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Gravitational bremsstrahlung and the Fulling—Davies—Unruh thermal bath
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The electromagnetic radiation emitted by an accelerated charged particle can be described theo-
retically as the interaction of the charge with the so-called Fulling—Davies—Unruh thermal bath in
the coordinate frame co-accelerated with the charge. We present a similar analysis on the gravita-
tional radiation from a classical point mass uniformly accelerated, being pulled by a string satisfying
the weak energy condition. In particular, we derive the interaction rate (with fixed transverse mo-
mentum) of this system of the point mass and string in the Fulling-Davies—Unruh thermal bath
in the co-accelerated frame and show that it equals the graviton emission rate calculated in the

standard method in Minkowski spacetime.

I. INTRODUCTION

Following a period of controversies, the classical prob-
lem of radiation by a uniformly accelerated charge has
become well understood in recent decades. This phe-
nomenon is commonly observed from the perspective of
a distant inertial observer, who detects radiation emitted
by a charge undergoing an accelerated trajectory relative
to that observer (see, e.g., Refs. [IH4]). The power ob-
served in an inertial frame can be calculated using the
well-known Larmor formula [5], which has also been gen-
eralized to a covariant form [4]. However, the connec-
tion of the inertial-frame viewpoint with the viewpoint
of a co-accelerated frame of reference, where the charge
is static and hence the observer there sees no radiation,
remained as an unsolved part of the puzzle. This piece of
puzzle is closely related to the apparent paradox of the
equivalence principle [3]. In a significant contribution,
Boulware investigated this problem and provided an ex-
planation for the apparent paradox of the equivalence
principle in Ref. [6]. According to Boulware’s findings,
the co-accelerated observer sees no radiation because the
radiation field can only be unambiguously interpreted in
regions of spacetime beyond the observer’s horizon. (See
also Ref. [7] and the references therein.)

The inertial and co-accelerated viewpoints about the
problem of radiation emitted by a uniformly accelerated
charge can also be addressed using a semiclassical frame-
work, i.e., using quantum field theory at tree level, which
provides a deeper understanding concerning this prob-
lem. In this context, the theoretical description is differ-
ent in the inertial and accelerated frames, although the
response rates of the charge calculated in these frames are
the same. While in the inertial frame the source is seen
to emit Minkowski quanta, in the co-accelerated frame,
or the Rindler frame, the source is seen to interact with
a thermal bath, which is a consequence of the interpreta-
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tion of the inertial-frame quantum-field state in the accel-
erated frame. This was shown in Refs. [8, 9], where it was
concluded that the radiation in the inertial frame is only
consistently interpreted in the co-accelerated frame if the
Unruh effect [10] is taken into account. We also note that
the Larmor formula was reproduced recently through the
modes of photons defined in the Rindler frame using the
Unruh effect [I1].

The Unruh effect is an example of the observer-
dependent nature of the field-theoretic particle con-
tent [12]. In particular, the Minkowski vacuum, the
state with no particles for inertial observers, is de-
scribed as a thermal bath in the co-accelerated frame
of the charge, the Fulling-Davies—Unruh (FDU) thermal
bath [I0, 13, 14]. The emission of a Minkowski photon,
i.e., a field excitation in the inertial frame, corresponds
to either the absorption or emission of Rindler photons,
which are the field quanta as viewed by Rindler observers,
i.e., by the co-accelerated observers [I5]. Thus, in quan-
tum field theory the theoretical description of the accel-
eration radiation by the inertial observer is associated
with the emission of a Minkowski photon by the charge,
and the theoretical description by the co-accelerated ob-
server is associated with the emission and absorption of
zero-energy Rindler particles, which are shown to be un-
detectable by co-accelerated observers, agreeing with the
classical interpretation [6l [9].

The Unruh effect is an intrinsic effect of quantum field
theory and is a necessary ingredient in the description
of physics in the Rindler frame. Despite this fact, works
questioning the existence of this effect can be found in
the literature (see, e.g., Refs. [16, [I7]). The experimental
observation of the FDU thermal bath could dispel any
lingering doubt about the Unruh effect. Some propos-
als have been put forward to observe the Unruh effect
using state-of-the-art technology, in particular exploiting
the above-mentioned description of the radiation using
the Unruh effect in the accelerated frame [I8] (see also
Refs. [T9H21]). In this proposal, the radiation emitted by
a circularly moving charge in the Rindler frame (also in-
teracting with the FDU thermal bath) is compared with
the radiation observed in the inertial frame by an exper-


mailto:joao.brito@icen.ufpa.br
mailto:crispino@ufpa.br
mailto:atsushi.higuchi@york.ac.uk

imentalist. The output of the experiment in the inertial
frame can be predicted by classical electrodynamics and
is found to be the same as inferred by the Rindler ob-
servers incorporating the Unruh effect. Another example
of quantum phenomenon consistently described by con-
sidering the Unruh effect is the decay of uniformly accel-
erated particles [22] (see also Ref. [23]).

The role played by the Unruh effect in quantum field
theory is still a matter of investigation, and the descrip-
tion of many interesting phenomena is lacking. In par-
ticular, it will be interesting to confirm that the equal-
ity between the response rates of a scalar or an elec-
tric charge due to its interaction with the scalar or elec-
tromagnetic field, respectively, in the inertial and co-
accelerated frames, holds for a point mass interacting
with the gravitational field. The main purpose of this
paper is to demonstrate in detail that this is indeed the
case.

The rest of the paper is organized as follows. In Sec. ]
we find a conserved stress-energy tensor, which is de-
scribed in both inertial and accelerated frames, corre-
sponding to a point mass accelerated by a string satisfy-
ing the weak energy condition (WEC). In Sec. we
review the quantization of gravitational perturbations
in Rindler spacetime. In Sec. [[V] we calculate the re-
sponse rate associated with the conserved stress-energy
tensor found in Sec. [T in Rindler spacetime, taking into
account the Unruh effect. In Sec. [V] we calculate the
corresponding response rate in the inertial frame. Our
final remarks are given in Sec. [VIl In Appendix [A] we
show the equality of the response rates computed in the
inertial and co-accelerated frames and in Appendix [B
we present the response rate for another stress-energy
tensor with a string which does not satisfy the WEC.
We adopt metric signature (+, —, —, —) and units where
G =c=h=kp=1.

II. CONSERVED STRESS-ENERGY TENSOR

Minkowski spacetime is globally covered by the set of
coordinates (t, z, z,y) and the right Rindler wedge, which
is natural to a uniformly accelerated observer, can be
covered by Rindler coordinates (n, &, x,y), with these two
sets of coordinates related as follows:

t =a 'e® sinhan, (1)

z=a"'e® coshan, (2)

where z > [t| and —oco < 1, & < oo. The line element is
given in Rindler coordinates as

ds? = 28 (dn® — d§2) — da? — dy?, (3)

with metric determinant det(g,,) = g = —e*?¢. The lines
of constant &, x and y are the uniformly accelerated tra-
jectories with proper acceleration ae™ and proper time
T = e%n (see, e.g., Ref. [24]). There is a Killing horizon
at z = |t| associated with the Killing vector field 0,,.

Let us first construct a conserved stress-energy tensor
in the spacetime described by Eq. for a system with
a uniformly accelerated point mass. There will be an
external force acting on it because without it the point
mass would follow a timelike geodesic [25]. We assume
that only the components 77" and T¢¢ are nonzero and
that they are proportional to 6 (x,) = §(z)d(y) with
x) = (z,y) and otherwise depend only on £. Then, the
conservation equation, V,T*” = 0, is satisfied if

739 (BUETE) = —aT. (4)
We let T¢¢ be given by
T = —pae 2 F(€)6® (x 1), (5)

where 1 is a positive constant and F'(€) is an arbitrary
function. Substituting this equation into Eq. , we find

T = e [F'(€) + aF (€)] 6®) (x1). (6)

Equations and @ satisfy the conservation equation
for T*¥ for any F(§). Here, we choose

(&) = 0(), (7)

where 6(z) is the Heaviside step function. This choice
leads to the following stress-energy tensor

T = 1 [5(€) + ae™2€0(€)] 6@ (x.1), (8)
T = —pae2%0(€)6@ (x ). (9)

with all the other tensor components vanishing.

The stress-energy tensor given by Egs. and @ de-
scribes a point mass p at (1,0,0,0) attached to an in-
finitely long string extended along n = constant line (on
the plane x; = 0) from £ = 0 to co. This is illustrated in
Fig. [I where a diagram of Minkowski spacetime is pre-
sented. This stress-energy tensor is given in Minkowski
coordinates (¢t and z) as

T = [cosh2 an (&) + ab(§)] 6@ (x1),  (10)
T** = wsinh an cosh an 6(£)6® (x1 ), (11)
T2 = [sinh? an 6(6) — ab(§)] 6P (x1),  (12)

with all other components vanishing. This stress-energy
tensor obeys the WEC.

III. GRAVITATIONAL PERTURBATIONS AND
THEIR QUANTIZATION IN RINDLER
SPACETIME

The Einstein—Hilbert action for pure gravity is

1
Sen=-—— [RV—gDdle,  (13)
167G

where R is the Ricci scalar curvature, G is Newton’s con-

stant and g(/) is the determinant of the (full) metric ten-

(f)

sor gy . By writing the metric tensor as

95 = gu + V321G hyuy, (14)
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FIG. 1. Minkowski spacetime diagram and the four Rindler
wedges. The trajectory associated with & = 0 is highlighted
in the right Rindler wedge. The dots with wavy tails on each
n = constant line indicate the location of the source of the
stress-energy tensor at constant Rindler times.

where g,,,, is the flat metric on Minkowski spacetime, the
action is given to second order in h,, as

St = [ corvain 05

where
£2) = 1Y,k VR — T, VRO
EH — 5 Valluw alpp
1
+ (Vah’“" — ZV”h) Vuh, (16)
with h = h®,. Here and below the tensor indices are

raised and lowered by the flat metric g,,. The Euler—
Lagrange equation derived from this Lagrangian is
VoVehyy =V Vehya — Vi,V + V, Vo R

19 (VOVPhap — Vo VER) = 0. (17)

This equation is gauge invariant, i.e., a tensor of the form

h,(g) = VA, + VA, where A, is any vector field, is a

solution to this equation. This gauge invariance allows
us to impose the de Donder condition,

1
V., — §V“h =0. (18)
This condition simplifies the field equation ([17)) to
1
VQVO“ (huy — 29uyh> =0. (19)

The gravitational perturbations in the right Rindler
wedge (and other regions of Minkowski spacetime) were

studied in Ref. [26]. In that paper the mode functions of
positive frequency with respect to the Killing vector 9,
satisfying the de Donder condition were found in the
form H,,, (§)e~@ntikixL where w is a positive constant
and k| = (ks,k,) is a constant two-dimensional vector.
There are two independent non-gauge modes for given
values of w and k|, one with even parity and the other
with odd parity. The odd-parity modes do not couple to
the stress-energy tensor TH” given by Egs. and (E[)
because their only nonzero components are of the form
hyw with p=n, £ and v =z, y (or vice versa). For this
reason we discuss only the even-parity modes here.

The even-parity modes can be described in terms of the
solutions ¢(“¥1) to the massless scalar field equation,

Vo Vepke) =, (20)
of the form
PR (1,6, x 1) = gLt (g)emintie L (21)

where k; = |k ||. The functions ¢(“**+) are given by

(b(w,kL)(g) _ \/WKW/‘I (k‘if%) ’ (22)

where K, (z) is the modified Bessel function of the second
kind. The functions ¢(“*+) are real because K_,(z) =
K, (2) and obey the following differential equation:

(02 + (w? — K} e®€)] gl k) () = 0. (23)

The mode functions ¢“*1) satisfy the Klein-Gordon
normalization condition [27],

<¢(w,kL)’ ¢(w/’kl)>sc = Z/ W(w’kL) <v_#> SD(W”kl)nu dx
)
=5(w—w)sP (kL —K\), (24)

where ¥ is the 7 =constant hypersurface for the right
Rindler wedge and where n* is the future-pointing unit
normal to this hypersurface.

The even-parity modes are given in the form

) (n,€,x 1) = Hig M) (g)emiomtikes - (25)
where the nonzero components of H\% ) (¢) are [26]

w w,k
i) () = H ™ (6)

1 2 , 2 [ 2 (wik1)
=— |-+ — (w" + a0 “RLI(E)),

(26)
ks 2i .
et (€ = 5 0 - ) 9R00), (27)
W,k 61” w,k
HEM (€) = — S plohs) (g), (28)

V2

where ¢ and j are x or y.



To discuss the normalization condition for these modes
it will be useful to consider physically equivalent mode
functions related to them by a gauge transformation. We

define the vector A(w’k” by

Ak (n € xy) = (ki) €x1), (29)

fk2 One

ALK (e ) = De k) (. €,x1), (30
¢ (n,€,%.1) ﬂki e (n,§,x1), (30)
A (.6, 31) = — = 0RO (.€,%,), (31)
i ﬁki

where ¢ = x,y. We also define the gauge-transformed

mode functions by
h(wkl) h(wa_ +v A(wkl)_i_v Awa_) (32)

Noting that the nonzero Christoffel symbols are an =

I, = LS, = FE{ = a, we readily find
7 w 1 w
hi's) = =75 o + 20 (k)] peka) o (33)
where
§;; — Miki if yv =2 ory,
un(kJ_) = ! ki . (34)
0 otherwise.

It is straightforward to show that the mode functions
iNL,(fL’kL) satisfy both the de Donder condition and
the field equation (L9).

The mode functions describing the gravitational per-
turbations are normalized with respect to the inner prod-
uct analogous to the Klein—Gordon inner product .
We first deﬁne the conjugate momentum current for a so-

lution h,“, of the Euler—Lagrange equation as follows
(see, e.g., Ref. [28]):

apv _ OLgq

h=h()

Then the Euler-Lagrange equation can be written
as

oL
Vopthr EH _
P07 B, R 0 (36)

(In our case, i.e., in flat spacetime, the second term is

absent.) Since the Lagrangian density E H is quadratic

in h,,, we have, for any two solutions hE“Z and hEW) to

Eq. ,
v h,wp““” = p““”v hQ). (37)

This equation and Eq. imply that the following inner
product is n—independent:

neP ()

<h(’b)’ h(])>t5 =4 /; (h(Z auy p((:zl;),whffu)) nadZ, (38)

4

where ¥ and n# are defined as in Eq. ((24] If the solutions

A 2 and h(] ) obey the de Donder condltlon , then this
inner product simplifies to

<h(i)7h(j)>dD
N .
= Z/ <th3 v, h@n
)

For the mode functions we find

— .
—h v, hU)) n®dy.
(39)
<E(w’kL),F}VL(NI’kl)>dD _ <80(w,kL)7 s0(‘,.,’7kl)>sc
=§(w—w)oP(ky —K|). (40)

Now let us discuss the quantization of the even-parity
metric perturbations, which couple to the stress-energy
tensor TH" in Egs. and @ After fixing the gauge
completely, the quantized even-parity gravitation field
can be expressed as

%W%MJQZA m/fm

X {Egﬁ’kL)(n, ga XL)d(w,kL) —+ HC:| .
(41)
As in the scalar case [29], the inner product implies

[teys @l g )] = 0w = )6k — K1), (42)

The Fulling vacuum state |Op) [I3], which is the no-
particle state in the Rindler frame, satisfies a (., i, ) |Or) =
0 for all w and k.

IV. RESPONSE RATE IN THE ACCELERATED
FRAME

The stress-energy tensor is defined from a matter ac-
tion Smatter BY

2 6Smatter
'V —g(f) 59'&{)
At linear order we find from Eq.

5Smattcr
Ohuw

T =

(43)

= VBrGTH. (44)

h=0

Hence, the interaction term describing the one-graviton
processes due to the classical stress-energy tensor TH”
given by Eqgs. and @D can be taken to be

Sint = V871G / THRleen) /=g dtx, (45)

where the operator ﬁffl en) (z) is given by Eq. (dI). We
set 8mG = 1 from now on.
The probability amplitudes associated with the emis-

sion and absorption of a graviton with frequency w and



transverse momentum k; in the Fulling vacuum state
|OF) are given by

Alk) = (08| e, ) Sint |0r)
= / T b =g dta, (46)
AGE) = (08| S, 108)

k 4
= /T’“’hffj, +—gd'z, (47)
respectively, where h( “k1) ig the even-parity positive-
frequency perturbatlon with frequency w and transverse
momentum k,; given by Eq. . Here, we replaced
the gauge-transformed mode functions h,(ﬁ,’k*), which are
used in the expansion of the even-parity quantum gravi-

ton field Efﬁy ") in Eq. (41), with the original mode func-
tions hfff/k*) without changing the result because the
stress-energy tensor satisfies V, T#” = 0. The differential
spontaneous emission probability, i.e., the probability of
emission of one graviton with fixed transverse momentum
k, and Rindler energy w, is given by

2
dPen, dwd?®k | . (48)

w,k

= A

The Minkowski vacuum state is equivalent to a thermal
bath of the Unruh temperature Ty = a/27 for processes
confined to the right Rindler wedge [10]. This correspon-
dence exemplifies the observer-dependent notion of the
field-theoretic particle content. Here, the notion of a
particle is defined with respect to the timelike Killing
vector Oy for the inertial observers and with respect to 0,
for the co-accelerated observers [13]. The expected num-
ber of gravitons with a given (normalized) wave function
with (approximate) frequency w that surround the co-
accelerated observers is

1

eQm,u/a _ 1’ (49)

n(w) =
which is the Bose—Einstein distribution function with the
Unruh temperature a/27. Thus, in the Rindler frame
there is induced emission as well as spontaneous emission.
If we write the total emission rate as

R = / Ak, (50)

then the differential emission rate, Ry, i.e., the emission
rate per unit time and transverse momentum squared, is
given by

1 [~ 2
= AR T n)de, (1)
0

kL_TO

where T = ffooo dn is the “infinite total proper time”

Equation was obtained from Eq. taking into

1 We present a derivation of the result in this section without the
use of infinite proper time in Appendix E

account the spontaneous and induced emission due to
the thermal bath associated with n(w). The differential
absorption rate, i.e., the absorption rate per unit time
and transverse momentum squared, is

Rabs _ i

oo 2
A(%kJ_)
TO ‘ em

n(w)dw, (52)

where we used the relation Aki) = g“rffk”7 which
47

follows from Egs. and (47), and Eq. taking
into account the thermal factor n(w). The differential
interaction rate, Ry , is the sum of the differential emis-
sion and absorption rates, Ry and Riblfl. Noting that
n(—w) = —[1 + n(w)], we find

RkL: ],4<ka> 1+ n(w)|dw.  (53)

As we will see, Eq. , which follows directly from
the perturbation theory in Rindler spacetime taking into
account the FDU thermal bath, gives the same result as
the emission rate obtained using standard quantum field
theory in Minkowski spacetime.

To find the amplitude .A(w’ +) we first find from Eq. .
and @ noting that /—¢g = 2%,

e,
— (W) [Héi;’k“(owa / Hé?i”"“(s)ds], (54)
0

/ TSR =g d'a
_ (w lu
— —pal(w / HE () de, (55)

where the functionb H}ﬁ;‘h)

Eqgs. (25)) and ( and where

nd H(w 1) are defined by

I(w) = /_00 e dn. (56)

The first (second) term of the right-hand side of Eq.

comes from the point mass (extended string). Since
Hi™(€) = HEF (€), we obtain

Ag;;;kJ_) - /THVW\/TQd‘lQ? (57)

— WI(w)H ™ (0). (58)

Thus, the contribution of the string to the probabil-
ity amplitude vanishes, and only the point mass con-
tributes. However, this vanishing contribution of the
string is gauge specific, and the string contribution is
nonzero if we use the gauge-transformed modes E&“L’k”
given by Eq. as we show below.

The differential interaction rate, Ry , is found by sub-

stituting Eqs. and with into Eq. .



In squaring the amplitude A( les) given by Eq. (b8)
we employ the standard formal manipulation |I(w)]* =
27Tpd(w). Thus, we find

Ri, = [%ﬁ\ﬂgvgmno)f[l +n(w)]} . (59)

w—0

Note that in the limit w — 0 we have n(w) — oo : the
Bose—Einstein distribution function diverges for the low-
Rindler-energy gravitons as

— +0(1), (60)

n{w) = 27rw

for small w. On the other hand, Eq. with Eq.
leads to

Hf,‘;;’ki-)(()) —

o () R () <o)

(61)

for small w. Thus, we have Hy(lﬁ’k*)(O) — 0 as w —
0. This reflects the fact that the stress-energy tensor is
static in the Rindler frame and, hence, the spontaneous
emission rate vanishes. However, the induced emission
rate is nonzero because of the interaction of the source
with the zero-energy Rindler gravitons from the thermal
bath, whose state density is infinite. We readily ﬁnd the
interaction rate by substituting Egs. and into

Eq. (59) as

2

2
5 k.
R 8m3a 2<a> ’ (62)
where we have used the equality,
2 !
Ko(z) - ;Ko(z) = Ks(2), (63)
which can be derived from Ref. [30, §10.29(i)]. In Ap-

pendix [A] we present a derivation of this result without
the use of infinite interaction time.

We should obtain the same result if we use the mode
functions hfw ) given by Eq. (33) instead of h,f‘,’, k) pe-
cause these modes are related by a gauge transformation
[see Eq. . Let us verify this fact. By expressing the

Kk
mode functions h o as

Rk (1, 6,x 1) = HEM (g)eomtikexs (64

we find

Hij ) (€) =

(w —HEH(¢) (65)

= s, (60)

6

Where the functions ¢(*1) are given by Eq. . Then,
Eq. (58) is replaced by

/ T“%fmknﬁgm

= ul(w) [ﬁm(()) +2a OOO H,p(€) dg} (67)
= —ul(w) %
k]_ 2a2 o0
[Ko < - > + ki/k ) yKo(y)dy + O(w) |, (68)

where we have changed the integration variable from £ to
y = (k1 /a)e®, for small w. Notice that the contribution
from the string does not vanish. By comparing this for-
mula with Eq. , where H,,(0) is given by Eq. ,
one finds that the equality of the response rates follows
if

zk%@>:-1/mykb@ﬁw. (69)

Since both sides tend to 0 as z — oo because K, (z) ~
/m/2ze"* for large z, this equality is equivalent to its
derivative, i.e.,

2K (2) + K{(z) = 2Ko(2), (70)

which is the modified Bessel equation satisfied by Ko(z).

Thus, we have verified that the mode functions Efﬁi’k”
also lead to the differential interaction rate Ry, given by

Eq. .

V. RESPONSE RATE IN THE INERTIAL
FRAME

The spontaneous emission probability in Minkowski
spacetime for fixed transverse momentum k; for any con-
served stress-energy tensor TH” given by Egs. 7
can be written as

v [ dke (1
Pkl—/(%)s% T T = 5TT (71)

dkz 1 ZZ z
N / (2)32k (2Wt + T 2T |2> ’

(72)

where k = || k|| = ||(ks, k1)|| and T#¥(k) is defined as
TH (k) = / et Rtk v () gy (73)
and 7 (k) = T*,(k). The total emission probability

would be the integral of 7)11:{ over k| .
Equation can be derived from the well-known ex-
pression for the total emission probability,

pM — / 32k Ze

Aa TP k),  (T4)



A is the Minkowski polarization matrix, with X Egs. and . Thus, we find

where €,
denoting the independent polarization states, by using

k, 7" = 0 and choosing, for simplicity, a coordinate " o L, c ea »
system such that k* = (k, 0,0, k), with TH (k) = / [/ € exp (zalC) TRy (n,f)dﬁ] dn,

—00 —0o0
(76)
A Al s A 1 — L
€11 = —€55 = €715 = €57 = 7 (75)  where K = ksinhan — k, coshan, and
and the other components vanishing. ™ (x) = T(Mfé/) (n, f)é(Q)(XL)- (77)

To find the components of T#¥(k) it is convenient to
change the integration variables from (¢, z) to (n,£) using ~ Then, using Eqgs. (10)-(12), we obtain

J

T (k) = u/oo {cosh2 an exp <2K> + a/ooo dée?* exp (iié/C) } dn, (78)

— 00

o] - o] a&
T7*(k) = u/ {sinh2 an exp (;K) - a/ dge??t exp <ieaIC) } dn. (79)
oo 0

Note that the first (second) terms of the right-hand side of Egs. and come from the point mass (extended
string). By adding Eqgs. and , we find

oo

T+ T 0 = [

— 00

cosh 2an exp (;IC) dn. (80)

Thus, the contribution of the string to the emission probability Plll/i , given by Eq. , vanishes. (Recall that this
(wAkL)

was the case with the interaction rate computed with the mode function Ay~ in the Rindler frame.) Furthermore,
the component 7%#(k) is given by
2 (L0 i
T(k) = 5/ sinh 2an exp (IC) dn, (81)
oo a

which has no contribution from the extended string.
To evaluate the integral in Eq. we “boost back” the momentum variables (see Ref. [9]) by defining

k. =k, cosh anj — k sinh a7, (82)
k" = kcosh afj — k, sinh a7j. (83)
Then, the integrand of Eq. takes the following form:
1 1 [~ > 2
3 |7 + TZZ|2 - 2|Tt2’2 = 5/ {/ cosh [2a(n’ —n")] exp {al [k’ sinh (g(n' - 77”))] } dn”] dn'.  (84)

By changing variable as ] = (' +7") /2 and o =/ — 1" we can factor out the infinite time Ty = [ _ d7j, which makes
the integral in infinite. The differential response rate in the inertial frame can be expressed as

PM
M _ Tk
RkL = TO
~ = 2, a dklz
- /;oo |:/<x; COthQUeXp{a [k' Slnh (2U>:|}d0':| W (85)

We introduce a convergence factor by letting o — o + 2ie, where € is a positive real number, to make the o—integral
convergent. Thus,

RM = /oo /00 cosh 2a0 ex i* (ca““e‘“’/2 - e*i‘“e*‘“’ﬂ) do _dk; (86)
L P17 4’ (2m)3”
We take the limit € — 0 at the end of the calculation. Now, we introduce the change of variables:

/ /
_ k" + kz eiaU/Z. (87)
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ki



Then we find

M 1

e RV CE
ko ™ 647‘(’3(1 0 0 s+87 53_53_ P

1

i— <s+ — fj)] exp {25 (S - fi)] d5+} ds—, (88)

where p =k, €*“/a and B = e~ . By using the formula [31, Eq. 3.471.10],

/OO dss” texp {25 (s - )} = 26”6"'””/21(,,(6,11)7 (89)
0

for Im p > 0 and Im(B?u) < 0, we obtain

k
K2 <L>

a
which is equal to the differential response rate Ry, in

Eq. .

27 (90)

u?

8m3a

M _
Ry, =

VI. FINAL REMARKS

Our work in this paper verifies that the equivalence
between the response rates in inertial and co-accelerated
frames, observed for a uniform accelerating classical
point-like source interacting with scalar [32] or electro-
magnetic perturbations [8, [9], also holds for gravitational
perturbations at the lowest order in perturbation theory.
For gravitational perturbations, the classical source is a
conserved stress-energy tensor describing a point mass
moving in a hyperbolic trajectory associated with & = 0
in Rindler coordinates with metric and attached to
a string extended from £ = 0 to oo. This string can be
viewed as the agent driving the acceleration of the point
mass, although it acts also as a source of stress-energy.
In the scalar and electromagnetic settings the agent driv-
ing the acceleration is there but does not couple with
scalar or electromagnetic perturbations provided if it is
not charged.

It is interesting to note that the response rate of the
classical system coupled with a massless field with spin s
at the lowest order (where s takes the values of 0, 1, and
2 for scalar, electromagnetic, and gravitational perturba-
tions, respectively) in the Minkowski vacuum state, can
be written in the following suggestive form:

“ (%)
a
where ¢ is the coupling constant, which can be inter-
preted as the charge or mass of the point-like object.
However, there is a puzzling feature in the gravitational
case (s = 2) studied in this paper. Since Ka(z) ~ 272 for
small z, we have Rox, ~ k;j_4 for small k. This implies
that the power of the gravitational radiation, which is

bounded below by the integral of k; Rox, ~ kl?’ over
k., is infrared divergent because d’k, ~ k dk,. The

: (91)

q2

Roger = ——
SEL T 4n3sla

(

physical origin of this infrared divergence needs to be
investigated.

Note added: After completing this work we have become
aware of a preprint [33] which contains some of the results
presented in this paper.
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Appendix A: The response rate with n—dependent
stress-energy tensor

In this Appendix we find the response rate of the grav-
itational field to a conserved stress-energy tensor which
is adiabatically turned on and off in order to dispense
with the formal argument using the infinite interaction
time. We first construct a stress-energy tensor TH with
nonzero components f"", T7¢ and T which depend on
1 as well as ¢ in Rindler coordinates.

The conservation equation VMT I =0 implies

e 1989, (e4aff7’£) = —8n1~“”". (A1)

We choose T to be the same as before but multiplied
by a function g(n), i.e.,

T = g(m)T™, (A2)



where T is given by Eq. (8)). With this assumption we
find the following solution to Eq. (Al]):

T8 = =59 (n) (7" +¢72) 0(€)5 ().

A

. (43)
Then, the equation V, T#¢ = 0 is satisfied by the follow-
ing ££—component:

n da
59" () (e71% —

TEE — o(m\TEE —
g(n) o

e %) 0(¢)6®) (x1),

(A4)
where T%¢ is given by Eq. @ If we set g(n) = 1, we
recover the n—independent stress-energy tensor found
in Sec. [ We shall find the interaction probability
for this stress-energy tensor with a general compactly-
supported and smooth function g(n) in the inertial and
co-accelerated frames.

We start with the inertial frame. We define from the
stress-energy tensor TH" given by Egs. . its
Fourler transform 7 (k) exactly as in Eq. ( and then
Eq. (| in Rindler coordinates. We also deﬁne the ra-
pldlty 19 by

1 k+k,
9= —1 . A
2a %k~ k. (43)
Then the Fourier transform of T4 (x) is given by
T+ (k)
(oo} (oo}
— / |:/ eQa{—i(kJ_/a)e“5 sinh a(ﬂ—n)fuy(w)dg d77-
—o0 —o0
(AG)

The integral over n is effectively in a finite interval be-
cause the function g(n) is compactly supported by as-
sumption. The integrand grows in general for large & but

J

F(U779) 9(77) [e_i(kL/a) sinh a(9—n) n

1, 1 [
+59"(n) */ e
2 a? ki/a

K

2a2

—iz[sinh a(¥—n)—ie] “~

we make the integral over £ absolutely convergent (unless
k) = 0) by introducing a convergence factor by replacing
sinha(d — n) by sinha(¥ —n) —ie, € > 0, and taking the
limit € — 0 in the end.

Going back to the Minkowski coordinates and inte-
grating by parts, one finds k, 7" = 0, from the con-
servation equation V,T*” = 0. This equation implies
ET? = k, 7% and k7% = k,T??. These equations can
be used to show that

ST+ TR —oT 2 = TR, (A7
where 7 = T — T2%. Hence, the differential interaction
probability with k; fixed is

M 1/ dkz M 2
lpkl - 9 (27_‘.)32]{”- (k)| )

/ dn/ de

2a§ i(ky /a)e®S sinh a(9— n)T (n §) ( )
The trace T(R)(n §) = (R)“(n,f) can be found from
Egs. (A2) and (| .7 with T"" given by Eqs. and @7

as

(A8)

where

TM

Try(1,€) = ng(n) [6(£) + 2a0(8)]

+a-g ()€€~ 1)6 E).

By substituting this equation into Eq. (A9) we find

(A10)

TM(k) = u/ F(n,9)dn, (A11)

where
o0

e—iz[sinh a(9—n)—ie] zdz
1/a

d 1 . .

z 4 e—zz[smha(ﬁ—ﬁ)—“]zdz . (A12)

z k2

1 Jki/a

Next we derive the differential interaction probability with k| fixed in the right Rindler Wedge and bhOW that it

equals Pk given by Eq. ( . The emission and absorptlon amplitudes corresponding to Eqs. (| and can be
found using the stress-energy tensor given by Eqgs. . and the mode functions given by Eqs and . as

Avgc;{kJ_ _ \/>/ n 5 ¢(w kL)(g) dwn—iky x| /—gd4$,

where the trace of the stress-energy tensor, T(R)(n, §), and the functions ¢(“”’“)(§) are given by Egs. (A10]) and ,
respectively. Thus, we find the one-graviton emission amplitude in the right Rindler wedge as

Al = —vau / ) [g(n)cﬁ(“”k”(o) +2a / ) ¢(“’””)(€)62“5d€} e

e [ w0 - e e

(A13)

(A14)



and the one-graviton absorption amplitude as

Alker) — flo=ken), (A15)

Then, the interaction probability is the sum of the (spon-
taneous and induced) emission probability and the ab-
sorption probability in the FDU thermal bath of gravi-

tons:
= /ﬁlljl koJ_,
where

Pi =/0 [AGH P+ n(w)]) + [ AG™ Pr(w)] dw

(A16)

1 w, 4(“’, kL) 2
| g kL)|2 ‘ abs |
= d A17
A [16 2nw/a + e2rw/a _ 1 ( )

Now, we show that Eq. agrees with the emis-
sion probability Pp' given by Eq. (A8), which was found
in the standard Minkowski-spacetime calculation. An
important fact for this purpose is that, for scalar field
theory, there is a complete set of mode functions which
are positive-frequency in the right Rindler wedge and
negative-frequency in the left Rindler wedge, or vice
versa, with respect to the Killing vector 0, and are
positive-frequency with respect to the Minkowski Killing
vector J;. It is easy to see that the same is true for
the even-parity sector of the gravitational field, because
the even-parity mode functions are scalar mode functions
times a constant tensor. Let us explain this fact in more
detail. We choose the following mode functions defined
over the whole Minkowski spacetime:

F(Rwky) — {Efffjkn in the right Rindler wedge,
we 0 in the left Rindler wedge.

(A18)

If we define the Rindler coordinate system for the left

Rindler wedge, z < —[t|, by letting t = a~'e% sinhan

and z = —a~'e cosh an, the functions EL“;’M)(U, £,x1)

define mode functions in the left Rindler wedge, which are

of positive frequency with respect to the Killing vector

Op there. Let us now define

~ 0
Liw,k —
hE"V L) = {%Eﬁ;,kL)

in the right Rindler wedge,

in the left Rindler wedge.
(A19)

Then, exactly as in the scalar case [10], the following

mode functions, which we call the Unruh modes, are of

positive frequency with respect to the Minkowski Killing

vector O;:

e RRwe) D)

hiwekl) — z Z , (A20
Ky \/]_ — e—2mw/a \/627rw/a -1 ( )

- pRsw,—k.) E(L;w,kJ_)

hieks) = —2 + . (A21
H \/627rw/a -1 \/]_ — e—2mw/a ( )
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Now, the quantum graviton field for the even-parity
sector can then be expanded in terms of the Unruh
modes:

Rigrem) = / dw / d?kL

+iw,k (+)
+ ha 1) Aoy T H.c.} .

W kL) ~(—)
Awky)

(A22)

The inner product for the Unruh modes, Ef“_jw’kl) and

Ef[,t;w’k“, can be found using the inner product for the

Rindler modes, E,%"w’k” and Ef};“”k“, given by Eq. (40).
One finds that the Unruh modes defined here are orthog-
onal to one another and

(plwker) R Ky o= (plhwkn) (et kL)Y

dD
=6(w—w)dP (kL —K)).
(A23)
This implies that the annihilation operators, agw )k ) and
dg:,)kg’ and the creation operators, aEw’)IIL) and agw )IIL)
satisfy the standard commutation relations,
ISPl ~(4) el
Ywkr) Yo K )} [“(w ki) Yo k), }
=0(w—-w)iP(k, - K),
(A24)

with all other commutators vanishing. Since the mode
functions for the operators al>) and 4\ are
(wk1) (w, k1)

positive-frequency with respect to the Minkowski Killing

vector O;, the Minkowski vacuum state |0y) is annihi-
loated by these operators: dE;,)kl) |Om) = dE:7)kJ_) |Om) =
The one-graviton final state due to the stress-energy

tensor T (z) can be found as

1g) =i / T ()R () y g d' [Ong)

Jloks)
BN CL

— = 2 _Ytem

—ZA d(A)/d kJ_[ /71—6 271'0.)/(1 (wkl)
w,—k)

Agbs - ~(+

+,/€27rw/a _ 1a("-)

?L)] ). (A25)

Then we find

(1gl1g) = P&,

where ’Pk is given by Eq. - Thus, one can show
that Pk ’Ph by showing that (1g|lg) = ij_

To show that (lg|lg) = PM we need to express

the creation operators dEU_))IIL AH)TU in terms of

the creation operators for the momentum eigenstates in
Minkowski spacetime. We define the following mode
function with momentum k in Minkowski spacetime:

(A26)

29 (z) = ——

(e ;5 (G + 20 (k)] 0¥ (2),  (A27)



where

1 . .
e 1kt+1k x.

Wy L
P = e

(A28)
Comparing this definition with Eq. one can readily
see that the relationship between E,ﬁ,’k”(n,f,xl) and
?L,(},c,) (t,x) is the same as that between (k1) (n, & x )
and M (¢,x). This s implies that the relationship between
the Unruh modes h (Liwks)

hfw is identical to that between the Unruh modes and

and the Minkowski modes

the Minkowski modes for the scalar field [12]. Thus,
T <4 ~a0 dk
h(i;w,kl) — / eizwﬂ(kz)h(k)iz’ A29
" —0o0 m 2mak ( )

where the rapidity ¥(k.) is defined by Eq. (A5). This
relation can be inverted as

709 — /
H V2rak

zwﬁ(k h/(J, swok)

Jrefwﬁ(kz)ﬁl(;;w’kﬁ} dw. (A30)

The field describing the even-parity sector can be ex-
panded as

7 (even T A 7 (k ~
e @) = [ [ @+ i @] 'k, (s
where the operators ax and dL satisfy
[, | = 0@ — k). (A32)

By substituting Eq. (| into Eq. (A31)) and comparing
the coefficients of h&iy w kL) with the expansion (A22), we
find

()t > dk, +iwd T
a = e a. . A33
G- [ e (aw

We substitute Eq. (A33]) into Eq. (A25) and find

11

where
Sp2 [ g—iwd(ks) ~(§dn’k”
AR) =/ [ £ A (A35)
a oo V1 — e 2mw/a

Here, we have used the fact that A(w k) /Ve2mw/a 1
can be obtained by letting w — —w in the expression

Alks) ) /T~ ¢=2mw/a Then, Egs. and (A26) im-

ply

SR dk (R) (11 (2
PR = [ AR (as)
‘We now show that
V2 A® (k) = —TM(k). (A37)

This will establish that ’Pk = Pk [see Eq. (A8])]. First
we find from Eq. .,

(wyky) Tw/2a k
Al R (leaﬁ) . (A3R)
\/1 — e—2mw/a \/871'40 a
By using the identity [31, Eq. 6.796],
o0 ..
/ e‘“yem/QaKw/a( Ydw = mae”#smhay - (A30)
we find
0o —iw(¥—n) (w,k1)
€ ¢ (f) dw
_ ;%e—i(kj_/a)eag sinha(ﬂ—n). (A40)

By combining this result with Egs. ) and ( m we
indeed find Eq. ( - This shows that the response rate
to the n—dependent classical stress-energy tensor given
by Egs. f is reproduced in the Rindler wedge
using the Unruh effect.

In the rest of this Appendix we show that Eq.
gives the emission rate ﬁk , in Eq. and if the
function g(n) is smooth and compactly supported and

l1g) = - ———— A®(K)al |0y, (A34)  equals 1 for most of the time when it is nonzero. First
V( 2k we find by integration by parts in 7,
2 .
e—i(kL/a) sinha(ﬂfﬁ)g(n) ~ % |: - 3 _ . 2 g(n) — 27;1 sinha(¥ —n) g (n) — g';(ﬁ) 7
k7 lcosh®a(¥ —n)  cosh®a(d —n) k3 cosh® a(¥ —n) k% cosh® a(¥ —n)
(A41)
and
2a? *° T ; 2a> (n) 2ia "(n) e T ;
au —iz[sinh a(¥—n)—ie] dz ~ 7L 7%/ —iz[sinh a(9—n)—ie]
e zdz >~ + e dz, A42
ki 9(77) /kL/a ki cosh? a(ﬁ — 77) ki cosh a(19 - T]) ki/a ( )

where ~ denotes the equality under the n—integral. We use the following identity to make the z—integrals manifestly



convergent:

“+o0 +oo o d “+o0
G(na 19) [/ P sinh a(9—n) Z] dr] _ 1/ {
—00 ki/a 2m aJ -

dn

12

G(’fh 19) +oo —izsinh (197,,7) dZ
1z sinh a . A4
[cosh a(¥ — 17)] /k ‘ Zntl dn- (A43)

1/a

We define the differential operator D on any smooth function f(7,?) by

(D), 9) = 2

Then we find

3¢ g(n)
k3 cosh® a(9 —n)

_ 2a sinha(d —n)
k3 cosh2 a(d —n)

3 (Dg”)(ﬁ n) +

F(n,v) ~

i |- (D)0, ) +

ak? 2a

We choose the function g(n) to be 1 for =Ty < n < T,
0 for |n| > Ty + b and decrease (increase) smoothly from
n =Ty to To+b (fromn = =Ty —b to —Tp). In the end we
let To — oo while keeping b unchanged. Now, the terms
multiplied by ¢(n) or g”(n) in Eq. (A45) are nonzero only
it n € [-To — b, —Tp) U [To, To + b]. Hence, these terms
contribute to the n—integral only if ¥ is in or near the set
[—To—b, —To]U[Ty, To+b] because of the exponential fall-
off of these terms for large [ —n|. Then, the contribution
from the terms other than the first term in Eq. (A45)
to the integral for the emission probability PL,
which is an integral over ¥(k,) because d¥(k,) = dk./ak,
remains finite if we keep the shape of the function g(n)
for Ty < |n| < To + b unchanged as we take the limit
Ty — oo. Therefore, we only need to consider the first
term in Eq. if we take the Ty — oo limit in this
manner.

Thus, the differential emission rate with k,; fixed in
this limit can be found as

oo
Ry, = lim — dkz|A(k)|2 (A46)
To—o0 0
9 2 5
e / 49
327T3k T0~>oo 2T0
S e—z(kL/a)smhas 2
x / g0 — ) —————ds| , (A4T)
oo cosh™ as

J

an

f(n,9)
—_—. Ad44
cosha(d —n) (Ad4)
W
k2 cosh? a(d) — n)
1 ° ydz
DS " —izsinh a(9—n) A4
s P00 [ e T )

(

where we have defined s = ¢ — 1. Because of the fac-
tor cosh® as in the denominator the integrand is non-
negligible only for |s| ~ 1/a. Thus, for large Ty we may
replace g(¥ — s) by the characteristic function of the in-
terval [—Tp,Tp], which is 1 if ¢ is in this interval and 0
otherwise. Hence,

w2

8m3a

0 3a3€7i(kl/a) sinh as

R, =

ds| . (A48)

oo 2K% cosh? as

We recover the differential emission rate given by Eq.
using Ref. [31], Eq. 8.432.5].
Appendix B: Response rate of another conserved
stress-energy tensor

To have some more insight into the gravitational radi-
ation from the accelerated point mass, it may be useful
to consider the same point mass with an extended string
with a different stress-energy tensor. In this Appendix,
we give the response rate of the gravitational field to the
source with the following conserved stress-energy tensor:

T = p5(€)6® (x1),
T = —pae™2%0(¢)6@ (x ),

with all other components vanishing. This stress-energy
tensor is obtained by letting F(¢) = e=*¢0(¢) in Eq. (5)).

We can readily express the stress-energy tensor in Minkowski coordinates using Eqs. and , namely

T =pu [cosh2 and(€) — ae™
T* = psinhancoshan [5(€) — ae~*0(¢)] 6@ (x),
T =n [Sinh2 and (&) — ae™ %

with all other components vanishing. The stress-energy

sinh? and(¢)] 6@ (x,), (B3)
(B4)
cosh? anf(€)] 6@ (x,), (B5)

[
tensor associated with Egs. (Bl) and (B2) describes a



point mass in a hyperbolic trajectory, with & = 0, at-
tached to a massless string whose tension is associated
with T¢. We note that this stress-energy tensor does
not satisfy the WEC.

The response rate of the gravitational field to the
stress-energy tensor given by Egs. — in the in-
ertial and co-accelerated frames can be obtained by per-
forming calculations similar to those in Secs. [[V] and [V]
This response rate is given by

2
(B6)

2 00
u8 ki a
Rk, = Ko|— | —— K d
ks 87T3al 2<a> ki Ji, /a 2(z)dz

2
2 00
88 kJ_ a
= |Ko[ =) +— Ko (2)dz| .
i o () e i o]

(B7)

Equation is found by using the original mode
functions given by Eqs. 7, whereas Eq. is
found by using the gauge-transformed modes given by
Egs. . These two expressions can directly be shown
to be equal by using Eqs. and (70). It is interesting
that this response rate diverges like k‘IQ inthe k; — 0
limit, whereas that for the stress-energy tensor given by

Egs. and (@ found in Secs. and |V| diverges like

13

kT* in this limit.
More generally, if we let F(&) = e=#2¢¢(¢) in Eq. (F)),
we find

T = [5(6) + (1 Bac™*+€0(6)| 67 (x.), (BY)

T = —pae~+H8g(£)6@ (x ). (B9)
Then,
T =1 [6(6) + (2 - Blae”"*0(¢)] 6P (x1).  (B10)

The stress-energy tensor in Sec. [[T] corresponds to =0
and satisfies the WEC. If 5 > 0, this stress-energy tensor
does not satisfy the WEC. On the other hand, if 5 < 0,
then its trace grows exponentially as a function of £&. We
find the interaction rate for general § with k; fixed as

2
%5 ki
Ko [ -
87r3a{ 0<a)

a 2—8  roco
“2‘5)(0 o

Ri, =

Ko (2) 2t Pdz

(B11)
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