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such thermal grooving mechanism is therefore very important in characterizing polycrystalline
materials composed of tiny grains intersecting an external free surface. With this aim in mind,
we formulate and investigate a novel inverse problem of reconstructing the unknown time-
dependent source term entering the fourth-order parabolic equation of thermal grooving by
surface diffusion from a given integral observation. We formulate and prove in Theorems 2.3—
2.7 that this linear inverse problem is well-posed. However, in practice, the ideal regularity of
data under which the inverse source problem is stable is never satisfied due to the inherent
non-smoothness of the measurement. Consequently, this leads to the inverse problem with
raw data becoming ill-posed. In order to obtain accurate and stable solutions, we develop
and compare two numerical methods, namely, a time-discrete method and an optimization
method. We obtain error estimates and convergence rates for the time-discrete method. For the
optimization method, an objective functional, which is proved to be Fréchet differentiable, is
introduced and the conjugate gradient method (CGM), regularized by the discrepancy principle,
is developed to compute the minimizer yielding the source term. The results of two numerical
tests illustrate the performance of the two methods for both exact and noisy measured data.

1. Introduction

Fourth-order parabolic partial differential equations are utilized to explain the quantitative theory of thermal grooving through
surface diffusion mechanism [1], the free vibration in beams and shafts [2], the epitaxial thin film growth [3], the long range effect
of insects dispersal [4], etc. They are also applied in image processing to balance the trade-off between noise removal and edge
preservation [5].

Higher 2m-order parabolic inverse source problems given by

u, + (—=1)"a(x, t)dﬁ"’u =g(x, ) f(x,t) + h(x,1), (x,1) €(0,1)x(0,T)=: O,

Kuleeony =0, j=0,m—1, 1€(0,T), 1.1)
u(x,0) = ¢(x), x €(0, 1),
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where m € N*, were considered to determine the unknown time-dependent source term f(x,7) = f(¢) in [6] or space-dependent
source term f(x,7) = f(x) in [7], from a given integral observation. Under certain assumptions, the authors proved the well-posedness
of the weak solutions to both these inverse problems even in the degenerate case when the coefficient a(x, ) may vanish on a zero-
measure set. The determination of the unknown source term in fourth-order hyperbolic equations has also been investigated. For
instance, the time- or space-dependent load in a vibrating Euler-Bernoulli beam was reconstructed from boundary measurements
in [8,9] and from final time overdetermination in [10,11], respectively. Also, the shear force in an Euler-Bernoulli cantilever
beam was obtained from measured boundary deflection or bending moment in [12,13], respectively. We finally mention that the
identification of the both space- and time-dependent force f(x,7) in the Euler-Bernoulli equation from its space boundary values
investigated in [14] is too much to hope for since the inverse problem in this general case is seriously underdetermined.

As a practical application related to characterizing the strength and stability of polycrystalline materials, we consider the study
of a groove that forms when a vertical grain boundary meets a horizontal surface, which occurs, e.g., in the thermal treatment
and metallization of electronic components of power modules, [15]. Recently, the time-dependent Mullins’ coefficient a(¢) in such
a problem modelled by:

U, + a(y o (X, 1) = h(x, 1), (x,1) € Or,
0,0 = uy (1) =ty (0.1) = up (1,1 = 0, 1€ (0,T), 1.2)
u(x,0) = ¢(x), x€(0,1),

was reconstructed along with u(x, ) from the measurement of the profile u(xy,r) = E(r) for r+ € [0,T] at a selected fixed point
xy € [0,1], see [16], or from the total mass integral condition [01 u(x,)dx = E(t) for t € [0,T], see [17]. Also, the identification of
the pair (p(7), u(x, 1)) satisfying the inverse problem

u; + a(t)u o (x, 1) = p(Hu + h(x, 1), (x,t) € Op,
1, (0,0) = u(1,1) = uy (0,5 =u (1,0) =0, t€(0,T),
T (1.3)
u(x,0) + [y u(x,tdt = p(x), x € (0,1),
u(0,1) = v(t), t€10,T],

was investigated theoretically and numerically in [18,19], respectively.

In this paper, the thermal grooving coefficient a = D y,w; /(kgT), where Dy is the surface diffusivity, y, is the surface energy,
wy is the atomic volume, T is the absolute temperature and k is the Boltzmann constant, is assumed to be known and constant,
and, for simplicity, taken to be equal to unity. Instead, the right-hand side of the governing equation is assumed to contain a heat
source whose time-dependent intensity is unknown and has to be determined. We consider therefore the mathematical model for
thermal grooving given by

U+ = fOgx, 1)+ h(x,t)=: F(x,t) (x,t) € Or,
u©,t) =u(l,t) =u,(0,1) =u, (1,1)=0, te€(0,7T), (1.4)
u(x,0) = ¢p(x), x € (0,1),

where f, g and h are the source term components, and ¢ is the initial profile from which the groove grows. The boundary conditions
in (1.4) are those associated to simply-supported beams, but clamped-beam boundary conditions may also be considered [20].

As mentioned before, the fourth-order partial differential equation in (1.4) models the grain boundary small grooving by surface
diffusion which occurs at moderate temperature when a vertical flat grain boundary meets a horizontal flat surface [1,21,22]. Surface
diffusion is also the principal mechanism of mass transport at certain metal (e.g. gold) surfaces [23]. The simpler mased transport
based on evaporation-condensation at the surface of other metals (e.g. magnesium) is not considered herein. More details on the
physical background of thermal grooving can be found in [24].

The direct problem (1.4) consists of obtaining the thermal grooving profile u(x,7) when the source terms and initial status are
specified. In contrast, the inverse source problem consists of obtaining both u(x, ) and the time-dependent source term f(z) in (1.4)
from the integral observation of the mass/energy of the system, given by

1
/ wo(x)u(x,dx =y(t), te(0,T), (1.5)
0

where w(x) is a given weight function. Such non-local mass/energy specification was previously considered in many studies in heat
transfer for the parabolic heat equation [25-29]. Of course, one cannot identify the most general source F(x,¢) in (1.4) from the time-
dependent measurement (1.5) since we can always add the function ii(x, ) = tx>(1 — x)? cos(zx)/w(x), (assuming C*[0,1] 3 w(x) # 0
for all x € [0, 1]) to u(x,r) and obtain a new solution (u(x,t) + i(x, 1), F(x,t) + i,(x, 1) + f (x, 1)) to (1.4) and (1.5).

In this paper, the significant contribution to the literature is that we fully solve in terms of both theory and numerics the newly
formulated inverse source problem given by Egs. (1.4) and (1.5). This problem needs to be solved in order to identify the unknown
internal forces acting on a heated polycrystal and understand better the thermal grooving formation. Based on the arguments
in [6,30], we investigate the existence and uniqueness of the solution using the contraction mapping theorem. Afterwards, the
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continuous dependence of f(f) on the measurement and input data (1.5) is proved and a stability estimate is established. Some
alternative arguments are also possible based on the semi-group theory [30] for the fourth-order linear partial differential operator
0; + Oy xx defined in (1.4).

We next consider the numerical determination of the unknown source term f(¢) from the integral observation (1.5). The time-
discrete method [31] is introduced to obtain the unknown source term. We first obtain error estimates for this method for exact
measured data. Then, using the cubic spline function method [32], error estimates for noisy data are also obtained. As a second
method, the conjugate gradient method (CGM) is developed for minimizing the Tikhonov regularization functional in order to obtain
a stable solution to the linear but ill-posed inverse source problem. We finally mention that although, due to physical considerations,
the models given in Egs. (1.2)—-(1.4) are one-dimensional in space, mathematically they also make sense in higher dimensions
and some of the techniques developed in this paper are extendable to these situations; furthermore the unknown coefficients a(r),
p(t) or f(¢) in (1.2)-(1.4) are time-dependent only and therefore their identifications are, in principle, not affected by the space
multi-dimensionality.

The paper is organized as follows: the well-posedness of the inverse problem (1.4) and (1.5) is investigated in Section 2. The
time-discrete method is presented in Section 3 with its error estimate. The minimizer of the objective functional is utilized to
approximate its solution in Section 4, and the CGM is established based on the Fréchet derivative. Then two numerical examples
are considered in Section 5. Finally, Section 6 highlights the conclusions of this paper.

2. Mathematical analysis
Denote V := H*©0,1)n Hy(0,1) and W := {w € H*0,1) | w(0) = w(l) = w"(0) = w'" (1) = 0}.
2.1. Direct problem

Using [33, Proposition 2.1] we obtain the following theorem giving the well-posedness of the direct problem (1.4).

Theorem 2.1. Let f € L*(0,T), g € L®(0,T; L*(0, 1)) and h € L*(Q7).
() If ¢ € L*(0, 1), then the direct problem (1.4) has a unique solution u € C([0,T]; L?(0,1)) n L%(0,T; V) =: V. Moreover, there exists
C = C(T) > 0 such that

lleell oo 0,7 120, 19L200.1:7) < € <||fg +hll 2, + ||¢||L2(o,|)> . (2.1)

(i) If ¢ € V, then the direct problem (1.4) has a unique solution u € C([0,T1; V) n L*(0,T; W). Moreover, there exists C = C(T) > 0 such
that

lell w0z 20wy < € (178 + hll 2oy + Il ). 2.2)

Remark 2.1. Theorem 2.1 for the problem (1.4) with homogeneous boundary conditions can be extended to the problem with
inhomogeneous boundary conditions given by

U+ = fOgx, 1)+ h(x,t) =: F(x,1), (x,1) € Or,

u@©,) = py (), u(l,1) = ), 1€ 0,7), 2.3)
U (0,0) = p3 (1), uy (1,1) = puy (o), 1€ (0,7),
u(x,0) = ¢(x), x € (0,1),

where (W), _17 are the boundary data.

Theorem 2.2. Letting the assumptions of Theorem 2.1 be satisfied along with ¢ € L*(0, 1), and supposing that u;, € H'(0,T) for i = 1,4,
then there exists a unique solution u € C([0,T]; L*(0,1)) n L*(0, T; H*(0, 1)) =: V to the direct problem (2.3), which moreover satisfies the
following estimate:

||u||Loo(o,T;L2(0,1))n1_2(0,T;H2(0,1)) <C (”fg + h”Ll(QT) + ||¢”L2(0,1) + 1y o, M3,ll4)||[Hl(0,T)]4) . 2.9

Proof. We extend the proof of [33, Proposition 2.4]. Consider the auxiliary (or lifting, or satisfier) function

3 2 3
p(x,1) 1= (1= )y (1) + xpup (1) + <—% +5 - §> p3(0) + (% - g) Ha (D), (2.5)

which satisfies the boundary conditions of the problem (2.3). Defining

vizu—p, LX0,1)3 ¢ :=¢—p(kx,0), L*Qr)>F :=F-y, (2.6)
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problem (2.3) recasts as

U+ Uy = F1(x, 1), (x,1) € Or,
w0, =0, u(l,1)=0, t€(0,7),
2.7)
U (0,0)=0, u, (1,0=0, 1€0,7),
u(x,0) = p(x), x € (0,1).
From part (i) of Theorem 2.1 it follows that the direct problem (2.7) has a unique solution v € C([0, T]; L*(0, 1))n L*(0,T; V), which
satisfies
loll oo o.7: 2201220139y < € (”Fl 20, + ||(/’||L2(0,1)) - (2.8)
Since y satisfies the inhomogeneous boundary conditions in (2.3), it follows that v + p = u € C([0, T]; L*(0, 1)) n L*(0,T; H?(0, 1)) is
a solution to problem (2.3). Now, because of the continuous injection H'(0,T) < L®(0,T), it can be obtained that
[IF; ”LZ(QT) <C (“F”]_Z(QT) + 1y o, Il37ll4)||[H1(o,T)]4) >
”(P”LZ(OJ) <C (”¢”L2(0.1) + Cuys pa, 143»I44)||[H1(0,T)J4) s

which combined with (2.8) yield (2.4). Finally, inequality (2.1) and the linearity of the problem yields the uniqueness of solution. []
2.2. Inverse problem

The existence and uniqueness of the solution to the inverse problem given by Egs. (1.4) and (1.5) can be obtained under the
following conditions:

@ weWw;

(b) w € H'(0,T) satisfies the compatibility condition fo] w(x)p(x)dx = y(0);

(c) there exists a positive constant g, satisfying ‘ /01 w(x)g(x, t)dx’ > gy >0forallre(0,7).

Theorem 2.3. Suppose conditions (a)-(c) and the assumptions of Theorem 2.1 hold, and that ¢ € L*(0,1). Then, there exists a unique
solution (u, f) € V x L2(0,T) to the inverse problem given by Egs. (1.4) and (1.5). Moreover, f depends continuously upon the observation
y(1) and the input data h(x,t) and ¢(x), and satisfies the estimate

K o £"T"?
”f”LZ((),T) < — Z

—, 2.9
g & ()12 2.9

where K and « are two positive constants explicitly given by

K= (T”w”””LZ((),]) + ”w”LZ(o,]))”h”LZ(QT) + ﬁ”w””||L2(o,])||¢||L2((),]) + ”W”HI((),T)s

T
k= ——lIgll oo 10" Il 20.1)-
@ ©p o)

Proof. Multiplying the first equation in (1.4) by w(x), integrating the result over [0, 1] and using the homogeneous boundary
conditions and conditions (a) and (b), we obtain

1
o) = % ( /0 " (u(x, Ndx + v (1) - H(t)> (2.10)
where
1 1
Gt = / w(x)g(x,)dt, H({) = / w(x)h(x,t)dx. (2.11)
0 0

The approach of transferring derivatives to the weight function ® in (1.5) originates back to [30] and it has been used elsewhere
in [34,35].
Based on (2.11), let us introduce the operator A : L*(0,T) — L?(0,T) by the formula

1 ! " ’
AD = 5 ( /0 " u(f)dx + ' (1) - H<r>>, 2.12)

where u = u(f) € V is the unique solution of the direct problem (1.4) for a given f € L?*(0,T), which implies that (2.10) can be
written as the following fixed point operator equation:

S =AW (2.13)
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We now prove that there exists a positive integer n, for which the operator 4™ is a contraction operator on L?(0,T). For this,
let f®, @ e L2(0,T), and let uV(x, 1), u®(x,t) be the solutions to the direct problem (1.4) corresponding to f(V, f® | respectively.
Then, the differences w(x, ) := uV(x,1) —u@(x,1) and F(t) := fD(t) — f@(r) satisfy the following problem:

Wy + Wyxxx = Fg(x,1), (x,1) € QT’
w(0,1) =w(l,1) =w,(0,1) =w,(1,1)=0, t€(0,T), (2.14)
w(x,0) =0, x € (0,1).

By part (i) of Theorem 2.1, there exists a unique solution w(x,t) € V to the problem (2.14). Multiplying the first equation in (2.14)
by w(x, 1), and integrating the result over (0, 1), we have

1
EEHW( T)||L2(0 T lwyy (-, f)lle(0 b /0 F(ng(x, w(x,Ndx < |[FOUEC DIl 20, lwC. Dll 20,1y, T €10, T], (2.15)
which implies that

d
E”W('J)”LZ(QU < |F(t)|||g("t)”L2(ov1)a te[0,T].

This inequality yields that

Consequently, for any ¢ € [0, T], using (2.16), we obtain

‘
||w(-,t)||Lz(0’1) < ”g”Lm(o,T;LZ(o,]))/O |F()ldz, t€[0,T]. (2.16)
t 1 1
lAGFD) = A(f(z))||L2(O,z) = </ ‘m/ "™ ()w(x, T)dx

5 1/2
dr>
! P 1/2 /2
< gnw””lle(o,n (/0 ||W(~,T)||iz(0,l)dr> <k </ ||F||L2(0 5 ) <k VD = £ Pl 20 (2.17)

Then, for any n € N*, using mathematical induction and (2.17), we can obtain that

" u ZnTn 1/2
147 D) = A" U 207y < <K—> 15V = £l 2o (2.18)

n!

where the origin of ! in the denominator of (2.17) comes from integrating #"~! /(n — 1)! from 0 to ¢, in the induction process. Since
there exists a positive integer n, such that

KZ"()T"O

<1, (2.19)
ny!

this yields that the operator A" is a contraction operator on L%(0,T). Then the operator .A™ has a unique fixed point f € L*(0,T).
From this and using that A™(A(f)) = A™*(f) = A(A™(f)) = A(f), it follows that A(f) = f, hence has the fixed point f.
Uniqueness of this fixed point also follows immediately.

For any initial guess f* € L?(0,T), we can use the method of successive approximations given by f"*! = A(f") for n € N. We
rewrite n as n = mny+n; and 0 < n; < ny— 1 is an integer, then m — oo implies that n — co. Using A" (f) = f, (2.18) and (2.19) we
get

||fn f”LZ(()T) ||fm"0+"] - f||L2(() T) = ||A(fmn0+nl_l Ano(f)”LZ((),T)

K210 "0

1/2
= = ||Ano(f(m—l)no+n1) — Ano(f)”Lz(O,T) < ( > ||f(m—1)no+n1 — f”LZ(O,T)

2nyn m/2

K=" T"o

S"'S( P > ™ = fllzory =0, m— oo,
0!

which means the sequence {f"},cy converges to f in the L?-norm, and f € L?(0,T) is the solution to the inverse problem given
by Egs. (1.4) and (1.5). Choosing f° = 0 and using that " = A"(f°), we obtain

1/ 20,1 =nllglo " - f0||L2(o,T) = nlg{.lo A - f0||Lz(0,7-)
= lim LA/ = A"+ AU = AT + o+ A = Ol

2n ™

<Z||A" A = A O ) < Z(

—Z(K T ) LAO) 207 (2.20)

> 142 = £l 20
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Multiplying the first equation of (1.4) by u(0) (denoting the solution of (1.4) with f = f© = 0), and integrating over [0, 1], we have
1d
3 21O )+ s O DI ) S WA DI 200 1O Dl 20, 1 € 10T, (2.21)
which yields that
d
E”“(O)('J)”LZ(O,]) < NAC Dl 201), tEIO,TI
By the initial data in (1.4), we have
||“(0)('J)||L2(0,1) < \/;”h”LZ(o,;;LZ(o,[)) + ||¢||L2(0,1)’ te€[0,T].

Thus, we obtain

(Ol 200,y < TRl 200, + \/;||¢||L2(0,1)~ (2.22)

From (2.11), (2.12), (2.22) and condition (c), and using the triangle inequality, we have

1
1
LAO 20, <A /(MWwwa 1 Lz + I N2
g0 \ll/o 1207)

1 K
Sg— (||a)ml||L2(0,1)||u(0)||L2(QT) +llwllgior) + ||(U||L2(o,1)||h||L2(QT)) = o (2.23)
0 0

Hence, (2.20) and (2.23) yield the estimate (2.9). It is easy to check using the ratio test that the series in the right-hand side of
(2.9) is absolutely convergent.

Finally, we consider the continuous dependence of f upon the integral observation y(r), and the input data h(x,7) and ¢(x). Let
@D(x,1), fO(t)) € V x L*(0,T) for i = 1,2 be the solutions of the following two inverse problems:

u D = fONgx 1) + O (x, 1), (x.1) € Or,
u®0,1) = u®(1,0 = u0,0 =ull(1,0 =0, 1€ 0,T),
1 . ) (2.24)
uD(x,0) = ¢ (x), x €(0,1),
J @u®(x, ndx = D), 1€ 0,T).

Then, the difference u(x, ) := uV(x, 1) — u®(x, 1) satisfies the problem

U+t = (SO0 = fAeg(x,0) + BV x, 1) = 'P(x,1),  (x,1) € O,

u(0,) =u(l,t) =u, (0,1) =u, (1,1) =0, te€(0,7),

(2.25)
u(x, 0) = M (x) - p?(x), x€(0,1),
/01 w(xux, Ndx = yD@) —yD@), t € (0,7).

Using the estimate (2.9), we obtain
s KnTn/Z

n=0 (n!)l/Z |

Kl
”f(l) - f(z)”LZ((),T) < —
80

where

K, :=(T||CUHN||L2(0,1) + ||w||L2(0,1))||h(1) - h(z)”LZ(QT) + \/;HWHHHLZ(OJ)“‘ﬁ“) - ¢(2)||L2(0,1) + [l - W(2)||H1(0,T)~
This inequality implies the continuous dependence of f upon the measurement y(¢), and the input data h(x,7) and ¢(x). The proof

of the theorem is complete. []

Theorem 2.4. Let the conditions in Theorem 2.1 hold and ¢ € L?(0,1). Let also the conditions (b) and (c) hold and w € V. Suppose
finally that

T
K= g_”“’””L2(o,1)||g||L°°(0,T;L2(0,1)) <l (2.26)
0
Then, there exists a unique solution (u, f) € V x L*(0,T) to the inverse problem given by Egs. (1.4) and (1.5). Moreover, f depends
continuously upon the observation y(t), and the input data h(x,t) and ¢(x), and satisfies the estimate

eT/2||w||Hz(0’1)l€ + ||W||H1(0,T)
(1-£)go

1A L2(0.T) < , 2.27)

where K = ||hll 120, + 181l 12¢0.1)-
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Proof. Multiplying the first equation in (1.4) by w(x), and integrating the result over [0, 1] using the homogeneous boundary
conditions, w(0) = w(1) = 0 and condition (b), we obtain

1
)= —— / o (O, (x, dx +y' (1) — H(1) (2.28)
G\ Jo
where G(r) and H (t) are given by (2.11). This implies the following operator equation:
f=B(), (2.29)
where B : L*(0,T) — L2(0,T) is the operator defined as
1
B(f) = —— / @ (i (f)dx + ' (1) = H{1) ). (2.30)
G@) 0

By using similar arguments as in the proof of Theorem 2.3, let u"(x,t) and u®(x,1) € V be the solutions to the direct problem
(1.4) corresponding to the sources /(1 and f® e L%(0,T), respectively. Then, w(x,t) = uD(x,1) —u®P(x,t) and F(t) = fD @) - f@()
satisfy the problem (2.14). Applying (2.15), we have

||wxx||L2(QT) < ﬁ”F”LZ(o,T)||g||Lco(0,T;L2(o,1))~

Hence, the above estimate and (2.30) yield that

1
% /0 @ (x)w,, (x, dx

Then, the condition (2.26) implies that /3 is a contraction operator on L?(0,T), which has a unique fixed point, i.e., the inverse
problem given by Egs. (1.4) and (1.5) has a unique solution (u, f) € ¥ x L*(0, T). Meanwhile, for any f° € L2(0,T), the solution f
can be approximated by the successive approximations given by f™*! = B(f™") for n € N, and the sequence {f"},cy converges to f
in L2(0,7T). Using the condition (2.26), applying the method used in (2.20) and (2.31), and taking f 0 = (, we can obtain that

. ) 1/2
1 -
”B(f(l)) - B(f(z))”LZ(o,T) = (/0 dt) < g ||w”||L2((),])||Wxx”LZ(QT) < K”f(l) - f(z)”LZ((),T)- (2.31)

0
. 1
||f||L2(0,T) < Z Kn”B(O)”LZ(o,T) = EHB(O)”LZ((),T)- (2.32)
n=0

Multiplying the first equation of (1.4) by u(0) and integrating over [0, 1], we have

1d DI DI 1
5 7, 14Ol + [ O)C, D] <

2 1 2
120.0) 2on <3 lAC, DI + 5”“(0)(',1)” t€[0,T]. (2.33)

L2(0,1) L2(0,1)°

Applying the Gronwall’s inequality and integrating over [0, 7] we obtain

2 T 2 2 T 2
(OISR (P T N R < 2.39)

Also, integrating (2.33) with respect to time and using (2.34) we obtain

1
llu I <3

1 _ _
P20 < 2||h||2 ~eTR? < eTR2. (2.35)

L%(Qr) + 2

Consequently, we have

1
1
IBO 201 <2~ (H/O @ (x)uy (0)d x + 1w ll 20 + ||H||L2(0.T)>
0

L2(0,T)

1
Sg— (”CU”||L2(O,])||”xx(0)”LZ(QT) + ”‘I/”Hl((),T) + ||w||L2((),|)”h”L2(QT))
0

1 -

<o (Pl K + Wllmon) - (2.36)
0

The estimate (2.27) can now be derived from (2.32) and (2.36). In addition, the continuous dependence of f(¢) upon w(t), h(x,1)

and ¢(x) can be verified by applying the analogous arguments utilized in Theorem 2.3, and the proof is complete. []

Remark 2.2. Theorem 2.3 gives that the inverse problem given by Egs. (1.4) and (1.5) is well-posed globally under the hypotheses
(a)-(c) and conditions of Theorem 2.1, whilst Theorem 2.4, due to the restrictive condition (2.26), ensures only the local well-

%
117 .1 1817 o 07220
globally under the conditions of Theorem 2.4 without the assumption (2.26), as given and proved in the following theorem.

posedness, i.e. for 0 < T < T* := . However, the unique solution to Egs. (1.4) and (1.5) actually holds

Theorem 2.5. Let the assumptions in Theorem 2.4 hold except for (2.26). Then, there exists a unique solution (u, f) € ¥ X L*(0,T) to
the inverse problem given by Egs. (1.4) and (1.5).



K. Cao and D. Lesnic Journal of Computational and Applied Mathematics 444 (2024) 115789

Proof. From Remark 2.2 we only need to consider the case T* < T. Taking
2 2
«_ T & &

= = <
4 12 2 - 7112 2
4o ”LZ(O,I)||g||L°°(0,T;L2(0,1)) 4o ”L2(0,1)”g”L""(O,l*;LZ(O,l))

5

then by using the same method applied above in Theorem 2.4, we have

2 N\ 1/2
d,)

Vi 1
SE||w"||L2(0,1)||g||Lw(0,z*;L2(o,1))||f(l) - f(z)”]_l(o,t*) < 5 ||f(1) - f(2)||L2(0,;*)7

123 1
1B = BUD) 200y = < /0 % /O @ (X)w, (F)(x, )dx

and thus there exists a unique solution to the inverse problem given by Egs. (1.4) and (1.5) for 0 < 7 < t*. Next, for ¢ > *, we
consider the inverse problem on the time interval (¢*,2r*) with the initial data ¢(x) = u(x, t*), since ¢* is independent of ¢(x). Hence,
analogous arguments imply that the solution to the inverse problem given by Egs. (1.4) and (1.5) exists uniquely for * < < 2¢*.
Repeating the above method a finite number of times [T /r*] + 1, we conclude that the inverse problem has a unique solution in

0.7). O

We now consider the inverse problem (2.3) with inhomogeneous boundary conditions to recover f(¢) from the given integral
observation (1.5). Using (2.5), (2.6) and the notations

1
hi=h—p, —poe ¥ i=y-— / w(x)p(x,t)dx,
0

the inverse problem given by Egs. (1.5) and (2.3) is transformed into the inverse problem of determining (v, /) with homogeneous
boundary data given by

Up + Ugxx = fDglx, 1)+ il(x, 1), (x,1) € QT’
v(0,) = v(1,0) = 0, (0, = v, (1,LN =0, 1€(0,T), (2.37)
v(x,0) = p(x), x € (0,1),

and the integral observation

1
/ o(x)v(x,)dx =¥ (), te€,T). (2.38)
0

Remark 2.3. For the inverse problem given by Egs. (1.5) and (2.3), using the result for the direct problem in Theorem 2.2 and
applying the approach used in the proof of Theorem 2.3, we can obtain the following well-posedness results.

Theorem 2.6. Suppose conditions (a)—(c) and the assumptions of Theorem 2.2 hold. Then, the inverse problem given by Egs. (1.5) and
(2.3) has a unique solution (u, f) € V x L*(0,T). Moreover, f depends continuously upon the observation y(t), and the input data h(x, 1),
u;(0) for i = 1,4, and ¢(x), and satisfies the estimate:

K, & /2
”f”LZ((),T) < - Z

) 2.39
g & ()2 (2.39)

where K, =K+ ||wml||L2(0,1)”(lll’Hza143,144)”[111(0,T)J4-
Theorem 2.7. Let the assumptions of Theorem 2.2 hold. Let also the conditions (b) and (c) hold, w € V and (2.26) be satisfied. Then,

there exists a unique solution (u, f) € ¥ x L%(0,T) to the inverse problem given by Egs. (1.5) and (2.3). Moreover, f depends continuously
upon the observation y (), and the input data h(x, 1), u;(t) for i = 1,4, and ¢(x), and satisfies the estimate

eT/2||a)||Hz(0_l)I€” + vl giom
(I -K)go

1AM 207y < > (2.40)

and 1%” = K + ||(uy» o H3s )l g1 .1y Furthermore, as in Theorem 2.5, the existence and uniqueness also hold globally without the
restriction (2.26).

From Theorems 2.3-2.7, we can see that the well-posed solution to the inverse problem given by Egs. (1.4) and (1.5) can be
obtained if y € H'(0, 1), and under such condition, the unknown source term f(¢) can be calculated directly by using the formulation
(2.10) or (2.28). However, the integral measurement y in (1.5) contains noise such that the noisy data w¢ € L?(0, T) satisfies

[ly — U/€||L2(0$T) <e, (2.41)

where € > 0 represents the level of noise. The differentiation of the noisy measurement ¢ is mildly ill-posed, i.e. small perturbations
in the measured data can produce large effects on its derivative, which indicates that the formulation (2.10) or (2.28) cannot
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be applied to numerically obtain f(r) directly. Therefore, when y is replaced by its noisy measurement y¢, the time-discrete
approximation along with the cubic spline function method [32] (Section 3), and the well-known Tikhonov regularization method
together with the conjugate gradient method (CGM) (Section 4), will be employed to numerically obtain a stable approximation of
the unknown source term f ().

3. Time-discrete approximation in case g(x,t) = g(x)

Divide the time interval [0, 7] into a uniform grid ¢, = (k—1)4t for k = LK. K, with a time-step A4t = — and 2 < K € N time steps.
Under the assumption (a) on the weight function @ € W and using (2.10), the unknown source term f () in the inverse problem
given by Egs. (1.4) and (1.5) with the space-dependent source component g(x,t) = g(x) can be approximated by the following
time-discrete scheme:

Jo @ ¢ + '~ fy wlon' wx
/0 w(x)g(x)dx
Jih o k= (x)dx + (' = [ oGoRk(x)dx

fl=

ft= : . k=2K, 3.1)
fo w(x)g(x)dx
where f* 1= f(t,), uF(x) 1= u(x, 1), ul (x) = p(x), (W* =y’ (t,), H*(x) := h(x,t,) and the function u*(x) solves the problem:
5u +uxxxx—fkg+hk, k= ﬁ,
N (3.2)
uk(0) =k () =u* () =uk 1)=0, k=2,K

k_uk—l

where §,u* "
The well- posedness of the system (3.1) and (3.2) is given in the following two lemmas.

Lemma 3.1. Suppose that ¢ € L>(0,1), g € L*(0,1), h € C(0,T; L*0,1)), w € C'(0,T), w € W and /0' w(x)g(x)dx # 0. Then, there
exists a unique function pair (u*, f¥) € V x R satisfying (3.1) and (3.2).

Proof. For the fourth-order elliptic problem (3.2), its variational formulation can be obtained by using Green’s theorem,

1 1 1 1
a@k, y) = i/ uk;(dx+/ uix)(xxdx= L uk_l)(dx+/ (ffg +h)ydx =: Fr(p),
At Jo 0 At o 0
for any y € V. Clearly, a(u, y) is bilinear and

la(u, Y)| < A_l”u”Lz(O I)”)(”LZ(O i) + ||Uxx||L7(0 l)ll}(xx”LZ(O 1 < C”””v||}(||v7

2
a(u,u) = ||u|| + gl 2 Cllully,.

L2(0,1) L20.1) =

Hence a(-,-) is a b111near, continuous and coercive functional on V. We also have
17Ol < € (1 2oy + LT+ D) xlly. k=2.K,
Iff<c (”W”cl(();r) + Iluk’llle(O,l) + 1) , k=2K,

and F,(-) is a linear functional on V.

For k = 2, it is easy to find that |f?| is bounded, which implies the unique existence of u?(x) € V due to the Lax-Milgram
theorem. Using the above arguments with recursion for k = 3, K, we can obtain the boundness of f, i.e. /% € R, and the unique
existence of u¥(x) € V to (3.1) and (3.2). []

As in [34], we obtain the following lemma.

Lemma 3.2. Let the assumptions of Lemma 3.1 hold. Assume further that ¢ € V. Then there exist positive constants C and At such that
for any At < Aty and j =2, K,

_ k=1 k
/m;x llu? ||L2(01)+2||u u IIL2<01>+AIZIluxxlle(m) < (33)
J k 1
Atleéu ||L2(0U+ max [l ||L2(01)+k22||u” B € (3.4)
max |f/]> < C. (3.5)
j=2.K
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Proof. Multiplying by uX At the first equation in (3.2) and integrating over [0, 1], we have

1 1
/ W =Nk dx + Atk 1%, / (ffg+nykdxar, k=2,
0 L2on -~ J,
For every j =2, K, we sum the above result up for k = ﬂ and have
J 1 J J 1
k_  k=1y, k k k Ky, k
2/(14 —uk My dx+At2||uxX||L2(01) AtZ/(f g+ houkdx.
k=270 k=2 k=270
Using Abel’s lemma, we have

— =k _l J _ k=1
/(u W udx 2(nu oo, - ||¢||L2(01)+Z||u u ||L2(01)>

Young’s inequality implies that

J 1 J
k Ky k 1 k
;2/0 (g +nuhdx) < 2 3 (17C 181, + AR 120 ) + ZMu [

k=2

Thus, we have

i ;
k-1 k q
(1 —CAt)||u/||L2(01)+Z||u —u ||L2(01)+Atk25||uXX||Lz(Ol)_ <1+A12|f +AtZ||u ||L2(m)> (3.6)
where C is a positive constant dependent on g, & and ¢. Choosing Ar < Aty = — >0, then 1 — CAr > 1 — C4At;, > 0 and

j
j k=1 k2
e ||L2(01)+Z e = + Z (AN
ca w o Lo
_ -1 k
SI—CAtokZ; llu ||L2(01)+Z||u u ||L2(01)+mz||uxx||L2(01) e 1+Ath;|f I“).
The discrete Gronwall lemma implies that

J
_ k=1 ko2
,mf" 11 50, + Z i =M g + A Z 1 0 20

Jj—=1

Z k C2At T %C‘ 2 Z k i k2
[f*] —e' 0 T+4t ) |f*|" ) <C+Car ) | f7
CAt0 — C4ty)? = k=2
CT
where C| = <% + %e 1-Carg ) > 0 depends on g, h, ¢, w and T. From (3.1), (3.3) and the above inequality, we get
- 0 - 0

j—-1
J Jj=1)12 k)2
P e (1+10 2, ) S C+Car Y 175

which yields (3.5) by using the discrete Gronwall lemma. Consequently, (3.3) can be derived.
Multiplying (3.2) by 6,u*At and using integration by parts, we have

J J
k2 k 1 k k k
Atkzzllé,u ||L2(0!1)+k§2/ Wk Wk - )dx—Atz / (fFg + hysubdx,

and, via similar arguments, we get

J 1 j
Kk _ g Ngx = L J " k-l
Z; /0 G, — >dx_2<||u o~ 16 ||L2(01)+]§||uxx ||L2(01>)

10
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and
J

J
1 k(20112 2 1 k)2
< E,Z;('f 18122 04, + 1012 120y ) + 5;2”5,“ 13201

J 1
D / (f*g + n*)sukdx
k=270

Hence, the estimate (3.4) can be derived by using the discrete Gronwall inequality. The proof is complete. []

Based on Lemma 3.2, we can obtain an approximation for the time-dependent source, as given by Theorem 3.1. For this, let us
first define piecewisely the following functions:

ug(x,1) =10 + (t — 1 DSk (), t€ (ty_phti ], k=2,K,
g =ukx), te@_.ul, k=2K
and
fol o (x)ig (x,t — At)dx + V—/I’( ) — /01 o(x)hg(x, t)dx
Jo @x)g(0dx

where g (t) and hg(x,t) are defined by

fx@® =

, te(0,T], 3.7)

FxO) =w(0), Px® =y, t€W_.t], k=2K,

hg(x,0) = h(x,0), hg(x,t)=h(x, 1), t€t_,t;l, k=2,K.

Then, we have that

{ Jo ) (e, D 7 ()dx + fy () (6.0 2" ()dx = [ (Fx (g () + Ry (x. 1) z()dx, 1€ (O,T], Yy €V, 3.8

ug(x,0) = ¢(x), x€(0,1).

Theorem 3.1. Let the assumptions of Lemma 3.2 hold. Assume further that h € H'(0,T; L*(0,1)) and w € H?(0,T). Then there exist
positive constants C and At such that for any At < At

T
/ |/ = £ dt < CAr. (3.9)
0

Proof. Subtracting (2.10) from (3.7), we have

/01 " (x) iy (x, 1 = A — u(x, )dx + (. (1) — v/ (1) — fol o(x)(hg(x, 1) — h(x,1)dx
Jo @x)g(dx
Since w € H*(0,1) and h € H'(0,T; L*(0, 1)), we have
Tk
/ w"()d¢

' ) K oty
[wo-veri<y [
0 k=27 1k
t r 5 K fr_1
/ ae <C [ gt =0l drsC Y [
k=2“1k

2
For the first term of the right-hand side of (3.10), we obtain

fxk@®—f@= (3.10)

2
dr < C4t,

2

dr < CAt.
L2(0,1)

1
/ w(x)(l_'LK (x,7) — h(x,7))dx
0

Tk
/ hed{

1
/ a)””(x)(IZK (x,1) — u(x,1)dx
0

< +

B

1 1
/ """ (x) (g (x,t — At) — u(x, t))dx / """ (x) (g (x,t — At) — dig (x, 1))dx
0 0

and (3.4) yields

/

t 1
/ ‘/ w""(x)(ﬁK(x, 7) —u(x,1)dx
0 0

Therefore, we obtain that

2

t K
dr<C /0 lax(or = 40 =g (ol d7 < CAD® Y 16815, Ar < C(An?,
k=2

1
/ a)""(x)(IZK(x, T — At) —iig(x,7))dx
0

and

2 , :
dr < C/ a7 - “("T)HZLZ(O,U dr<C <(A’)2 +/ flux - “||iz<o,1> dT) :
0 0

1 1
[ o= rofar<c <Ar+ JAE T dr>. (3.1D)
For any y € V, the problem (1.4) with g(x, ) = g(x) satisfies the following identity:

{ Jo u e D x(dx + [ ug e 0 " (dx = [ (f(0g(x) + h(x,0)x(x)dx, 1€ (0,T],

(3.12)
u(x,0) = ¢(x), x €(0,1).

11
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For each frozen 1 € (0,T], we take y(x) = ug(x,) —u(x,?) in (3.8) and (3.12), subtract, unfreeze ¢ and integrate with respect to ¢
over (0, 0) with 6 € (0,T], to obtain

0 1 0
/ / [uK(x,t)—u(x,t)],[uK(x,t)—u(x,t)]dxdt+/ II[MK(-,I)—u(-,t)]xxlliz(m)dt
0 Jo 0 ?
0 1 0 1
=/ / [fK(t)—f(t)]g(x)[u,((x,t)—u(x,t)]dxdt+/ / [y (e, 1) = hx, D][ug (x, 1) — u(x, H]dxdt
0 Jo 0 Jo

6 1
- / / g (x, 1) — g (e, D] [ (s 1) = ux, D], dxdt. (3.13)
0 0

It is obvious that

0 r1
/0 /0 [ug (x, 1) — u(x, D], [ug (x, 1) — u(x, H]dxdt = % |lug . 6) = u(-, Q)Hil(o,l) .

Using (3.11) and Young inequality, we have

0 rl
'/ /[fx(f)—f(t)]g(X)[uK(x,f)—u(x,l)]dxdt

<C</ P = £ dr+/ i) = DI d ) (Ar+/ g 1) = a0l ) (3.14)

and similarly,
<C<At+/ lug o) = uC DI g d )

For the third term in the right-hand side of (3.13), the Young and Cauchy inequalities and the estimate (3.4) imply that

/ / [hK(x 1) — h(x,)][ug(x,t) — u(x,t)]dxdt

6 rl
'/ /[ﬁK(x,t)—uK(x,t)]xx[uK(x,t)—u(x,l)]xxdxdt

Cc 0
¢ / Mg 1) = Dl i+ / Mg ) = D2 1 < St /0 g 1) = DLl

for any ¢ > 0. Hence, (3.13) becomes

0
o 0) =00, + [ M) =01l

<= (At+/ lug . 1) — u(-, l)||L2(01)dT>+6/ Mg (1) = u, t)]XX”L2(01)
This yields that

. <
02&’}]”“[{(’9) u(-, 9)|IL2(O])_CAt

by applying the Gronwall inequality and taking € = 1. Meanwhile, from (3.11) this implies (3.9) and the proof of the theorem is
complete. []

3.1. The cubic spline method

As previously discussed at the end of Section 2, we actually need to recover f(r) from the noisy data y¢. The conventional
finite-difference scheme to compute the derivative of y¢ can only be applied for exact data y or when ¢ is very small, due to the
ill-posed process of numerical differentiating the noisy w*. In order to obtain a stable derivative of the measured data ¢, the cubic
spline function method [32] is employed. The natural cubic spline function s(¢) is constructed as follows:

(i) s(7) is a twice differentiable natural cubic spline of time mesh grid 7,:

s(tet) = st—), St =5'@-), "G+ =5"@t-), k=2,K-1,

where s(7,+) = lim,_,;_, s(t) and s(r,—) = lim,_,, _ s(®);
(i) s (0) = s"(T) = 0;
(iii) The third-order derivative of s(¢) at the time instant ¢ = ¢, satisfies the following conditions:

/l/

(ty+) =" (1) = %(wg(tk) —s(t), k=2,K-1,

where « > 0 is a regularization parameter.

Lemma 3.3 ([32, Theorem 2.5]). Suppose that y and y¢ € L®(0,T) satisfy |ly¢ — y |l =) < €. Suppose further that y € H%0,T).
Then, the function s(t) obtained by the above process (i)—(iii) satisfies the following estimates:

1/4 At al/? 2¢
lIs" = v/l 20 < (2At +aallt 4 ;) 5" 2 + 415 + =22, (3.15)

12
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With the choice a = €2, the estimate (3.15) yields

lIs" = v'll 20 < <2At +a/e+ ;’) 15"l 20y + Af +2y/€ = Ot + /@), (3.16)

Therefore, the unknown quantity f(f) can be determined from the cubic spline s(f) generated above from y*¢. Also, the system
(3.1) and (3.2) can be rewritten as:

fif o x)dx + () = [} o)k (x)dx

fl=
’ fol w(x)g(x)dx
1 _ 1
fhe Jo @ (xpuk l(x)iix+(s’)k - co(x)hk(x)dx’ KT 3.17)
Jo @()gx)dx
and the function u¥(x) solves the problem
S + (U)o = FEE() + A (), k= ? =.18)
ub(0) = b (1) = @), (0) = @h),,(1) =0, k=2,K,

k_, k=1 -
where 5,u* = & :: , ul(x) = ¢(x) and (s")* = 5'(1;). Like the definitions of functions f, uy and iy, we can define the functions

Fs> Uk, and i, in the same way, respectively. Similar to Theorem 3.1 we obtain the following theorem.

Theorem 3.2. Let the assumptions of Theorem 3.1 be satisfied and assume further that w € L*(0,T). Then choosing a = €2, there exist
positive constants C and At such that for any At < At,

T
/ |7k, = O dr < C(4t +e). (3.19)
0

Proof. Denoting by d* := ¥ — f*, wk(x) := u¥(x) — u*(x) and S* := (s')* — (w")¥, from (3.1), (3.2) and (3.17), (3.18), we have

L k-1 k
1 """ (X)W (x)dx + S _
d'= — S , d"=/0 . , k=2,K, (3.20)
Jo @(x)g(x)dx Jo @(x)g(x)dx
and
S,wk +wk = d*g(x), k=2,K,
XXXX (3.21)
wk(0) = wk(1) =wk (0)=w* (1)=0, k=2,K,
with w!(x) = 0. Applying the approaches used to prove Lemma 3.2, for every j = 2, K, we can establish that
k-1 k
/m;x [ A 2 llwk - w ||L2(01)+Ar2 1k, 1P ) < (3.22)
ko wk!
5, Z 1H 1 . A+ max (e +kz_:2 ik, = Wi, < € (3.23)
max |d/|* < C. (3.24)
J=2.K

We define functions w (x,t) and wg(x, 1) similarly to the definition of ug(x,7) and g (x, ). Then, (3.20) and (3.21) become

= Fet— Pty Ji @ g (x,1 — Anydx + S (1) (3.25)
N o « /01 w(x)g(x)dx | '

where Si () is defined by

Sx) =58' Sg) =80, tE€W_p.t) k=2,

and

{ S @, e g dx + fi (@) (s 1" ()dx = [, de(Ng(x)z(x)dx, 1€ (0,T], (3.26)

Wi (x,0) =0, x € (0,1),
for all y € V. For the right-hand side of (3.25), we have

[

2

1
nm
/O () (x,7 — A)dx dT<C/ log(, 7~ AI)IILZ(OI)

13
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<C/ g (-, 7) — wi(, ‘r)Ile(Ol)d‘r+C/ [lwg (-, T)lle(Ol)dr<C(Az)2+C/ [Jwg (-, ‘r)||L2(01) (3.27)

and the estimate (3.16) in Lemma 3.3 implies that

I3 I3 1
/0 ISg (D) dr < /0 Is'(x) — v/ (o) d + / |8k (@) = (' (®) ¢/ @) dr

t
= / Is'(0) = ' (@) dr+2 / ") = 5" @] = [ — ' @] de
k1

1 1
<C(@P +o)+ Z / < / ‘v + [ v
Th—1 T T

t t
/ |d_K(r)|2d‘r§C(At+e)+C/ lwg G Ol2, . dr. (3.28)
0 0 12(0,1)

>d1 < C(At+e).

Thus, we obtain

For each frozen t € (0, T1, we take y(x) = wg(x,1) in (3.26), unfreeze ¢ and integrate with respect to ¢ over (0,0) with 6 € (0,T1,
to obtain

/ / (1, D0 (3, Dl xdt + / N DI,

= / di (1) < / g(x)wK(x,t)dx>dt— / / (D — W) (6, D) (x, D xdt.
0 0 0 0

Clearly,

0 1
/ / (wK>,(x,z)wK(x,r>dxdr=1||wK<~,0)||2Lz(O,),

/(WK W) (X, (W) (x, d xdt

and (3.28) yields that

< Cat +/ ”(wk)xx(x t)||L2(0 D
0 1
/ 0] </ g(X)wg (x, t)dx) dt
0 0

0 0 0
7 2
<cC </ |dg ()] dt+/ ||w,<(.,r)||2Lz(0”dt> <C <At+e+/ ||wK(.,;)||2LQ(0”>.
0 0 ’ 0 ’
Hence, we obtain that

6
2
llwk (-, 9)||L2(01)§C<At+e+/0 ||wK(-,t)||L2(0’l)dt>,

and Gronwall inequality leads to

9
pmax llwg(, )IILZ(0 )

< C(4t +e).
Using (3.28), we immediately obtain (3.19), which concludes the proof of the theorem. []

The above theorem indicates that the time-discrete scheme (3.17) and (3.18) can be used to determine f(r). However, there are
some limitations of such method as we had to further assume that: (i) the data w € L®(0,T) n H%(0,T); (ii) the source term g is
time-independent; (iii) the time-step Ar should be small enough.

In order to solve the general inverse problem given by Egs. (1.4) and (1.5) under the more general conditions of Theorem 2.5,
the optimization method based on the CGM is developed in the next section.

4. Optimization method

In the context of Theorem 2.1, assuming ¢ € L>(0,1), g € L®(0,T; L*(0,1)) and h € L*(Q7), let V 3 u(x,t; f) (or u(f)) denote
the unique solution of the problem (1.4) for a particular function f(r) € L*(0,T). Then the inverse problem of recovering f(r) can
be reformulated as an operator equation given by

1
(@) = / wo(X)u(x,t; fdx =we@), te€][0,T], 4.1)
0

here ! maps L*(0,T) into L*(0,T). Note that the measurement w¢ may simulate the measured data at the point x = x, € (0, 1),
namely,

u(xg,t) = ye(), te€l0,T]. (4.2)

if we take w(x) = 6(x — x;), where §(-) is the Dirac delta function. However, since in this section the solution u to the direct problem
(1.4) is defined in the weak sense, the pointwise value of u(x(,?) does not make sense. Therefore, we consider the determination
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of the unknown source term f(¢) from (4.1) rather than from (4.2). Assume further that ® € V and that conditions (b) and (c)
are satisfied. Then, according to Theorem 2.5, there exists a unique solution (, f) € ¥ x L*(0,T) of the inverse problem given by
Egs. (1.4) and (1.5).

The Tikhonov regularization can be utilized to solve the operator Eq. (4.1). This is based on minimizing the objective functional
J : L*(0,T) » R, defined as:
2

1
[ ot pax =l die B, “3)

IO = Lt
() 1= 30D =+ 51 = 5

where # > 0 is the regularization parameter, and u(x, t) is the weak solution to the problem (1.4) satisfying the identity
1
- / un,dxdt + / Uy My cdxdt = / (fg+ h)ndxdt +/ d(x)n(x,0)dx, (4.49)
Or Or Or 0

for all 7 € H'(0,T; H*(0, 1)) with #],¢;0,4; = 0 and n|,; =0.
According to Theorem 2.1 and the estimate (2.1), for any f € L*(0,T), we have

||l(f)||L2(0,T) < ||w||L2(0_1)||“||L2(QT) < C”w”LZ(o,l) (”fg + h”LZ(QT) + ”¢”LZ(O.1)> .

In summary, the operator / : f /01 w(x)u(x,t; f)dx is linear and bounded from L2(0,T) to L%(0,T).
We next prove that the objective functional J(f) is Fréchet differentiable. For this, we introduce the adjoint problem given by:

Ayt Ay = 0(x) ( I} oou(x, Hdx — wf(z)) ., (0.0 €O
AQ0,1) = A(1,1) = 1,,(0,1) = A, (1,1) = 0, te(0,7), (4.5)
Aly=r =0, x €[0,1].

The problem (4.5) has a solution 4 € ¥V by Theorem 2.1, since @ € L*0,1), u € L*(Q0,T; H>(0,1)) < L*0,T;L®(0, 1)) and
we e L2(0,T).

Theorem 4.1. Let the assumptions of Theorem 2.5 hold. Then, the objective functional J(f) given by (4.3) is Fréchet differentiable, and
the Fréchet derivative at f € L*(0,T) is given by

1
J'(N =/ Alx,Dg(x,0)dx + p f, (4.6)
0
where 1 satisfies the adjoint problem (4.5). Moreover, the gradient J'(f) is Lipschitz continuous.

Proof. For f € L*(0,T) take any increment §f € L*(0,T) and denote éu := u(f +6f)—u(f). Then, éu satisfies the following problem:

(6u); + (61 yyxx = 0f (Dg(x, 1), (x,1) € O,
8u(0,1) = su(l, 1) = (51) . (0,1) = (6u) (1, =0, 1€ (©0,T), 4.7
Su(x,0) =0, x € 0,1,

Applying Theorem 2.1 it follows that the problem (4.7) has a unique solution éu € V. Multiplying (4.7) by éu and integrating over
(0, 1), we get

2 ouC D )+ 160D ) € SIBFORCDI, ) + S 16D, 1€ 10T

2(0.1) L2(01) -2

Then, Gronwall’s inequality implies that
”5’4”L2(QT) < eT/2||5fg||Lz(QT) < eT/z”‘Sf”LZ((),T)”g”Loo((),T;LZ(()_l))- 4.8)

Denoting 6J := J(f +6f)— J(f) and using (4.3), we have

T pl 1
6J =/ / w(x)ou(x,t) </ o(xX)u(x,t)dx — y/g(t)> dxdt

+5 / 06 f()drt + = ‘ / w(x)3u(x, dx ||5f||L2(0T)

L2(0,T)

Using integration by parts in the first term and the homogeneous boundary conditions to the problems (4.5) and (4.7), we obtain

/ / w(x)éu(x,1) (/ o(X)u(x,dx —y (t)> dxdt = / / A(6u); + (0u) gy )dxdt = / / 6 f Agdxdt, (4.9)
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Then, using the inequality (4.8), the third term satisfies the estimate

1 2
2 2 Tl oll2 2 2
‘ /0 @(x)3ulx, Ndx <Nl 184122 < € N2 2 16512 0 1811 1200
L2(0,T)
Consequently, we have
T 1
8J = /0 5f /0 Agdx+ pf |dt+ O(”‘sfllzLZ(o,T))’ (4.10)

which means that the Fréchet derivative J'(f) is given by (4.6).
Using (4.6), we have

1
J(f+6NH =T ()= /0 Agdx+psf < M('sf)||L2(0,1)||g(',f)||L2(o,1) +pof, (4.11)

where 1 satisfies the problem

Ay + Aex = 0(0) [y 0(03u(x,0dx,  (x.1) € O,
20,1) = A(1,1) = 2,,(0,1) = 1, (1,0 =0, t€(0,7T), (4.12)
Ay =0, x €0, 1],

where Su(x, 1) is the solution of the problem (2.14). By (4.8), the solution 1 to (4.12) satisfies the estimate

3 T/2\ 12 T 2
|M||L2(QT) <e ||CU||L2(0,1)||5“||L2(QT) <e ||w||L2(0'1)||5f||L2(0,T)||g||Loo(0,T;L2(0,1))~

Applying the above inequality, then (4.11) satisfies the estimate
”J/(f + 5f) - J/(f)”LZ((),T) < ”g”Lw(o,T;LZ(o,l))”ZHI}(QT) + ﬂ”ﬁf”LZ((),T) < L”‘Sf”LZ(o,T),
2 2

20 l)llgIILm( OT:L20.1) + B > 0 is a positive constant independent of f and 6f. Thus the gradient J'(f) is Lipschitz
continuous and the proof is complete. []

where L = eT'|o||

Theorem 4.2. Suppose that f, f +6f € L*(0,T), then the Fréchet gradient (4.6) of the objective functional (4.3) satisfies
2

2
+ IS 2 0.1 (4.13)
L2(0,T)

1
(J'(f+6))=I"(N.61) o) = ”/0 (x)du(x, t)dx

where éu satisfies the problem (4.7), and (-, -) 120.T) indicates the inner product in L*(0,T).

Proof. Using the Fréchet derivative (4.6) and the problem (4.12), for any f, f +6f € L*(0,T), we have
3 2
(J'(f+8N =T UL por) = /Q ] Agsfdxdt+PlISS 1] - (4.14)
From (4.7), we get

/ Jgé fdxdt = / A((Bu), + (Bu), . )dxdt.
or

Or

By the initial and boundary conditions of problems (4.7) and (4.12), and using integration by parts, we have

1 1
/ Agbfdxdt = / Su(—2, + Ly )dxdt = / Su w(x)/ w(x)su(x,t)dx | dxdt = "/ w(x)éu(x,)dx
Or Or Or 0 0

Therefore, (4.13) can be derived by combining the above result with (4.14). []

2

L2(0,T)

Remark 4.1. For g > 0, expression (4.13) implies that the functional (4.3) is strictly convex, hence it has a unique minimizer,
which is given by [36, Theorem 2.12],

L2(0,T) 3 fF = *1+ gD~ 1*ye, (4.15)

where [* : L2(0,T) » L*(0,T) is the adjoint operator of /.
Remark 4.2. For the problem (2.3) with inhomogeneous boundary conditions, we can also define the objective functional J(f)
given by (4.3) to transfer the inverse problem into an optimization problem, and by the same arguments illustrated in the above

theorem, the functional is Fréchet differentiable and shares the same form of gradient (4.6).
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Since the solution of the inverse problem given by Egs. (1.4) and (1.5) can be approximated by the minimizer of the objective
functional J(f) defined by (4.3), then the following iteration process based on the CGM is used to recover the source term f(¢) by
minimizing J(f):

™=y ad", neN, (4.16)

where the subscript n denotes the number of iterations, fO(¢) is the initial guess for the coefficient f(r), «" is the search step size,
also known as the learning rate, in passing from iteration » to n + 1, and d”" is the search direction given by:

d®=-J'(f%, a"=-J(f"+y"d"l, neN, (4.17)
and y" is the conjugate coefficient given by:
N )M 201
T D zen

and the search step size o” is determined by

e N¥, (4.18)

" = argmin J(f" + ad").
a0

In order to obtain «”, we consider the objective functional (4.3) with f"*!, i.e.

T 2
J(fn-f—l):%'/(; ﬁ

dt+ =
2
Then, we have

aI(fmh i TG+ @+ S)d") — (7 + a"d")
oan " a0 oa

n ngnp2
/7 + a®d™ 175 6 7

1
/ w(xX)u(f" + a"d")(x,)dx — w(t)
0

:/T </1 wu"dx—l//e) /1 a)5u"dxdt+ﬁ/T frd"dta" /1 wdéu"dx : +o:"ﬁ||d"||i2 s

0 0 0 0 0 120.7) oD

where u" :=u(f"), and 6u" satisfies the following sensitivity problem:
(Bu™); + (0u") i = d"g(x,1), (x,t) € Op,
ou"(0,1) = éu™(1,1) = (6u"),(0,1) = (6u"), (1,1) =0, t€(0,T), (4.19)
su(x,0) =0, x € (0,1).

Using (4.9) with d" = §f, we have

T 1 1 T ,l
/ (/ a)u(f”)dx—vf)/ a)éu"dxdt=/ / d"A(fMgdxdt.
0 0 0 o Jo

This identity and the gradient J’(f) given by (4.6) imply that
2

oJ n+1 T 1
# = / J'(FMd"dt + o / wdu"dx +a"ﬁ||d"||2Lz(0T).
oa 0 0 207 :
n+1
Setting %ﬂ” =0, we obtain
! n n
n_ _ , ¢ (fz »-d >L2(O’T) neN.
n n|(12
” Jy wdurdx| Bl

Using (4.10) with 6 f = a"d", we have

) _ i LU A = T(F)

da” a—0 an

5 1 ’ n_gn ! n ngn ! n
= lim — ( /0 a'd < /0 MPgdx+pf )dzw(na d ||2L2«,,T)>> = (J'(Dd") oy

and thus

aJ(fn+l) u "
" oan (I d )20 =0

Then, using (4.17), we obtain that

177 (M2,
_ : ~ L2(0,T) neN. (4.20)
n n||2
”/0 wou dxHU(o,T) +hld ”LZ(O,T)
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In case # = 0, for achieving regularization, the iteration process is stopped when the following discrepancy criterion is satisfied:
J(M < Tet/2, (4.21)

where 7 is a safeguarding constant greater than one.

In summary, the CGM iterative algorithm for numerically reconstructing of the unknown source term f(7) is as follows:

Step 1. Set n = 0 and choose an arbitrary initial guess f* € L*(0,T).

Step 2. Solve the direct problem (1.4) for u(f") and calculate the objective functional J(f") given by (4.3).

Step 3. Solve the adjoint problem (4.5) (changing also ¢t — T — 1) to obtain A(f") and the derivative J'(f") by (4.6). Compute
the conjugate coefficient y” by (4.18) and the search direction 4" in (4.17).

Step 4. Solve the sensitivity problem (4.19) to obtain §u" numerically with 4", and calculate the search direction «" by (4.20).

Step 5. Update f"+! by (4.16).

Step 6. In case § = 0, if the stopping criterion (4.21) is satisfied, then go to Step 7. Else set n = n+ 1, and go to Step 2.

Step 7. End.

Remark 4.3. In case of no noise, i.e. ¢ =0 in (2.41), if the exact data y belongs to the range of the operator defined in (4.1), then
the CGM with g = 0, described above, converges to the unique solution of the inverse problem given by Egs. (1.4) and (1.5), [37,
Theorem 7.9].

Remark 4.4. If g =0, it is obvious that J/(f)(T) = 0 from (4.5) and (4.6). This shows that if the terminal time value f°(T) is not
specified as the true value of f(T'), the numerical results of f(¢) will deviate from the exact values near the final time t = T'. In order
to avoid such shortcoming, we shall record data (1.5) a little longer, say, uptot =T > T.

5. Numerical results and discussions
In this section, we consider the numerical determination of f(¢) by utilizing the time-discrete method prescribed in Section 3 and

the CGM prescribed in Section 4, combined with the finite-difference scheme. Thus, we first establish the finite-difference method
(FDM) to obtain the numerical solution of the following direct initial-boundary value problem:

U+ Uyyxx = F(x,1), (x,1) € QT?
u(0,1) = py (1), u(l,1) = puy(1), t e (0,7),
(5.1)
uxx(oa n= ﬂ}(t)s MXX(L 1) = M4(t), te (0, T),
u(x,0) = ¢(x), x € (0, 1).

The main dependent variable to be determined is the function u(x, 7). When the source term F is given by F(x,1) = f(t)g(x,1)+h(x,1),
the problem (5.1) becomes the direct problem (1.4) when p, (1) = p,(t) = pu3(1) = uu(t) = 0.
Divide the domain [0, 1] X [0, 7] into the uniform grid:

x;=(@—-Dax, i=1,1, t,=k-1d, k=LK,

where the space and time mesh step sizes are given by Ax = —— and A = -

Y ol and denote the values of u(x,), F(x,t), u;(t) for
i= 1,_4, and ¢(x) at the node (i, k) by:

W =u(x, ), Ff=Float), ¢ =@, uf=um), wh=m). ws=ust),  ui = pyty).
Also, denote
k k—1 k k—1 k k k
k-1  Ff+ F L ut —u’ ut = 2ut +u
2 _ i i 7 _ i i 2 ki1 i i+1 4k _ 2,2 k
Fol= o Gt = b= e = 6.

Then, the Crank-Nicolson scheme for the initial-boundary value problem (5.1) is given by

P _
Gu; P4 @+t = F 2 =211, k=2K,
dosd =t (=7% 2
ul-l =g L= r,
where, for i = 3,1 —2:
4ok _ s2082 k 2 | " ko, ok 1 k k k k k T
SLu; = 65(03u;) = o5 <(Ax)2 (u_; —2u; + ui+1)> W(ui_2 —4du;_ | +6u; — 4141._*_l + u‘.+2), k=2,K, (5.3)
for i =2:
4k __ 1 ok 20k, 2 ky_ L k 20k 2 ky_ L 2k k k ko ok _ 5%
M7 = (6uy —28.u; + 6.uz) = @ (u3 — 285u; + 55u3) = ey ((Ax)"p5 — 2uy + Suy —4uy +uy), k=2,K, (5.4)
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and fori=1-1:

4k _ 1 2k 2,k N 2 k 0k .
5)(”1—1 _@(6,5“1_2 B 26xu1_1 + 57‘“1) - (Ax)2 (5)6”1—2 - 25)6”1_1 + /44)
_1 —
= W -4k 5k -2k + (AxPub), k=2K. 55

From (5.3)—(5.5), the difference system (5.2) can be reformulated as a (I — 2) X (I — 2) system of linear algebraic equations of the
form:

Auf = BuF! + F1 k=2,K,
u’l‘ = ;4{‘, u/; = yé‘, k=2K, (5.6)
T
ul = ¢1,¢2,...,¢1] >
k — [,k k k1T
where u* = [”2’”3""’“1—1] ,
[1+5r —4r r 1 [1—5r 4r —r 1
—4r 1+6r —4r r 4r 1-6r 4r —r
r —4r 1+6r —4r r -r 4r 1—-6r 4r -r
A= , B= ,
r —4r 1+6r —4r r -r r 1-—-6r 4r -r
r —4r  1+6r —4r —-r 4r 1—6r 4r
L r —4r 1+ 5r] L -r 4r 1—5r]
and
-l _
AF) % 420+ b = (A2 (! + k)
L
AtF, 2 —r(ﬂi‘_l +;4'1‘)
P
AtF, 2
F-1 =
L
AtF, 2
el
AtF, (s 4 )
et
2 k-1 k 20, k=1 k
LALF, 5 4 2r(py ) — r(Ax)"(uy = + py) ]
where r = 2(2_;)4' The finite-difference scheme (5.6) to numerically solve the initial-boundary value problem (5.1) is consistent

and convergent of second-order O((4r)? + (4x)?) in both space and time. Higher-order convergence can be obtained by employing
semi-discrete time-dependent compact schemes [38].

The direct, sensitivity and adjoint problems (1.4), (4.5) and (4.19), respectively, involved in the CGM are solved by using the FDM
(5.6) under the assumption that their classical strong solutions exist; otherwise, the finite element method becomes an applicable
alternative [39]. The trapezoidal rule is employed to deal with all the integrals involved. In addition, the accuracy error, as a
function of the iteration number n, is defined as

E(f" = = "l 201y (5.7)

where /" is the nth iterate and f is the true source term, if available. The noisy integral observation y¢ is simulated by adding to
the exact data w®*2t errors given by

w€ =y 4 5 x random(1), (5.8)
where ¢ = ﬁ Xmax,epo 7y w2 (t)| is the standard deviation, p% represents the percentage of noise and random(1) generates random

values from a Gaussian normal distribution with zero mean and standard deviation equal to unity. Next, two numerical examples
are considered to reconstruct the unknown source term f(r) from the integral observation (5.8).

Example 1. In this example, we consider the input data
g(x, 1) = ztsin(xx),  h(x,1) = e'sin(zx), $(x) =sin(zx), o(x)=sin(zx), @@ =0, i= L4, w@)=¢/2
With this data the analytical solution to the inverse problem (1.4) and (1.5) is given by
fO=¢é, u(x,t)=e sin(zx). (5.9)

It is obvious that w satisfies condition (a). We take the terminal time T = 1, and the mesh sizes Ax = 0.01 and 4t = 0.0001.

19



K. Cao and D. Lesnic Journal of Computational and Applied Mathematics 444 (2024) 115789

(a) (b)

3 ;
***** Exact
717:0
25+ ——p=2 ]
+p:4 A
= 2 =
1.5¢
1 L
0 0.5 1
t t

Fig. 1. The exact and numerical results for f(r) obtained using (a) the time-discrete method and (b) the CGM, for p € {0,2,4,6} noise, for Example 1.

We first apply the time-discrete method described in Section 3 regularized by the cubic spline function method to recon-
struct f(f). The numerical results for f(f) obtained with a« = €2 are presented in Fig. 1(a). The accuracy errors are E(f) €
{0.0053,0.0332,0.0902,0.1678} for the percentages of noise p% € {0,2,4,6}%, respectively.

Secondly, we apply the CGM. We take 7 = 1.2 > T =1 to avoid the stagnation at the final time. We also take g = 0 in (4.3)
and employ the discrepancy principle criterion (4.21) (with = ~ 1) for stopping the iterations. The initial guess is chosen arbitrary,
say fO(tf) = 2. Fig. 1(b) shows the numerical solutions for f(¢) at the stopping iteration numbers n* € {20,2,2,2} for p € {0,2,4,6},
respectively. In the case of no noise p = 0, the exact and numerical solutions overlap, which are graphically undistinguishable. The
accuracy errors are E(f ™) € {0.0005,0.0171,0.0257,0.0355} with p € {0,2,4,6} noise, respectively. From Fig. 1 it can be seen that
stable and accurate solutions are obtained for the unknown source term f(z).

Compared with the time-discrete method, the weight function w(x) or the mesh size 4r can be chosen arbitrary in the CGM. For
instance, for p = 0, the accuracy error is E(f%) € {5.2347 x 1074,5.2109 x 10~#,5.2300 x 10~*,5.6716 x 10~*} with the weights
o(x) € {1,x,x%, ¢}, respectively. Also, for p = 0, for the mesh size A4t € {0.01,0.005,0.001,0.0005,0.0001} and Ax = 0.01, the
corresponding accuracy errors {0.0013,6.0157x1074,5.6810x1074,5.1657x 1074, 4.9899x 10~*} for the CGM obtained after 20 iterations
are lower than the errors {0.4322,0.2823,0.0664,0.0281,0.0053} of the time-discrete method. From Figs. 1(a) and 1(b), it can be seen
that the numerical approximations for the time-discrete method are smooth since they are based on cubic splines, whilst for the
CGM, the approximate solution given in (4.15) is only in L?(0,T) and hence it is expected to be non-smooth for random noisy data
(5.8).

Example 2. The inverse problem given by Egs. (1.5) and (2.3) with inhomogeneous boundary conditions is considered to reconstruct
a piecewise continuous source term f (). We take

1 3
1, IE[Z,Z]

—1, otherwise,

g(x, 1) = e~ (x*(sin(xx) + cos(xx)) — 3) X

h(x,t) = —e ' (sin(rx) + cos(zx)), ¢(x) = sin(xx) + cos(zx) +3, w(x) =1,
u() =de™, w0y =2, ps(t) = —ale, () =22, w() = (3 + %) .

The analytical solution to the inverse problem given by Egs. (1.5) and (2.3) is given by

13
fw=1" 53] u(x, 1) = e~ (sin(
= 1) = 7x) + cos(zx) + 3). (5.10)

—1, otherwise,

Compared with the previous Example 1, the inverse problem considered in this example is more severe since the source term
to be retrieved is a discontinuous function at the time instants t = 1/4 and ¢t = 3/4. We only use the CGM based on minimizing
(4.3) with f = 0, to reconstruct f(f) with mesh sizes Ax = At = 0.01 and T = 1.2. Here the initial guess for determining f()
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(b)

E(f")

0 10 20 30 40 50 0 10 20 30 40 50
Number of iterations n Number of iterations n

Fig. 2. (a) The objective functional J(f") given by (4.3) with # =0 and (b) the accuracy error E(f") defined by (5.7), for p € {0,1,2} noise, for Example 2.

2 :

= 0f ‘
----Exact
+p=1
+p=2

L

0.5 1
4

Fig. 3. The exact and numerical results for the source f(¢), for p € {0,1,2} noise, for Example 2.

is chosen as fO(r) = 0. For the choices of the weight function w(x) € {x,x2,e*,sin(zx)} and p = 0 noise, we calculate the error
E(£%) € {0.0053,0.0065,0.0042,0.0045} after 50 iteration numbers.

The behaviour of the objective functional J(f") defined by (4.3) with f = 0 to determine the unknown source f(¢), treated as a
function of the iteration number n, is presented in Fig. 2(a) for the noise level p € {0, 1,2}. It is easy to observe that the objective
functional is a monotonic decreasing function of the iteration number n, which converges to a small positive value rapidly. By
utilizing the discrepancy principle (4.21) (with = ~ 1) and % € {1.3x 1078,8.9590 x 1074,0.0036}, we obtain the stopping iteration
numbers n* € {50,3,3} for p € {0, 1,2}, respectively. The accuracy error E(f") defined by (5.7), as a function of n, is displayed
in Fig. 2(b), with the values {0.0045,0.1424,0.2298} for p € {0, 1,2} noise, respectively. The numerical solutions for the unknown
source term f(t) are presented in Fig. 3 at the stopping iteration numbers n* with p € {0, 1,2}. From this figure it can be seen that
the numerical solutions are stable and reasonably accurate bearing in mind the severely discontinuous source term.

6. Conclusion
In this paper, the determination of a time-dependent source term in a fourth-order parabolic problem related to thermal grooving
by surface diffusion has been investigated from a given integral measurement. Based on the Fourier method of separating variables

and the contraction mapping theorem, we obtain the well-posedness of the weak solution to the inverse problem for smooth data
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(1.5). However, in practice the measured data is seldom smooth and therefore, the problem is still ill-posed in reality. To overcome
the instability of numerically differentiating a noisy function, we first use the time-discrete method with cubic splines to obtain
stably the unknown source term. The error estimate is also obtained under rigorous analysis. Another approach is the Tikhonov
regularization method. Based on the Fréchet derivative of the objective functional, the CGM is applied to obtain the solution of
the source term. Error estimates are possible based on the approach described in [40] for determining the source for the parabolic
second-order heat equation.

Two numerical examples for continuous and discontinuous source term have been presented, and the discussion highlights that
reasonably accurate and stable solutions of the time-dependent source term have been achieved by both methods. Error estimates
for the numerical solutions when the data (1.5) is noisy are not established herein but we refer to the recent paper of Neubauer [41]
where optimal convergence rates in the presence of discretizations and modelling errors have been obtained.

Future work will consider inverse problems for groove growth by surface subdiffusion modelled by fourth-order fractional
equations [42].
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