
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk

Universities of Leeds, Sheffield and York

Deposited via The University of Sheffield.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/209037/

Version: Accepted Version

Article:

Xu, D., Ricco, P. and Duan, L. (2024) Görtler instability and transition in compressible 
flows. AIAA Journal, 62 (2). pp. 1-29. ISSN: 0001-1452 

https://doi.org/10.2514/1.j062866

© 2023 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved. 
This is an author-produced version of a paper subsequently published in AIAA Journal. 
Uploaded in accordance with the publisher's self-archiving policy.

Reuse 

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless 
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by 
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of 
the full text version. This is indicated by the licence information on the White Rose Research Online record 
for the item. 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://doi.org/10.2514/1.j062866
https://eprints.whiterose.ac.uk/id/eprint/209037/
https://eprints.whiterose.ac.uk/
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Xu, D. Ricco, P. Duan, L. łGörtler instability and transition in compressible ŕowsž, AIAA J., 62, 2, pp.

489-517 (2024)

We present a discussion on theoretical, experimental and computational research studies on Görtler

instability and the related transition to turbulence occurring in compressible boundary layers over

concave surfaces. We őrst examine the theoretical results on primary and secondary instabilities,

emphasizing the role of receptivity, the mechanism by which external agents, such as free-stream

ŕuctuations or wall roughness, act on a boundary layer to trigger Görtler vortices. We review

experimental őndings obtained from measurements in supersonic and hypersonic wind tunnels, and

discuss studies employing numerical methods, focusing on the direct numerical simulation approach.

The research in these two last sections is surveyed according to the geometrical conőguration, from

simple concave walls to more complex surfaces of hypersonic vehicles. The experimental investigations

have been successful in the visualizations of Görtler vortices, in the measurement of the wall-heat

transfer in the transitional region and in the computation of the Görtler-vortex growth rates, although

detailed boundary-layer velocity measurements are still missing. Direct numerical simulations have

conőrmed instability results emerging from stability theories and revealed nonlinear interactions

between Görtler vortices and other disturbances. The established initial-boundary-value receptivity

theory can certainly beneőt from more advanced experimental measurements, and receptivity results

should be used in combination with direct numerical simulations. A major conclusion of our review is

therefore that the understanding of Görtler vortices should be pursued by a combined methodology

including theoretical analysis based on the receptivity formalism, direct numerical simulation and

experiments. Highly desirable outcomes of such endeavor are the prediction of the location and

extension of the transition region, and a model for the transition process. We őnally highlight further

prospects and challenges on fundamental and applied research on Görtler instability and transition in

compressible ŕows.

Nomenclature

𝑐∗∞ = free-stream speed of sound
𝐺 𝜃 = local Görtler number
𝐺Λ = global Görtler number
𝐽 = angular momentum
L, L′, M = differential operators
𝑀∞ = free-stream Mach number
𝑁 = integral of the growth rate
N = nonlinear terms
P, 𝑃, 𝑝, 𝑝𝑚𝑒𝑎𝑛, 𝑝

′, 𝑝(𝑦) = pressures
𝑃∗

0
= stagnation pressure

𝒒 = {𝑢, 𝑣, 𝑤, 𝑝, 𝜏} = ŕow quantity vector
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𝑸 = {𝑈,𝑉,𝑊, 𝑃, 𝑇} = base-ŕow quantity vector
𝒒′ = {𝑢′, 𝑣′, 𝑤′, 𝑝′, 𝜏′}(𝒙, 𝑡) = disturbance vector
𝒒̂ = {𝑢̂, 𝑣̂, 𝑤̂, 𝑝, 𝜏}(𝑦) = disturbance shape function vector
𝑟 = radial coordinate
𝑟∗

0
= radius of curvature

𝑅𝑒 = Reynolds number based on the displacement thickness
𝑅Λ = Reynolds number based on the characteristic spanwise length scale
𝑅∗
∞ = unit Reynolds number

𝑟𝑡 = turbulent Reynolds number
𝑆𝑡 = Stanton number
𝑡 = time
𝑇𝑢 = turbulence level
𝑇 (𝑦; 𝑥) = base-ŕow temperature
𝑇∗

0
= stagnation temperature

𝜏′ (𝒙, 𝑡) = disturbance temperature
𝑈𝜙 = azimuthal velocity
𝑈∗
∞ = free-stream mean velocity

𝑈 (𝑦; 𝑥) = base-ŕow streamwise velocity
𝑢(𝒙, 𝑡) = streamwise velocity
𝑢′ (𝒙, 𝑡) = streamwise disturbance velocity
𝑢̂(𝑦) = streamwise velocity shape function
𝑉 (𝑦; 𝑥) = base-ŕow wall-normal velocity
𝑣(𝒙, 𝑡) = wall-normal velocity
𝑣′ (𝒙, 𝑡) = wall-normal disturbance velocity
𝑣̂(𝑦) = wall-normal velocity shape function
𝑊 (𝑦; 𝑥) = base-ŕow spanwise velocity
𝑤(𝒙, 𝑡) = spanwise velocity
𝑤′ (𝒙, 𝑡) = spanwise disturbance velocity
𝑤̂(𝑦) = spanwise velocity shape function
𝒙 = {𝑥, 𝑦, 𝑧} = orthogonal curvilinear coordinate system
𝑥 = streamwise coordinate
𝑥𝑐 = neutral point of stability
𝑥𝑇 = location where transition occurs
𝑥 = slowly varying streamwise variable
𝑦 = wall-normal coordinate
𝑧 = spanwise coordinate
𝛼 = streamwise wavenumber
−𝛼𝑖 = growth rate
𝛽 = spanwise wavenumber
𝛿𝑟 = change in radial distance
𝜖 = amplitude of perturbation
𝜖𝑠 = small parameter
𝜃∗ = boundary-layer momentum thickness
Λ
∗ = characteristic spanwise length scale

𝜈∗∞ = free-stream kinematic viscosity
𝜌 = density
𝜌0 = base-ŕow density
𝜏 = temperature
𝜙 = azimuthal angle
𝜔 = frequency
Superscripts
* = dimensional quantities
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′ = disturbance quantities
† = complex conjugate

I. Introduction

The transition of boundary layers from the laminar to the turbulent regime is one of the most challenging topics in classical
physics and applied mathematics, and stands as a bottleneck problem in modern ŕow engineering technology. Major issues

are the undesired increase of wall friction and wall-heat transfer when the ŕow becomes turbulent, which impacts directly on the
performance of vehicles and on the efficiency of machinery because of the energy losses in boundary layers. Compressibility,
as a result of velocities comparable or larger than the speed of sound, seriously complicates matters as the energy losses
are intensiőed, the surface may suffer from damage due to the induced stresses and heat, and aeroacoustic noise production
affects wind-tunnel experiments and high-speed ŕight performance [1]. In some cases, wall turbulence is instead desirable, for
example to enhance mixture and combustion in scramjet engines and to avoid aerodynamic losses and excessive dissociation of
oxygen and nitrogen in air streams [2]. Understanding transition in compressible wall-bounded ŕows is therefore central for the
design of supersonic air-breathing vehicles, hypersonic space re-entry capsules, jet engines, and hypersonic wind tunnels [3, 4].

Compressibility leads to scenarios of instability that are more complex than in the incompressible regime [5]. Second
Mack modes [6] and radiating secondary instability modes [7, 8] only exist in the supersonic regime. Receptivity, i.e., the
mechanism by which extraneous perturbations enter the boundary layer to excite instability waves, is also much more involved
in the compressible regime. In addition to free-stream vortical disturbances and surface roughness, extra agents responsible
for triggering instability modes in compressible boundary layers include impinging shock waves, free-stream temperature
disturbances, sound produced by nearby wall turbulence and surface ablation, all of which are absent in the incompressible
regime.

Compressible boundary layers are strongly affected by the concave curvature of boundary-layer streamlines in both open
and conőned conőgurations [9, 10]. The wall concavity creates an imbalance between the centrifugal force and the wall-normal
pressure gradient, which leads to Görtler vortices [11, 12]. These vortices occur in transitional boundary layers and have
also been observed in turbulent boundary layers [13, 14]. They are steady or low-frequency streamwise elongated structures,
whose formation, evolution and stability are extremely sensitive to the disturbance environment, i.e., these disturbances can be
thoroughly explored and comprehended via a receptivity formalism [15, 16].

Compressible Görtler vortices are a major concern for the design of hypersonic vehicles and atmospheric re-entry capsules
because transition is hastened by their presence. These vortices can produce a signiőcant increase of the wall-heat transfer, thus
imposing severe constraints on the thermal protection system. The efficiency of hypersonic vehicles increases when inward
turning inlets are employed, as in the HyCause ŕight test program and in the Falcon program [17], but these inlets involve
concave surfaces and therefore Görtler instability can become a serious concern for their design.

Another challenge posed by ŕows dominated by Görtler vortices is the design of nozzles in supersonic wind tunnels
[4, 18, 19]. The central design objective is to maintain the free stream as quiet and uniform as possible and the operating
pressures as high as possible in order to reproduce ŕight conditions in the tunnel test section. In these ‘quiet’ conditions, an
objective is also to collect experimental data of sufficiently high quality to attain meaningful comparison with theoretical
results. It is therefore imperative to preserve laminar boundary layers over as much wind-tunnel surface as possible because
turbulent boundary layers are an undesired source of intense aeroacoustic noise that prevents accurate measurements in the test
section. In supersonic conditions, concave side walls are used to create the required nozzle expansion. Görtler instability is
therefore a serious design concern and must be suppressed over the nozzle walls to delay transition to turbulence.

Görtler vortices may also dominate the highly-curved pressure sides of turbine and compressor blades [10]. Transonic
conditions, highly-disturbed environments and wall cooling render the study of Görtler instability in turbomachinery boundary
layers a major challenge. The design of jet engines for improved efficiency requires a full understanding of these ŕows.

Motivated by all these pressing ŕuids engineering problems, we present herein an overview of the state-of-the-art knowledge
on Görtler vortices in compressible transitional boundary layers, discussing theoretical, experimental and numerical results.
Reviews on Görtler instability have appeared in the literature, but they mostly focused on the incompressible regime and date
back to about thirty years ago or more, e.g., Hall [20], Floryan [14] and Saric [21]. In those past surveys, limited discussion
was devoted to the receptivity of boundary layers to external disturbances, such as free-stream turbulence or wall roughness.
Receptivity theory is instead central in our presentation because it is a key ingredient in the formation and evolution of Görtler
vortices. Our review focuses on these vortical structures from their inception through their nonlinear evolution, secondary
instability and őnally to the laminar-turbulent transition, thus excluding Görtler-like structures occurring in fully developed
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turbulent ŕows. We őnally note that our review is the őrst on Görtler instability in the compressible regime.
The review is divided in three main sections. Theoretical results are discussed in ğII. Asymptotic and perturbation techniques,

combined with numerical computations, have been the main theoretical method of choice for the study of compressible
ŕows dominated by Görtler vortices. Experimental őndings, mainly from measurements in supersonic and hypersonic wind
tunnels, are presented in ğIII. Numerical results, mostly from direct numerical simulations (DNS), are reviewed in ğIV. The
experimental and numerical sections are organized according to the geometrical conőguration and the subsections are ordered
according to the complexity of the geometry. An overview of future prospects and challenges is contained in ğV. Appendix A
discusses the fundamental physical mechanism behind Görtler instability.

II. Theoretical studies
We őrst present the fundamental features of Görtler instability and then discuss the three main theoretical frameworks: the

local eigenvalue approach, the initial-value approach without free-stream disturbances, and the receptivity theory, i.e., the
initial-boundary-value approach where free-stream disturbances are included in the formulation. These frameworks are listed
in table 1. Results on secondary instability and ŕow control are also reviewed. We utilize the term ‘theoretical’ to deőne
studies in which the compressible Navier-Stokes equations are not solved in their entirety, but they are simpliőed by neglecting
terms that are deemed negligible in the overall dynamics. Given the complexity of the problem, numerical computations have
nevertheless been used to solve these stability and receptivity equations.

Table 1 Schematic of theoretical frameworks for the study of Görtler instability. LPSE and NPSE stand for linear

and nonlinear parabolized stability equations. BRE denotes the boundary-region equations, while LBRE indicates the

linear BRE. LNS stands for the linear Navier-Stokes equations and FSD stands for free-stream disturbances.

Theories Local eigenvalue approach Initial-value approach without FSD Receptivity theory

Linear Görtler modes LPSE, homogeneous LBRE LBRE system, LNS

Nonlinear Ð Weakly nonlinear theory, NPSE nonlinear BRE system, DNS

A. Fundamentals of Görtler instability

The fundamental mechanism behind the formation of Görtler vortices is the centrifugal instability, i.e., a laminar boundary
layer becomes unstable because of the concave curvature of the ŕow streamlines. It occurs at all Mach numbers, from the
incompressible regime to the hypersonic regime. The physical and mathematical features of this mechanism are described in
Saric [21], who refers to the earlier studies by Rayleigh [22], based on the change of kinetic energy of ‘revolving’ ŕuids, and by
von Kármán [23], based on a pressure-imbalance argument. Görtler instability in free-stream boundary layers ŕowing over
streamwise concave surfaces occurs because of the imbalance between the centrifugal effect and a pressure difference. The
boundary layer is unstable as the wall-normal gradient of the pressure disturbance, required to guarantee stability, is typically
small in these high-Reynolds-number boundary layers because of their small thickness. Moving across the boundary layer
towards the concave wall, the radial distance increases only slightly, whereas the streamwise velocity drops signiőcantly from
its free-stream value, vanishing at the wall because of the no-slip condition. The square of the angular momentum is thus a
rapidly decreasing function of the radial coordinate, which, according to the Rayleigh circulation criterion [22], renders the
ŕuid inviscidly unstable. Appendix A discusses the centrifugal instability mechanism in further detail.

The centrifugal instability in a boundary layer was studied for the őrst time by Görtler [11] in the incompressible regime.
Görtler [11] identiőed streamwise-oriented, counter-rotating vortices as the main feature of the ŕow, similar to those observed
in Taylor-Couette ŕows [26]. Görtler vortices may signiőcantly distort the base-ŕow velocity proőle and saturate to a nearly
constant amplitude, featuring distinct mushroom-shaped structures of the streamwise velocity, as shown in őgure 1. Secondary
instability acts to disrupt the saturated Görtler vortices and readily leads the ŕow to transition to turbulence. All these features
have been observed in the incompressible and compressible regimes.

Two distinct Görtler numbers are commonly employed to study Görtler instability. The őrst is the local Görtler number,
deőned by Görtler [11] as

𝐺 𝜃 =
𝑈∗
∞𝜃

∗

𝜈∗∞

√︄

𝜃∗

𝑟∗
0

, (1)
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Fig. 1 Numerical visualizations of mushroom structures of Görtler vortices. Top: 𝑀∞ = 0. Bottom: from (a) to (d),

𝑀∞ = 1.5, 3, 4.5, 6. Taken from Xu et al. [24] and Ren and Fu [25], respectively, with permission from Cambridge

University Press (CUP).



where 𝑈∗
∞ is the free-stream velocity, 𝜈∗∞ is the free-stream kinematic viscosity of the ŕuid, 𝜃∗ is the boundary-layer momentum

thickness, and 𝑟∗
0

is the radius of curvature of the surface over which the boundary layer evolves (henceforth, the asterisk ∗

denotes dimensional quantities, while non-dimensional quantities are not marked by any symbol). The second is the global
Görtler number, őrst deőned by Wu et al. [15] as

𝐺Λ =

(

𝑈∗
∞Λ

∗

𝜈∗∞

)2
Λ
∗

𝑟∗
0

, (2)

where Λ∗ is a representative spanwise length scale. Wu et al. [15] realized that it was necessary to introduce the global Görtler
number 𝐺Λ to study the excitation and downstream development of Görtler vortices. Although a local instability exists and
it can be characterized by the local Görtler number 𝐺 𝜃 , the global Görtler number 𝐺Λ is necessary because these vortices
evolve over a very large scale along the streamwise direction, which cannot be described by 𝐺 𝜃 . The development of Görtler
vortices can be characterized by 𝐺Λ because 𝐺Λ remains constant as the spanwise length scale of the vortices is őxed, while
𝐺 𝜃 varies as the boundary-layer thickness grows. In the limit of high Reynolds number, small perturbations and a radius of
surface curvature much larger than the boundary-layer thickness (i.e., 𝑟∗

0
≫ 𝜃∗), the Görtler number appears in the linearized

equations, while the leading-order base-ŕow boundary layer is unaffected by the wall curvature.
The other non-dimensional parameter used in the study of compressible Görtler vortices is the Mach number based on 𝑈∗

∞

and the speed of sound in the free stream, 𝑐∗∞,

𝑀∞ =
𝑈∗
∞

𝑐∗∞
. (3)

Compressible Görtler instability has been studied up to the hypersonic regime, i.e., for Mach numbers exceeding 5.

B. Local eigenvalue approach

Following Görtler [11], linear stability theory (LST) was the őrst method to be adopted to study compressible Görtler
instability. At any Mach number, the central assumption behind LST is that the ŕow perturbation is much smaller than the
laminar base ŕow so that the equations of motion can be linearized. The second assumption is that the base ŕow is parallel, i.e.,
its wall-normal velocity is neglected, its streamwise velocity and temperature depend on the wall-normal direction, while their
dependence on the streamwise direction is included parametrically in the formulation. The velocity, pressure and temperature
𝒒 = {𝑢, 𝑣, 𝑤, 𝑝, 𝜏} are decomposed into the base-ŕow velocity, pressure and temperature 𝑸 = {𝑈 (𝑦; 𝑥), 0, 0, 𝑃(𝑥), 𝑇 (𝑦; 𝑥)}

and the perturbation 𝒒′ as

𝒒 = {𝑈 (𝑦; 𝑥), 0, 0, 𝑃(𝑥), 𝑇 (𝑦; 𝑥)} + 𝜖𝒒′ (𝒙, 𝑡), (4)

where 𝜖 ≪ 1 is the amplitude of the perturbation and 𝒙 = (𝑥, 𝑦, 𝑧) is the orthogonal curvilinear coordinate system deőning
the streamwise, wall-normal and spanwise directions. As the boundary-layer approximation is often adopted, the base-ŕow
pressure 𝑃(𝑥) is, at őrst order, independent of the wall-normal direction and a known function of the streamwise direction. In
the quasi-parallel-ŕow approach, the base-ŕow wall-normal velocity 𝑉 (𝑦; 𝑥) is retained, while the base-ŕow dependence on
the streamwise direction is taken to be parametric. It must be noted, however, that the nonparallel-ŕow effects are not fully
accounted for because, although 𝑉 (𝑦; 𝑥) is included in the formalism, i) the terms involving the partial derivatives of 𝑈 and 𝑉

with respect to 𝑥 are neglected in the equations of motion and ii) the 𝑥-dependence of the disturbance is not considered fully
because it is expressed in exponential form.

Modal solutions for the perturbation are sought as

𝒒′ = 𝒒̂(𝑦)ei(𝛼𝑥+𝛽𝑧−𝜔𝑡 ) + c.c., (5)

where c.c. indicates the complex conjugate and 𝛼, 𝛽, 𝜔 are the streamwise wavenumber, the spanwise wavenumber and
the frequency, respectively. Substituting the ŕow decomposition (4) and expression (5) into the compressible Navier-Stokes
equations and neglecting the nonlinear terms yield the compressible linear stability equations,

L [𝒒̂] = 0. (6)

The eigenvalue problem is described by the linear system (6), supplemented by homogeneous boundary conditions, i.e., the
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velocity components are null at the wall because of the no-slip condition, the temperature is null at the wall in isothermal
conditions or its wall-normal gradient at the wall is null in adiabatic conditions, while all the perturbation components vanish in
the free stream. The choice of a complex frequency 𝜔 and real wavenumbers 𝛼 and 𝛽 leads to the temporal instability problem
because the instability manifests itself as a growth in time (the imaginary part of 𝜔 is positive). If a complex 𝛼, real 𝜔 and real
𝛽 are chosen, the spatial instability problem is instead considered. Spatial instability is found when the imaginary part of 𝛼 is
negative.

Aihara [27] őrst studied the temporal compressible Görtler instability by the parallel-ŕow LST, thus extending the
incompressible-regime study of Görtler [11]. Aihara [27] assumed the dynamic viscosity and the thermal conductivity
to be constant and found that compressibility is destabilizing. Hammerlin [28] studied the 𝑀∞ ≪ 1 case and included a
temperature-dependent viscosity, showing that, differently from Aihara [27], compressibility is stabilizing. Kobayashi and
Kohama [29] resolved this controversy by adopting Sutherland’s viscosity law and concluded that the boundary layer becomes
more stable as the Mach number increases, as in Hammerlin [28], thus conőrming the importance of modelling the viscosity as
a temperature-dependent quantity. Kahawita and Meroney [30] studied the effect of wall heating on the temporal growth by
invoking the parallel-ŕow assumption, while Kahawita and Meroney [31] studied how wall heating and wall suction affect the
spatial growth of the Görtler vortices by including the wall-normal base-ŕow velocity in their framework. Wall suction was
found to be stabilizing, while wall heating was stabilizing on disturbances with large spanwise wavelength and destabilizing
on disturbances with small spanwise wavelength, as for compressible Klebanoff modes over ŕat plates [32, 33]. It is worth
mentioning that, in the studies of Kahawita and Meroney [30, 31], the buoyancy effects were included and the temperature
gradients were implicitly assumed small enough not to alter the ŕuid density.

For 𝑀∞ = O(1), El-Hady and Verma [34], El-Hady and Verma [35], Goglia and Verma [36], El-Hady and Verma [37] and
El-Hady and Verma [38] studied the steady spatial growth of compressible Görtler vortices, extending the incompressible study
of Floryan and Saric [39]. The wall-normal base-ŕow velocity and the streamwise derivatives of the base ŕow were retained in
the formulation. Their numerical procedure reduced the partial differential system to a set of ordinary differential equations
by adopting a quasi-parallel-ŕow approximation because the streamwise evolution of the Görtler vortices was not treated
explicitly in their computations. They reported that compressibility stabilizes the growth rate, in agreement with Hammerlin
[28] and Kobayashi and Kohama [29]. Wall suction was also found to be stabilizing, although it becomes less inŕuential
as the Mach number increases. El-Hady and Verma [34] showed that, at 𝑀∞ = 3, mild cooling is destabilizing and intense
cooling is stabilizing for disturbances with large spanwise wavelengths, while disturbances with small spanwise wavelengths
are always destabilized by cooling, results that clash with those of Kahawita and Meroney [31]. Malik [40] utilized linear
Görtler instability results to predict the transition location over nozzles in supersonic wind tunnels using the 𝑒𝑁 method and
suggested that 𝑁 = 10 is a sound choice for the prediction of transition triggered by Görtler vortices.

Ren and Fu [41, 42, 43] investigated multiple linear compressible Görtler modes, revealing the likely competition between
the wall-layer mode and the adjustment-layer mode as the Görtler number and the wavenumber changed, as discussed further in
ğII.C.1. As in Ren and Fu [44], the adjustment-layer mode was found to be dominant for moderate Görtler numbers, while, for
larger Görtler numbers, the wall-layer mode become the most dangerous one. Ren and Fu [41] also discovered that the őrst
Görtler mode is the most unstable one, while higher modes are progressively less unstable, in line with the results of Wu et al.
[15] for the incompressible case.

C. Initial-value approach without free-stream disturbances

In all the research studies discussed in ğII.B, it is evident that there was no consensus on how to treat the nonparallel-ŕow
effects in a consistent manner. This problem was resolved when Hall [12, 45] őrst pointed out that, in the incompressible
regime, the nonparallel-ŕow terms cannot be neglected or included in an approximate manner in the study of Görtler instability.
This result emerged from realizing that the nonparallel-ŕow terms crucially dictate the streamwise evolution and growth of the
boundary layer for Görtler number of order one, the spanwise wavelength comparable with the boundary-layer thickness, and in
the limits of large Reynolds number and large radius of surface curvature. Hall [12, 45] also showed that the asymptotic limit
of large Reynolds number renders the Navier-Stokes equations parabolized along the streamwise direction, i.e., the streamwise
diffusion and the streamwise pressure gradient of the perturbations are neglected because they are asymptotically small. In
the most general case, the spanwise diffusion is retained because the spanwise wavelength of the disturbance is comparable
with the boundary-layer thickness. The curvature effects are distilled into the Görtler number because of the additional limit
of radius of curvature asymptotically larger than the boundary-layer thickness. These (steady or low-frequency) parabolized
Navier-Stokes equations are also known as the boundary-region equations [15, 46ś48]. We adopt this terminology herein,
although it was not utilized by Hall and coworkers. Since the differential system is parabolic, a central role in the dynamics of
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the Görtler vortices is played by the initial upstream conditions, from which the downstream-marching computation is started
near the leading edge, by the wall boundary conditions, and by the outer free-stream boundary conditions at a large wall-normal
distance. It was therefore pointed out by Hall [12, 45] that the only valid methodology to study Görtler instability was to
include the inŕuence of external disturbing agents on the boundary-layer dynamics, such as free-stream disturbances and/or
wall roughness, which uniquely determine the initial and boundary conditions. The concept of unique neutral curve, obtained
via the linear eigenvalue stability analysis, is not tenable because of the inŕuence of the initial and free-stream boundary
conditions. The same arguments are valid in the compressible regime [49, 50]. Hall and Fu [50] concluded that previous
studies on compressible Görtler instability, where the streamwise evolution and nonparallelism had been ignored or modelled
in some ad-hoc fashion, such as those discussed in ğII.B, were not valid. Hall [12] and Hall and Malik [49] also proved that the
eigenvalue approach is only appropriate in the limits of large spanwise wavenumber and large Görtler number.

In ğII.C.1, we discuss results of compressible Görtler instability based on the boundary-region equations. In ğII.C.2, we
present results emerging from the solutions of the parabolized stability equations, where the streamwise diffusion and the
streamwise pressure gradient are modelled. In all the studies discussed in ğII.C.1 and ğII.C.2, the disturbances were required to
vanish in the free stream, i.e., it was assumed that the perturbations were wholly conőned within the boundary layer. The effect
of the free-stream perturbations on Görtler instability was thus not taken into account.

1. Boundary-region equations

Hall and Malik [49, 51] were the őrst to take into account the nonparallel-ŕow effects in a self-consistent manner in
the study of compressible Görtler vortices. They focused on disturbances with wavelengths that were much smaller than
the boundary-layer thickness. For this asymptotic limit, the parabolic partial differential system reduces to a sequence of
linear equations, whose solvability conditions allow computing the asymptotic growth rate more quickly than when using
the parallel-ŕow eigenvalue approach or when solving the full parabolic system. They concluded that compressibility has
a stabilizing effect on Görtler instability, a őnding that is qualitatively consistent with the results based on the parallel-ŕow
assumption, discussed in ğII.B. Dando [52] extended the study of Hall and Malik [49] to include the inŕuence of cross ŕow.

Spall and Malik [53] numerically solved the steady boundary-region equations to study the linear evolution of compressible
Görtler vortices. They found that the growth rate is strongly inŕuenced by the upstream history, thus conőrming the signiőcance
of the initial conditions and further clarifying why the results based on the parallel-ŕow theory led to inconsistent results.
They also stressed that a rigorous speciőcation of physically relevant initial conditions would require the formulation of the
receptivity problem, i.e., the inclusion of external perturbations, as we further discuss in ğII.D. Wall cooling and pressure
gradient effects were also investigated. Wadey [54] further tested the initial conditions used by Spall and Malik [53]. In either
studies, the free-stream disturbances were not accounted for, i.e., the receptivity problem was not solved.

A major difference between incompressible and compressible Görtler instability is the temperature adjustment layer, őrst
analyzed in Hall and Fu [50] using a high-Reynolds number asymptotic method. The terms adjustment-layer mode or trapped
mode have been used interchangeably and we adopt the őrst terminology herein. In this layer, which only appears at the
edge of a boundary layer in the hypersonic limit 𝑀∞ ≫ 1, the base-ŕow temperature changes rapidly to its free-stream value.
For Görtler vortices with large wavenumbers, Hall and Fu [50] showed that the vortices are trapped in the adjustment layer
and that the most dangerous vortices are those with wavelengths comparable with the adjustment-layer thickness. Dando
and Seddougui [55] presented an extensive asymptotic analysis of compressible Görtler vortices in the inviscid limit of large
Görtler number. As the Mach number increases, the growth rates of the wall-layer mode and the adjustment-layer mode were
studied as functions of the spanwise wavenumber, demonstrating how the adjustment-layer mode becomes important when
the Mach number exceeds a critical value. Dando and Seddougui [55] included a useful table summarizing the most relevant
studies where nonparallel-ŕow effects were accounted for in a rigorous manner. Further studies on the linear development of
compressible Görtler vortices include those of Fu et al. [56] and Fu and Hall [57], which focused on the inŕuence of real-gas
effects and spanwise cross ŕow, respectively.

As small-amplitude perturbations initially grow linearly until nonlinearity sets in, weakly nonlinear theory was used to
analyze the őrst stages of the nonlinear evolution of Görtler vortices. By assuming a small growth rate in the neighborhood of
the neutral position, weakly nonlinear theory was employed by Stuart [58] to investigate nonlinear incompressible instability
waves (refer to Wu [59] for a review of high-Reynolds-number nonlinear stability theories for boundary-layer ŕows). Fu and
Hall [60, 61] extended the incompressible weakly nonlinear theory of Hall [62] and Hall and Lakin [63] to study the growth of
Görtler vortices in a hypersonic boundary layer at streamwise locations 𝑥 − 𝑥𝑐 ≪ 1, where 𝑥𝑐 is the neutral point of stability.
At 𝑥 − 𝑥𝑐 = O(1), the weakly nonlinear theory becomes invalid and the dynamics of the Görtler vortices is fully nonlinear. The
weakly nonlinear theories of Hall [62] and Hall and Lakin [63] for Görtler vortices turn out to be rather different from the
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classical weakly nonlinear theory for other typical shear-ŕow instabilities. Hall [62] and Hall and Lakin [63] found that the
fundamental wave drives the mean ŕow directly, while, in the classical weakly nonlinear theory, it generates the mean-ŕow
distortion through nonlinear effects.

Fu and Hall [60, 61] also developed a fully nonlinear theory to study the development of compressible Görtler vortices
downstream of the neutral point. The nonlinear distortion of the mean velocity and temperature was computed and the vortices
were found to occur in a region bounded by two transition layers, a result also obtained by Wadey [64]. The dynamics is
described by a free boundary problem, which Fu and Hall [60, 61] solved numerically. Fu and Hall [65] extended the theory of
Fu and Hall [60] to őnd that wall cooling increases the growth of the induced Rayleigh modes. Lipatov and Bogolepov [66],
Bogolepov and Lipatov [67] and Bogolepov [68, 69] studied the linear and nonlinear evolution of long-wavelength vortices in
hypersonic boundary layers in the limit of large Görtler number. Their nonlinear analysis showed that surface heating stabilizes
Görtler vortices, a result that is consistent with the linear results of Kobayashi and Kohama [29] and Elliott and Bassom [70],
and with the nonlinear results of Spall and Malik [53] and Fu et al. [56]. Bogolepov [68], Bogolepov [69] and Elliott and
Bassom [70] all showed that wall cooling destabilizes Görtler vortices, but Elliott and Bassom [70] also remarked that extreme
cooling could instead render them more stable. All these results, however, do not reconcile completely with the őndings of
Kahawita and Meroney [31] and El-Hady and Verma [34], discussed in ğII.B, as the inŕuence of wall-heat transfer appears to
depend on the spanwise wavenumber range as well.

The linear stability results were utilized in Ren and Fu [25] to initiate the downstream computation of the steady nonlinear
boundary-layer equations. Since the receptivity mechanism was not taken into account because the free-stream disturbances
were neglected, the amplitude of the eigensolutions was assigned according to experimental observation. The alteration of
the transition location due to different amplitudes in the stage of modal growth merits further research. Up to 𝑀∞ = 3, the
saturation stage was clearly attained and the crossover of the most ampliőed modes was observed. As the hypersonic regime
was established, the thermal disturbances became dominant over the kinematic disturbances, similarly to the scenario of
nonlinear supersonic streaks induced by free-stream disturbances [48]. The thermal disturbances prevented the amplitude
of the Görtler vortices to saturate to an almost constant value. More recent work utilizing the nonlinear boundary-region
equations by Es-Sahli et al. [71, 72, 73] focused on the control of compressible Görtler vortices, either by wall-heat transfer or
by a Lagrange-multiplier optimal technique. The vortices were triggered by localized wall transpiration, while free-stream
perturbations were absent.

We remark that, if free-stream perturbations, wall roughness or wall transpiration are not included in the formulation,
the initial conditions from which the marching procedure is started must be assigned at a user-speciőed streamwise location
because no external agent is active in exciting the boundary layer. One practice to obtain the initial condition is to use the
optimal-growth theory [74, 75], where the initial condition is found by an iterative procedure. This approach was used by
Lucas et al. [76] to study the compressible Görtler vortices. The idea of unique neutral curve, dismissed by Hall [12, 45], was
reinstated because a deőned initial condition was attained by the iterative procedure. However, since the optimal perturbations
depend on the streamwise location of the initial condition and on the control function chosen by the user for the iteration,
the uniqueness of the neutral curve is an artifact. Optimal perturbations have no connection with naturally present external
physical disturbances, nor are they likely to be excited by viable actuators. It is therefore unclear how calculations using such
perturbations could serve any practical purpose.

2. Parabolized stability equations

Herbert [77] gives a state-of-the-art account on the method of the parabolized stability equations (PSE), used extensively to
study boundary-layer stability and the early phases of transition. We herein present a brief overview of the PSE methodology
and discuss research studies where PSE have been used to investigate compressible Görtler instability. The compressible PSE
framework has been őrst formulated by Chang et al. [78] and Bertolotti and Herbert [79].

In the two-dimensional case, the base ŕow is written as 𝑸 = (𝑈, 𝜖𝑠𝑉) (𝑥, 𝑦). The ŕow is decomposed as

𝒒 = 𝑸(𝑥, 𝑦) + 𝒒̂ (𝑥, 𝑦) exp

[

i (𝛽𝑧 − 𝜔𝑡) + i

∫ 𝑥̂

𝑥̂0

𝛼(𝑥)d𝑥

]

+ c.c., (7)

where 𝑥 = 𝜖𝑠𝑥 is the slowly varying streamwise coordinate, 𝜖𝑠 = O
(

𝑅𝑒−1
)

≪ 1 and 𝑅𝑒 is the Reynolds number based on
the displacement thickness. The streamwise wavenumber 𝛼(𝑥) in expression (7) has to be chosen such that the perturbation
shape function 𝒒̂ (𝑥, 𝑦) varies slowly in 𝑥 to enable the neglect of the second-order term 𝜕2 𝒒̂/𝜕𝑥2. Substituting (7) into the
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Navier-Stokes equations and neglecting the high-order terms yield the nonlinear parabolized stability equations [77],

(L + 𝜖𝑠L
′) 𝒒̂ + 𝜖𝑠M

𝜕 𝒒̂

𝜕𝑥
= N, (8)

where the operators L, L′ and M act along 𝑦 only and N includes the nonlinear terms. By neglecting the nonlinear terms N

in (8), one őnds the linearized parabolized stability equations, while the simpliőcations 𝜖𝑠 = 0 and N = 0 in (8) retrieve the
system (6) for the parallel-ŕow LST. Setting 𝛼 = 0 leads to the nonlinear boundary-region equations because the streamwise
viscous diffusivity and the streamwise pressure gradient of the ŕow disturbance are absent and no streamwise ellipticity is
retained [47, 48, 80, 81].

The PSE constitute an initial-boundary-value system that describes the evolution of the seeded disturbances and are solved
numerically by marching downstream. A supplementary condition for the determination of 𝛼(𝑥) is

∫ ∞

0

𝜌0

(

𝑢̂†
𝜕𝑢̂

𝜕𝑥
+ 𝑣̂†

𝜕𝑣̂

𝜕𝑥
+ 𝑤̂† 𝜕𝑤̂

𝜕𝑥

)

d𝑦 = 0, (9)

where 𝜌0 is the base-ŕow density and the superscript † denotes the complex conjugate. The integral norm (9) provides the
iterative condition for the computation of the wavenumber 𝛼. The iteration on (9) is unnecessary for Görtler vortices with
order-one spanwise wavelength and Görtler number because of their long streamwise length scale. Ren and Fu [44] used a
modiőed iterative procedures involving expression (9) normalized by the local kinetic energy. It should be noted that the PSE
exhibit weak ellipticity along the streamwise direction. As őrst discussed by Chang et al. [78], this ellipticity causes problems
for their numerical integration, such as the occurrence of numerical instability when the streamwise step size is too small. Li
and Malik [82] further derived the step-size limit for stable PSE marching.

Conceptually intuitive and computationally efficient, the PSE method became a popular tool for studying the nonlinear
evolution of Görtler vortices. Li et al. [83] solved the nonlinear PSE to study Görtler instability in a Mach-6 boundary layer.
Eigensolutions to the linear parallel-ŕow stability problem were used as initial conditions for the PSE computation. They found
that the mushroom structures, common in ŕows dominated by Görtler vortices from the incompressible regime to the mildly
supersonic regime (refer to őgure 1), only appeared when the vortices were fully nonlinearly saturated. Bell-shaped structures
instead occurred during the initial evolution, a scenario that chimes with the wind-tunnel visualizations of Huang et al. [84].

Ren and Fu [44], Ren et al. [85] and Ren and Fu [43] also used the linearized eigensolutions to initiate their nonlinear PSE
computations. Ren and Fu [44] conőrmed the linearized results that the adjustment-layer mode dominates in the hypersonic
regime, but it is superseded by the wall-layer mode when the Görtler number is sufficiently large. The study of Ren et al.
[85] revealed that the dominance of the bell-shaped structures over the mushroom structures is due to the prevalence of the
adjustment-layer mode. Liu et al. [86] further showed that the linearized compressible PSE calculations of compressible Görtler
vortices agreed very well with results from DNS.

The PSE framework has also been useful for the study of the nonlinear interactions between Görtler vortices and other
instability modes, such as the inviscid Mack mode. Song et al. [87] utilized the PSE approach to study the nonlinear evolution
of őnite-amplitude Görtler vortices and Mack modes of much smaller amplitude. They found that varicose and sinuous modes
originated from the Mack modes and the growth rate was modiőed. Chen et al. [88] employed linear-stability eigensolutions to
initiate the nonlinear PSE calculations of compressible Görtler vortices at 𝑀∞=6 over a ŕared cone with a sharp leading edge.
They computed the growth of both the second Mack mode and Görtler vortices. The second Mack mode dominated at high
frequencies (around 350 kHz), while Görtler vortices controlled the low-frequency portion of the spectrum (around 50 kHz).

D. Initial-boundary-value approach with free-stream disturbances: receptivity theory

As discussed in the previous sections, the problem of Görtler instability is described mathematically by a system of partial
differential equations that is parabolic along the streamwise direction. It therefore follows that both the initial conditions near
the leading edge and the free-stream conditions are indispensable ingredients for the correct description of the Görtler-instability
problem. Studies based on the local eigenvalue stability theory in ğII.B and on the initial-value theories in ğII.C neglected
the impact of free-stream disturbances. As a consequence, the initial conditions for all those initial-value Görtler instability
computations were assigned without being related to the external disturbance ŕow, for example by utilizing the discrete normal
stability modes [25, 83, 89]. However, it should be noted that this practice is unsatisfactory for Görtler instability because
nonparallelism plays an order-one role near the leading edge.

These observations point to the crucial issue: the receptivity process, i.e., how external disturbances enter the boundary
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Fig. 2 Free-stream disturbances in supersonic wind tunnels. Taken from őgure 2 in Schneider [4] by courtesy of Prof.

Steven P. Schneider.

layer to trigger unstable modes, which, in the case of boundary layers over a concave wall, include Görtler vortices. The
receptivity framework resolves two central issues. It explains how the external disturbances are entrained into the boundary
layer and engender the growing boundary-layer disturbances. It also univocally determines both the shape and amplitude of the
initial perturbation near the leading edge. An indissoluble connection exists between the external disturbances and the initial
conditions because the former is responsible for the latter. Other approaches fail in these regards because the penetration of
free-stream ŕuctuations into the boundary layer is not included and the initial conditions is speciőed rather arbitrarily without
being linked to the external disturbances.

We now discuss the receptivity of compressible boundary layers over concave surfaces to free-stream disturbances. The
reader is referred to Wu et al. [15] for results on the incompressible receptivity problem.

Disturbances in compressible free streams may consist of acoustic, vortical and entropy modes [90, 91], which can induce
unstable perturbations in the boundary layer and lead the ŕow to transition to turbulence. Morkovin [92] discussed various
sources of free-stream ŕuctuations in the nozzle of conventional ‘noisy’ supersonic and hypersonic wind tunnels, shown in
őgure 2 (redrawn from Schneider [4]). In addition to the free-stream disturbances from the upstream region, Morkovin [93]
realized the importance of the sound radiated from the boundary layers on the nozzle walls. These acoustic disturbances
become more dominant as the Mach number increases. Duan et al. [94] reviewed recent progress in the experimental and
numerical characterization of free-stream disturbances in conventional hypersonic wind tunnels, focusing on the modelling of
experimental free-stream spectra in DNS. The acoustic disturbances are a main concern at Mach numbers larger than 2.5 due to
their dominance over vortical and entropy disturbances [95]. Free-stream vortical disturbances associated with atmospheric
turbulence are important for the receptivity process under ŕight conditions at any Mach number.

The continuous modes of the Orr-Sommerfeld/Squire equations have been utilized to model the entrainment of free-stream
vortical disturbances in boundary layers [96, 97]. This approach was however proved by Dong and Wu [98] and Wu and
Dong [99] to be inappropriate for the representation of free-stream disturbances because of an unphysical łFourier-mode
entanglementž, abnormally large streamwise velocity of the disturbances in the free stream and, in the compressible regime,
further entanglement of vortical and entropy disturbances, all arising because of neglecting the leading-order nonparallel-ŕow
terms.

The theoretical study of boundary-layer receptivity to free-stream disturbances has progressed considerably in the last
twenty years. Table 2 summarizes the main studies on the entrainment of unsteady free-stream vortical disturbances in laminar
boundary layers over ŕat plates, leading to the formation of Klebanoff modes, and over concave surfaces, where Görtler
vortices evolve downstream from Klebanoff modes. All these studies trace back to the theory of Leib et al. [47], an asymptotic
framework based on the unsteady boundary-region equations in the limits of large Reynolds number and small frequency (or,
equivalently, small streamwise wavenumber) [46]. Figure 3 depicts the different asymptotic regions of the theory by Leib
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Table 2 Studies on Klebanoff modes and Görtler vortices based on the initial-boundary-value receptivity theory for

𝑅Λ ≫ 1.

Flat plate (𝐺Λ = 0) Concave wall (𝐺Λ = O(1))

Incompressible Compressible Incompressible Compressible

Linear theory Leib et al. [47] Ricco and Wu [80] Wu et al. [15] Viaro and Ricco [16, 100]
Nonlinear theory Ricco et al. [101],

Zhang et al. [102]

Marensi et al. [48] Xu et al. [24],

Marensi and Ricco [103]

Sescu et al. [104]

et al. [47], applicable to Klebanoff modes and Görtler vortices. In the linearized case, the turbulence Reynolds number is
𝑟𝑡 = 𝜖𝑅Λ ≪ 1, where 𝜖 is the amplitude of the free-stream disturbance and 𝑅Λ is the Reynolds number based on Λ

∗. The
free-stream disturbance ŕow is obtained either analytically or numerically, unequivocally őxing, via matched asymptotic
expansions, the initial and free-stream boundary conditions for the boundary-layer ŕow. Ricco et al. [105] further discussed
this theory in the context of other approaches and obtained good agreement between theoretical, experimental, and numerical
data. When 𝑟𝑡 = O(1), nonlinearity plays a crucial role in the development of Klebanoff modes [101, 102]. Ricco and Wu [80]
and Marensi et al. [48] extended the studies of Leib et al. [47] and Ricco et al. [101] to the respective compressible cases.

In the initial-boundary-value formulation, free-stream disturbances play a crucial role in the entire evolution of the
boundary-layer ŕow, even in the fully nonlinear stage of well-developed Görtler vortices or Klebanoff modes. This theoretical
framework treats the formation of Klebanoff modes and Görtler vortices as a uniőed phenomenon, which is convenient because,
at moderate and high levels of free-stream disturbances, it is difficult to differentiate between the two types of disturbances.
Wu et al. [15] extended the ŕat-plate study of Leib et al. [47] to the case of incompressible boundary layers over concave
surfaces. For 𝑟𝑡 ≪ 1, 𝑅Λ ≫ 1 and 𝐺Λ = O(1), Wu et al. [15] focused on the linear excitation and evolution of steady and
unsteady Görtler vortices. Their numerical results compared well with the experimental data. Similar to the ŕat-plate case, the
generation of Görtler vortices is governed by the nonlinear boundary-region equations when 𝑟𝑡 = O(1). This problem was
studied by Xu et al. [24] and Marensi and Ricco [103], while the effect of streamwise pressure gradient was investigated by Xu
et al. [106] and Xu and Wu [107].

The evolution of compressible Görtler vortices over concave surfaces triggered by small-amplitude free-stream disturbances
of the gust type was investigated for the őrst time by Viaro and Ricco [16]. Their study can be viewed as an extension of
the formulation of Wu et al. [15] for incompressible boundary layers or as a generalization of the study of Ricco and Wu
[80] to include centrifugal effects. As a complementary study to Viaro and Ricco [16], Viaro and Ricco [100] computed the
neutral map of the compressible ŕow dominated by Görtler vortices, following the incompressible study of Viaro and Ricco
[81]. The neutral map could be uniquely deőned thanks to the receptivity framework, which allowed the precise speciőcation
of the oncoming free-stream perturbation ŕow. Highly-oblique Tollmien-Schlichting waves, generated by the leading-edge
receptivity mechanism discovered by Ricco and Wu [80], were also found to operate when the wall was curved. Viaro and
Ricco [16, 100] solved the boundary-region equations and also adopted two eigenvalue frameworks, based on the parallel-ŕow
and nonparallel-ŕow assumptions and on a high-Görtler-number asymptotic formalism that was revelatory of the different
stages of the ŕow evolution. Viaro and Ricco [16, 100] investigated the effects of frequency, ratio of free-stream wavelengths,
Mach number and Görtler number, focusing particularly on the growth rates, the streamwise length scale, and the location of
the velocity and temperature perturbations.

The crucial point is that both the initial conditions and the free-stream boundary conditions were determined by the
oncoming disturbance ŕow, following Leib et al. [47]. The eigenvalue approach instead accounts neither for the initial
conditions, because it is a local approximation, nor for the free-stream forcing, because it is based on a homogeneous system.
Therefore, eigenvalue calculations only allow determining the growth rate and the streamwise length scale of Görtler vortices
sufficiently downstream from the leading edge. Viaro and Ricco [16] showed that the receptivity solutions eventually matched
the eigenvalue solutions downstream and that it was only through the receptivity framework that the amplitude of the vortices
could be uniquely computed and linked to the amplitude of the free-stream perturbation. Most importantly, the eigenvalue
formulation led to incorrect results not only near the leading edge, but also at locations comparable with the streamwise
wavelength of the free-stream ŕow. These streamwise stations were not close to the leading edge and only the receptivity
analysis could inform about the locations where the agreement between the two solutions was of good accuracy. Viaro and
Ricco [16, 100] proved that the inclusion of the correct initial and free-stream forcing was essential to compute the ŕow from
the leading edge, especially in supersonic conditions. It was also demonstrated that, when an amplitude was assigned arbitrarily

12



O (Λ∗
RΛ)

concave wall

free-stream
convected
gust
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Fig. 3 Schematic of a boundary layer exposed to free-stream vortical disturbances, based on Leib et al. [47], Ricco and

Wu [80] and Wu et al. [15]. The Roman numerals indicate the asymptotic regions.

to the eigenvalue solution to start the marching procedure and thus somehow bypass the modelling of the receptivity process
from the leading edge, the shapes of the velocity, temperature, and pressure proőles were not accurate because the ŕow could
only be computed rigorously by the correct initial conditions, őxed by the receptivity process.

Viaro and Ricco [16, 81, 100] considered weak free-stream disturbances, which correspond to a small turbulence Reynolds
number (𝑟𝑡 ≪ 1). Sescu, Afsar, and Hattori [104] extended the work of Ricco and Wu [80] to study the nonlinear Görtler
vortices excited by more intense free-stream disturbances, while Es-Sahli et al. [108] solved the steady boundary-region
equations to study the effects of wall-heat transfer on Görtler vortices excited by wall transpiration.

E. Secondary instability

Low-frequency nonlinear Görtler vortices saturate to a nearly constant amplitude and, by themselves, cannot lead to
turbulence. Once the vortices acquire a signiőcant amplitude, unstable secondary-instability modes of higher frequency may be
supported by the saturated ŕow and be responsible for the breakdown of the ŕow. The secondary instability of incompressible
Görtler vortices was studied by the inviscid method [89, 109], the global-eigenvalue method [110, 111] and the viscous
biglobal method [24, 25]. The secondary instability of compressible Görtler vortices was analyzed by Fu and Hall [60], Li
et al. [83], Ren and Fu [25], and Chen et al. [112]. The system describing the secondary instability of nonlinearly saturated
Görtler vortices is given by equations (6)-(10) in Fu and Hall [60]. Fu and Hall [60] őrst studied the secondary instability of
the nonlinear compressible Görtler vortices in the limits of large Mach number and large Görtler number, detecting inviscid
secondary instability modes. Wall cooling and gas dissociation were found to increase the growth of the secondary instability
modes. Ren and Fu [25] included viscous effects in their investigation of secondary instability by using the biglobal method.
They identiőed three dominant secondary-instability modes in a hypersonic boundary layer: the varicose mode, the sinuous
mode I and the sinuous mode II. These modes, whose terminology was coined by Swearingen and Blackwelder [113], are
also important in incompressible boundary layers [24, 114]. Although the growth rate of a sinuous mode II may be lower
than those of a varicose mode I or a sinuous mode I, a sinuous mode II dominates for large streamwise wavenumbers. Its
eigenfunction is located in the bottom part of the Görtler vortices, which may support the ŕow breakdown in this region. The
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Fig. 4 Secondary instability modes of compressible Görtler vortices. The letters V, S-I and S-II denote the varicose

mode, the sinuous mode of type I, and the sinuous mode of type II, while M𝑋 denotes the Mach number 𝑋 . Taken from

table 3 in Ren and Fu [25] with permission from CUP.

Fig. 5 Growth rates (a) and phase speeds (b) of the second Mack mode (dashed line) and fundamental secondary

instability mode (solid line) in a Mach 6.5 boundary layer over a planar concave wall. Adapted from őgure 14 in Chen

et al. [112] with permission from CUP.

dominant secondary-instability mode depends heavily on the seeded initial disturbances. Figure 4, taken from Ren and Fu [25],
summarizes the main secondary-instability modes in compressible boundary layers dominated by Görtler vortices.

Recently, Li et al. [8] studied the secondary instability of hypersonic Görtler vortices excited by wall roughness. Their
analysis revealed the presence of radiating secondary instability modes, őrst reported by Liu, Marensi, and Wu [7] for streaks
developing in a ŕat-plate compressible boundary layer. The radiating secondary instability modes were also found in the
secondary instability of streaks induced by wall heating [115]. These radiating modes are interesting because they may be
directly related to the acoustic radiation, typical of hypersonic boundary layers on wind-tunnel nozzles.

Questions on the secondary Görtler instability of compressible ŕows remain open, such as the receptivity of nonlinearly
saturated compressible vortices, leading to the excitation of secondary-instability modes. By comparing the two-dimensional
linear-stability results with the biglobal results for a Mach 6.5 boundary layer over a planar concave wall, Chen et al. [112]
indicated that the second Mack mode can become a secondary varicose mode, whereas the őrst Mack mode can develop into
either a secondary instability sinuous mode or a secondary instability varicose mode, depending on its frequency and spanwise
wavelength (refer also to Chen et al. [116]). Figure 5, adapted from őgure 14 of Chen et al. [112], reveals the similarity of
a secondary varicose mode with a Mack mode. The similarity of Mack modes and biglobal modes was also examined by
Li, Choudhari, and Paredes [117] in a boundary layer on a Mach 6 cone with a concave aft body. Song et al. [87] further
investigated the interplay between the secondary instability modes and the Mack modes by utilizing the biglobal method and
the PSE method.

F. Control of Görtler vortices

Motivated by the successful dampening of unstable cross ŕow modes achieved by Saric et al. [118], Li et al. [83] introduced
subharmonic Görtler modes to attenuate the growth of the most dangerous primary Görtler mode, but the control strategy was
not effective. Kuehl and Paredes [119] also observed that utilizing Görtler vortices to alter the base ŕow and stabilize the Mack
modes may not be an effective method because, over a ŕared cone, the Görtler-perturbed ŕow was always more unstable than
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the unperturbed base ŕow.
Ren et al. [120] extended the ŕow-control approach of Cossu and Brandt [121] to the compressible regime, i.e., őnite-

amplitude compressible streaks and Görtler vortices were used as a new base ŕow over which instability modes were computed.
Differently from Li et al. [83] and Kuehl and Paredes [119], the altered instability modes exhibited lower growth rates because
of the modiőed shear ŕow. The curvature was found to play a key role as it was more difficult to control the ŕow when
the exponential growth of the Görtler vortices was too intense. The streaks and Görtler vortices were generated by optimal
disturbance, i.e., free-stream disturbances were neglected.

Asymptotic and numerical methods were employed by Ricco and Fossà [122] to study vortical disturbances induced
by free-stream disturbances in supersonic boundary layers over ŕat and concave porous surfaces. The growth rate of the
boundary-layer disturbances was found to attenuate when the spanwise wavelength was much larger than the boundary-layer
thickness. The vortical structures were instead unaffected by the porous substrate when the spanwise wavelength and the
boundary-layer thickness were comparable. The growth of highly-oblique Tollmien-Schlichting waves was enhanced when the
wall was porous.

III. Experimental studies
Görtler vortices have been studied experimentally mainly in the incompressible regime [14, 21, 113, 123, 124] as it is more

difficult to carry out boundary-layer experiments at high speeds. Only a few experiments have been conducted on compressible
Görtler vortices over simple curved walls, while more effort has been devoted to experimental investigations of Görtler vortices
over more complex surfaces that őnd direct applications in engineering problems (refer to table 3). In ğIII.A, we present the őrst
studies where compressible Görtler vortices were visualized, in ğIII.B we discuss experimental results on compressible ŕows
over simple concave walls, while the subsequent sections discuss studies on compressible Görtler vortices in more complex
geometries.

A. First visualizations of supersonic Görtler vortices near reattachment lines

Ginoux [128] studied the laminar reattachment region downstream of a backward-facing step at 𝑀∞ = 2.05 and observed
streamwise-elongated counter-rotating vortical structures. He surmised that these vortices could be of the Görtler type because
of the curvature of the streamlines near the reattachment line. The orientation of the model and the step height were changed
and the surface of the leading edge was polished, but vortices with the same wavelength were detected. Additional experiments
by Ginoux [129] showed that the streamwise vortices in the reattachment region over two-dimensional backward-facing steps
remained unchanged when the Mach number varied between 1.5 and 7. The images by Ginoux [128, 129], shown in őgure
6 for 𝑀∞ = 5.3, are regarded as the őrst visualizations of compressible Görtler vortices. The analysis of the sublimation
and calorimetric data by Ginoux [130, 131] further suggested that the streamwise-elongated vortices in his experiments were
created by small imperfections near the leading edge and were responsible for the well-deőned spanwise variations of the skin
friction and the wall-heat transfer.

The experiments of Ginoux [128, 129] inspired Inger [132, 133] to study the problem of Görtler instability for curved
reattaching ŕows (refer to őgure 7). He found that the curvature values, especially at reattachment, satisőed Görtler [11]’s
criterion for centrifugal instability and the predicted amplitude and wavelength of the pressure variations agreed well with the
measurements of Ginoux [128, 129]. The validity of these results has however not been conőrmed because Görtler [11]’s
criterion is based on parallel-ŕow calculations that have been questioned by subsequent theoretical studies, as discussed in
ğII.C. Another point of contention is that the results of Inger [132] are associated with speciőc locations of the recirculation
region, while Görtler vortices require a longer portion of a concave surface to fully establish themselves.

B. Flows over simple concave walls

The őrst experiments of compressible ŕows over curved surfaces are, to the best of our knowledge, those of Chapman et al.
[136], who measured the wall pressure of a boundary layer at 𝑀∞ = 3, although no information could be inferred about the
role of Görtler instability in the transition process. De Luca et al. [135, 137, 138] investigated Görtler instability in boundary
layers over concave walls and wedges in a supersonic wind tunnel at the University of Poitiers. The Mach numbers ranged
between 6.9 and 8.2. Spanwise periodic variation of the wall temperature indicated the presence of Görtler vortices and the
spanwise-averaged Stanton number increased from the theoretically-predicted laminar value during transition, as shown in
őgure 8. The growth rates were predicted well by the instability theory. De Luca et al. [137] correctly remarked that, in order
to carry out further quantitative comparisons with the theoretical results, more data about the wind-tunnel environment would
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Görtler vortices over complex geometries

Unit Reynolds
number m−1

Mach number Görtler number
𝐺 𝜃

Turbulence level Reference

Quiet wind tunnel nozzles ≤ 1.2 · 107 ≤ 6 up to 10 <0.05% Schneider [4]

Flared cones ≤ 1.2 · 107 ≤ 6 <0.05% Chynoweth et al. [9]

Turbine blades 106 ∼ 0.9 up to 5 5-20% Cui et al. [125]

Compression ramps 106 up to 15 up to 1500+ <0.05% Simeonides and Haase [126],
Balakumar et al. [127]

Hypersonic vehicles up to 15 up to 1500+ Atmospheric condi-
tions

Balakumar et al. [127]

Table 3 Experimental studies on compressible Görtler vortices in complex geometries. The superscript + denotes the Görtler number based on the

displacement thickness.

16



17

Fig. 6 Striation patterns near the laminar reattachment line of a ŕow at 𝑀∞=5.3, believed to be caused by Görtler

vortices [129, 131].

Fig. 7 Spanwise-periodic disturbances in a reattaching ŕow. Taken from Namtu and Inger [134] and Inger [133].
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Fig. 8 Evolution of Stanton number along a curved surface due to Görtler vortices at 𝑀∞=7 [135].
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Fig. 9 Experimental data for Mach 1.8-2.11 by Ciolkosz and Spina [140] (CS), compared to LST results by El-Hady

and Verma [37] (EV) and Tumin and Chernov [141] (TC), reproduced from őgure 12b in Ciolkosz and Spina [140].

be useful because ŕows dominated by Görtler vortices are strongly dependent on the external forcing conditions, as amply
discussed in ğII. Holden and Chadwick [139] measured the growth of the wall-heat transfer during transition to turbulence
along a concave ramp at 𝑀∞ = 10, 11, 12, but they did not report sufficient information on the ŕow perturbations to assess
whether Görtler vortices played a role in the breakdown to turbulence.

Ciolkosz [142] and Ciolkosz and Spina [140] ran transonic and supersonic tests up to 𝑀∞ = 2.87 on ŕows developing on a
curved ramp located in the Syracuse University supersonic wind tunnel. Görtler vortices were visualized by micro-carbon
particulates and good agreement was achieved between their experimental results and LST results by El-Hady and Verma [37]
and Tumin and Chernov [141], as shown in őgure 9. The spanwise wavelength of the Görtler vortices was independent of the
Mach number, the Reynolds number, and the radius of curvature. This result is consistent with the receptivity results based on
the boundary-region equations, discussed in ğII.D, as the spanwise wavelength is imposed by external ŕow perturbations, such
as free-stream disturbances or wall roughness. The occurrence of the Görtler vortices detected by Ciolkosz [142] and Ciolkosz
and Spina [140] was predicted by the theoretical results of Viaro and Ricco [16].

Flaherty and Austin [17] investigated the growth of the wall-heat transfer in laminar boundary layers over curved surfaces
and ramps at 𝑀∞ = 5.1. The heat transfer increased more over the curved surfaces than on the ramps and the data collapsed well
when plotted versus the turning angle of the plate. In Flaherty and Austin [143], the Mach number was increased to 𝑀∞ = 7.45

and the heat transfer was enhanced by streamwise vortices generated by upstream equally-spaced vortex generators. Since the
boundary-layer disturbances were not visualized, it was not evident whether the heat-transfer growth was due to the presence of
Görtler vortices or to the adverse pressure gradient given by the wall geometry. Further details on their experimental procedures
are found in Austin and Flaherty [144].

Wang et al. [145] performed ŕow visualizations of the complete evolution of Görtler vortices at 𝑀∞ = 2.95 from the
laminar to the turbulent regime. Analogous to the theoretical ŕows studied by Viaro and Ricco [16, 100], the unsteadiness of
the Görtler vortices was likely caused by the free-stream perturbation, since the plate was free from roughness. Decreasing the
concave curvature delayed the boundary-layer transition. The dominant secondary instability modes were varicose, a different
scenario from the incompressible case, where sinuous modes also play a role in the transition process. Huang et al. [84, 146]
investigated the entire evolution of Görtler vortices in a Mach-6.5 boundary layer at Peking University. The Görtler vortices
were triggered by equally-spaced roughness elements, but also occurred naturally over a smoothly curved surface. The typical
mushroom shape of the Görtler vortices appeared during the last stage of ŕow evolution. Differently from Wang et al. [145],
both sinuous and varicose secondary instabilities were detected, as shown in őgure 10.
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Fig. 10 Görtler vortices in a Mach-6.5 boundary layer obtained by the Rayleigh scattering technique in a quiet wind

tunnel at Peking University. Image taken from őgure 2 in Huang et al. [146] with permission from AIP.

Fig. 11 Schematic of a supersonic nozzle in a Mach-3.5 wind tunnel, taken from őgure 1 in Beckwith et al. [147].

Fig. 12 Transition Reynolds number versus unit Reynolds number for a Mach-3.5 ŕow over straight cones. Taken

from őgure 5 in Beckwith et al. [147].



C. Flows over nozzle walls

Figure 11 depicts a schematic of a Mach-3.5 wind-tunnel ŕow [147]. The transition location over the concave nozzle walls
and the sound radiated from the turbulent boundary layers are shown. As the sound from wall turbulence may compromise the
measurements in the test section, a requirement in the experiments of Beckwith et al. [147] was that the free stream had to be
as quiet as possible to obtain reliable laboratory predictions of the ŕow in ŕight conditions. The quality and reliability of
experimental tests in supersonic and hypersonic wind tunnels depend critically on the reduction of acoustic noise radiated from
the turbulent boundary layers on the nozzle walls [4, 148ś150]. The suction slots, visible in őgure 11, have been useful to
eliminate wall turbulence from the nozzle mouth. Pate and Schueler [151] showed that a reduction of free-stream noise and an
enlargement of the wind-tunnel test section shifted the transition location downstream, thereby reducing the portion of the
tunnel surface exposed to wall turbulence (refer to Pate [152, 153] for further discussions). As explained by Anders et al. [148]
and Schneider [154], the experiments by Harvey et al. [155] at the NASA Langley Research Center revealed that a increase of
20% of the transition Reynolds number occurred when the nozzle wall was heated. This effect was primarily attributed to an
increase in the boundary-layer thickness and a corresponding decrease in the sensitivity of the boundary layer to wall roughness.

Figure 12 shows the transition Reynolds number versus the unit Reynolds number for ŕows over straight cones [147].
The transition Reynolds numbers in ŕight conditions are much larger than those in supersonic wind tunnels because of the
disturbed laboratory environment. This result highlights the importance of minimizing unwanted perturbations to obtain
reliable ŕight-condition results in wind tunnels. Figure 12 also reports the beneőt of carefully polishing the nozzle surfaces.

Compressible Görtler vortices have been recognized as one of the main causes of transition to turbulence over the concave
surfaces of nozzles in supersonic wind tunnels [18]. Beckwith [156] and Beckwith and Holley [157] performed experiments in
a quiet supersonic wind tunnel at the NASA Langley Research Center, and were the őrst to visualize Görtler vortices over the
surface of a supersonic nozzle. Figure 13 shows the Görtler vortices in the contraction entrance and at the nozzle exit at two
different Reynolds numbers. Beckwith and Holley [157] used the semi-empirical e𝑁 method to predict the transition location
caused by Görtler vortices, where 𝑁 = −

∫ 𝑥𝑇

𝑥𝑐
𝛼𝑖d𝑥, −𝛼𝑖 is the growth rate and 𝑥𝑇 is the location where transition occurs.

No deőnitive conclusions were obtained about the exact 𝑁 value. Beckwith and Holley [157] also reported that elongated
structures appeared downstream of the transition point, which could mean that either the upstream Görtler vortices persisted
through the wall-bounded turbulent ŕow region or that the observed streaky structures covered a long stretch of the transitional
region. The precise role of the Görtler vortices in the transition process over the supersonic nozzle walls was not explained,
although it was evident that the growth of Tollmien-Schlichting waves was not signiőcant because of the favorable pressure
gradient and the surface concavity. Beckwith et al. [158] arrived at the same conclusion when observing compressible Görtler
vortices along the curved surfaces of the NASA Mach-3.5 rapid-expansion nozzle.

Chen et al. [159] utilized linear instability theory to compute the 𝑁 factor for Görtler vortices on the walls of four supersonic
nozzles. They obtained the 𝑁 factors at transition and demonstrated, for the őrst time, the advantage of small nozzle-wall
inŕection angles. The 𝑁 factor obtained by Chen et al. [159] ranged from 3.5 to 10.9, although they advocated the use of 9.2
for the design of long nozzles. We argue here that there cannot exist an exact 𝑁 value for transition caused by any instability,
especially Görtler instability. The failure of the precise determination of 𝑁 is attributed to the dynamics of Görtler vortices,
which must be treated as an initial-boundary-value problem rather than a local problem, i.e., receptivity plays a crucial role, as
discussed in ğII. Further discussion on the use of the 𝑁-method for the study of Görtler instability is found in Viaro and Ricco
[81].

Chen et al. [159] also proposed the use of longer nozzles for a downstream shift of transition to turbulence. The idea was
to achieve the transition shift via a delay of Görtler instability caused by the larger radius of curvature. This concept was
implemented successfully by Chen et al. [160]. A straight-wall radial ŕow section was inserted upstream of the inŕection point
of the nozzle walls to suppress Görtler instability in a Mach-3.5 ŕow (more discussion is found in Chen and Wilkinson [161]).
Chen et al. [162] utilized this design concept in a Mach-6 wind tunnel (refer also to Blanchard et al. [163]).

Interest in the design of Chen et al. [160] was pursued by Doggett and Chokani [164] and Doggett et al. [165], who used a
series of őne meshes upstream of the nozzle mouth to attenuate vorticity and entropy ŕuctuations, bleed slots at the nozzle
mouth to eliminate the turbulent boundary layers, highly polished wall surfaces and an initially straight contour of the nozzle
wall to delay the development of Görtler vortices. Schneider [154] also indicated that a long nozzle can reduce the 𝑁 factor
of Görtler instability. To improve the 𝑒𝑁 method, he also advocated further research on the physics of transition, based on
receptivity and secondary instability. A long nozzle was also used in the Texas A&M University Mach-6 Quiet Tunnel with the
purpose of suppressing the formation of Görtler vortices [166]. Related discussions are found in Schneider [4, 19], where
compressible Görtler instability is discussed in the wider context of hypersonic transition in quiet wind tunnels. Schneider [19]
further mentioned that, at that time, only three Mach-6 wind tunnels could be deőned as ‘quiet’ because long portions of the
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Fig. 13 Oil-ŕow photographs of compressible Görtler vortices over the walls of an axisymmetric Mach-5 wind tunnel.

Taken from őgure 3 in Schneider [4] (refer also to őgure 7 of Beckwith and Holley [157]).



Fig. 14 Wall heating on a Mach 6 ŕared cone at 𝑃∗
0
= 140.3 psia and 𝑇∗

0
= 151.4◦C, measured in the BAM6QT at

Purdue University. Taken from őgure 21(a) in Ward et al. [172] by courtesy of Prof. Steven P. Schneider.

nozzle walls were wetted by laminar boundary layers, i.e., the Boeing/AFOSR Mach-6 Quiet Tunnel at Purdue University
[167], the Mach-6 quiet tunnel at Peking University [168] and the Texas A&M University Mach-6 Quiet Tunnel [169, 170].

D. Flows over ŕared cones

A few experimental studies have focused on compressible Görtler instability in ŕows over ŕared cones. Table 4 lists these
studies. The research interest in boundary layers over ŕared cones has been motivated by the richness and complexity of
transition to turbulence in these ŕows, which is inŕuenced by several factors, such as curvature, bluntness, pressure gradient,
wall temperature, and angle of attack. We limit our discussion to compressible ŕows over ŕared cones aligned with the
oncoming mean ŕow because stability and transition over cones at a nonzero angle of attack may be inŕuenced by stationary
and travelling cross-ŕow instability and, depending on the geometric conőguration, on the attachment line instability as well.

Doggett and Chokani [164] and Lachowicz et al. [174] conducted hypersonic stability experiments under quiet conditions
in the NASA Langley Mach 6 Nozzle Test Chamber (M6NTC). They reported that transition over a ŕared cone aligned with the
free-stream ŕow was due to the second Mack mode. Doggett and Chokani [164] recognized the importance of the adverse
pressure gradient over a ŕared cone, although no evidence of Görtler vortices was reported, arguably because of the large radius
of curvature and the very low free-stream disturbance level. Experiments on a transitional boundary layer on a ŕared cone
subject to wall cooling were carried out by Blanchard and Selby [175]. Wall cooling was found to be destabilizing, although the
existence of Görtler vortices was not veriőed. Wilkinson [150] reviewed the early experiments on ŕows over ŕared cones in the
Langley M6NTC. He argued that the double-peaked velocity and temperature proőles could be due to Görtler vortices only or
to the combined effect of second Mack modes and Görtler vortices. Further experiments by Horvath et al. [176] revealed how
free-stream disturbances lowered the transition Reynolds number over ŕared cones, although the effect of Görtler instability
was not discussed. A summary of these experimental studies can be found in Schneider [177]. The Langley M6NTC was
decommissioned in the late 1990s and was reestablished at Texas A&M University. Hofferth et al. [178], Hofferth and Saric
[171] and Hofferth et al. [170] reproduced the stability experiments of Lachowicz et al. [174] and Doggett et al. [165] in the
relocated wind tunnel.

Johnson et al. [179] optimized three-dimensional parametrically deőned geometrical shapes to obtain minimum or maximum
boundary-layer stability. Among their results was the design of an axisymmetric ŕared-cone surface that achieved a maximum
𝑁 factor of approximately twice that of a baseline 7◦ half-angle cone with small bluntness. This successful design motivated
other ŕared-cone experiments in quiet tunnels. Models of the optimal design were built and tested in the Boeing/AFOSR
Mach-6 Quiet Tunnel (BAM6QT) at Purdue University. In the BAM6QT, Berridge et al. [180, 181] and Ward et al. [172] used
temperature-sensitive paint to detect the surface heat ŕux. As shown in őgure 14, streamwise-elongated patterns, named ‘hot
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Flared cone experiments

Quiet wind tunnels
Nominal Mach Maximum unit Disturbances level

Reference
number Reynolds number (m−1) 𝑝′/𝑝𝑚𝑒𝑎𝑛

NASA 5.9 1.0 · 107 <0.1% Wilkinson [150]

Texas A&M University 5.9 1.1 · 107 <0.08% Hofferth and Saric [171]

Purdue University 6.0 1.1 · 107 <0.05% Ward et al. [172]

Peking University 6.0 1.0 · 107 <0.2% Zhang et al. [168]

NUDT 6.0 1.2 · 107 <0.1% Liu et al. [173]

Table 4 Experimental studies on compressible ŕows over ŕared cones. NUDT indicates National University of Defense Technology.



streaks’, were observed under quiet conditions. Berridge et al. [180] could not evince the origin of these perturbations. They
suggested that they could be due to Görtler vortices, to the interaction of Görtler vortices and second-Mack-mode waves, or to
secondary-instability modes of the second-Mack-mode waves. It was interesting to note that these streaks grew in strength,
unexpectedly weakened and almost disappeared downstream, and then regained energy before breaking down and leading the
ŕow to transition. The boundary-layer thickness was estimated to remain constant during the ŕow evolution. This peculiar
evolution only occurred in the quiet environment, not in the noisy environment. These streaks are further discussed in ğIV.B.
Ward et al. [172] attributed the formation of these elongated structures to the interaction of Görtler vortices with the second
Mack mode. Berridge et al. [181] and Ward et al. [172] tried to control these perturbations by roughness dots located upstream
of the painted surface. Although good agreement was found between the computed and the measured wall-pressure spectrum,
the dots were not able to control the growth of the streaky structures.

On a ŕared cone with a sharp nose tip of 0.16 mm and an initial opening half-angle of 1.5 deg, Chou et al. [182] detected
the striations of wall heating at about 38 cm from the nose tip. The cause behind these perturbations was again thought to be
the nonlinear interaction between the second Mack mode and secondary-instability modes, or between the second Mack mode
and Görtler vortices (further details are found in Chou [183]). Chynoweth et al. [9] reviewed the experimental studies carried
out in the BAM6QT on boundary-layer transition over Mach-6 ŕared cones and discussed the simulations related to these
experiments. They recognized the hot streaks as the cause of the large wall-heating overshooting over the turbulent values.
They claimed that these wall striations were generated by steady streamwise vortices, which, in turn, arose from nonlinearly
saturated second Mack modes.

Hofferth et al. [170] reported a peak in the energy spectrum of a boundary-layer ŕow over a ŕared cone in the Texas A&M
University Mach-6 Quiet Tunnel, thereby detecting the presence of the second Mack mode of instability. No evidence of
Görtler vortices was observed, arguably because of the mild curvature and limited streamwise extent of the model. Using the
same tunnel, Craig et al. [184] measured high-intensity low-frequency disturbances in the boundary layer over a ŕared cone and
noticed that this range of frequency could pertain to either őrst-mode instability or Görtler vortices.

A series of papers reported recent research conducted in the low-noise Mach-6 wind tunnel at Peking University [168, 185ś
189], focused on hypersonic ŕows over ŕared cones. The interested reader is also referred to the review by Lee and Chen
[190]. The role of the second Mack mode on the breakdown to turbulence, its interaction with low-frequency waves, and the
aerodynamic heating on ŕared cones were investigated. Hot streaks, such as those visualized in the BAM6QT, were also
detected, as shown in őgure 15 [185]. Liu et al. [173] used the hypersonic quiet wind tunnel at the National University of
Defense Technology [191] to investigate the nonlinear evolution of the second Mack mode on a ŕared cone and reported the
existence of high-frequency harmonics.

In these studies, low-frequency disturbances measured in boundary layers over ŕared cones were often thought to be the
direct footprint of free-stream perturbations. Lachowicz et al. [192] suggested that these low-frequency disturbances were not
associated with Görtler instability because they had also been detected over straight cones. One may therefore surmise that
these perturbations were low-frequency thermal Klebanoff modes, such as those investigated by Marensi et al. [48], because
the inŕuence of curvature was mild. As mentioned in ğII.D, this problem can be analyzed using the initial-boundary-value
receptivity theory in both cases, despite their different instability mechanism. The same mathematical equations, excluding the
term related to curvature, and the same initial and boundary conditions can be applied to both ŕows.

The inŕuence of free-stream disturbances on the hot streaks detected over ŕared cones, speciőcally on their disappearance
and subsequent reappearance [180], and on the nonlinear interaction between Görtler vortices and second Mack modes, remains
an important open avenue of research, as discussed further in ğIV.B. The impact of the azimuthal curvature on the instabilities
over ŕared cones has not been explored, yet.

E. Flows over compression ramps and impacted by impinging shocks

Supersonic and hypersonic compression corner/ramp ŕows are ubiquitous over the surfaces of aerospace vehicles, such as
ŕaps, elevons and rudders. The ŕow reattachment gives rise to excessive wall-heat transfer and a full understanding of this
aerothermal ŕow mechanism is therefore essential for the optimal design of heat protection systems. In these regions, the
streamlines are curved because of the recirculation bubble and could thus be causing the formation of Görtler vortices.

Flows over compression ramps were studied by Chapman et al. [136] with the objective of understanding the nature of
compression shocks and transition to turbulence. They recognized the importance of curved streamlines, but no details were
provided about the role of Görtler instability. The presence of striation patterns similar to those of Ginoux [128, 129] were also
observed in reattaching high-speed ŕows over compression ramps and axisymmetric models [130, 131, 193]. These studies
supported the idea that these striation patterns were caused by the same centrifugal instability responsible for Görtler vortices.
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Fig. 15 Surface temperature of a Mach 6 ŕared cone measured at Peking University. Taken from őgure 1(a) in Zhu

et al. [185] with permission from AIP.

Miller et al. [193] also surmised that these vortical structures were responsible for the increase of the wall-heat ŕux and wall
pressure ŕuctuations. Motivated by these results, Namtu and Inger [134] and Inger [132] surmised that Görtler vortices may
appear near points of ramp-induced separation, as sketched in őgure 16.

De Luca et al. [194] observed spanwise-modulated wall striations of the Stanton number for ŕows over ramps at 𝑀∞=7.14.
They remarked that further research was needed to evince whether these modulations were due to Görtler vortices and to
assess the impact of the leading-edge shape and nonuniformities. Simeonides et al. [195], Simeonides and Haase [126], de la
Chevalerie et al. [196] and Ishiguro et al. [197] also investigated the intense aerodynamic heating on hypersonic compression
corners. Steady irregular heat-transfer striations were observed at the rear of the reattachment lines and were claimed to be
related to Görtler vortices. Simeonides and Haase [126] and de la Chevalerie et al. [196] conjectured that the irregular spanwise
modulation was caused by the variations of the leading-edge shape, in line with the idea that Görtler vortices are strongly
dependent on upstream perturbations and irregularities. An overview on these results was presented by Marini [198].

Other visualizations of elongated striations of the wall-heat transfer were reported by Benay et al. [199] on an axisymmetric
cylinder-ŕare model at 𝑀∞=5, by Zhuang et al. [200], who used nano-tracer planar laser scattering in a Mach-3 compression
ramp ŕow, and, in hypersonic ŕows over compression ramps, by Schrĳer [201] and Roghelia et al. [202] at 𝑀∞=7.5 and
𝑀∞=7.7, and Zapryagaev and Kavun [203] and Trubitsyna et al. [204] at 𝑀∞=6. Recently, Li et al. [205] experimentally
investigated vortices in the presence of dual-incident shock-wave/turbulent-boundary-layer interactions in a Mach 2.48 ŕow.
The curvature of the streamlines in the reattachment region was recognized as the cause for the formation of Görtler vortices.

Chuvakhov et al. [206, 207] and Chuvakhov and Radchenko [208] conducted controlled experiments on a 15◦ compression
corner ŕow at 𝑀∞=8 with periodic roughness and measured the wall-heat transfer. Figure 17 shows their schlieren visualization
of the wall-heat transfer over the compression ramp surface. The wall-heat ŕux is evidently enhanced between two adjoined
striations at the wall, which could be due to the passage of Görtler vortices.

Stationary and time-dependent shocks impinging on boundary layers developing over őxed and cantilevered ŕat plates
were studied in a Mach 5.8 Ludwieg tube located at the University of Southern Queensland [209ś211]. The ŕows underwent
transition where the shocks impinged on the surfaces. The wall-heat transfer showed distinct spanwise-periodic striation
patterns in the separation and reattachment regions, likely produced by elongated vortical structures. They pointed out that a
possible cause behind these structures was Görtler instability because of the large curvature of the streamlines in the vicinity of
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Fig. 16 Görtler vortices allegedly occurring in the proximity of a separation point. Taken from [132] with permission

from Springer Nature.

Fig. 17 Visualizations of ŕow over a compression ramp: schlieren image (top), Stanton number (bottom). Taken from

őgures 5a and 6b in Chuvakhov et al. [206] by courtesy of Dr Pavel V. Chuvakhov.



Fig. 18 The Reynolds number at the onset of transition on a concave surface as a function of the curvature parameter.

Taken from őgure A3 in Mayle [10] with permission from The American Society of Mechanical Engineers.

the impingement regions.

F. Flows over turbine and compressor surfaces

The turbulence levels at the inlet of turbine and compressor passages are often high, in the range of 𝑇𝑢 = 5% − 20% [10].
Transition over turbine and compressor blades has therefore been recognized as an extremely difficult problem, given the
sensitivity of boundary-layer instability to external forcing agents. It is central to predict how and where transition occurs in
these ŕows because the energy losses, and therefore the performance of the whole ŕuid system, depend drastically on the ŕow
regime of boundary layers. Mayle [10] reviewed the role of transition in gas-turbine engines and discussed the inŕuence of
curvature and turbulence level, albeit focusing primarily on incompressible ŕows. Figure 18 shows that the concave curvature
can either reduce or increase the transition Reynolds number, depending on the external turbulence level. It is evident that the
receptivity of boundary layers to external disturbances is of ultimate importance in the study of Görtler vortices over turbine
and compressor blades. The underlying mechanisms of transition over turbine blades, and speciőcally the role of compressible
Görtler vortices over the concave portion of the pressure surface, are still not well understood.

Several experimental papers have addressed the problem of Görtler instability over turbine and compressor surfaces, but, to
the best of our knowledge, they have focused on the incompressible and the low subsonic regimes. The visual study of Han
and Cox [212] highlights the possible interaction of Görtler vortices with vortices detaching from the trailing edge and with
Tollmien-Schlichting waves over the concave pressure surface. Brown and Martin [213] discussed the importance of predicting
Görtler vortices over the pressure surfaces of turbine blades in the presence of free-stream turbulence, focusing on the increase
of wall-heat transfer in disturbed conditions (refer also to Riley et al. [214]). The wall-heat transfer measurements of Turner
[215] and a number of heat-transfer correlations were also examined.

The heat-transfer problem on the pressure side has also been investigated by Baughn et al. [216]. They attributed the
wall-heat transfer striations to Görtler vortices, occurring when the free-stream turbulence intensity was 1%. For turbulence
intensities as high as 10%, the modulations were not detected, arguably because wall turbulence dominated the pressure
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Fig. 19 Hypersonic airbreathing vehicles. Left: X-43A (image from https://www.nasa.gov/). Right: X-51A (image

from https://media.defense.gov/).

side. Similar őndings were reported by Butler et al. [217]: in a low-turbulence intensity environment (𝑇𝑢=0.3-0.8%), the
pressure side was populated by hot streaks that were arguably caused by Görtler vortices, while no streaks were detected in the
high-turbulence case (𝑇𝑢=10%). The measurements of Wang et al. [218] in low-turbulence conditions showed the presence of
Görtler vortices on the pressure side. The vortices were thought to be generated by roughness at the leading edge of the blade.
Their well-deőned spanwise wavelength remained almost constant, independent of the boundary-layer thickness. This latter
őnding is in accord with the receptivity theory discussed in ğII.D, for which the wavelength is solely determined by the external
perturbations. Gostelow et al. [219, 220] carried out experiments on turbines blades in high-subsonic and transonic conditions
at the Institute for Aerospace Research of the National Research Council of Canada. They visualized vortical structures with
an exceptionally well-deőned spanwise spacing, but unfortunately only on the suction side. These streaks were arguably a
convex-surface analog of the thermal Klebanoff modes studied by Ricco and Wu [80] and Marensi et al. [48].

G. Flows over hypersonic airbreathing vehicles

Görtler vortices are also ubiquitous in boundary layers over supersonic and hypersonic vehicles. Models used in the NASA
Hyper-X programs, such as the X-43A vehicle shown in őgure 19 (left) [221], have two compression corners, of 5.5◦ and 3◦,
following an initial wedge with an angle of 2.5◦, along which the streamlines are curved and could be responsible for Görtler
instability [222]. Figure 19 (right) depicts the X-51 Waverider, used by the U.S. Air Force Research Laboratory and the Boeing
Company, which shows geometrical characteristics similar to the X-43A vehicle [221]. Figure 20, taken from Lee and Chen
[190], depicts the temperature distribution over the concave surface of a scramjet model in a hypersonic wind tunnel. The
streaky thermal structures were likely to be caused by roughness near the leading edge and by Görtler vortices developing over
the surface. Further discussion on transition to turbulence on scramjet forebodies is found in Schneider [177].

Berry et al. [222] studied the Hyper-X forebody in the NASA Mach 6 and 10 tunnels and in the HYPULSE reŕected shock
tunnel at the General Applied Science Laboratory. They visualized streaky structures at 𝑀∞ = 6 by oil on the ramped surfaces
of the model. They noted that these vortices persisted in the turbulent region as well.

Liu et al. [221] reviewed research on combustion stabilization for hypersonic airbreathing propulsion. They pointed out
that, in scramjet engines, transverse jet injection could induce a counter-rotating vortex pair, as shown in őgure 21. Although it
is not clear at present, these jet-injection vortices, caused by recirculation bubbles or compression corners, could be subject to
Görtler instability if transported downstream by concave base-ŕow streamlines.

IV. Numerical studies
Görtler instability and the related transition to turbulence have also been investigated by high-resolution DNS. Due to the

high computational costs of this numerical approach, the existing DNS studies have largely focused on the nonlinear evolution
and secondary instability of numerically seeded vortices and their interactions with őrst-mode and second-mode instabilities.
The main objective was to compare the DNS results with the results from stability theories, such as the LST and the PSE
method. As discussed in the following subsections, the initial receptivity of concave-wall boundary layers to free-stream
disturbances has received very limited attention via DNS and thus merits further research. The persistence of Görtler vortices
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Fig. 20 Streaky temperature distribution over the concave surface of a scramjet model in a hypersonic wind tunnel,

taken from Lee and Chen [190].

Fig. 21 Schematics of vortical structures in simple transverse jet injection (left) and dual transverse jet injection (right)

systems. Taken from Liu et al. [221] with permission from Elsevier.



beyond the transition region through the fully-developed region is not discussed herein as it is out of the scope of our review.

A. Flows over spanwise-planar concave walls

A systematic study of Görtler instability using DNS was őrst reported in a series of papers from the University of California,
Los Angeles (UCLA) [223ś228]. The UCLA group performed DNS of a Mach 15 ŕow over a blunt concave wedge. Their study
focused on the receptivity in the leading-edge region of the wedge. Görtler vortices were introduced either by wall blowing
and suction or by free-stream acoustic and vorticity disturbances. They found that wall transpiration generated spanwise
disturbances that developed into Görtler modes. The receptivity simulations with free-stream disturbances imposed at the bow
shock showed that Görtler vortices are mainly induced by free-stream steady vorticity waves, while they are hardly generated
by traveling vorticity waves and fast acoustic waves. In addition to the receptivity study, the DNS study by the UCLA group
included i) linearly growing Görtler vortices and the effect of surface curvature [223], ii) the nonlinear evolution of Görtler
vortices and their interaction with the second Mack modes [224], and iii) the secondary instability of Görtler vortices [225].
Figure 22 shows cross-sectional contours of the streamwise velocity and the corresponding wall-normal velocity proőles for a
Mach 15 ŕow over a blunt wedge with a concave surface. Inŕectional proőles are more intense where the mushroom shapes of
the Görtler vortices are more pronounced.

Li et al. [83] performed DNS to study the nonlinear development and initial breakdown of Görtler vortices for a Mach 6

similarity boundary layer over a concave plate with a radius of curvature of 20 meters. Their study considered Görtler vortices
with three different spanwise wavelengths, including the most ampliőed Görtler mode and two subdominant modes. In each
case, a Görtler mode was seeded via a speciőed roughness near the neutral point of the vortex mode. For all the three cases,
the bell-shaped features were noted in the streamwise velocity contours at streamwise locations where the nonlinear Görtler
vortices were nearly saturated. The well-known mushroom shaped contours were observed farther downstream, well into the
saturation region.

Yu and Yuan [229] investigated the interaction between Görtler vortices and oblique second Mack modes in a Mach 6 ŕow
using DNS. They found that Görtler vortices can act as a catalyst to promote the nonlinear growth of the Mack modes and
subsequently lead to earlier transition to turbulence, even though Görtler instability alone may not dominate the transition
process.

Chen et al. [112, 116] and Song et al. [87] investigated the secondary instability and breakdown of stationary Görtler
vortices in a Mach 6.5 boundary layer over a planar concave wall by performing DNS. Their DNS results were compared with
results from biglobal stability analyses and PSE calculations. Consistent with the LST results discussed in ğII.E, their DNS
conőrmed the development of őrst/second Mack modes into secondary modes in the presence of saturated nonlinear vortices.
Chen et al. [230] performed DNS to study hypersonic concave-wall boundary-layer transition induced by blowing and suction
with different frequencies. They found that the transition scenario changed from stationary to unsteady as an oblique mode
eventually dominated the breakdown as the blowing/suction frequency increased from zero to 45 kHz. Secondary instability
was recognized as an important ingredient for all the transition scenarios. The DNS results were also compared with those
from global Floquet stability analysis and an overall good agreement between the two was achieved in the pre-breakdown stage.

Sescu et al. [231, 232] investigated the control of Görtler vortices in the Mach number range 𝑀∞ = 1.5 − 7.5 using DNS.
Their control methodologies included wall transpiration and wall-heat transfer. Their DNS results showed that active control
based on wall transpiration reduces both the wall-shear stress and the energy of the Görtler vortices, while wall cooling reduces
the wall-shear stress but slightly increases the energy of Görtler vortices in supersonic and hypersonic regimes. Huang et al.
[233] studied the control of Görtler vortices by streamwise grooves and found that these protrusions delayed the transition to
turbulence.

B. Flows over ŕared cones

Most of the DNS studies of high-speed boundary-layer transition over ŕared cones, for examples [88, 235ś240], have been
performed to compare numerical results with data obtained from experimental campaigns in quiet hypersonic wind tunnels,
discussed in ğIII.D. The DNS results revealed that, because of the longitudinal concave curvature, high-speed boundary layers
over ŕared cones at zero angle of attack support Görtler instability in addition to the őrst and second Mack waves. As a
result, there are several potential routes to laminar-turbulent transition over ŕared cones, as discussed in Li et al. [234] and
visualized in őgure 23. These routes include (1) oblique mode breakdown of őrst Mack mode waves, (2) interactions between
the axisymmetric second Mack mode and the oblique őrst Mack modes, (3) interactions between a pair of oblique second Mack
modes, (4) interactions between the axisymmetric second Mack mode and Görtler modes, (5) secondary instability of the
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Fig. 22 Streamwise velocity data of a ŕow over a concave surface at 𝑀∞ = 15: contour lines (top two rows) and

wall-normal proőles (bottom two rows). Taken from Whang and Zhong [225] by courtesy of Prof. Xiaolin Zhong.
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Fig. 23 Transition routes in a hypersonic boundary layer over a ŕared cone [234]. SI denotes secondary instability. A
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axisymmetric second Mack mode, and (6) high-frequency secondary instability of Görtler vortices. These routes to turbulence
are however not well understood. For instance, analogous to the oblique second-mode transition, the interaction between
unsteady Görtler modes with different frequencies and wavelengths needs to be clariőed.

As for the experiments in ğIII.D, we limit our discussion to DNS studies on ŕared cones at zero angle of attack for which
Görtler instability is likely to play a dominant role without the inŕuence of cross ŕow. Pruett and Chang [235] studied forced
boundary-layer transition over an axisymmetric ŕared cone using DNS and compared the results with those of the straight-cone
counterpart. The ŕared-cone model and the ŕow conditions matched those of the experiments by Lachowicz et al. [192]
in the Mach-6 Nozzle-Test-Chamber Facility at the NASA Langley Research Center. Transition was induced at the inŕow
boundary by periodic perturbations computed by solving the PSE and by disturbances obtained from physical experiments.
Signiőcant qualitative differences in the transition behaviors between cones with and without afterbody ŕare were reported.
The Reynolds stress components, turbulent kinetic energy and turbulent Mach number all manifested maxima close to the wall
in the ŕared-cone case, rather than near the critical layer in the straight-cone case. Large density ŕuctuations occurred at the
wall in the ŕared-cone case and at the critical layer in the straight-cone case. Transition on the ŕared cone appeared to begin
earlier and proceeded more gradually than on the straight cone, consistently with the experimental observations of Lachowicz
et al. [192].

Laible and Fasel [236] and Laible [241] from the University of Arizona studied the effects of cone ŕare on the fundamental
K-type breakdown by carrying out high-resolution DNS under the conditions of the NASA’s Mach-6 Nozzle-Test-Chamber
Facility. Their DNS was initiated by a high-amplitude saturated two-dimensional second-mode wave and a small-amplitude pair
of oblique secondary instability waves, all having the same frequency. Their DNS indicated that the modal interactions generate
strong streaks and amplify the oblique modes, leading the ŕow to transition. These features are consistent with the predictions
of the weakly nonlinear stability theory developed by Wu et al. [242]. Although the fundamental breakdown simulated by
Laible and Fasel [236] and Laible [241] was controlled rather than being caused by a natural scenario, they observed streamwise
vortices (referred to as ‘streaks’) on the cone surface that were similar to those observed in quiet-tunnel experiments [9, 180].
Fasel and coworkers [238, 243] also performed DNS to investigate the fundamental breakdown on another ŕared cone at Mach
6, with the cone geometry and ŕow conditions representative of the experiments in the BAM6QT at Purdue University. Similar
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Fig. 24 Time-averaged skin-friction coefficient and Stanton number for a ŕow at 𝑀∞ = 6 over a ŕared cone. Taken

from Hader and Fasel [245] with permission from CUP.

to the DNS of the ŕow over the NASA ŕared cone [236, 241], the breakdown to turbulence over the Purdue ŕared cone was
simulated using a disturbance input with speciőed frequency and azimuthal wavenumber. The DNS conőrmed the typical
pattern of ‘hot’ and ‘cold’ streaks appearing, disappearing and then reappearing in the strongly nonlinear transition regime close
to the őnal breakdown. Fasel et al. [243] further showed that the oblique breakdown can be another viable path to turbulence.
They reported that this type of breakdown was only initiated by one pair of oblique second-Mack-mode disturbance waves with
the same frequency and azimuthal wavenumbers, but with opposite sign. It was also shown that the nonlinear interactions
during the oblique breakdown process can lead to the generation of strong stationary streamwise vortical modes [59, 244].

To further understand the underlying physical mechanisms of the streak development in the nonlinear stages of hypersonic
transition observed in quiet-tunnel experiments, Hader and Fasel [246] performed additional DNS of the nonlinear ŕow
breakdown over the Purdue ŕared cone. A random forcing was used at the inŕow of the DNS domain to model the free-stream
disturbance environment in the quiet tunnel. The DNS results with random forcing exhibited the same ‘primary’ and ‘secondary’
streak patterns as those observed in the controlled breakdown simulations of Hader and Fasel [238]. In particular, the spanwise
spacing of the ‘primary’ streaks for the random forcing case was identical to the spacing obtained from the controlled simulation.
This result suggested that the mechanisms observed in the controlled case were likely to be the same as those leading to
laminar-turbulent transition in the natural transition scenario observed in the BAM6QT. The DNS results reported in Hader and
Fasel [245] and Chynoweth et al. [9] provided further evidence that the streaks are generated by the nonlinear interaction of
the two-dimensional saturated second Mack mode and the secondary disturbance waves. Figure 24 shows the skin-friction
coefficient and the Stanton number for the Mach 6 ŕow computed by Hader and Fasel [245]. The striations are distinct evidence
of the nonlinear streaks and the similarity with the streaks observed experimentally, shown in őgure 14, is evident. Hader and
Fasel [240] further explored transition control over a Mach 6 ŕared cone using steady surface blowing and suction. The DNS
results demonstrated that the development of hot streaks can be successfully delayed with a transition control technique that
focuses on the nonlinear stage.

Fasel and coworkers provided strong evidence that the nonlinear modal interactions detected during both the second-
Mack-mode fundamental breakdown and the oblique breakdown can lead to the generation of streamwise-aligned streaks
that resembled the ‘hot-cold-hot’ streaks observed in the experiments conducted at the NASA and Purdue facilities. They
also mentioned that the transition routes caused by nonlinear interactions between the second Mack mode and Görtler modes
cannot be excluded. Indeed, the ŕared-cone experiments in the Mach 6 Quiet tunnel at Peking University [88] showed that
streak-like structures have the same spanwise wavelength of the linear Görtler mode, which suggests the relevance of Görtler
instability. Their experimental data also revealed that unsteady streamwise streaks are likely to arise in addition to the steady
streamwise streaks studied by DNS. These results suggest that an understanding of the receptivity process is required to
ultimately determine the mechanism of streak formation on ŕared cones.

Li et al. [8, 117, 239] used DNS and spatial secondary instability analysis to investigate őnite-amplitude Görtler vortices
and their secondary instability over a Mach 6 straight cone with an aft concave section at zero angle of attack. Unlike
most previous DNS studies that used a controlled disturbance input, their study aimed to investigate fully realizable Görtler
instability, triggered by an azimuthally periodic array of surface protuberances. The motivation was a potential application for
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Fig. 25 Wall-normal velocity and temperature proőles of Görtler vortices over a ŕared cone at 𝑀∞ = 6, taken from Li

et al. [8] with permission from Springer. The solid lines denote data from PSE calculations, while the dashed lines

represent DNS data.

controlling transition along the wall of a hypersonic wind-tunnel nozzle. The DNS results conőrmed the existence of fully
developed mushroom structures in the hypersonic regime when the amplitude of the vortices was sufficiently large, in addition
to bell-shaped structures. The important role played by the secondary instability modes originated from the Mack mode
instability during the nonlinear breakdown process was highlighted. Figure 25 shows wall-normal velocity and temperature
proőles of Görtler vortices over a ŕared cone at 𝑀∞ = 6, extracted from the PSE calculations and DNS of Li et al. [8]. The
temperature proőles are closer to the free stream than the velocity proőles, a feature shared by Görtler vortices excited by
free-stream disturbances [16].

Hollender et al. [247] performed DNS for the same ŕared-cone geometry of Li et al. [117, 239]. Görtler vortices were
excited by steady upstream distributed vortical disturbances with a spectrum of azimuthal wavenumbers. The three velocity
components were prescribed at a őxed streamwise location by a simple mathematical relationship that allowed varying the
azimuthal wavenumber. These imposed vortical perturbations mimicked the effect of distributed random roughness, rather than
vortex generators with a speciőc azimuthal spacing. Their calculated ŕow őelds revealed the presence of selectively ampliőed
streamwise streaks with a distinct azimuthal wavelength, that caused signiőcant base-ŕow modiőcations and eventually led to
laminar-turbulent transition.

In summary, the existing studies of compressible boundary-layer transition over ŕared cones have shown the coexistence of
multiple modes of instability, namely őrst/second Mack mode and Görtler vortices. The nonlinear interactions among the
various instability modes complicates the transition process considerably. Given that multiple laminar-turbulent transition
routes exist depending on the relative initial amplitude of each mode, the entrainment of the free-stream disturbances into a
laminar boundary layer (i.e., the receptivity stage) can play a key role in the accurate prediction of transition. However, most
of the existing DNS have excluded the leading edge region of the cone and bypassed the receptivity in the proximity of the
leading edge. Balakumar and his coworkers [248] were among the őrst to perform DNS of the receptivity of a boundary layer
over a ŕared cone to acoustic waves, resulting in the excitation of the second Mack mode. Theoretical analyses suggest that
Görtler vortices are mostly receptive to steady or low-frequency free-stream disturbances [81, 100]. However, no DNS have
been performed to study the receptivity of a supersonic boundary layer over a ŕared cone to free-stream disturbances for the
excitation of Görtler vortices. As the receptivity theory dictates that the external perturbations and the disturbances within a
boundary layer cannot be treated independently for the prediction of transition over ŕared cones, additional DNS are needed
to simulate all the transition stages, starting from the receptivity process and up to the fully turbulent ŕow. It is essential to
exercise caution when trying to explain the emergence of streak-like structures or streamwise vortices over ŕared cones, such as
those observed in the quiet hypersonic tunnel experiments. The risk may be to attribute all the streak-like structures and the
associated enhanced heat transfer solely to Görtler instability, while excluding alternative mechanisms such as the nonlinear
modal interactions active in the second-Mack-mode fundamental breakdown and oblique breakdown, as reported by Fasel and
coworkers and discussed in Wu [59].
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C. Flows over other geometries

In addition to concave spanwise-planar walls and ŕared cones, DNS studies on Görtler vortices have been performed for
other concave-wall geometries including wind-tunnel nozzles and ramp compression corners. Li et al. [83] performed DNS
of the axisymmetric ŕow őeld inside the Ludwieg tube of the Boeing/AFOSR Mach 6 wind tunnel at Purdue University to
study transition in the nozzle-wall boundary layer. Their DNS domain included a long portion of the concave surface of the
nozzle wall between the throat and the test section, wherein the growth of Görtler vortices has a direct impact on the ŕow
quality. Their DNS identiőed multiple families of unstable secondary eigenmodes. The nonlinear evolution of the linearly
most ampliőed primary Görtler mode led to distinct bell-shaped structures, which sustained intense secondary instabilities and
caused the onset of transition. The most unstable linear secondary instability mode was anti-symmetric with respect to the
symmetry line of the Görtler vortices. As this anti-symmetric secondary instability mode developed downstream, nonlinear
effects set in and caused sinuous motions of the Görtler vortices. With higher harmonics of the secondary instability becoming
signiőcant, the bell structures of the Görtler vortices disappeared and the unsteady ŕuctuations progressively moved closer to
the wall, leading to a higher wall-shear stress.

DNS were also performed by Hildebrand et al. [249] to investigate ŕow instability created by an oblique shock wave
impinging on a Mach 5.92 laminar boundary layer. The centrifugal instability region was determined by using the Rayleigh
inviscid discriminant. Their DNS results and global stability analysis suggested that the centrifugal instability plays no role in
the upstream self-sustaining mechanism of the global mode, but it may act as an ampliőer for the streaks farther downstream.

Recent DNS papers have focused on the hypersonic ŕows over compression ramps [250ś258]. As already discussed in
the presentation of the experimental studies in ğIII.E, a main concern is the role of centrifugal effects on the instability of
separation bubbles, emerging streaks, and ensuing transition. Cao et al. [258] urged to investigate further the inŕuence of
upstream disturbances on the formation of streamwise streaks and the related transition process, in line with the relevance of
the receptivity theory discussed in ğII.D. The impact of the upstream disturbances on the separation-bubble instability and its
relation with the centrifugal instability also merit further attention.

V. Prospects and challenges
Despite the vast literature on compressible Görtler vortices, there remain several challenges in this research area, related to

the fundamental understanding of these vortical structures, such as their creation and their role in transition to turbulence, and
their prediction and control in industrial engineering systems, with the objective of an improved energetic performance.

A. Receptivity and transition prediction

The prediction of transition to turbulence in compressible boundary layers over concave surfaces is a pressing problem
because the performance of high-speed vehicles, turbomachinery and hypersonic wind tunnels depends crucially on whether
the ŕow is laminar or turbulent. Görtler vortices certainly play a central role in laminar-turbulent transition in these engineering
systems and therefore further coordinated fundamental and applied efforts in the area of transition prediction are highly
desirable.

For compressible boundary layers in complex geometries, the formation, evolution and secondary instability of Görtler
vortices are inŕuenced by many factors, including free-stream disturbances, wall roughness and vibration, streamwise curvature,
cross ŕow, ŕow separation, shock-wave/boundary-layer interactions and real-gas effects at high Mach numbers. The role
of receptivity is therefore paramount because a cardinal aim is to evince how external perturbing agents trigger instability
modes inside the boundary layer and provoke the breakdown to turbulence. The mathematical approach, largely based
on perturbation and asymptotic analysis, has proven to be an indispensable tool for receptivity studies. However, it has
limitations towards the ultimate objective of transition prediction because the őnal stages of nonlinear breakdown to turbulence
cannot be described by the current mathematical frameworks, which include linear stability theory, initial-value theory, and
initial-boundary-value theory. The next era of boundary-layer transition studies should thus witness intense collaborative
endeavors, where mathematical techniques, numerical simulations and controlled experiments form a joined and interactive
methodology.

A major challenge for experimentalists is to measure free-stream disturbances accurately as the ŕow reaches hypersonic
conditions, in particular the amplitude, spectrum, and wavelengths of velocity, entropy and acoustic disturbances [259]. Even
more difficult, and equally important, is to obtain precise velocity and temperature proőles within a compressible boundary
layer, for example of the quality of those reported by Graziosi and Brown [260] and Craig and Saric [261]. Experimental data
of this highest level could be used as input for nonlinear receptivity theory to predict how compressible Görtler vortices form
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and grow inside a boundary layer. The subsequent step would be to utilize the nonlinear receptivity results in support of the
numerical solution of the full compressible Navier-Stokes equations to compute the location and extent of the transition region
with accuracy, and to correlate the characteristics of the external disturbance environment with those of the transitional ŕow.
Such a comprehensive methodology would lead to an improved understanding of the physical mechanism and to a quantitative
comparison with experiments. It could also aid the construction of advanced transition models where external perturbations
could be included, as powerful alternatives to the 𝑒𝑁 method.

B. Flow control

Wind-tunnel nozzles

As amply discussed in ğIII.C and in the references therein, one of the most serious problems in hypersonic aerodynamics is
to maintain a ‘quiet’ free-stream environment in order to be able to faithfully reproduce ŕight conditions in the test section. It is
therefore highly desirable to preserve laminar boundary layers over the tunnel nozzle to avoid aeroacoustic noise production
by wall turbulence. As Görtler vortices exist on the concave portions of the nozzle surface, more research efforts should be
directed toward controlling these vortices, for example by distributed wall transpiration or wall-heat transfer. Present techniques
focus on suction slots at the tunnel throat and on longer nozzles. The control of Görtler vortices would render hypersonic wind
tunnels more reliable and common, as only a few ‘quiet’ tunnels are in operation (in 2015, there were only three such tunnels
[19]).

Hypersonic vehicles

The suppression of Görtler vortices and a delay of transition to turbulence are also desirable over hypersonic vehicles,
such as those discussed in ğIII.G. Extended laminar boundary layers would translate directly to a reduction of friction drag.
As discussed in ğII.F, studies on the passive control of compressible Görtler vortices are limited [122]. It has not been fully
veriőed whether subharmonic disturbances generated by wall roughness can suppress the Görtler instability to achieve transition
delay, similar to the roughness-induced transition delay in the presence of cross-ŕow vortices [262]. It would be interesting to
verify the effectiveness of the control strategy used by Ren et al. [120] if a realistic receptivity formalism synthesizing the
formation of streaks and Görtler vortices were utilized, such as those of Marensi et al. [48] and Viaro and Ricco [16], instead
of the optimal-growth approach, which completely neglects the external triggering agents responsible for Görtler instability,
i.e., free-stream disturbances, wall vibrations and wall roughness. A related research topic is the precise quantiőcation of the
atmospheric disturbance environment through which hypersonic vehicles ŕy, as a key ingredient for theoretical and numerical
receptivity studies and as benchmark for wind-tunnel free-stream ŕows.

Wall-heat transfer

There is certainly need for more research studies on the effect of wall-heat transfer on compressible Görtler vortices because
of the potential for ŕow control. Some controversy still exists in this area. Results from the linearized stability approach,
discussed in ğII.B, are contradictory on the inŕuence of wall cooling and on whether the spanwise wavelength plays a role.
Further calculations, by Fu and Hall [65] and more recently by Sescu et al. [231], indicate that wall cooling is destabilizing and
the wall-shear stress is initially reduced. The experimental evidence on the inŕuence of wall-heat transfer on Görtler vortices is
even more scarce. As discussed in ğIII, experimental studies [155, 175] show that wall heating renders the ŕow more stable
and can lead to a larger transitional Reynolds number. This effect was primarily attributed to an increase in the boundary-layer
thickness and to a corresponding decrease in the sensitivity of the boundary layer to wall roughness. Conversely, when the
boundary layer becomes thinner because of wall cooling or wall suction, the relative residual roughness may enhance the
growth of Görtler vortices [157].
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Displaced ŕuid ring. A ŕuid ring of radius 𝑟 is displaced
by 𝛿𝑟 and exerts a centrifugal pressure gradient on the
ŕuid particles at the new radial position. The angular
momentum is conserved inviscidly.

Radial pressure gradient. The radial pressure gradient
at 𝑟 + 𝛿𝑟 counteracts the centrifugal pressure gradient
exerted by the displaced ŕuid ring.

Inviscid instability. If the encountered pressure gra-
dient is smaller than that exerted by the ŕuid ring, the
ŕow is unstable. By the Rayleigh circulation criterion,
instability occurs when d𝐽2/d𝑟<0.

Fig. 26 Schematic of the inviscid centrifugal imbalance responsible for Görtler instability.

A. The fundamental mechanism behind centrifugal instability
In this Appendix, we discuss the fundamental physical mechanism that is responsible for the centrifugal instability, at the

base of the Görtler instability at any Mach number. Rayleigh [22] carried out the őrst theoretical study of centrifugal instability
under the assumption of inviscid ŕow. He discovered that a necessary and sufficient condition for the existence of an inviscid
axisymmetric instability is d𝐽2/d𝑟<0, where 𝐽=𝑟𝑈𝜙 (𝑟) is the angular momentum per unit mass, 𝑟 is the radial coordinate and
𝑈𝜙 is the velocity component along the azimuthal direction 𝜙 (quantities used herein are non-dimensional). This condition is
known as the Rayleigh circulation criterion.

This inviscid instability is related to an imbalance between the centrifugal acceleration and the radial pressure, caused
by the curvature of boundary-layer streamlines. The angular momentum due to the curved streamlines cannot be balanced
by the small radial pressure gradient, as shown in the schematic of őgure 26. This imbalance can be explained as follows
[23, 263]. We consider a rotating ŕuid and, in particular, a ring of rotating ŕuid particles with initial velocity 𝑈𝜙 (𝑟), which,
owing to ŕuctuations, is displaced by a distance 𝛿𝑟 . Under the assumption of inviscid ŕow, Lord Kelvin’s circulation theorem
applies [264], that is, the circulation of the ŕuid ring, 2𝜋𝑟𝑈𝜙, is conserved over time, and therefore the angular momentum
𝐽 = 𝑟𝑈𝜙 is also conserved. The ŕuid ring at the new radial position 𝑟 + 𝛿𝑟 thus has the same angular momentum it had at
the starting position 𝑟, 𝐽 (𝑟 + 𝛿𝑟) = 𝐽 (𝑟). The ŕuid ring exerts a centrifugal pressure on the ŕuid particles at the new radial
position and a restoring radial pressure gradient is necessary to guarantee the stability of the ŕuid ring. In the radial momentum
equation, the radial pressure gradient that balances the centrifugal term is 𝜌−1d𝑃/d𝑟 = 𝑈2

𝜙
/𝑟 = 𝐽2/𝑟3 (where 𝑃 is the ŕuid

pressure and 𝜌 is the ŕuid density), and thus the centrifugal pressure gradient generated by the ŕuid ring on the encountered
ŕuid particles is 𝐽2 (𝑟)/(𝑟 + 𝛿𝑟)3

= [𝑟𝑈𝜙 (𝑟)]
2/(𝑟 + 𝛿𝑟)3. This radial term is equal to the pressure gradient required for stability.

When expanding by a distance 𝛿𝑟, the ŕuid ring encounters the pressure gradient [𝑟𝑈𝜙 (𝑟 + 𝛿𝑟)]2/(𝑟 + 𝛿𝑟)3. If this existing
pressure gradient at 𝑟 + 𝛿𝑟 is larger than that required to counteract the centrifugal pressure gradient induced by the displaced
ŕuid ring, i.e., [𝑟𝑈𝜙 (𝑟 + 𝛿𝑟)]2 > [𝑟𝑈𝜙 (𝑟)]

2, the ŕow is stable. This inequality agrees with the Rayleigh circulation criterion.
If the restoring pressure does not increase with the radius at the required rate to balance the centrifugal pressure, this imbalance
leads to ŕow instability.

For the Couette ŕow between two coaxial cylinders [265], it is straightforward to verify that the laminar azimuthal proőle
satisőes the Rayleigh circulation criterion of stability when the outer cylinder is in motion and the inner cylinder is stationary.
When viscous effects are taken into account, the condition for centrifugal instability becomes necessary as the ŕow is stable at
small Reynolds numbers. The viscous centrifugal instability between two coaxial cylinders was analyzed for the őrst time by
Taylor [26]. In Taylor [26]’s milestone study, the purely azimuthal ŕow was investigated theoretically and experimentally and
found to be unstable when the speed of the inner cylinder exceeds a critical value. The instability manifests itself in various
forms, one of which is the appearance of persistent vortices aligned in the ŕow direction. The term Taylor instability is now in
use. The Dean instability is related to the Taylor-Couette instability because it is also caused by the same inviscid imbalance and
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Taylor-Couette ŕow. Two concentric cylinders rotate
and generate a ŕow between them.

Dean ŕow. An azimuthal pressure gradient generates a ŕow in a
curved channel with őxed walls.

Görtler ŕow. A free-stream boundary layer develops
over a concave őxed plate.

Fig. 27 Schematic of the three main ŕows subject to inviscid centrifugal instability.

characterized by elongated vortices, although the ŕow is generated by an azimuthal pressure gradient between two stationary
coaxial cylinders and not by a moving wall [266]. The Dean instability may also be observed along curved pipes [142]. Figure
27 shows a schematic of Taylor-Couette, Dean and Görtler ŕows, dominated by the inviscid centrifugal instability.

Although the fundamental inviscid instability mechanism is the same in Görtler, Taylor-Couette and Dean ŕows, important
differences must be noted. The Görtler instability is more complex than the Taylor-Couette and Dean instabilities because
a free-stream boundary layer is nonparallel and two dimensional, i.e., it varies along the streamwise direction, featuring
streamwise and wall-normal velocity components. The initial conditions near the leading edge of the concave surface therefore
play a crucial role for the Görtler instability. The Taylor-Couette and Dean base ŕows between coaxial cylinders are instead
parallel to the walls and independent from the azimuthal direction. Furthermore, being unbounded, the boundary-layer
instability over a concave wall is strongly inŕuenced by the characteristics of the free-stream ŕow. The Görtler instability is
also more relevant in applied ŕuid mechanics research than the Taylor-Couette and Dean instabilities because of its prevalence
in ŕuids engineering systems, as discussed in the Introduction. It concerns ŕows at all Mach numbers, while the Taylor-Couette
and Dean instabilities are essentially restricted to the incompressible regime.
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