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ABSTRACT
Although additive manufacturing (AM) continues to gain widespread adoption, the overhang
problem remains a critical issue affecting printing quality. The design of self-supporting
structures via topology optimisation approaches has been extensively studied. However, current
optimisation research predominantly focuses on 3-axis AM machines, overlooking the more
recently developed multi-axis machines. Moreover, the performance sacrifice due to overhang
constraints in 3-axis AM can be significant, especially in structures with small volume fractions.
To address this, we propose a two-step approach considering overhang constraints for multi-
axis AM. This approach begins with a structure optimised using traditional topology
optimisation. In the first step, a new optimisation problem determines printing surfaces for the
given structure. If the proportion of unprintable elements isn't satisfactory, a second re-
optimisation step is carried out to further reduce the unprintable proportion. Several examples
demonstrate the effectiveness of the proposed approach. Notably, the significant performance
sacrifice associated with the 3-axis AM approach becomes negligible when applying our multi-
axis AM-based method.
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1. Introduction

Topology optimisation aims to identify structures with
optimised performance (e.g. maximum stiffness), while
satisfying specified conditions and constraints [1–4].
With the focus across all sectors currently being on
enhancing sustainability and reducing carbon emissions,
the field of topology optimisation is attracting increasing
attention, and it has been applied tomany different fields
(e.g. automobile, biostructural and aerospace [5–7]).
However, although topology optimisation can be used
to create high-performance structures [8–10], the opti-
mised free-form shapes are often difficult to produce
using traditional manufacturing methods. Thus, seeking
to materialise the outcomes of structural optimisation,
additive manufacturing (AM) techniques have been
recently employed [9,11,12]. The combination of top-
ology optimisation and additive manufacturing has
therefore become an active research topic in recent years.

Although AM can be used to print complex geome-
tries, current technologies do not guarantee that struc-
tures of any arbitrary shape can be printed [13–16].

One foremost reason is the overhang effect. As illus-
trated in Figure 1, if the overhang angle wov of the com-
ponent exceeds the maximum threshold angle wmax, the
deposited part cannot consolidate due to gravity [17]. To
address this problem, temporary support structures are
used [18,19]. However, support structures consume
additional materials and are difficult to remove in
certain cases (e.g. in metal AM). For structures with
simple geometries, the influence of the overhang
effect can be alleviated, or even eliminated, by changing
the build direction. However, identifying a build direc-
tion that can eliminate the need for support structures
in the case of complex build geometries can be
challenging.

In order to avoid the overhang effect and, thus, the
use of support structures, some studies have adopted
topology optimisation to modify the geometrical
shape of the components to be printed. Leary et al.
[20,21] used a post-processing approach to design
efficient supporting structures for optimised solutions.
However, since the resulting structures required
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additional supporting materials, the volume fraction (i.e.
the ratio between the structural volume and the design
domain volume) constraint of the optimisation formu-
lation was violated. Therefore, subsequent studies
included the overhang constraints into the topology
optimisation formulation, either by explicitly adding
them as constraints or by filtering out the elements vio-
lating them. Gaynor et al. [22] considered the overhang
constraint through projection methods. Langelaar et al.
[23,24] proposed a method that can simultaneously
identify and optimise both the main and the supporting
structure and determine the corresponding build direc-
tion. Pellens et al. [25] addressed the overhang effect
by utilising four different elemental filters to eliminate
elements that violated the overhang and minimum
length scale constraints. Zhang et al. [26] applied over-
hang constraints by restricting the orientation of the
boundaries of the structure using Heaviside projection
functions. Garaigordobil et al. [27] used a SUSAN
contour detection algorithm to extract the structural

boundaries and then applied explicit constraints to the
optimisation formulation to avoid the overhang effect.
Although the findings of these studies can be used to
eliminate the emergence of excessively overhanging
parts, the overhang constraints considered were based
on 3-axis AM. Consequently, the sacrifice in performance
caused by the overhang constraints was usually high,
especially in problems with low volume-fraction values
[28].

Besides the aforementioned optimisation-related
research, other studies have focused on addressing
the overhang problem by improving the machine flexi-
bility; hence AM machines with multi-axis configur-
ations have been developed in recent years. Multi-
axis machines differ from 3-axis machines by having
rotatable platforms that allow for continuous build
direction adjustments [29] (Figure 2), enabling the
printing of curved surfaces [30,31]. Therefore, some
studies [32–34] have focused on reducing the over-
hang effect by decomposing the structure into

Figure 1. The overhang effect: (a) structure failing to consolidate when the overhang angle wov is greater than the overhang threshold
wmax; (b) structure successfully consolidating when the overhang angle wov is less than wmax.

Figure 2. Multi-axis AM machine: (a) the platform rotates clockwise; (b) the platform rotates counterclockwise, where α denotes the
platform tilting angle.
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several parts and applying different local build direc-
tions for each part. Further studies customised the
curved printing surfaces to reduce the overhang
effect [35–37]. However, the utilisation of curved print-
ing surfaces can potentially result in collisions between
the printing nozzle and the printed part. To elaborate,
in 3-axis AM, the printing surfaces are restricted to be
horizontal, eliminating the risk of collision. Further-
more, convex and shallow concave surfaces (i.e.
characterised by a low turning angle) maintain a neg-
ligible risk of collision as shown in Figure 3(b).
However, the risk increases when deep concave print-
ing surfaces (i.e. high turning angle) are employed
(Figure 3(a)). To address this problem, Li et al. [38]
included collision detection in the tool path planning
step, to determine collision-free printing tool paths.
However, although the aforementioned studies
related to multi-axis AM can significantly reduce the
required support materials, support-free printing
plans still cannot be guaranteed.

While multi-axis AM holds the potential to effec-
tively reduce the overhang effect, most studies in the
topology optimisation area have considered the over-
hang constraints based on the principles of 3-axis
AM. Therefore, to achieve overhang-free designs with
good structural performance, a two-step optimisation
approach that considers the overhang constraints for
multi-axis AM is introduced herein. The proposed
approach starts with an optimised design obtained
using the traditional topology optimisation. In the
first step, to obtain a reliable printing plan (i.e.
curved printing surfaces), the design domain is

decomposed into a number of zones. Then a new
optimisation problem is solved to determine the local
build directions for each zone, aiming to maximise
the printable proportion of the optimised structure.
In the second step, if the proportion of the printable
elements is unsatisfactory, a re-optimisation problem
is solved to suppress the unprintable elements. With
the proposed workflow, both the optimised structure
and its associated curved printing surfaces can be
identified.

In this paper, previous research on topology optim-
isation with overhang constraints for 3-axis AM is
first reviewed; a new approach based on multi-axis
AM is then introduced. Finally, the effectiveness of
the proposed approach is evaluated through
four case studies, with the relevant findings demon-
strating that the sacrifice in performance can be sub-
stantially reduced when the proposed workflow is
employed.

2. Review of topology optimisation for 3-axis
AM overhang constraints

2.1. Review of the traditional solid isotropic
material with penalisation approach

The approach proposed in this paper is based on top-
ology optimisation using the Solid Isotropic Material
with Penalisation (SIMP) method [39,40], which is
briefly reviewed in this section. In the SIMP method,
the design domain is discretised into a series of finite
elements, with the existence of each element being

Figure 3. Effect of different printing surfaces: (a) deep concave surface with a large turning angle leads to a collision between the
printing nozzle and the printed part; (b) the collision can be avoided by reducing the turning angle of the printing surface.
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determined by the element density r. The traditional
topology optimisation formulation is:

find:r = [r1, r2, . . . , rnele ]
T (1a)

min: C = FTU = UTK(r)U =
∑nele
i=1

uiki(ri)ui (1b)

s.t.: K(r)U = F (1c)

V(r) =
∑nele

i=1 rivi∑nele
i=1 vi

≤ f (1d)

0 ≤ ri ≤ 1, with i = 1, 2, . . . , nele,

where nele is the number of elements, ri is the
density of the ith element (0 for void and 1 for
solid), vi is the volume of the ith element, V(r) is
the volume fraction of the optimised structure, f is
the target volume fraction, ui and ki are the elemen-
tal displacement vector and stiffness matrix respect-
ively, and K(r), U and F are the structural stiffness
matrix, displacement vector and external load
vector, respectively.

The Young’s modulus Ei for the ith element can be
obtained from Equation (2) [41]:

Ei = Emin + rpi (E0 − Emin), (2)

where p is the penalisation factor (typically p = 3) used
to penalise the Young’s modulus values of ‘grey’
elements (i.e. 0 , ri , 1), E0 is the base Young’s
modulus of the material and Emin is a near 0 parameter
used to avoid numerical singularity problems. In
addition, element filters are frequently used to address
the checkerboard problem, and the Heaviside projection
method is used to achieve fully black-and-white

solutions. More details on these approaches can be
found in [42] and [43].

2.2. Review of 3-axis overhang constraint
approach

In this section, the previously established density gradi-
ent-based overhang constraint approach for 3-axis AM
[26], which serves as the foundation for the approach
based on multi-axis AM, is reviewed. This approach
incorporates member angle constraints into the top-
ology optimisation problem, so that the incline angles
of the structural member boundaries are restricted to
avoid the overhang problem illustrated in Figure 1(a).
To apply the overhang constraints, the structural over-
hang parts are first detected by examining the density
gradient direction of the boundary elements – see
Figure 4; then the overhang elements are eliminated
through adding corresponding penalisation to the
objection function. For the concerned element i, with
its eight neighbouring elements (see Figure 4) having
densities equal to ri1 to ri8, its density gradient direction
∇ri is given by:

∇ri = [ai, bi]
T, (3)

where ai and bi can be obtained from:

ai = − 1
6
ri1 +

1
6
ri3 −

1
6
ri4 +

1
6
ri5 −

1
6
ri6 +

1
6
ri8, (4)

bi =
1
6
ri1 +

1
6
ri2 +

1
6
ri3 −

1
6
ri6 −

1
6
ri7 −

1
6
ri8. (5)

With the density gradient obtained, a boundary element
can be defined as self-supporting when its boundary
orientation gi, which is perpendicular to the density gra-
dient direction (the blue line shown in Figure 4), lies

Figure 4. Boundary element i is considered to be self-supportable if its boundary orientation gi (i.e. blue arrow) lies within the allow-
able overhang range (i.e. green region). The red arrow corresponds to the build direction l and the orange arrow represents the
density gradient direction ∇r.
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within the allowable range associated with the build
direction (the red line shown in Figure 4), that is:

ti = ∇ri · l− ‖ ∇ri ‖ ·sin(wmax) , ji,1, (6)

where ti is the overhang value, l is the build direction
and ji1 is a near 0 parameter used to avoid numerical
problems.

The explicit overhang angle constraint for the ith
element can now be formulated as follows:

∑nele
i=1 viviri∑nele

i=1 vi
≤ 0, (7)

where vi can be expressed as:

vi = h(ti − ji,1) (8)

= 1
1+ e−2m(ti−ji,1)

, (9)

in which h() is a step function used to transform the
values of overhang violation ti − ji,1 into vi with near
binary value; m is a parameter that indicates the smooth-
ness of the step function and usually lies between 35
and 50.

It is worth noting that in the previous literature, there
exist two types of methods in addressing the overhang
problem: layer-by-layer methods [22] and density gradi-
ent-based methods [26]. While the former considers the
support relation between elements, the latter focus on
restricting the structural member orientations. Since
the support relation is not considered in the density gra-
dient-based approach, it is susceptible to a so-called
‘hanging feature’ problem, which may yield icicle-
shaped structural parts that are satisfied with the over-
hang angle constraint but not supported by surrounding
elements. To address this problem, another hanging
feature constraint needs to be utilised. Details about
this approach can be found in [26].

3. Overhang constraints based on multi-axis
AM

In this section, the 3-axis overhang constraint approach
is extended to cater for the characteristics of multi-axis
AM. While the structure is the only design object in 3-
axis AM, both the structure and the corresponding print-
ing plan must be determined for multi-axis AM. The fol-
lowing two-step approach is therefore proposed:

. In the first step (described in Section 3.1), an opti-
mised structure, determined using traditional top-
ology optimisation, is used as the starting point. The
design domain is then decomposed into a number
of zones, with each zone being assigned one local

build direction. Subsequently, the local build direc-
tions are determined by assessing the boundary
element orientation within each zone, targeting the
achievement of the maximum printable proportion
of the optimised structure. Note that in this step,
the layout of the optimised structure is kept constant.

. If the unprintable ratio (i.e. the proportion of unprin-
table boundary elements) is less than a target
threshold rt , which is customised by the requirement
of manufacturing, the algorithm terminates; other-
wise, a subsequent step, termed re-optimisation
(described in Section 3.2), is carried out to modify
the shape of the structure such that the number of
overhang elements can be eliminated.

3.1. Printing plan optimisation for a given
structure

As illustrated in Figure 2, multi-axis printing allows
different local printing directions to be used during
the printing process. To mimic this feature, the design
domain is divided into a number of zones, and it is
assumed that each zone corresponds to one fixed
build direction only. Subsequently, linear programming
is employed to identify the build directions, targeting
the achievement of the maximum printable proportion
of the structure. Note that in our approach, we
presume the structure is constructed from bottom
zone layers to the top, with the printing surfaces align-
ing perpendicularly to the respective local build direc-
tions within each zone. Based on this assumption,
continuous printing surfaces for each individual layer
can be obtained, utilising the specific build directions
within that zone layer. The further generated tool
paths based on the printing surfaces can be adopted
by the multi-axis printer such as the WAAM printer.
The domain subdivision approach is introduced in
Section 3.1.1, while the printing plan optimisation is
described in Sections 3.1.2–3.1.5.

3.1.1. Domain subdivision
For subdividing the domain, the simplest method
employs a rectangular grid with uniform spacing, here-
after referred to as the ‘regular grid approach’ (see
Figure 5(a)). Although this strategy can be applied in
problems with all range of volume fractions, it is more
inclined to yield satisfactory results for problems with
medium to high volume fractions (e.g. f ≥ 0.5). This is
potentially because high volume fractions result in less
void volume in the given design domain, making the
problem less susceptible to the overhang effects. In
addition, it is worth noting that the zone arrangement

VIRTUAL AND PHYSICAL PROTOTYPING 5



that can lead to an approximately 100% printable struc-
ture is not unique; in general, smaller grid size can lead
to a more ideal solution (i.e. lower performance
sacrifice). However, the grid size should be no less
than a minimum threshold which depends on the
multi-axis equipment. The effect of different zone
arrangements is discussed further in Section 4.3.

For problems with lower volume fractions (e.g.
f = 0.2 as in Figure 5(b)), the regular grid approach
tends to produce a lower proportion of printable struc-
tures. This issue arises because, for a structural com-
ponent to be printable, its boundary orientation must
fall within the printable range relative to the build direc-
tion, as depicted in Figure 4. If a single zone contains two
or more members with significantly different orien-
tations, it is not possible to ascertain a single build

direction that guarantees printability for all members.
To address this issue, one could customise the positions
of zone boundaries, ensuring that all members within a
given zone possess similar orientations (see Figure 5(c)).

Nevertheless, low volume fraction problems often
result in truss-like structures (e.g. Figures 6). This
makes it possible to position the split lines at the joint
positions, thereby achieving desirable zone arrange-
ments (i.e. joint-split approach). In this study, the struc-
tural corner positions are first identified using the
Harris Corner Detection approach [44] – see Figure 6
(a). The zone boundaries are then added to the ident-
ified corner positions, such that the structure is subdi-
vided with the members with different orientations
being separated into different zones – see Figure 6(b).
It is worth noting that for non-truss-like structures, the

Figure 5. Design domain subdivision: (a) structure that can be fully printed using equal-sized zones (i.e. regular grid approach); (b)
structure with simple geometry, with equal-sized zones making part of the structure unprintable (i.e. marked in red); (c) simple struc-
ture that can be fully printed using customised zones; red arrows represent the local build directions.

Figure 6. Domain subdivision based on structural corner locations (i.e. joint-split approach); (a) structural corners; (b) zone
boundaries.
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joint-split approach cannot guarantee satisfactory
results due to inconspicuous corners. Therefore, the
joint-split approach works optimally when the volume
fraction is relatively low and the structure is truss-like.
In fact, only the low volume fraction problems require
the joint-split approach as they are more susceptible
to the overhang effect, which necessitates the use of
customised zone arrangements.

3.1.2. Determination of build direction in each
zone
After the domain subdivision step, the local build direc-
tion of each zone wj, as shown in Figure 7, is determined
by assessing the structural member orientation within
each zone. Similar to the approach used for a 3-axis
configuration, as described in Section 2.2, a structure
can be considered to be fully printable when all the
boundary elements are self-supporting. Since the
target structure is fixed during this step, the density gra-
dients of all boundary elements are known constants.
Therefore, the corresponding boundary orientation �wi

for the ith element can be obtained from:

�wi =

wi,g +
p

2
, if 0 ≤ wi,g ≤

p

2

wi,g −
p

2
, if

p

2
≤ wi,g ≤

3
2
p

wi,g −
3
2
p, if

3
2
p ≤ wi,g ≤ 2p

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

, (10)

where wi,g is the gradient orientation of element i (i.e. the
angle between the ∇ri and x+ in Figure 4).

If a boundary element i in zone j satisfies the follow-
ing equation:

|wj − �wi − wmax| + |wj − �wi + wmax| = 2wmax, (11)

boundary element i is determined to be printable. Note
that if a boundary element is not self-supporting, the
left-hand side of Equation (11) becomes greater than
the right-hand side, causing an overhang violation.
Therefore, to maximise the printable proportion of a
structure, the following optimisation problem can be

solved:

find: w = [w1, w2, . . .wnz ]
T (12a)

min:P = OTh (12b)

s.t.: O = |Mw− �w− wmax| + |Mw− �w+ wmax|, (12c)

where P is the total overhang violation of the optimised
structure; O = [O1, O2, . . .Oi, . . .Onele ]

T is the element
overhang violation vector, with Oi denoting the overhang
violation of the ith element; h = [h1, . . .hi, . . .hnele ]

T,
with hi = 1 for the boundary elements and hi = 0 for all
other elements, M is a 0–1 mapping matrix used to
obtain the corresponding zone of each element, w =
[w1, w2, . . . , wnz ]

T is the local build direction vector,
with nz denoting the number of zones and
�w = [�w1, �w2, . . . , �wnele ]

T is the elemental incline angle
vector.

3.1.3. Collision between the printing nozzle and the
structure
In multi-axis AM, the printing nozzle and the already
printed component may collide, if a rapid change in
local build direction occurs between two adjacent
zones and yields a deep concave printing surface (e.g.
Figure 3(a)). To avoid this problem, the following con-
straint can be used to restrict the turning angle of the
printing surfaces:

wnext − wfirst , wt, max, (13)

where wnext and wfirst are the build directions of two adja-
cent zones (see Figure 8), and wt,max is the maximum
turning angle.

It is worth noting that for printing nozzles with a rela-
tively sharp shape, the risk of collision is reduced, allowing
for a relatively high wt, max. Conversely, a blunt-shaped
nozzle necessitates a lower wt, max. When wt, max = 0,
the printing surfaces can only be horizontal or convex,
ensuring collision-free printing process for printing
nozzles with arbitrary shapes. The effects of different

Figure 7. Local build direction wj of zone j.
Figure 8. Local build directions wfirst and wnext of two adjacent
zones.
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wt, max values on the optimisation result are discussed
later in Section 4.5. Note that Constraint (13) offers a sim-
plifiedmethod tominimise the risk of collision during the
structural design phase, while maintaining low compu-
tational costs. For a comprehensive elimination of col-
lision risks, a thorough collision assessment can be
performed in the detail path planning stage [10].

3.1.4. Consideration of definitively printable
elements
There are two types of structural elements that are
definitively printable, irrespective of the constraints
described in the previous sections: (1) those that can
be built vertically directly from the base platform and
(2) those that are supported by neighbouring elements
across all the base platform orientations.

The first type of these elements is illustrated in
Figure 9. While the highlighted elements would be
defined as overhanging due to their horizontal boundary
orientation, they can be printed using a vertical build
direction since they are directly attached to the base plat-
form. To identify this type of element, a scanning process
is conducted, as illustrated in Figure 9, where a vertical
build direction lv is used to evaluate the printability of
each element using the following constraint:

ti,v = ∇ri · lv− ‖ ∇ri ‖ · sin(wmax) ≤ d, (14)

where d is a near 0 tolerance used to avoid numerical
errors and ti,v is the overhang violation value for the ith
element. The scan process starts from the first layer of
elements that are directly attached to the base platform
and ends when the first unprintable element emerges;
and the end layer is identified as the kth layer. All
elements below the kth layer are definitively printable
and are thus excluded from Equation (12) by assigning
them a value of h = 0.

The second type of definitively printable elements are
those consistently supported by neighbouring elements
across all base platform orientations, as demonstrated in
Figure 10. These elements satisfy the following condition:

bi ≤ s|ai| (15)

where ai and bi are the density gradient components
defined in Equations (4) and (5); s can be determined
from:

s = −tan(wallow − wmax), (16)

where wallow is the allowable rotation angle of the plat-

form; in this study wallow = p

2
is used.

It is important to note that Constraint (15) differs
mathematically from Constraint (11). While the former
is a non-linear constraint, the latter is linear. Moreover,
Constraint (15) encompasses a wider optimisation
search region compared to Constraint (11). This is
because, for each structural member, there exist two

possible directions, for example AB
��

and BA
��

in

Figure 10. An element is overhang free if one of AB
��

and BA
��

satisfies the overhang angle constraint (11).
For example, in Figure 10(a), the target element is sup-
ported by the elements located on the point A side,

thus AB
��

satisfies Constraint (11); in Figure 10(b–e), the
target element is supported by elements located on

the point B side, thus BA
��

satisfies Constraint (11).
However, in the optimisation we preselect the vector

BA
��

via the piecewise function (10) (i.e. based on the
0◦ base platform orientation). While this preselection
greatly reduces the numerical complexity and makes
Constraint (11) linear, it may potentially restrict the
search region of the optimisation problem, impacting
the quality of the solutions. Therefore, to address this

Figure 9. Identification of elements that can be built vertically from the base platform.
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problem, the nonlinear Constraint (15), which accommo-

dates both AB
��

and BA
��

directions, is utilised to exclude
the second type of definitively printable elements from
the optimisation problem, thereby improving printable
ratio of the optimised solutions.

3.1.5. Optimisation of local printing directions
By combining Equations (12) and (13), the following
optimisation problem can be solved to obtain the
build directions of all the printing zones:

find :w = [w1, w2, . . . , wnz ]
T (17a)

min : P = OTh (17b)

s.t.:O = |Mw− �w− wmax| + |Mw− �w+ wmax| (17c)

wnext − wfirst , wt,max, (17d)

where h = [h1, . . .hi, . . .hnele ]
T with hi [ {0, 1} and

hi = 1 for the boundary elements that are not

‘definitively printable’ and hi = 0 for all other elements.
Since the objective function and the constraints are
linear, the optimisation problem expressed by Equation
(17) is a linear programming problem which can be
efficiently solved using interior point solvers, such as
MOSEK [45], with the optimised solutions guaranteed
to be the global optimum.

3.2. Re-optimisation

Although the optimisation problem expressed by
Equation (17) can identify the local build directions that
render the target structure as printable as possible, it
does not guarantee the full printability of any arbitrary
structure. Therefore, a structure re-optimisation is carried
out to suppress the unprintable elements when their pro-
portion runp exceeds the target value rt. In this step, we
treat the overhang constraints in each individual zone as
if in the 3-axis AM (e.g. Constraint (6)). The only difference

Figure 10. The target element (highlighted by green) can be supported by neighbouring elements (highlighted by yellow) for all base
platform orientations within [−90◦ , 90◦]: (a) −90◦ base platform orientation; (b) −45◦ base platform orientation; (c) 0◦ base plat-
form orientation; (d) 45◦ base platform orientation; (e) 90◦ base platform orientation; a maximum overhang angle wmax = 45

◦
is

utilised in this example.
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is that the previous vertical build direction utilised in 3-axis
AM is replaced by the multi-axis AM local build directions
(i.e. w) obtained from solving Equation (17).

By integrating the local build direction into the top-
ology optimisation problem, the formulation for the re-
optimisation is given by:

find: r = [r1, r2, . . . , rnele ]
T (18a)

min : C(r) = FTU = UTK(r)U (18b)

s.t.:K(r)U = F (18c)

∑nele
i=1 viri∑nele
i=1 vi

≤ f (18d)

∑nele
i=1 vi(wj)viri∑nele

i=1 vi
≤ 0 (18e)

Note that, in multi-axis AM, for the ith element in the
jth zone, vi can be calculated by:

vi(wj) = h(∇ri · l(wj)− ‖ ∇ri ‖ ·sin(wmax)− ji,1), (19)

where wj is the build direction of element i in the jth
zone, and the corresponding build direction vector
l(wj) = (cos(wj), sin(wj)).

It is worth noting that although we adopt the density
gradient-based approach that is reviewed in Section 2.2,
we do not consider the hanging feature constraint [26]

in the re-optimisation Equation (18). This is because
the optimisation problem with multi-axis AM is less
prone to the hanging feature problem. To elaborate,
previously in 3-axis AM, when the angle constraint is
applied, the structure undergoes a significant change
in the overall layout (i.e. compared to the results
obtained without overhang constraints). Consequently,
icicle-shaped hanging parts may emerge during the
optimisation process. However, in multi-axis AM, due
to the extreme printing flexibility provided, the structure
only undergoes minor change compared to the results
from the traditional topology optimisation approaches.
Consequently, the hanging feature rarely appears. This
is evident in all the examples shown in Sections 4.

3.3. Summary

For sake of clarity, a flow chart for the proposed two-step
algorithm is presented in Figure 11. Note that at the end
of Step 2, the volume-preserving Heaviside projection
[42] is applied to obtain full black-and-white solutions.

4. Numerical examples

In this section, four numerical examples are presented to
demonstrate the effectiveness of the proposed
approach. The Young’s modulus E0 and Poisson’s ratio

Figure 11. Algorithm flow chart, where runp and rt denote the printable ratio of the optimised structure and the target printable ratio,
respectively; DC = |(Ct − Ct−1)/Ct| represents the change in compliance between the two adjacent iterations, with t denoting the
iteration index; Ctol is the convergence tolerance.
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v are assumed to be 1.0 N/mm2 and 0.3, respectively, the
minimum Young’s modulus Emin is 1× 10−9 N/mm2 and
the penalty parameter p is taken as 3. All design domains
are meshed using quadrilateral elements. The maximum
tilting angle for the base platform wallow is taken as 90◦

(used in Equation (16)), while the maximum turning

angle wt,max is
p

2
. Finally, the unprintable threshold rt

(i.e. used to judge whether the re-optimisation step
should be carried out) is taken as 1% and Ctol = 0.1% is
utilised in the re-optimisation. All the examples in this
section are coded in Python, and CPU times are obtained
using a laptop equipped an Intel Core i7-9750H CPU.

4.1. Simple two bar structure

The process of the proposed approach is first demon-
strated through a simple two-bar structure shown in
Figure 12(a), where F is a unit load, L = 120 mm and
H = 40 mm are the dimensions of the design domain
and the volume fraction f = 0.2. The optimised solution
from the traditional SIMP method is shown in Figure 12
(b). In 3-axis AM, the two structural members are not
supported at the bottom boundaries (see Figure 12(b))
when wmax = 0; multi-axis AM can be therefore used to
improve printability.

The structure shown in Figure 12(b) constitutes the
starting point of the printing plan optimisation
approach. Firstly, the optimised structure is divided
into four zones, using the joint-split approach described
in Section 3.1 – see Figure 13(a). Then the ‘definitively
printable’ elements are identified using the method
introduced in Section 3.1.4 and excluded from the
optimisation problem – see Figure 13(b). The optimis-
ation problem expressed by Equation (17) is then
solved for the determination of the local build directions,
as shown in Figure 13(c). With the local build directions
determined, the printing surfaces can be constructed,
being orthogonal to the build directions. At this stage,
97.5% of the structure is printable and the elements

that violate the overhang constraint are highlighted in
white in Figure 13(d). Since runp is greater than the
threshold rt = 1.0%, the re-optimisation step described
in Section 3.2 is carried out to reduce the unprintable
proportion. The obtained solution is shown in
Figure 13(e) and (f), where runp is reduced to 0 and the
associated compliance increase is 2.1% (i.e. compared
to the benchmark shown in Figure 12(b)).

Note that Garaigordobil et al. [24] previously studied
the same 2-bar structure in a 3-axis AM context and their
optimised result is reproduced in the present paper by
using a single zone and by setting the printing direction
to 90◦. The obtained structure, illustrated in Figure 14,
has a similar topology to that presented in [27], and is
associated with a 140.3% compliance increase relative
to Figure 12(b). Comparing Figure 14 to Figure 13(e),
the compliance increase caused by the overhang con-
straint is reduced from 140.3% to 2.1% by switching
from 3-axis to multi-axis AM, highlighting the superiority
of the proposed approach.

4.2. MBB beam

In this section,weexamine aMesserschmitt-Bölkow-Blohm
(MBB) beam using the regular grid approach detailed in
Section 3.1.1. Figure 15(a) presents the case description,
where we consider only half of the beam due to its sym-
metry. The maximum overhang angle wmax = 45

◦
. The

design domain is specified with a length (L) of 240 mm
and a height (H ) of 80 mm; the magnitude of the load
(F) is 0.5 N and the volume fraction (f ) is assigned a
value of 0.5. Figure 15(b) depicts the optimised result
from the traditional topology optimisation approach, yield-
ing a structural compliance C = 46.71 N mm.

The results of MBB beam are shown in Figure 16.
Initially, upon employing the 3-axis AM approach, the
unprintable ratio runp for Figure 15(b) is 20.14%. After uti-
lising optimised multi-axis AM printing plan as shown in
Figure 16(c), runp is reduced to 5.04%. Further re-optim-
isation reduces runp to 0.0%, with only a modest 3.08%

Figure 12. Two-bar example: (a) design domain, load and support conditions; (b) solution obtained using traditional topology optim-
isation; the structural compliance C = 7.94 N mm.

VIRTUAL AND PHYSICAL PROTOTYPING 11



increase in compliance compared to the nominal design
in Figure 15(b). A convergence history of the re-optimis-
ation step is shown Figure 17, it’s worth noting that runp
remains low (i.e. ≤ 0.2%) throughout the convergence
process. Although runp lacks physical significance in the
initial stages (since the optimised structure isn’t fully
binary), it sees a minor increase in the later stages as
the structure gradually solidifies into a black-and-white
structure. Nevertheless, this is swiftly countered by the

imposition of the overhang constraint (18e), effectively
reducing runp to zero at the final convergence.

4.3. Influence of maximum overhang angle

The overhang angle tolerance wmax is a crucial par-
ameter for AM, with its value depending on the
material being printed and the adopted AM method.
To investigate its influence on the optimised results,
the MBB beam example introduced in Section 4.2 is
studied for a range of different wmax values. The
volume fraction f is taken as 0.25, and the rest par-
ameters are the same as 4.2. The zone arrangement uti-
lised by the printing plan optimisation is shown in
Figure 18(b), with the considered wmax values being
60◦, 45◦ and 30◦.

As discussed in Section 3.1.1, for problems with low
volume fractions, we employ the joint-split approach to

Figure 13. Steps of the proposed optimisation approach for a two-bar structure: (a) zone subdivision; (b) identification of definitively
printable elements that are not considered in the printing plan optimisation (coloured in purple) and boundary elements (coloured in
orange) that are considered in the printing plan optimisation; (c) optimised local build directions. (runp = 2.5%); (d) elemental over-
hang violation value t for the structure in (c); (e) optimised solution after the re-optimisation. (runp = 0.0% and structural compliance
C = 8.11 N mm); (f) elemental overhang violation value t for the structure in (e); orange dashed lines represent printing surfaces; red
arrows represent the local build directions; C denotes the structural compliance; runp represents the unprintable element proportion,
and the unprintable elements have t = 0, which are coloured in white in (d) and (f).

Figure 14. Self-supporting solution for 3-axisAM (C = 19.08Nmm).
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achieve a customised zone arrangement. The optimised
results for the different wmax values are shown in
Figure 19(a) and (b), with the unprintable ratios runp
being 0.25%, 0.75%, 0.98% for wmax = 60◦, 45◦ and 30◦,
respectively, which confirms that joint-split approach
can achieve high printable proportions. The fact that
runp was found to increase with decreasing wmax suggests

that in situations with low wmax values, the structures are
more challenging to print. Note that the printing
difficulty caused by low wmax values is also evident in
the reduction in definitively printable elements, as
shown in Figure 19(a), where it can be observed that the
top boundary elements of the inclined structural
members change from being definitively printable to

Figure 15. MBB example when volume fraction is 0.5; (a) design domain, load and support conditions; (b) solution obtained using
traditional topology optimisation; the structural compliance C = 46.71 N mm.

Figure 16. Steps of the proposed optimisation approach for a MBB beam: (a) zone subdivision; (b) identification of definitively prin-
table elements that are not considered in the printing plan optimisation (coloured in purple) and boundary elements that are con-
sidered in the printing plan optimisation (coloured in orange); (c) optimised local build directions. (runp = 5.04%); (d) elemental
overhang violation value t for the structure in (c); (e) optimised solution after the re-optimisation. (runp = 0.0% and structural com-
pliance C = 48.15 N mm); (f) elemental overhang violation value t for the structure in (e); orange dashed lines represent printing
surfaces; red arrows represent the local build directions; C denotes the structural compliance; runp represents the unprintable
element proportion, and the unprintable elements have t = 0, which are coloured in white in (d) and (f).

VIRTUAL AND PHYSICAL PROTOTYPING 13



non-definitively printable as wmax decreases from 60◦ to
30◦. Nevertheless, since in three examples the printable
ratios are all large than 99.0% and runp , rt is satisfied,
the re-optimisation is not carried out in this example.

The printing process for the printing plan shown in
Figure 19(b-2) can be illustrated by Figure 20. Initially,
the base platform is positioned horizontally for the first
few layers (Figure 20(a)), and then, the printing nozzle

moves along the printing path layer by layer
(Figure 20(b) and Figure 20(c)). For the sake of complete-
ness, the elemental overhang violation for Figure 19(a-2)
is shown in Figure 21.

Gaynor et al. [22] investigated the same MBB example
for 3-axis AM and for wmax = 45◦, with the correspond-
ing compliance increase caused by the overhang con-
straints based on 3-axis AM being 20.6%. Using the

Figure 17. Convergence history and computational time of the re-optimisation step for the MBB beam in Figure 16(e).

Figure 18. MBB beam example when f = 0.25: (a) solution obtained using traditional topology optimisation, with dimensions in mm
(structural compliance C = 85.45 N mm); (b) zone arrangements determined from the joint-split approach.

Figure 19. Optimised results of MBB example: (a) definitively printable elements that are not considered in the printing plan optim-
isation (coloured in purple) and boundary elements that are considered in the printing plan optimisation (coloured in orange); (b)
optimised solutions for multi-axis printing when the maximum overhang angle wmax is (1) 60◦; (2) 45◦; (3) 30◦; orange dashed
lines represent printing surfaces.

14 J. YE ET AL.



approach proposed in the present study, since the struc-
ture in Figure 19(b-2) is fully printable with the identified
multi-axis build directions, the compliance increase is
zero.

4.4. Cantilever beam example

To examine the influence of different grid size for the
regular gird approach, a cantilever beam example is
investigated in this section. The case description is pre-
sented in Figure 22 (a), where the design domain has a
length (L) of 160 mm and a height (H ) of 80 mm; the
magnitude of the load (F ) is 1.0 N and the load (R) is
0.5 N, the volume fraction (f ) is 0.4. The solution
obtained using the traditional topology optimisation is
depicted in Figure 22(b).

During the printing plan optimisation step, a value
of wmax = 45

◦
is used, while three different zone

arrangements, shown in Figure 23(a-1), (a-2) and (a-3),
are considered. When 3-axis AM is employed, the prin-
table ratio of Figure 22(b) is 23.63%. In the first step,
where the structure is kept unchanged and the local
build directions from the printing plane optimisation
are utilised, the associated runp values are reduced to
11.7%, 9.29%, 6.29% for the zone arrangements in
Figure 23 (a-1), (a-2) and (a-3), respectively. Sub-
sequently, after the structural re-optimisation, the runp
values are further reduced to near 0. The compliance
sacrifice values (i.e. relative to Figure 22(b)) are 6.65%
1.88% and 0.94% for Figure 23 (b-1), (b-2) and (b-3),
respectively. The results display a reduction in struc-
tural compliance as the decrease in grid size. This is
because smaller grid sizes lead to increased freedom
for the printing surfaces, which further reduces the
structural sacrifice caused by the overhang constraint.
A convergence history for the re-optimisation of
Figure 23(2) is shown in Figure 24. It is worth noting
that runp remains low (i.e. ≤ 0.1%) throughout the con-
vergence process.

4.5. Influence of printing surface turning angles

As shown in Figure 3, multi-axis AM is associated with
collision problems when a concave printing surface
with a large turning angle wt is used. To address this

Figure 20. Procedure of multi-axis printing for MBB beam when wmax = 45
◦
.

Figure 21. Elemental overhang violation value t for the struc-
ture in Figure 19(a-2), with the unprintable elements marked
with blue circles.
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problem, the constraint expressed by Equation (17d) is
used to restrict the turning angles of the printing sur-
faces. Since the maximum turning angle wt, max varies
depending on the AM equipment and configuration
(e.g. the proportion of the printing nozzle), the
influence of wt, max on the optimised solution is investi-
gated in this section through the example of a simply-
supported bridge. The case description is shown in
Figure 25(a), with the design domain having a length

L of 200 mm and a height H of 200 mm. The magnitude
of the applied force F is 1.0 N and the allowable volume
fraction f is taken as 0.1. The optimised solution from
the traditional SIMP method is shown in Figure 25(b).

The zone arrangement for the printing plan optimis-
ation is shown in Figure 25(b), with wmax taken as 45◦ .
Three different values of wt, max were considered (i.e.
wt, max = 30◦ , 45◦ , 60◦ ), with the unprintable ratio runp
for all three optimised results being 4.54%. The runp

Figure 22. Cantilever beam example when volume fraction is 0.4; (a) design domain, load and support conditions; (b) solution
obtained using traditional topology optimisation; the structural compliance C = 326.10 N mm.

Figure 23. Optimised results for the cantilever example: (a) three zone arrangements with different grid size; (b) optimised solutions
obtained using zone arrangements in (a), where the compliance in (1) C = 347.79 N mm; (2) C = 332.26 N mm; (3)
C = 329.17 N mm.
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values are relatively large due to the bottom boundary of
the top horizontal member not being supported – see
Figure 26. Therefore, to reduce runp, the re-optimisation
approach is utilised, leading to the results shown in
Figure 27. After completion of the re-optimisation, the
runp values are reduced to nearly 0.00% for
ft, max = 30◦ , 45◦ , 60◦ , respectively. Compared to
Figure 25 (b), despite the marked changes in geometry
of the structures shown in Figure 26 needed to address
the overhang problem, the resulting compliance increase
values are mild (less than 6.0%).

Since the top horizontal member is the most challen-
ging part to print, it has essentially been modified to a
three-member structure, as shown in Figure 27 (a-c). Con-
sequently, the total structural heightH is slightly increased

Figure 24. Convergence history and computational time of the re-optimisation step for cantilever beam under zone arrangement in
Figure 23 (2).

Figure 25. (a) Description of bridge example; (b) solution obtained with traditional topology optimisation, with dimensions in mm
(structural compliance C = 43.43 N mm) and zone arrangements obtained from multi-axis AM optimisation.

Figure 26. Elemental overhang violation value t obtained with
the zone arrangement in Figure 25 (b) with wmax = 45◦ and
maximum turning angle wt, max = 30◦, 45◦, 60◦, with the
unprintable elements highlighted within blue lines.
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(from 100 mm in Figure 25 (b) to 118 mm in Figure 27 (a),
116 mm in Figure 27 (b) and 112 mm in Figure 27 (c)),
suggesting that the overhang effect can be reduced by
expanding the space of the design domain. Furthermore,
it can be observed that concave printing surfaces are
used in the zones associated with the top three-member
structure, with their turning angles restricted by wt, max.
When wt, max is increased from 30° to 60° in Figure 27 (a-
c), the concavity of the printing surface increases,
leading to reductions in both the structural height and
structural compliance. This finding is consistent with
reality since large wt, max values are associated with AM
with sharp printing nozzles (i.e. high printing flexibility)
and hence a reduced possibility of collisions. Therefore,

the corresponding compliance sacrifice associated with
theoverhangconstraints is reducedwhenwt, max increases.
The convergence history of re-optimisation when
wt, max = 30◦ and wt, max = 45◦ is shown in Figure 28. In
this example, runp remains at 0 throughout the conver-
gence process.

5. Discussion

The numerical examples demonstrate the effectiveness
of our proposed approach, which incorporates the over-
hang constraint associated with multi-axis AM. While
smoothly curved printing surfaces are utilised in many
other multi-axis AM studies [10], we assume the printing

Figure 27. Optimised solutions of bridge example, with dimensions in mm: (a) solution obtained with ft, max = 30◦ and wmax = 45◦,
C = 46.04 N mm; (b) solution obtained with ft, max = 45◦ and wmax = 45◦, C = 45.26 N mm (c) solution obtained with ft, max = 60◦

and wmax = 45◦, C = 45.05 N mm.

Figure 28. Convergence history of the re-optimisation step for the bridge example in Figure 27(a).
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surfaces to be piecewise segments by restricting the
each zone’s local build direction to be constant.
Although this treatment restricts the flexibility of the
multi-axis AM, it greatly reduces the computational com-
plexity and makes the printing plan optimisation
problem linear (i.e. Equation (17)). In addition, we
show that the restriction on printing flexibility is minor
since the sacrifice in compliance is reduced to a negli-
gible level (e.g. less than 6.0%). Therefore, the benefits
of restricting the local build directions appear to out-
weigh the drawbacks.

As the first study on this approach, we solely focus on
2D problems. Nevertheless, the two-step approach can
be adapted and expanded to address 3D scenarios,
with key elements adjusted to suit the intricacies of
these problems. For example, as shown in Figure 4, in
2D problems we use the one angle w to represent the
local build direction. When extended to 3D problems
with O-XYZ axis (e.g. O as the origin point), the local
build direction in 3D space can be effectively rep-
resented using two angle parameters. These two par-
ameters indicate the angles of the projected vector on
the XOZ plane and the YOZ plane, respectively. In
addition, for the domain subdivision, whilst the regular
grid approach can be directly used in 3D, the corner-
detection technique that utilised in the joint-split
approach (Section 3.1.1) could be substituted with a
skeleton-extraction approach [46,47]. Moreover, during
the re-optimisation step, the overhang constraint can
be seamlessly extended to 3D following the guidelines
provided in [26]. Considering the increase in structural
complexity in 3D problem, the printing plan optimis-
ation approach can be replaced by a more flexible
curved printing surfaces [10] or space–time field-based
approach [48].

It is also worth noting that the utilisation of the ‘joint-
split’ approach can result in sudden changes in the local
build directions at the joint positions, potentially
affecting the mechanical performance of the structural
joints. This issue can be mitigated by customising the
printing tool paths to allow for smooth, curved tran-
sitions in the local build directions at the joint positions,
which can be a potential topic for future research.

6. Conclusions

This study proposes a two-step topology optimisation
approach for self-supporting structures considering
overhang constraints for multi-axis AM (i.e. machines
with rotatable base platforms). Different from previous
studies based on 3-axis AM, in this approach both the
structure and the corresponding printing plan (i.e. the
shape of the printing surfaces) are optimised. In the

first step, an optimised structure obtained from the tra-
ditional topology optimisation serves as the starting
point for a printing plan optimisation problem. This
problem is solved to identify the printing surfaces that
can achieve the maximum printable proportion of a
given structure. Since multi-axis AM allows for different
build directions to be used during the printing
process, in the printing plan optimisation, the design
domain is subdivided into a number of zones, with
each zone having a specific build direction. Neverthe-
less, since the structure is kept unchanged in this first
step, the identified multi-axis printing plan cannot guar-
antee that the obtained printable proportion is satisfac-
tory. Therefore, in the second step, a novel re-
optimisation approach is proposed to further alleviate
the overhang problem by modifying the structure
according to the printing surfaces identified in the first
step.

Four numerical examples have been presented to
demonstrate the effectiveness of the proposed
approach, and the following conclusions can be drawn:

. Compared to the 3-axis-based approaches, the pro-
posed multi-axis-based approach can significantly
reduce (if not eliminate) the compliance sacrifice
caused by the overhang constraint. In the two-bar
example, the previous 140.3% compliance sacrifice
in 3-axis AM is reduced to 2.1% by adopting the
multi-axis AM. In the MBB beam example, the compli-
ance sacrifice is reduced from 20.6% to 0.

. For the domain subdivision, the regular grid approach
is more inclined to yield satisfactory results in pro-
blems with high volume fractions (e.g.≥ 0.5) as
these problems are less susceptible to the overhang
effect. Conversely, in situations with low volume frac-
tions, the truss-like nature of the optimised structure
can be leveraged. By first detecting the structure
joints and then positioning the zone split lines at
the joint locations, satisfactory solutions can also be
achieved.

. Unlike 3-axis AM, collisions can occur in multi-axis AM
when concave surfaces are printed. To reduce the
possibility of potential collisions, an angle constraint
is used to restrict the maximum turning angle wt, max

of the optimised printing surface (i.e. restricting the
maximum printing surface concavity). The results
show that small values of ft, max result in increases
in structural compliance. Nevertheless, due to the
high flexibility of multi-axis AM (i.e. allowing multiple
build directions), in the examined examples, the
obtained compliance sacrifices, which were brought
about by the overhang constraints, are all mild (i.e.
less than 7.0%).
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