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ABSTRACT

We derive an integral formula for the skin-friction coefficient of compressible boundary layers by extending the formula of Elnahhas and
Johnson [“On the enhancement of boundary layer skin friction by turbulence: An angular momentum approach,” J. Fluid Mech. 940, A36
(2022)] for incompressible boundary layers. The skin-friction coefficient is decomposed into the sum of the contributions of the laminar
coefficient, the change of the dynamic viscosity with the temperature, the Favre–Reynolds stresses, and the mean flow. This decomposition is
applied to numerical data for laminar and turbulent boundary layers, and the role of each term on the wall-shear stress is quantified. We also
show that the threefold integration identity of Gomez et al. [“Contribution of Reynolds stress distribution to the skin friction in compressible
turbulent channel flows,” Phys. Rev. E 79(3), 035301 (2009)] and the twofold integration identities of Wenzel et al. [“About the influences of
compressibility, heat transfer and pressure gradients in compressible turbulent boundary layers,” J. Fluid Mech. 930, A1 (2022)] and Xu et al.
[“Skin-friction and heat-transfer decompositions in hypersonic transitional and turbulent boundary layers,” J. Fluid Mech. 941, A4 (2022)]
for turbulent boundary layers all simplify to the compressible von K�arm�an momentum integral equation when the upper limit of integration
is asymptotically large. The dependence of these identities on the upper integration bound is studied. By using asymptotic methods, we prove
that the multiple-integration identity of Wenzel et al. [“About the influences of compressibility, heat transfer and pressure gradients in com-
pressible turbulent boundary layers,” J. Fluid Mech. 930, A1 (2022)] degenerates to the definition of the skin-friction coefficient when the
number of integrations is asymptotically large.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0142129

I. INTRODUCTION

The skin friction of turbulent boundary layers is usually much
larger than that of laminar boundary layers. The high turbulent skin
friction causes a large dissipation of kinetic energy into heat and thus a
loss of performance in an immense range of aerodynamics
applications in industry and technology. The underlying physical
mechanisms responsible for the large skin friction in turbulent wall-
bounded flows have, therefore, attracted the interest of engineers and
scientists.

The skin friction of wall-bounded shear flows can be calculated
directly by multiplying the dynamic viscosity and the wall-normal gra-
dient of the streamwise velocity at the wall. However, the latter quan-
tity is extremely difficult to measure, and therefore, researchers have
devoted effort to finding alternative approaches that can give further
useful information about the physical mechanisms. In one such effort,
Fukagata et al. (2002) (FIK) obtained an integral identity that, for

incompressible channel and pipe flows, expresses the scaled wall-shear
stress as the sum of the laminar skin-friction coefficient and a
weighted integral of the Reynolds stresses. An additional integral term
is present in the case of free-stream boundary layers because of their
streamwise inhomogeneity. In the latter flows, which are external and
spatially developing, the upper bound of integration is not defined pre-
cisely and, as shown, for example, by Ricco and Skote (2022), the con-
tribution of the terms depends significantly on this upper bound. If
the upper integration bound is taken to be asymptotically large, Ricco
and Skote (2022) proved that the FIK identity reduces to the so-called
von K�arm�an momentum integral equation (von K�arm�an, 1921),
which links the skin-friction coefficient to the streamwise change of
the momentum thickness. The Reynolds stresses thus disappear from
the identity. Ricco and Skote (2022) concluded that the impact of the
Reynolds stresses on the wall-shear stress of turbulent boundary layers
cannot be quantified via the FIK identity because the dependence on
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the integration limit is spurious. They also discussed how other var-
iants of the original FIK identity for free-stream boundary layers
showed this dependence on the upper bound of integration.

An alternative identity was derived from the mean kinetic energy
equation by Renard and Deck (2016) (RD) for free-stream boundary
layers. The upper integration bound is infinite in this case, and there-
fore, the RD decomposition does not suffer from the issue related to
the integration bound pertaining to the FIK identity. The skin-friction
coefficient can thus be successfully decomposed and physically inter-
preted as the sum of the terms in the energy budget. Elnahhas and
Johnson (2022) (EJ) decomposed the skin-friction coefficient of
incompressible boundary layers in a sum of terms related to the lami-
nar boundary layer, the Reynolds stresses and the mean-flow inhomo-
geneity. They identified a quantity, function of the streamwise
direction, as a preferred position in the boundary layer around which
the angular momentum exerted by the flow can be computed. It is not
straightforward to arrive at an identity for free-stream boundary layers
that uniquely quantifies the contribution of turbulence in a single term
because the turbulent fluctuations, besides inducing the Reynolds
stresses, also modify the mean flow. An analogous difficulty is encoun-
tered when the contribution of compressibility has to be quantified.

The study of wall friction exerted by compressible turbulent
boundary layers is more complicated than in the incompressible
regime because of the intrinsic coupling of momentum and energy
transfer. Gomez et al. (2009) (GFS) extended the FIK identity to the
cases of compressible wall-bounded flows. They decomposed the skin-
friction coefficient as the sum of four terms, two of which pertain to
the flow compressibility. However, the effect of compressibility was
not distilled in a single term because of the change in mean density.
The RD identity was extended to the compressible cases by Fan et al.
(2019). Wenzel et al. (2022) (WGK) and Xu et al. (2022) (XWC)
obtained alternative identities for compressible boundary layers by uti-
lizing a twofold integration, instead of a threefold integration as in the
original FIK study. Compared with the threefold integration method,
the twofold integration method eliminates the wall-distance-dependent
term in the integral containing the Reynolds stresses.

Ricco and Skote (2022) performed multiple integrations on the
incompressible streamwise momentum equation to extend the original
FIK identities. They showed that the resulting FIK-like identities also
simplify to the von K�arm�an momentum integral equation. The
repeated integration was performed by WGK in the compressible
regime, where the upper bound of integration exceeded the boundary-
layer thickness because the influence of the thermal boundary layer
had to be considered. The impact of the upper bound of integration
for compressible FIK-like identities remains an open research point.

In this paper, we first extend the method of EJ to the study of
the skin-friction coefficient of compressible boundary layers. The
Favre-averaged equation is used to derive the integral equation. The
decomposition identity is derived in Sec. II, and the results of
the decomposition in the laminar and the turbulent cases are discussed
in Secs. IIIA and III B, respectively. We also extend the work of Ricco
and Skote (2022) to the compressible regime. In Secs. IVA and IVB, we
prove that the threefold GFS identity and the twofold identities byWGK
and XWC all possess a spurious dependence on the upper integration
bound and simplify to the compressible von K�arm�an integral equation
when the upper bound is infinitely large. In Sec. IVC, the successive-
integration WGK identity is shown to collapse to the definition of the

skin-friction coefficient when the number of integration is infinitely
large, thus showing how the dependence of the terms on the number of
integration is spurious. Concluding remarks are given in Sec. V.

II. THEORETICAL FRAMEWORK

We consider a compressible boundary layer over a flat plate
where x�; y�, and z� are the streamwise, wall-normal, and spanwise
directions, respectively. The flat plate is at y� ¼ 0, and the leading
edge of the plate is at x� ¼ 0. The velocity components along x�; y�,
and z� are u�; v�, and w�, respectively. The Navier–Stokes equations
are scaled by using the free-stream velocity at x� ¼ 0; U�

1, as the ref-
erence velocity and a length L

� as the reference length scale. The tem-
perature T�; the density q�, and the dynamic viscosity l� are scaled by
their respective free-stream values at x� ¼ 0, i.e., T�

1;q�1, and l�1.
The time t� and the pressure p� are scaled by L

�=U�
1 and q�1U

�2
1,

respectively. The asterisk � denotes dimensional quantities, while
quantities without any symbol are non-dimensional. The subscripts1
and e indicate free-stream quantities at x� ¼ 0 and at the outer edge of
the boundary layer, respectively. The Prandtl number Pr and the ratio
of specific heats c are taken as constants. The free-stream potential
flow is isentropic, and the free-stream density and temperature are
constant, i.e., Te ¼ qe ¼ 1.

Reynolds-averaging a quantity q over z along a distance Lz and
over t for a time interval T is defined as

�qðx; yÞ ¼ 1

TLz

ðT

0

ðLz

0

qðx; y; z; tÞdzdt: (2.1)

Favre-averaging is also adopted to attain a simplified form for the con-
vective terms of the Navier–Stokes equations (Favre, 1965, 1992). A
Favre-averaged quantity is defined as

hqi ¼ qq

�q
: (2.2)

The flow is decomposed as

qðx; y; z; tÞ ¼ �qðx; yÞ þ q0ðx; y; z; tÞ ¼ hqiðx; yÞ þ q00ðx; y; z; tÞ:
(2.3)

A Favre-averaged quantity satisfies qq00 ¼ 0 and qhqiq00 ¼ 0.
Auxiliary relations include

qhqi ¼ �qhqi ¼ qq; hqiqji ¼ hqiihqji þ hq0i 0q0j 0i: (2.4)

The relation between the Reynolds average and the Favre average is

hqi � �q ¼ q0 � q00 ¼ q0q00

�q
¼ q0q0

�q
: (2.5)

The Favre-averaged continuity and momentum equations for
compressible, statistical two-dimensional flows are (Adumitroaie et al.,
1999)

@�qhuji
@xj

¼ 0;

@�qhuiihuji
@xj

þ
@�qhu0i 0u0j 0i

@xj
¼ � @�p

@xi
þ @�rji

@xj
;

(2.6)

where rji is the stress tensor
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rji ¼
2l

Re
Sij �

Skk

3
dij

� �

with Sij ¼
1

2

@ui
@xj

þ @uj

@xi

 !

: (2.7)

The Einstein summation convention is adopted to any Latin suffix
occurring twice in a single-term expression. The Mach number and
the Reynolds number are defined as

M1 ¼ U
�
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cR�T�

1
p ; Re ¼ q�1U

�
1L

�

l�1
; (2.8)

where R� ¼ 287:05 J kg�1K�1 is the ideal gas constant.
We now derive the relationship between the skin-friction

coefficient and integral terms emerging from the x-momentum
equation. The Favre-averaged x-momentum equation is rewritten
as

@�qhuihui
@x

þ @

@y
�qhuihvi þ �qhu00v00i � �l

Re

@�u

@y

� �

þ Ix ¼ 0; (2.9)

where

Ix ¼
@�qhu00u00i

@x
� @�rxx

@x
� @�ryx

@y
� 1

Re

@

@y
�l
@�u

@y

� �" #

þ @�p

@x
: (2.10)

To help our derivation, the leading-order term �Re�1ð@=@yÞ
�ð�l@�u=@yÞ, contained in �@�ryx=@y, is isolated in Eq. (2.9) and sub-
tracted in Eq. (2.10).

In the free stream, the inviscid momentum equation is

qeUe
dUe

dx
¼ � dPe

dx
; (2.11)

where Pe is the mean pressure. Subtracting Eq. (2.11) from Eq. (2.9)
leads to the streamwise momentum deficit equation,

@ðhui �UeÞ�qhui
@x

þ @

@y
ðhui �UeÞ�qhvi þ �qhu00v00i � �l

Re

@�u

@y

� �

þ ð�qhui � qeUeÞ
@Ue

@x
þ Jx ¼ 0; (2.12)

where

Jx ¼
@�qhu00u00i

@x
� @�rxx

@x
� @�ryx

@y
� 1

Re

@

@y
�l
@�u

@y

� �" #

þ @ð�p � PeÞ
@x

:

(2.13)

In a high-Reynolds-number boundary layer, the first, second, and last
terms in Eq. (2.13) are negligible. The difference between the wall-
normal viscous terms in Eq. (2.13) leads to the term
ð@=@yÞðl0@u0=@yÞ, which has been verified numerically to be very
small in the boundary layer and zero at the wall for an isothermal wall.
The compressible von K�arm�an momentum integral equation can be
obtained by integrating (2.12) with respect to y from zero to infinity,
as shown in Appendix A.

The local skin-friction coefficient is defined as in Eq. (6.59) of
Anderson (2000),

Cf

2
¼ �l�

q�eU
�2
e

@�u�

@y�

�
�
�
�
y�¼0

¼ �l

qeU
2
eRe

@�u

@y

�
�
�
�
y�¼0

: (2.14)

As in the study of EJ, the skin-friction integral equation is
obtained by multiplying Eq. (2.12) by y � c and integrating the

resulting equation along y from 0 to 1; where cðxÞ is a length to be
determined. Dividing the results by qeU

2
ec leads to

Cf

2
¼ 1

Rec
|{z}

Cl

þ �1

RecUele

ð1

0

@�l

@y
�udy

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

C�l

þ
ð1

0

��qhu00v00i
qeU

2
ec

dy

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

Ctur

þ dhc

dx
� h� hc

c

dc

dx
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ch

þ hv

c
|{z}

Chv

þ dc þ 2hc

Ue

dUe

dx
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Cp

þ Kx
|{z}

High�order terms

; (2.15)

where

Recðx�Þ ¼
q�eU

�
ec

�ðx�Þ
l�e

¼ qeUec

le
Re;

Kx �
ð1

0

1� y

c

� �
Jx

qeU
2
e

dy;

(2.16)

dcðxÞ �
ð1

0

1� y

c

� �

1� �qhui
qeUe

� �

dy;

hcðxÞ �
ð1

0

1� y

c

� �

1� hui
Ue

� �
�qhui
qeUe

dy;

(2.17)

and

dhc

dx
¼
ð1

0

y

c
2

dc

dx
1� hui

Ue

� �
�qhui
qeUe

dy

�
ð1

0

1� y

c

� �
@

@x

hui
Ue

� �
�qhui
qeUe

dy

þ
ð1

0

1� y

c

� �

1� hui
Ue

� �
@

@x

�qhui
qeUe

� �

dy: (2.18)

As in the incompressible case by EJ, the key step is to choose the length
scale cðxÞ in such a way to render the first term on the right-hand side
of Eq. (2.15) equal to the skin-friction coefficient of the laminar bound-
ary layer. This procedure is detailed in the discussion following Eq.
(2.19). In Eq. (2.15), the term C�l indicates the contribution of the mean
flow due to the variation of viscosity. The term Ctur is caused by the
Favre–Reynolds stresses. The term Ch is due to the spatial growth of the
momentum thickness and the length c: The terms Chv and CP result
from the wall-normal velocity and the streamwise pressure gradient,
respectively. The last term on the right-hand side of Eq. (2.15), Kx, con-
tains all the high-order terms, which are negligible in the limit of high
Reynolds number.

We now discuss the derivation of each term of Eq. (2.15), follow-
ing the integration of Eq. (2.12).

• Viscous stresses and laminar friction contribution

1

Re

ð1

0

ðy � cÞ @

@y
�l
@�u

@y

� �

dy

¼ c

Re
�l
@�u

@y

� ��
�
�
�
y¼0

� 1

Re

ð1

0

�l
@�u

@y
dy

¼ qeU
2
ec

Cf

2
� leUe

Re
þ 1

Re

ð1

0

@�l

@y
�udy: (2.19)
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The last term in Eq. (2.19) is induced by the variation of the
dynamic viscosity due to the temperature gradient. It is null in the
incompressible regime since the dynamic viscosity is constant.

For the special case of a laminar compressible boundary layer
over a flat plate, the solution is self-similar and the skin-friction
coefficient is given in Eq. (6.76) of Anderson (2000), namely,

Cf

2
¼ F ðMe;TwÞ

ffiffiffiffiffiffiffi
Rex

p ; (2.20)

where Rex ¼ q�1U
�
1x�=l�1. We adopt an appropriate c such that

Cf

2
¼ 1

Rec
¼ �l

qeU
2
eRe

@�u

@y

�
�
�
�
y¼0

¼
lwd

2F=dg2jg¼0

qeU
2
eRe sTw

with s ¼
ffiffiffiffiffi

2x

Re

r

;

(2.21)

where FðgÞ is the self-similar variable related to the laminar-flow
velocity components, g is the scaled wall-normal coordinate, and
the subscript w denotes quantities at the wall, as detailed in
Appendix B. In Eq. (2.21), the definition of g, given in Appendix
B, has been used. For boundary layers with no pressure gradient,
Ue ¼ 1. The laminar contribution can be isolated from the skin-
friction coefficient (2.15) by choosing

cðxÞ ¼ sTw

lwd
2F=dg2jg¼0

: (2.22)

For an incompressible boundary layer, Eq. (2.22) reduces to

c ¼ s

d2F=dg2jg¼0

¼ 3:01

ffiffiffiffiffi
x

Re

r

(2.23)

as given in EJ.
• Favre–Reynolds stresses

ð1

0

ðy � cÞ @�qhu
00v00i

@y
dy ¼ �

ð1

0

�qhu00v00idy: (2.24)

• Streamwise momentum flux

ð1

0

ðy � cÞ @ðhui �UeÞ�qhui
@x

dy

¼ qeU
2
ec

dhc

dx
� h� hc

c

dc

dx
þ 2hc

Ue

dUe

dx

� �

; (2.25)

where

hcðxÞ �
ð1

0

1� y

c

� �

1� hui
Ue

� �
�qhui
qeUe

dy;

hðxÞ �
ð1

0

1� hui
Ue

� �
�qhui
qeUe

dy:

(2.26)

• Wall-normal momentum flux
ð1

0

ðy � cÞ @ðhui �UeÞ�qhvi
@y

dy ¼ qeU
2
ehv

with

hv �
ð1

0

1� hui
Ue

� �
�qhvi
qeUe

dy: (2.27)

• Pressure gradient contribution

ð1

0

ðy � cÞð�qhui � qeUeÞ
dUe

dx
dy ¼ qeUec

dUe

dx
dc: (2.28)

The identity (2.15) is related to the compressible von K�arm�an
momentum integral equation. In the limit c! 1 (and hence
Rec ! 1), the first three terms on the right-hand side of Eq. (2.15)
and the term Chv are null. In this limit, the terms hc and dc simplify to
the momentum thickness h and the displacement thickness d, defined
in Appendix A, since y=c� 1, and the term Ch simplifies to dh=dx
because the second term ofCh is null. By neglecting the high-order terms
in the limit of large Reynolds number, the identity (2.15) thus simplifies
to the compressible von K�arm�an momentum integral equation, given in
Eq. (A2), analogous to the incompressible case studied by EJ.

III. NUMERICAL RESULTS

A. Skin-friction coefficient of laminar boundary layers

We first present the numerical results of the decomposition
of the skin-friction coefficient for compressible self-similar lami-
nar boundary layers without a streamwise pressure gradient. The
free-stream Mach number is related to the Reynolds number as
follows:

Re ¼ M1q�1L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cR�T�

1
p

l�1ðT�
1Þ

: (3.1)

In experiments, the Mach number can be fixed by changing the
Reynolds number through an adjustment of the total pressure (Huang
et al., 2021). The governing equations for a laminar boundary layer are
discussed in Appendix B. The decomposed terms for the laminar flow
are simplified to Eq. (B4) in Appendix B. The dependence of the
scaled wall-shear stress d2F=dg2jg¼0 on the Mach number is shown in
Figs. 1(a) and 1(b) for an isothermal wall (Tw ¼ 1) and an adiabatic
wall (@T=@yjy¼0 ¼ 0), respectively. The Reynolds number is
Re ¼ 1124, a typical value in turbomachinery experiments (Marensi
et al., 2017). We choose a maximumMach number equal to 6 in order
to study the Mach-number effect.

Equation (2.21) indicates that the following parameter can be uti-
lized to describe the skin-friction coefficient of laminar boundary
layers, namely,

Cf ;R ¼ sReCf ¼
ffiffiffiffiffiffiffiffiffiffi

2xRe
p

Cf : (3.2)

This parameter is a better choice for the investigation of the skin fric-
tion of laminar boundary layers since it excludes the effects of the
Reynolds number and the streamwise coordinate from the skin-
friction coefficient. Figures 1(c) and 1(d) display the decomposition of
the skin-friction coefficient Cf ;R for compressible laminar flows at dif-
ferent Mach numbers. The laminar skin-friction coefficient Cf ;R is not
strongly influenced by the change in Mach number, while instead
d2F=dg2jg¼0 changes significantly with the Mach number in the
adiabatic-wall case. This result is explained by Eq. (2.21) because
Tw=lw appears as a divisor to balance Cf ;R: All the decomposed terms
are smaller than Cf ;R for the isothermal-wall case. For the adiabatic-
wall case, however, sReChv and sReC�l grow rapidly with the Mach
number and ultimately overcome Cf ;R at large Mach number. It is
apparent that the decrease in sReCh counteracts the growth of sReChv
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and sReC�l : The hollow circles are the post-processing data of the
incompressible results of EJ, where sReC�l is zero in the incompressible
case because the density is constant. The other decomposed terms
match our results well.

Figures 1(e) and 1(f) show the downstream development of the
decomposed terms. The effects of the Reynolds number and the
streamwise coordinate are scaled out, so that the terms are constant
along the streamwise direction. The contribution of sReC�l grows

FIG. 1. Quantities related to the study of the compressible laminar boundary layer: (a) and (b) dependence of F0 0w ¼ d2F=dg2jg¼0 on the Mach number; (c) and (d) decompo-
sition of skin-friction coefficient Cf ;R at different Mach numbers. The hollow circles are the scaled incompressible results of EJ; (e) and (f) downstream development of the
decomposed terms. The lines indicate the contribution of sReC�l , and the symbols denote the summation of �sReCh and �sReChv : Pr¼ 0.707 and c ¼ 1:4.
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gradually with the Mach number and is equal to the sum of �ReCh

and�sReChv .

B. Skin-friction coefficient of turbulent boundary

layers

The decomposition of the skin-friction coefficient of fully devel-
oped turbulent boundary layers is now discussed. The analyzed data
are from the direct numerical simulation dataset of Zhang et al. (2018)
and Huang et al. (2022). The free-stream velocity isU�

1 ¼ 823.6 m/s,
and the free-stream density is q�1 ¼ 0:1 kg/m3. The free-streamMach
number is M1 ¼ 2.5. The inflow and wall temperatures are T�

1
¼ 270 and T�

w ¼ 568 K, respectively. There is no streamwise pressure
gradient, and the wall temperature is approximately equal to the adia-
batic wall recovery temperature. The dependence of the dynamic vis-
cosity on the temperature is modeled by Sutherland’s law.

In order to compare the results from a turbulent boundary layer
with those from a laminar boundary layer, we need to fix a reference
physical quantity for both flows, as in the incompressible case studied
by EJ. This quantity can be the streamwise location x, the displacement
thickness d; the momentum thickness h, or the boundary-layer thick-
ness d99; i.e., the wall-normal distance where the streamwise mean
velocity is 99% of the free-stream velocity. The momentum thickness
of the laminar boundary layer is

h ¼ s

ð1

0

1� F0ð ÞF0dg ¼ 0:436s: (3.3)

We choose the momentum thickness h as the reference scale for our
analysis. It means that we compare the skin friction of a laminar flow
with that of a turbulent flow at the same momentum thickness. This
choice is preferred to fixing the streamwise location x since a fully
developed turbulent boundary layer may be induced artificially at dif-
ferent streamwise locations. Other choices, such as d and d99; are pos-
sible, but they are not discussed here for brevity.

Figure 2 shows the magnitudes of the terms in identity
(2.15) at three different momentum-thickness Reynolds numbers

Rh ¼ q�1U
�
1h�=l�1. The term involving the Favre–Reynolds

stresses, Ctur , dominates the balance, contributing the most to the
wall-shear stress, especially at the lowest Reynolds number which
corresponds to the location closest to the leading edge. The term
due to the mean-flow streamwise inhomogeneity, Ch, is the second
largest contributor to the balance. Its effect is opposite to that of
the Favre–Reynolds stresses: the growth of the boundary layer
opposes the enhancement of the wall-shear stress by the
Favre–Reynolds stresses by about 40%. The term related to the
wall-normal momentum flux, Chv , contributes next to the wall-
shear stress, i.e., about 25% of the skin-friction coefficient. The
impact of the change of viscosity due to the temperature, synthe-
sized by the term C�l , and the laminar term Cl are negligible com-
pared to the other terms. The amplitude of all the terms in identity
decreases with the Reynolds number.

We note that the identity does not depend on the upper bound
of integration because the integration is unbounded along the wall-
normal direction. The upper bound instead plays a key role in the vari-
ous versions of the FIK identity, as verified by Ricco and Skote (2022)
in the incompressible case and discussed in Sec. IV in the compressible
case. Moreover, different from the FIK and the RD identities, the lami-
nar contribution to the skin-friction coefficient is distinguished, that is,
the skin-friction coefficient reduces to the laminar value when the
Favre–Reynolds term vanishes. A further difference is that the RD
identity highlights the impact of the terms in the turbulent kinetic
equation, while the present identity reveals the influence of the terms
in the streamwise momentum equation. Our method could be
extended to study the heat-transfer coefficient, similar to the twofold
integration method of WGK.

IV. SIMPLIFICATION OF ALTERNATIVE
FUKAGATA–IWAMOTO–KASAGI IDENTITIES

Wenzel et al. (2022) and Barone et al. (2022) showed that FIK-
like identities quantitatively depend on the upper bound of integration
for compressible boundary layers. This dependence was studied in fur-
ther detail by Ricco and Skote (2022) for incompressible boundary
layers. We herein study the identities discovered by Gomez et al.
(2009), Wenzel et al. (2022), and Xu et al. (2022) without a streamwise
pressure gradient to evince whether the upper integration bound and
the number of successive integration impact on the relative contribu-
tion of the terms in the identities. We utilize asymptotic methods and
the same direct numerical simulation data employed in Sec. III B.

A. Simplification of the threefold

Gomez–Flutet–Sagaut identity

We prove that the identity derived by Gomez et al. (2009)
reduces to the compressible von K�arm�an momentum integral equa-
tion when the upper bound of integration is asymptotically large. We
choose the local boundary thickness d�99 as the reference length for this
analysis. The Reynolds number is thus Rd ¼ q�1d�99U

�
1=l�1:

Integrating the Favre-averaged x-momentum equation from 0 to
y leads to

�qhu00v00i � �l

Rd

@�u

@y
þ �l

Rd

@�u

@y

�
�
�
�
y¼0

þ
ðy

0

Lxdy ¼ 0; (4.1)

where

FIG. 2. Decomposition of the skin-friction coefficient Cf =2 into the terms in Eq.
(2.15) for a turbulent boundary layer, where Cf is the total skin friction; Cl is the lami-
nar contribution; C�l is the contribution of viscosity change; Ctur is the
Favre–Reynolds stresses term; Ch is the boundary-layer growth term; and Chv is the
wall-normal velocity term. The numerical data are from the direct numerical simula-
tions by Zhang et al. (2018) and Huang et al. (2022) at M1 ¼ 2:5. The Reynolds
numbers are Rh ¼ 2835 (blue), Rh ¼ 4982 (red), and Rh ¼ 8093 (yellow).
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Lx ¼
@�qhuihui

@x
þ @�qhu00u00i

@x
þ @�qhuihvi

@y
� @�rxx

@x

� @�ryx

@y
� 1

Rd

@

@y
�l
@�u

@y

� �" #

þ @�p

@x
: (4.2)

For a turbulent boundary layer at high Reynolds number, Eq. (4.2)
reduces to

Lx ¼
@�qhuihui

@x
þ @�qhuihvi

@y
þ @�p

@x
: (4.3)

By further integrating (4.1) from 0 to y, we obtain

y�l

Rd

@�u

@y

�
�
�
�
y¼0

¼ �
ðy

0

�qhu00v00idy þ 1

Rd

ðy

0

�l
@�u

@y
dy �

ðy

0

ð
~y

0

Lxdŷd~y:

(4.4)

Integrating (4.4) from 0 to a wall-normal location h in the free stream,
i.e., where qu ¼ 1 and qv ¼ 0, leads to

h2�l

2Rd

@�u

@y

�
�
�
�
y¼0

¼ �
ðh

0

ðy

0

�qhu00v00idŷdy þ 1

Rd

ðh

0

ðy

0

�l
@�u

@ŷ
dŷdy

�
ðh

0

ðy

0

ð
~y

0

Lxdŷd~ydy: (4.5)

According to Cauchy’s formula for repeated integrations, given in Eq.
(3.3) of WGK, the skin-friction coefficient can be expressed as

Cf

2
¼ � 2

h2

ðh

0

ðh� yÞ�qhu00v00idy
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 1

þ 2

Rdh2

ðh

0

ðy

0

�l
@�u

@ŷ
dŷdy

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term2

� 1

h2

ðh

0

ðh� yÞ2Lxdy
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

TermL3

; (4.6)

where L3 is used to indicate a threefold integration. If the upper bound
h is set equal to 1, that is, h� ¼ d�99, Eq. (4.6) becomes

Cf ¼
4

Rd

ð1

0

ðy

0

ð~l þ 1Þ @�u
@ŷ

dŷdy � 4

ð1

0

ð1� yÞ�qhu00v00idy

� 2

ð1

0

ðy � 1Þ2Lxdy

¼ 4ð1� ddÞ
Rd

� 4

ð1

0

ð1� yÞ�qhu00v00idy þ 4

Rd

ð1

0

ð1� yÞ~l @�u

@y
dy

� 2

ð1

0

ðy � 1Þ2Lxdy; (4.7)

where ~l ¼ �l � 1 and dd ¼
Ð 1

0 ð1� �uÞdy. Equation (4.7) agrees with Eq.
(B1) of GFS if the high-order terms in Eq. (B1) are neglected when the
boundary-layer theory approximation is adopted (White, 2006). Analogous
to the original FIK identity in the incompressible case, the first term on the
right-hand side of Eq. (4.7) does not correspond to the contribution of a
laminar boundary layer. The laminar contribution to the skin-friction coeffi-
cient is instead isolated by term Cl in our identity (2.15).

As in the incompressible case of Ricco and Skote (2022), the
integration bound h in Eq. (4.6) can be taken asymptotically large

to remove the dependence of the right-hand side of Eq. (4.6) on h.
The first and second terms on the right side of Eq. (4.6) are null in
the limit h ! 1 as the integrals are finite since the corresponding
integrands �qhu00v00i and �l@�u=@y are null in the free stream. It fol-
lows that

Cf ¼ lim
h!1

� 2

h2

ðh

0

y2Lxdy

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Term 3

þ 4

h

ðh

0

yLxdy

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Term4

�2

ðh

0

Lxdy

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Term 5

2

6
4

3

7
5
; (4.8)

where the sum of terms 3–5 equals term L3 in Eq. (4.6). Only term
5 in Eq. (4.8) is finite as h ! 1, while terms 3 and 4 are null in
this limit, analogous to the incompressible case (Ricco and Skote,
2022). Two cases, at Rd ¼ 37637 and Rd ¼ 61429, are studied.
These Reynolds numbers correspond to Res ¼ 510 and Res ¼ 774,
where Res is the Reynolds number based on the wall-friction veloc-
ity, the boundary-layer thickness d�99, and the viscosity at the wall.
The lower Reynolds number case is from Zhang et al. (2018), and
the higher Reynolds number case is from Huang et al. (2022).
Figure 3 displays the dependence of terms 1–5 in Eqs. (4.6) and
(4.8) for these two cases on the upper bound h. All the terms vary
strongly with h. As h grows asymptotically, terms 1–4 vanish, while
term 5 plateaus to a constant.

In the limit h ! 1, Eq. (4.8) reduces to Eq. (A1),

Cf

2
¼ �

ð1

0

@�qhuihui
@x

þ @�qhuihvi
@y

þ @�p

@x

� �

dy;

¼
ð1

0

qeUe � �qhuið Þ dUe

dx
þ @ðUe � huiÞ�qhui

@x

� �

dy: (4.9)

To obtain Eq. (4.9), we have utilized Eq. (2.11) and neglected the
pressure-fluctuation term �@p0=@x ¼ @ð�qhv002iÞ=@x emerging from
the y-momentum equation because it is small in a high-Reynolds-
number turbulent boundary layer (Bradshaw, 1964). We have also
used

Ð1
0

@ð�qhuiÞ=@x dy ¼ 0, which follows from the continuity equa-
tion. Equation (4.9), therefore, simplifies to Eq. (A2), which indicates
that in the case of a compressible boundary layer, the GFS identity
reduces to the compressible von K�arm�an momentum integral
equation.

In the original FIK identity for incompressible boundary
layers, d�99 was the upper bound of choice. However, in the com-
pressible FIK identities, such as those proposed by WGK and
XWC, the upper bound has been chosen to be larger than d�99
because of the need to select a domain that covers the thermal
boundary layer as well, especially in the case of hypersonic bound-
ary layers. This issue does not concern the analysis of incompress-
ible boundary layers because no thermal effects incur in that case.
In view of this idea, attention should be paid to Fig. 3(f), where the
turbulent term 1 is compared with the spatial-growth term L3,
defined in Eq. (4.6). Figure 3(f) and the analogous Fig. 4(f) were
not shown in the incompressible analysis by Ricco and Skote
(2022). The turbulent term 1 shows a rapid decrease near d99, while
the spatial-growth term L3 grows significantly there. These terms
match at h � 2d99, and the spatial-growth term L3 dominates for
h > 2d99. The balance is, therefore, dominated by the turbulent
term if h is chosen to be comparable with d99 and by the spatial-
growth term if h is taken to be larger than 2d99. This crossover

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 035107 (2023); doi: 10.1063/5.0142129 35, 035107-7

VC Author(s) 2023

 2
4
 J

a
n
u
a
ry

 2
0
2
4
 1

5
:4

6
:5

2



occurring as the upper bound increases leads to totally different
qualitative and quantitative conclusions about the impact of the
different terms of the streamwise momentum equation on the wall
friction.

As shown in Figs. 3(a) and 3(b), since the contributions of the
Favre–Reynolds stresses and �l@�u=@y to the skin-friction coefficient
vanish in the limit h ! 1, it is thus not possible to quantify the
impact of these different terms on the wall friction. This problem

FIG. 3. (a)–(e) Dependence of terms in Eqs. (4.6) and (4.8) obtained by the threefold integration on the upper integration bound h for turbulent boundary layers. (f)
Comparison of term 1 (solid lines) with term L3 (dashed lines). The numerical data are from the direct numerical simulations by Zhang et al. (2018) and Huang et al. (2022) at
M1 ¼ 2:5. The vertical line indicates the wall-normal locations where h ¼ d99.
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arises because the geometry of the system does not possess a precise
scale along the wall-normal direction, differently from channel and
pipe flows, for which the channel height and the pipe radius
are instead used as upper integration bounds. It follows that the

skin-friction coefficient depends spuriously on h because h is a mathe-
matical quantity used to derive the identity. We also conclude that the
GFS identity does not allow for the quantification of the contribution
of the Favre–Reynolds stresses to the skin-friction coefficient.

FIG. 4. (a)–(d) Dependence of terms I–IV (4.10–4.11) obtained by the twofold integration on the upper integration bound h for turbulent boundary layers at two Reynolds num-
bers. (e) Comparison of term I (solid lines) with term L2 (dashed lines). The vertical line indicates the wall-normal location where h ¼ d99: The parameters are the same as
the direct numerical simulation data of Zhang et al. (2018) and Huang et al. (2022) forM1 ¼ 2:5.
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B. Simplification of the twofold Wenzel–Gibis–Kloker

identity

The FIK and GFS identities are based on a threefold integration
of the streamwise momentum equation. For compressible turbulent
boundary layers, WGK and XWC instead decomposed the skin-
friction coefficient by a twofold integration. The twofold integration of
the streamwise momentum equation leads to the identity

Cf ¼ � 2

h

ðh

0

�qhu00v00idy
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term I

þ 2

hRd

ðh

0

�l
@�u

@y
dy

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Term II

þ 2

ðh

0

ðy � hÞLxdy
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

TermL2

;

(4.10)

where the last term can be written as

L2 ¼ 2

ðh

0

ðy � hÞLxdy ¼
2

h

ðh

0

yLxdy

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Term III

�2

ðh

0

Lxdy

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Term IV

: (4.11)

The terms on the right-hand side of Eq. (4.10) depend on the integra-
tion bound h, as in the GFS identity. In the limit h ! 1; terms I and
II in Eq. (4.10) are null because the integrals are finite as the
Favre–Reynolds stresses and �l@�u=@y are null in the free stream. The
integrand yLx in term III of Eq. (4.11) is zero outside of the boundary
layer, and hence, its integral is finite as well. It follows that term III
approaches zero when h ! 1: Term IV instead contributes to the
skin-friction coefficient by itself in the limit h ! 1. Term IV coin-
cides with term 5 in Eq. (4.8), which arises from the threefold integra-
tion, and, similar to the threefold GFS identity, the twofold identity
obtained by WGK also reduces to the compressible von K�arm�an
momentum integral equation when h ! 1.

Figure 4 unveils the contributions of terms I–IV in Eqs. (4.10)
and (4.11) on the upper integration bound h. Terms I–III exhibit an
intense dependence on h and tend to 0 as h ! 1. The
Favre–Reynolds stresses (term I) are excluded from the contribution
of the skin-friction coefficient if an asymptotically large upper bound
is chosen. Term IV instead grows to a constant as h ! 1. The decay
of term I and the rapid growth of term IV are evident near h¼ 1, i.e.,
at the edge of the boundary layer, which indicates that the twofold
identity is sensitive to the upper bound at around h ¼ 1: As for the
threefold identity, the terms of the identity depend spuriously on the
upper bound. The turbulent term I is compared to the spatial-
development term L2 in Fig. 4(e). The turbulent term I is smaller than
term L2 for h < 0:8d99, but the spatial-development term L2 domi-
nates for h > 0:8d99. It should be noted that the value of h where the
turbulent term I equals term L2 changes for different cases. It can be
larger than d99, as in the case of the threefold-integration GFS identity
shown in Fig. 3(f). The conclusion is that a slight modification of the
upper bound can drastically change the dominant term in the twofold
integration identity. This significant change does not happen for the
identity (2.15) as it does not depend on the upper bound.

Thanks to these results, we are now in the position to analyze the
results of WGK and XWC. To include all the dynamical effects of a
compressible boundary layer, WGK and XWC set the upper integra-
tion bound to 1:3d�99 and 1:5d�99, respectively. The boundary-layer
dynamics, and therefore its kinematic thickness and its thermal thick-
ness, is related to the Mach number and the wall temperature, and

hence, to apply this theoretical framework, the upper integration limit
should change in each case in order to include all the dynamical and
thermal features of the boundary layer. WGK showed that the decom-
posed terms are sensitive to the upper integration bound, as revealed
by their Fig. 12.

Terms I–IV in Eqs. (4.10) and (4.11) are related to the terms in
the identities by WGK and XWC. Term I in Eq. (4.10) is the

turbulent-convection term cTf in Eq. (3.7) of WGK. Term II is the

boundary-layer term cLf of WGK. The last term in Eq. (4.10) can be

interpreted as the sum of the mean-convection term cMf and the

spatial-development term cDf (@�p=@x ¼ 0 for their case). Equation

(3.7) in WGK is the same as our (4.6) if one combines cMf and cDf to

our third term in the right-hand side of our (4.6) and takes
@�p=@x ¼ 0. The dependence of the decomposed terms on the upper
bound can be misleading. WGK showed that the dominant term is the

turbulent-convection term cTf (our term I) when the upper bound is

h� ¼ 1:3d�99, whereas the spatial-development cDf (part of our

term L2) becomes dominant when the upper bound is chosen to be
h� ¼ 2d�99 (refer to their Fig. 12).

The terms in Eq. (3.4) of XWC include high-order terms. The

term CB
f of XWC is our term II as we neglect high-order terms. Their

term CT
f is our term I. The combination of CD;1

f ;CD;2
f , and CD;3

f is L2,

the last term of our (4.10). The numerical results of XWC showed that
the spatial-development term is dominant. XWC reported the spatial-
development term to be dominant and concluded that the overshoot
of the skin-friction coefficient is mainly caused by the streamwise
dependence of the mean-flow profiles and not by the Reynolds
stresses. This conclusion can be questioned because one can specify a
smaller upper bound of integration to mitigate the contribution of
the spatial-development term. The contribution of the terms to the
dynamical balance and wall-shear stress should not depend on the
upper integration bound because h is arbitrary.

We also note that the identity (2.15) simplifies to the twofold
identity (4.10) by neglecting the streamwise pressure gradient and
setting c and the upper integration bounds of both equations
equal to 1.

C. Simplification of the multifold Wenzel–Gibis–Kloker

identity

The identity emerging from a number of successive integra-
tions n between 0 and y performed before the final integration
between 0 and h was studied by Ricco and Skote (2022) for an
incompressible channel flow and by WGK for a compressible tur-
bulent boundary layer. Ricco and Skote (2022) studied the asymp-
totic behavior of the repeated-integration identity as n ! 1 and
proved that the integral involving the Reynolds stresses impacts
less and less on the skin-friction coefficient as n increases because
that term behaves � 48Auv3=n

3; where Auv3 is a constant. A key
conclusion was that the channel-flow identity only possesses a
defined physical meaning in the original FIK case. We now utilize
the asymptotic method of Ricco and Skote (2022) to study the mul-
tifold WGK identity as h ! 1 and n ! 1 and investigate the
behavior of the different terms in these limits.
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As shown by WGK, a number n of successive integrations
between 0 and y can be performed on (4.1) before the final integration
between 0 and h, to obtain

Cf ¼ � 2n

hn

ðh

0

ðh� yÞn�1
�qhu00v00idy

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

TermA

þ 2n

hnRd

ðh

0

ðh� yÞn�1
�l
@�u

@y
dy

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

TermB

� 2

hn

ðh

0

ðh� yÞnLxdy
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

TermC

: (4.12)

In the limit h ! 1, the first term and the second term on the
right-hand side of Eq. (4.12) become negligible because the integral
always grows more slowly than the denominator hn: The third
term is dominant and can be expanded by using the binomial
theorem,

� 2

hn

ðh

0

ðh� yÞnLxdy ¼ �2
Xn

k¼0

n
k

� � ð�1Þk
hk

ðh

0

ykLxdy: (4.13)

When h ! 1; the terms on the right-hand side of Eq. (4.13) for k
6¼ 0 become negligible because the integrals are finite. The term for
k¼ 0 is finite since it is independent of h. We adopt the boundary-
layer assumption, and hence, the non-homogenous term (4.2)
reduces to Eq. (4.3). In the limit h ! 1, the skin-friction coeffi-
cient is

Cf

2
¼ �

ð1

0

Lxdy ¼ �
ð1

0

@�qhuihui
@x

dy

¼ d

dx

ð1

0

1� �qhuihuið Þdy ¼ dh

dx
; (4.14)

which is equal to Eq. (A2) if one takes Ue ¼ 1. It follows that the
WGK multifold identity (4.12) reduces to the compressible von
K�arm�an momentum integral equation.

We now study the case for h¼ 1, which corresponds to h� ¼ d�99,
and the limit n ! 1. By using the change of variable s ¼ �ln ð1� yÞ,
the skin-friction coefficient becomes

Cf ¼ �2n

ð1

0

�qhu00v00ie�nsdsþ 2n

Rd

ð1

0

�l
@�u

@y
e�nsds

� 2

ð1

0

Lxe
�se�nsds: (4.15)

We expand the Favre–Reynolds stresses, the mean shear-stress term,
and the convection term Lx in Eq. (4.15) for s ! 0þ;

�qhu00v00i � A3y
3 þ A4y

4 þ Oðy5Þ
¼ A3ð1� e�sÞ3 þ A4ð1� e�sÞ4 þ 	 	 	
¼ s3 A3 þ A4 � 3A3ð Þs½ 
 þ Oðs5Þ; (4.16)

�l
@�u

@y
� B0 þ B1y þ B2y

2 þ Oðy3Þ

¼ B0 þ B1ð1� e�sÞ þ B2ð1� e�sÞ2 þ 	 	 	

¼ B0 þ B1sþ B2 �
B1

2

� �

s2 þ Oðs3Þ; (4.17)

Lxe
�s � �qhui @hui

@x
þ �qhvi @hui

@y

� �

e�s

¼ C2y
2 þ C3y

3 þ Oðy4Þ
	 


e�s

¼ C2ð1� e�sÞ2 þ C3ð1� e�sÞ3 þ 	 	 	
	 


e�s

¼ C2s
2 þ C3 � 2C2ð Þs3 þ Oðs4Þ; (4.18)

where

hui ¼ a1y þ a2y
2 þ Oðy3Þ; hvi ¼ b2y

2 þ b3y
3 þ Oðy4Þ; (4.19)

hqi ¼ c0 þ c1y þ Oðy2Þ; �qhui @hui
@x

¼ Oðy2Þ;

�qhvi @hui
@y

¼ Oðy2Þ:
(4.20)

The coefficients AnðRdÞ;BnðRdÞ, and CnðRdÞ can be determined
numerically. For Rd ¼ 37637,

A3 ¼ �299:36; A4 ¼ 3563:35; B0 ¼ 42:99; B1 ¼ �44:80;
C0 ¼ �1:01; C1 ¼ �1:56;

while for Rd ¼ 61429

A3 ¼ �1251:03; A4 ¼ 39668:72; B0 ¼ 60:27; B1 ¼ �66:51;
C0 ¼ �2:20; C1 ¼ 154:50:

Using Watson’s lemma (Bender and Orszag, 1999) leads to

Cf � �2n
Cð4ÞA3

n4
þ A4 �

3A3

2

� �
Cð5Þ
n5

þ 	 	 	
� �

� 2
Cð3ÞC2

n3
þ C4 � 2C3ð ÞCð4Þ

n4
þ 	 	 	

� �

þ 2n

Rd

Cð1ÞB0

n
þ Cð2ÞB1

n2
þ B2 �

B1

2

� �
Cð3Þ
n3

þ 	 	 	
� �

� 2�l

Rd

@�u

@y

�
�
�
�
y¼0

; (4.21)

where C is the Gamma function. As n grows, the skin-friction coeffi-
cient approaches B0=Rd; ruling out the contribution of the
Favre–Reynolds stresses at leading order. It also follows that the iden-
tity collapses to the definition of the skin-friction coefficient itself,
therefore revealing no information about the dynamics of the flow and
proving that the dependence on n is spurious.

Figure 5 shows the dependence of the terms composing the
WGK multifold identity on the integration number n. The
Favre–Reynolds stress term A first increases, reaches a peak value at
n¼ 15, and then decreases slowly. The non-homogeneous term C rap-
idly decays to zero as n increases. The mean-flow term B is dominant
for large n, rather than the non-homogeneous term for the twofold or
the threefold decomposition when the large-h limit is taken. The pre-
sent results explain the cases studied in Fig. 11 of Wenzel et al. (2022).
The maximum value of n in WGK is 10, for which the contribution of
the Favre–Reynolds stresses is significant, as displayed in Fig. 5. If
WGK had chosen a larger value of n, the Favre–Reynolds stress term
would have been less impactful on the skin-friction coefficient. It is
clear that the Favre–Reynolds stress term is sensitive to the integration
number n, a further indication that the influence of n on the contribu-
tion of the different terms on the wall friction is spurious.
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V. CONCLUSIONS

In this paper, we have derived an integral formula for the skin-
friction coefficient of compressible boundary layers that isolates the
contribution of the laminar skin-friction coefficient, the Favre–
Reynolds stresses, the mean-flow streamwise inhomogeneity, and the
change of viscosity due to the temperature gradients. This identity is
the compressible-flow version of that obtained by Elnahhas and
Johnson (2022) for incompressible boundary layers. It allows for the
quantification of the contribution of different terms in the streamwise
momentum equation to the wall-shear stress. The identity removes
the dependence on the upper bound of integration and is, therefore,
valid for compressible boundary layers with an unbounded domain in
the wall-normal direction. Just like the incompressible counterpart
proposed by Elnahhas and Johnson (2022) and the identity proposed
by Renard and Deck (2016), the derivation adopts an unbounded inte-
gration along the wall-normal direction.

The threefold repeated integration identity of Gomez et al.
(2009), which is the compressible version of the incompressible iden-
tity found by Fukagata et al. (2002), and the twofold repeated integra-
tion identities of Wenzel et al. (2022) and Xu et al. (2022) all simplify

to the compressible von K�arm�an momentum integral equation when
the upper limit of integration is asymptotically large. We have also
proved that the upper integration bound used to derive the identities
has a significant impact on the contribution of the terms of the stream-
wise momentum equation on the wall friction. Therefore, this problem
prevents the use of these identities for the quantification of the effect
of the Favre–Reynolds stresses on the wall friction.

The multifold integral method of Wenzel et al. (2022) was stud-
ied, too. Their identity also reduces to the von K�arm�an momentum
integral equation for an asymptotically large integration bound. As the
number of integrations becomes asymptotically large, we have proved
by asymptotic methods that the identity degenerates to the definition
of the skin-friction coefficient, revealing no information about the
physics of the boundary layer.

In the analysis of a Mach 2.5 turbulent boundary layer with an
adiabatic wall, our new integral identity shows that the Favre–
Reynolds stresses dominate the boundary-layer dynamics, contribut-
ing the most to the skin-friction coefficient. The mean-flow streamwise
inhomogeneity has an opposite effect on the wall friction to that of the
Favre–Reynolds stresses, while the wall-normal momentum flux has

FIG. 5. Dependence of terms A (graph a), B (graph b), and C (graph c) in Eq. (4.12) on the number of iterations n for turbulent boundary layers at two Reynolds numbers.
The solid and dashed lines correspond to the numerical and asymptotic solutions, respectively. The parameters are the same as the direct numerical simulation data of Zhang
et al. (2018) and Huang et al. (2022). The Mach number is M1 ¼ 2:5.
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a smaller impact. The term due to the temperature-dependent viscos-
ity and the laminar term are negligible. All the terms in the identity
decrease with the Reynolds number except for the term related to the
mean-flow streamwise inhomogeneity.

The identity will serve the useful purpose of computing the
wall-shear stress of a compressible turbulent boundary layer by post-
processing experimental data measured along the wall-normal direc-
tion. This application of the identity is particularly noteworthy in the
compressible regime, where obtaining the wall-shear stress by directly
measuring the velocity gradient at the wall is an immense challenge
(Goyne et al., 2003). The identity could also be helpful to evince how
flow-control methods, designed, for example, to attenuate the wall fric-
tion, modify the momentum and energy transfer in a turbulent bound-
ary layer. Compressible transitional boundary layers can also be
investigated by using the method developed herein (Zhou et al., 2022;
Tong et al., 2022; and Chen et al., 2022).
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APPENDIX A: THE COMPRESSIBLE VON K�ARM�AN

MOMENTUM INTEGRAL EQUATION

The compressible von K�arm�an momentum integral equation is
derived as follows. Integrating (2.12) from the wall to infinity leads to

�l

Re

@�u

@y

�
�
�
�
y¼0

¼
ð1

0

qeUe � �qhuið Þ dUe

dx
þ @ðUe � huiÞ

@x
�qhui

� �

dy

¼ qeUe
dUe

dx

ð1

0

1� �qhui
qeUe

� �

dy

þ d qeU
2
e

� �

dx

ð1

0

1� hui
Ue

� �
�qhui
qeUe

dy þ qeU
2
e

dh

dx
:

(A1)

By considering a free-stream potential flow with constant density
qe ¼ 1 and streamwise-varying Ue, Eq. (A1) becomes the com-
pressible von K�arm�an momentum integral equation

Cf

2
¼ dh

dx
þ dþ 2h

Ue

dUe

dx
; (A2)

where

dðxÞ �
ð1

0

1� �qhui
qeUe

� �

dy and hðxÞ �
ð1

0

1� hui
Ue

� �
�qhui
qeUe

dy

(A3)

are the compressible displacement thickness and momentum thick-
ness, respectively. Equation (A2) is the scaled form of Eq. (7-61) of
White (2006) when their parameter Mae is null.

APPENDIX B: THE COMPRESSIBLE LAMINAR

BOUNDARY-LAYER SOLUTION

The compressible Blasius boundary layer without a stream-
wise pressure gradient possesses a similarity solution (Stewartson,
1964),

u ¼ U ¼ F0ðgÞ; v ¼ V ¼ TðgcF0 � FÞ
ffiffiffiffiffiffiffiffiffiffi
2xRe

p ; T ¼ TðgÞ; (B1)

where gc ¼ T�1
Ð g

0
Tð�gÞd�g, the similarity variable g is

g ¼ 1

s

ðy

0

qðx;�yÞd�y;

and s is defined in Eq. (2.21). The prime denotes differentiation
with respect to g. The compressible Blasius functions FðgÞ and
TðgÞ are determined by the boundary-value problem

ðlF00=TÞ0 þ FF00 ¼ 0

ðlT 0=TÞ0 þ PrFT 0 þ lðc� 1ÞPrM2
1ðF00Þ2=T ¼ 0;

F ¼ F0 ¼ 0; at g ¼ 0;

F0 ¼ 1; T 0 ¼ 0; as g ! 1;

(B2)

where the Prandtl number Pr¼ 0.707 and the dynamic viscosity
lðTÞ ¼ Tx with x ¼ 0:76 (Stewartson, 1964). The power law is
adopted for the dynamic viscosity in the analysis of the laminar
boundary layer, although the decomposition of the skin-friction
coefficient is valid for any viscosity law. The boundary conditions
for the wall temperature are T ¼ Tw and T 0ð0Þ ¼ 0 for isothermal
and adiabatic walls, respectively.

For a zero-pressure-gradient boundary layer, the displacement
thickness and the momentum thickness (A3) reduce to

dðxÞ � s

ð1

0

1� F0

T

� �

Tdg and hðxÞ � s

ð1

0

1� F0ð ÞF0dg: (B3)

The skin-friction coefficient is proportional to 1=
ffiffiffi
x

p
, as shown

by Eq. (6.71) of Anderson (2000). The decomposition of the
skin-friction coefficient for a laminar boundary layer simplifies
to
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Cf

2
¼ 1

Rec
|{z}

Cl

þ �1

Rec

ð1

0

dl

dT
T 0F0dg

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

C�l

þ dhc

dx
� h� hc

c

dc

dx
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ch

þ hv

c
|{z}

Chv

; (B4)

where C�l þ Ch þ Chv ¼ 0. The momentum thicknesses reduce to

hcðxÞ ¼ s

ð1

0

1� y

c

� �

1� F0ð ÞF0dg

and

hv ¼
1

Re

ð1

0

1� F0ð ÞðgcF0 � FÞTdg;

where y=c is a function of g and is expressed as

y

c
¼ lw

Tw

@2F

@g2

�
�
�
�
g¼0

ðg

0

Tð�gÞd�g:

For a laminar boundary layer, the terms are

Cl /
1

c
/ 1

ffiffiffi
x

p ; C�l / 1
ffiffiffi
x

p ; Ch /
1
ffiffiffi
x

p ; Chv /
1
ffiffiffi
x

p : (B5)
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