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Abstract: This letter develops an elastoplastic solution for cylindrical cavity contraction in unsaturated soils 13 

under constant suction conditions. The elastoplastic cavity contraction problem is formulated into a set of 14 

first-order ordinary differential equations (ODEs) by introducing a new auxiliary variable, which is solved as 15 

an initial value problem. The new solution is validated by comparison with numerical simulation results. 16 

Finally, parametric studies show that, as soil suction increases, the internal support pressure decreases faster 17 

with cavity contraction, the unloading-induced plastic zone becomes narrower, and the changes in effective 18 

stresses are smaller for a given tunnel convergence. 19 
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Introduction 23 

The relationship between support pressure and tunnel convergence (i.e. ground response curve, GRC) is vital 24 

for tunnel design with the convergence-confinement method (Brown et al. 1983; Park et al. 2008). Very often 25 

GRC is predicted by the elastoplastic cavity contraction theory that studies the development of stresses and 26 

displacement around a contracting cylindrical cavity (Yu 2000). For example, a number of cavity contraction 27 

solutions were available for soils and rocks with various constitutive models, such as the Mohr-Coulomb 28 

model (Yu and Rowe 1999; Carranza-Torres 2003; Vrakas and Anagnostou 2014), Hoek-Brown failure criteria 29 

(Brown et al. 1983; Zareifard 2020; Guan et al. 2022; Cai et al. 2023), strain hardening/softening Drucker-30 

Prager model (Chen et al. 2012; Chen and Abousleiman 2017), and critical state (Cam Clay) models (Yu and 31 

Rowe 1999; Chen and Abousleiman 2016; Mo and Yu 2017; Zhuang et al. 2020). Also, some cavity contraction 32 

solutions were developed to investigate the influence of soil anisotropy (Chen H et al. 2022), ground surface 33 

(Zhuang et al. 2022), non-hydrostatic in-situ stress field (Ma et al. 2023), seepage pressure (Sun et al. 2023; 34 

Zhao et al. 2023), and plane stress conditions (Yang et al. 2022) on the characteristics of GRCs. 35 

     Soils in the region affected by groundwater and rainfall are normally in an unsaturated state. GRC for 36 

tunnelling in unsaturated soils ought to be affected by suction and degree of saturation. However, to the best 37 

knowledge of the authors, cavity contraction solutions for unsaturated soils have not been reported yet. To fill 38 

the gap, this letter provides an elastoplastic solution for cavity contraction in unsaturated soils under constant 39 

suction conditions. The work is an extension of Chen H et al. (2020) to the cavity contraction scenario, and a 40 

modified auxiliary variable is introduced to transform the governing equations into a set of first-order ordinary 41 

differential equations (ODEs). Finally, a parametric study is conducted to highlight the influence of suction 42 

on GRC, stress paths, and stress distributions.  43 

Problem Definition and Assumptions 44 

This letter considers the contraction of a cylindrical cavity with an initial radius 0a  and infinite length in the 45 

axial direction, as shown in Figure 1. The soil around the cavity is of infinite radial extent and is modelled by 46 

an elastoplastic unsaturated model. Prior to unloading (i.e. initial state), total horizontal and vertical stresses 47 

(
h0  , 

v0  ) act throughout the soil, and the initial suction and degree of saturation are 0s   and r0S  , 48 

respectively. Note that the initial stress state is shown in a general form in order to extend the potential 49 

applications of the solution, and it can be assumed that 
h0 v0 =  for tunnelling and 

h0 v0   for other 50 



 

 

excavation problems such as wellbore drilling (Chen and Abousleiman 2016; Chen and Abousleiman 2017; 51 

Chen S et al. 2022). Then the internal support pressure gradually reduces from 
h0  to 

a , while the radius 52 

of the inner cavity reduces from 0a  to the current radius a . In the contraction process, an unloading-induced 53 

plastic zone forms in the region of a r   , where   is the current radius of the elastoplastic boundary. 54 

For convenience the present cavity contraction problem is accounted for by the cylindrical polar coordinates 55 

( ), ,r z  with the origin at the cavity centre.  56 

 57 

Figure 1  Schematic of the cylindrical cavity contraction problem 58 

The following commonly used assumptions are adopted for the theoretical analysis of cavity contraction in 59 

homogenous and isotropic soils, including (Brown et al. 1983; Yu 2000; Xu and Xia 2021): 60 

(a) The plane strain assumption is satisfied for a long tunnel. 61 

(b) The stresses and geometry boundary conditions are axisymmetric.  62 

(c) The unloading process is sufficiently slow so that the dynamic effect can be neglected. 63 

 64 

    Taking compressive stresses/strains as positive, the equilibrium equation and boundary conditions for the 65 

axisymmetric problem can be expressed as 66 

d
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r r

r r
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spatial differential of ( )  for a given time (i.e. Eulerian description); r  denotes the current radial position 71 

of a soil particle (i.e. material point).  72 

Constitutive modelling of unsaturated soils 73 

The unsaturated critical state model (UCSM) of Sun et al. (2007) is adopted for constitutive modelling of 74 

unsaturated soils, which is briefly introduced as follows. In UCSM the effective stress (i.e. average soil 75 

skeleton stress) and suction are selected as two stress state variables, defined as 76 

a rij ij ij ij
u S s    = − +                 (4)  77 

a ws u u= −                    (5)  78 

where 
ij

  =effective stress tensor; 
ij

 =total stress tensor; 
ij

 =Kronecker’s delta; rS =degree of saturation; 79 

s =suction; au =pore air pressure (is assumed to equal the atmospheric pressure); 
wu =pore water pressure.  80 

In the p q −  plane USCM shares the same yield surface shape with the modified Cam Clay model 81 

(MCC) as shown in Eq. (6) and Figure 2: 82 

( ) ( )2

y 1 0f M p s p   = − − =                (6) 83 
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( ) ( ) ( )0 1 css b e b  − = − +                 (8) 85 

where f   denotes the yield function; q p =   is the stress ratio; 3iip  =   denotes the mean effective 86 

stress; ( )( )3 2ij ij ij ijq p p      = − −  is the deviatoric stress; M  denotes the slope of the critical state 87 

line (CSL) in the p q −  plane; ( )yp s  is the isotropic yield stress at a suction of s ; 
np  is a reference 88 

stress; ( )s  and ( )0  are the slopes of the normal compression line in the lnv p−  plane at suctions of 89 

s  and 0, respectively;   is the slope of the swelling line in the lnv p−  plane (independent on suction); 90 

( )y 0p   is the isotropic consolidation pressure at a suction of 0 (i.e. saturated soils); b   and c   are two 91 

material parameters for unsaturated soils (Alonso et al. 1990).  92 



 

 

 93 

Figure 2  Yield surface in the p q −  plane. 94 

An associate flow rule and the volumetric hardening law are used in USCM, and the plastic volumetric 95 

stain p

v  satisfies: 96 

( ) ( )
( )

yp

y

D 00
D

0
v

p

v p

 
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−
=


                (9) 97 

where ( )D   denotes the material time differential of ( )   for a given soil particle (i.e. Lagrangian 98 

description). 99 

Under constant suction conditions, the soil water retention curve in Sun et al. (2007) can be simplified as  100 

r seD DS v= −                   (10) 101 

where v =specific volume of unsaturated soils; se =slope of the rS v−  curve at a constant suction.  102 

Elastoplastic Solution 103 

Solution in the elastic region 104 

In the elastic region ( r  ) the stress-strain relationship is assumed to obey Hooke’s law and small strain 105 

definitions (Yu 2000; Chen H et al. 2020): 106 
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          (11) 107 

where e

r , e

  and e

z  denote the elastic radial, circumferential, and vertical strains, respectively; 
r  ,   , 108 
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and 
z   denote the radial, circumferential, and vertical effective stresses, respectively; 0u r r= −  represents 109 

the radial displacement of a soil particle whose initial radial position is 
0r  ; E   and    are the elastic 110 

modulus and Poisson’s ratio of soils, and E  is expressed as 111 

( )3 1 2 vp
E




−
=                  (12) 112 

Combining Eqs. (1), (3), (4) and (11), the solution for stresses, displacement, volume change, and 113 

saturation degree in the elastic zone can be obtained following Yu (2000) and Chen H et al. (2020): 114 

( )( )2

h0 h0r r r       = + −                (13) 115 

( )( )2

h0 h0r r        = − −                (14) 116 

v0z  =                    (15) 117 
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r E
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+
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0v v=                     (18) 120 

r r0S S=                    (19) 121 

where 
h0   and 

v0   are the initial horizontal and vertical effective stress; 
0p  and 0v  are the initial mean 122 

effective stress and initial specific volume; 
r    denotes the effective radial stress in the elastoplastic 123 

boundary and can be determined by substituting Eqs. (13)-(17) into the yield function (6) (Chen and 124 

Abousleiman 2013; Chen H et al. 2020), as 125 

( )22

h0 h0 v0 3r q        = − − −               (20) 126 

( )0 y0 1q Mp p s  = −                  (21) 127 

( ) ( )2

y0 us 0 0 01p s R p q Mp   = +                (22) 128 

in which q  denotes the deviatoric stress at r =  and 0q  is the initial deviatoric stress; 
y0p  is the initial 129 

isotropic pre-consolidation stress and 
usR  represents the initial overconsolidation ratio of unsaturated soils, 130 



 

 

(see Fig. 2). Now the information at the elastoplastic boundary can be calculated by the elastic solution (Eqs. 131 

(13)-(22)), which provides initial values for solving the governing ODEs in the plastic region.  132 

Solution in the plastic region 133 

Following Sun et al. (2007) and Chen H et al. (2020), the incremental stress-strain relationship for unsaturated 134 

elastoplastic soils can be expressed as  135 
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where  137 

p

r
r

A A
B

E K





= − +                  (24) 138 

p

z
z

A A
B

E K





= − +                  (25) 139 

p

r z
rz

A A
B

E K


= − +                  (26) 140 

p

z
z

A A
B

E K





= − +                  (27) 141 

p

1 A A
B

E K

 
 = +                   (28) 142 

p

1 z z
zz

A A
B

E K
= +                   (29) 143 

p

p3

k

kp

A A
B

vp K


= +


 ( , ,k r z= )              (30) 144 

( )2 2

2 2 2

3

3

k

k

k

pf M
A

M p M p




 − −
= = +

  
   ( ,k z= )           (31) 145 

2 2

2p

f M
A

p M p

 −
= =

 
                  (32) 146 

( )
( )

( )
( ) ( )
( )
0

2 2

p 2 2

n

0 0
s

s
y yvp pM

K
s M p p

 
 

 

−
−  −

=   −  
            (33) 147 

Note that the constitutive equation (23) is shown in the Lagrangian description while the equilibrium equation 148 



 

 

(1) is in the Eulerian description. Following the pioneering work of Chen and Abousleiman (2013), Eq. (1) 149 

will be transformed into the expression of Lagrangian description by introducing a new auxiliary variable as 150 

follows.  151 

The large deformation in the plastic region can be described by logarithmic strain definitions (Yu and 152 

Houlsby 1991; Yu 2000; Chen H et al. 2020), as 153 

( )0ln d dr r r = −                   (34) 154 

( )0ln r r = −                    (35) 155 

( )v 0 rln v v   = − = +                 (36) 156 

Combination of Eqs. (34)-(36) leads to the compatibility equation related to r  and v :  157 

0 0

0

d dr r r r

v v
=                    (37) 158 

The cavity contraction process for the present problem is actually in a self-similar manner that all soil 159 

particles share the same stress and deformation paths (Chen and Abousleiman 2013; Chen and Abousleiman 160 

2016). Hence, stresses/strains in the Eulerian description can be transformed into those in the Lagrangian 161 

description by auxiliary variables (e.g. ( )0r r r−  and 0r r ) (Chen and Abousleiman 2013; Su 2021). In this 162 

letter ( )0ln r r  is involved as a new auxiliary variable, which can further simplify the derivation than former 163 

auxiliary variables. The incremental forms of ( )0ln r r   in terms of Lagrangian and Eulerian descriptions 164 

equal each other owing to the self-similar characteristic (i.e. ( ) ( )0 0d ln D lnr r r r=       ), thereby giving 165 

0

0

D d d
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r r r

r r r
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Combining Eqs. (37) and (38), we can get 167 

( ) ( )2

0 0

d 1 D

1

r r

r rr r v v
=

−
               (39) 168 

Then the equilibrium equation (1) can be rewritten in the Lagrangian description by substituting Eqs. (4), (10), 169 

and (39) into Eq. (1), as 170 
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Later, the ODEs for the elastoplastic cavity contraction process can be derived by combining Eqs. (23), (35), 172 

(36), and (40), as 173 
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         (41)  174 

The ODEs can be readily solved with the initial values provided by the elastic solution at the elastoplastic 175 

boundary.  176 

     Finally, the radius in Eq. (41) should be seen in the form of Lagrangian description. In order to 177 

investigate field distributions, it is necessary to integrate Eq. (40) to obtain the equivalent radius in the Eulerian 178 

description (Chen and Abousleiman 2013; Chen H et al. 2022): 179 

( ) ( )2

0 0

1 D
ln

1

r

a

r r

a rr r v v
=

−                 (42)  180 

Results and discussion 181 

Based on the similarity between cavity contraction and tunnel convergence (Brown et al. 1983; Mair and 182 

Taylor 1993; Yu 2000), the influence of soil suction on GRCs, stress paths, and stress distributions is 183 

investigated using the developed cavity contraction solution with input parameters in Table 1 (Chen H et al. 184 

2020; Chen S et al. 2020).  185 

At first, finite element analyses (FEM) for cavity contraction in the dry soil (i.e. 0s =0) are conducted by 186 

ABAQUS 2020 following the numerical model of Yang et al. (2022), which can verify the accuracy of the 187 

proposed solution (e.g. Figure 3 and Figure 5).  188 

Table 1 Input parameters for parametric study 189 

h0  : kPa 
v0  : kPa 

0p  0K  0rS  y0p : kPa 
0v  

usR  

100 160 120 0.625 0.6 140.8 2.09 1 

100 160 120 0.625 0.6 168.96 2.06 1.2 

130 100 120 1.3 0.6 375.6 1.97 3 

1.2M = , 0.65b = , 0.125c = , ( )0 0.15 = , 
se 0.21, =  0.03 = , 0.3 = , 

np =10kPa 190 

Figure 3 shows the influence of suction on the normalised GRCs with different overconsolidation ratios. 191 



 

 

For a given 
usR , it can be found that suction increase imposes an important impact on GRCs, which makes 192 

the normalised internal pressure decrease faster with tunnel convergence (i.e. 
01 a a− ). Moreover, GRC is 193 

much steeper for a larger 
usR  because of the hardening effect of preconsolidation, and this is consistent with 194 

the observation in Chen and Abousleiman (2016) for dry soils.  195 

       196 

 197 

Figure 3  Influence of suction on GRCs: (a) 
usR =1; (b) 

usR =1.2; (c) 
usR =3 198 

To further explore the suction effect, Figure 4 plots the stress paths for a soil particle at r a=  in the 199 

normalised p q −  plane. These paths end at the occasion when the internal support pressure decreases to 200 

zero (i.e. 0a =  , marked by solid squares). Comparing the stress paths during cavity contraction in 201 

unsaturated and dry soils (Figure 4), two main features can be observed: 202 

(a) The particle for unsaturated soils goes a much shorter stress path than that in dry soils. In fact, the 203 

effective radial stress at r a=  can be expressed as 
r 0 0r a S s  = +   for unsaturated soils (see Eq. 204 
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(4)), while 0r a  = =  for soils without suction. Therefore, the suction effect on the effective stress 205 

is an important reason for the shorter stress paths in the p q −  plane.  206 

(b) After yielding occurs, unsaturated soils can bear a higher deviatoric stress at the same p  and 
usR . 207 

This is because soil suction leads to the expansion of yield surfaces (see Eq. (7) and Figure 2). 208 

Accordingly, the suction effect on effective stresses and yield surfaces is also the reason for the variation of 209 

GRCs with soil suction.    210 

      211 

 212 

Figure 4  Stress paths for unsaturated and dry soils: (a) 
usR =1; (b) 

usR =1.2; (c) 
usR =3 213 

Figure 5 shows the distributions of effective radial, circumferential, and vertical stresses at the occasion 214 

of 0a = . For unsaturated soils the effective radial stress at r a=  is positive instead of reducing to zero, 215 

which is consistent with 
r 0 0r a S s  = +  . When compared with the case without suction, the unloading-216 

induced plastic zone becomes narrower for unsaturated ground, but the maximum circumferential effective 217 
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stress tends to be larger. Hence, the stress distribution results indicate that the effective stresses are not fully 218 

released due to the suction effect in unsaturated soils. In the long-time period when soils are wetted (i.e. suction 219 

decrease), stress redistribution may occur around tunnels and the unloading-induced plastic zone may expand 220 

further.  221 

      222 

 223 

Figure 5  Stress distributions for unsaturated and dry soils: (a) 
usR =1; (b) 

usR =1.2; (c) 
usR =3 224 

Conclusions 225 

An elastoplastic solution is developed for cavity contraction in unsaturated soils under constant suction 226 

conditions to investigate the influence of soil suction on GRCs. The equilibrium equation, constitutive 227 

equations for unsaturated soils, and continuity equation for the cavity contraction problem are transformed 228 

into a system of first-order ODEs by introducing a new auxiliary variable. After validating the solution 229 

accuracy, the effects of soil suction and overconsolidation ratio on GRCs, stress paths, and stress distributions 230 

are investigated. It is found that for a larger suction and overconsolidation ratio, the internal support pressure 231 

reduces faster with tunnel convergence. The soil particle for unsaturated soils goes a shorter stress path due to 232 
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the influence of suction on effective stresses and yield surfaces. Finally, stress distributions indicate that the 233 

effective stresses around unsaturated tunnels may not be fully released. The proposed solution can also be 234 

useful for wellbore drilling problems in unsaturated soils.  235 
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Notation List 242 

a , 0a   initial and current radius of cavity wall 

b, c material parameters for unsaturated soils 

( )D , ( )d  material time and spatial differentials of ( )   

E   Young’s modulus 

f   yield function 

M slope of critical state line  

0 ,  p p  initial and current effective mean stress 

( )y 0 ,p ( )yp s  yield stresses for saturated and unsaturated soils  

y0p  initial isotropic pre-consolidation stress 

, q 0 , q q  deviator stress, initial deviator stress, and deviator stress at the elastoplastic boundary 

0r , r    initial and current radial positions of a soil particle 

usR   overconsolidation ratio 

0 ,s  s   initial and current suction 

r0 ,S rS  initial and current degree of saturation 

u   radial displacement of a soil particle 

a ,u
wu  pore air and water pressures 

v0, v initial and current specific volumes 

e ,r
e ,

e z  elastic radial, circumferential and vertical strains 

,r   , z  radial, circumferential and vertical strains 



 

 

v , p

v  total and plastic volumetric strains 

   slope of loading–reloading line in lnv p−  plane 

( )0 ,  ( )s  slopes of the normal compression lines for saturated and unsaturated soils 

se   slope of the rS v−  curve at constant suction 

   Poisson’s ratio of soil 

0,      initial and current radii of elastic-plastic boundary 

   stress ratio 

a   inner cavity pressure 

h0 v0,    in-plane and out-of-plane in-situ stress 

h0  v0,     in-plane and out-of-plane effective in-situ stress 

r ,  , 
z  total radial, circumferential, and vertical stresses 

r  , ,   z    effective radial, circumferential, and vertical stresses 
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