then A € TRy,—1 NTCyp—1 by Proposition 5.24. But since ) ar(iyy =1, D, Gur(j) = J
for 1 < 1,j < m, this set consists solely of the matrix:

1 1 110

1 1 1
1 1 010
AO:: . . . . . . .
1 1/1}...]10(10]0
1 1/10]...]1]0]0]0
a—m+1[{0[0|... 0|00

Therefore, we have h = h[Ag]p[Ao], and so we are done. O
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