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Graphical Abstract

Non-associated Cosserat plasticity

René de Borst, Sepideh Alizadeh Sabet, Tim Hageman

 Ductile failure in granular materials is described using frictional plasticity

 Associated flow rules overestimate the plastic volumetric strain

 Non-associated flow rules are therefore ubiquitous for granular materials

Non-associated flow rules in frictional plasticity cause:

• Loss of ellipticity of the initial value problem

• Structural softening also in the absence of strain softening

Consequences for numerical computations:

• Dependence on mesh density and on the direction of the grid lines

• Poor convergence of iterative scheme to solve the non-linear equations

Cosserat continuum:

• Regularises ill-posed initial value problem

• Removes mesh dependence and poor convergence

• Micro-rotations represent the rotations of individual grains

Converged solutions for different grid line directions

Dependence of shear band orientation on internal length scale:

• Higher inclination angle for smaller internal length scales (= grain sizes)

• Experimental evidence support this numerical observation

Observations

Shear-band inclination as a function of the internal length scale

Volumetric vs axial strain in a triaxial test



Highlights

Non-associated Cosserat plasticity

René de Borst, Sepideh Alizadeh Sabet, Tim Hageman

• Non-associated flow rules in frictional plasticity can lead to a local loss

of ellipticity.

• Excessive dependency on mesh densification and on the grid line direc-

tion, and a loss of convergence of Newton’s method result.

• Replacement of a standard continuum by a Cosserat continuum restores

ellipticity, and no mesh dependency or convergence issues arise.

• Use of a Cosserat continuum results in a correct dependence of the

shear band inclination angle on the internal length scale.
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Abstract

Frictional plasticity models with a non-associated flow rule, ubiquitous for

describing failure in geomaterials, can lead to a local loss of ellipticity for low

hardening rates, i.e. before entering a strain-softening regime. This leads to

an excessive dependence on the spatial discretisation and to an inability of

Newton-Raphson methods to converge. Higher-order continuum models can

remedy this. The Cosserat continuum is particularly suitable for granular

media because the rotational degrees of freedom of this model can represent

the rotation of (assemblies of) grains or blocks which form the microstruc-

ture of such materials. We illustrate this analytically by the example of

an infinitely long shear layer and through a three-dimensional bifurcation

analysis. Numerical simulations show the consequences, i.e. the anomalies of

standard continuum models and the correct behaviour of non-associated plas-

ticity models embedded in a Cosserat continuum. The motivation for using a

Cosserat continuum for granular and blocky materials is further strengthened

through shear band simulations of biaxial tests, where the inclination angle
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shows the same dependence on the internal length scale as that on the grain

size in tests. This result is the first proper explanation for this dependence.

Keywords: Cosserat continuum, plasticity, non-associated flow,

ill-posedness, mesh dependence, regularisation

1. Introduction

Ductile failure in geomaterials such as sand, clay, and rocks is governed by

frictional effects, and is typically described using frictional plasticity. Classi-

cal failure criteria to describe such a mechanism are the Mohr-Coulomb and

Drucker-Prager contours. Typically, these pressure-dependent failure criteria

are augmented by a non-associated flow rule in order to properly describe the

plastic volume changes. This Introduction will commence with a motivation

for using such a flow rule for granular and blocky materials, which are the

focus of this contribution. Next, mathematical and numerical consequence of

the use of non-associated plasticity will be highlighted, and a remedy, namely

replacing a standard, Boltzmann continuum by a Cosserat continuum [1] will

be proposed.

Further in this contribution we will in more detail investigate the detri-

mental effects of the use of non-associated flow rules in frictional plasticity on

mesh sensitivity and stability of the numerical computations. An analytical

solution for an infinite shear layer will be given first in order to elucidate

the effects, followed by a discussion on ellipticity and shear banding. The

latter treatment will set the scene for two-dimensional numerical studies of

plastification and shear banding in frictional, non-associated plasticity, where

the effects of mesh densification, mesh orientation and stability of the nu-
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merical procedure will be discussed. The studies will first be conducted for

a standard continuum, and subsequently for a Cosserat continuum, proving

the regularising effect of the latter model.

1.1. Non-associated plastic flow

Crucially, the use of an associated flow rule, as is common in most appli-

cations in metal plasticity, results in an incorrect prediction of the amount

of volumetric plastic flow in granular materials. This is visualised in Figure

1, cf. [2], which shows the measured change in the volumetric plastic strain

vs the volumetric plastic strain that is predicted by an associated flow rule.

The plastic volume increase which would be predicted an associated flow

rule for a Mohr-Coulomb or Drucker-Prager yield criterion is far too high.

This mismatch is important, since an overprediction of the plastic volumetric

strain must be compensated by an elastic volumetric strain in kinematically

constrained conditions, which would lead to significantly higher stress levels

than actually occur.

To correct for the overprediction of the volumetric plastic flow, non-

associated flow rules have been proposed, see Melan [3] and Mróz [4, 5],

who were early contributors. Non-associated flow rules deviate from the

more classical associated plastic flow in that they no longer depart from the

assumption that Drucker’s Postulate [6] holds. Instead a plastic potential

function, separate from the yield function, is defined from which the plastic

strain rates are derived by differentiation with respect to the stress tensor.

This plastic potential function is chosen such that the plastic volume change

is predicted in line with experimental evidence. Hence, different from classi-

cal, associated plasticity the yield function no longer also plays the role of the
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plastic potential function, and consequently, the resulting incremental stress-

strain relation becomes non-symmetric. It is noted that such non-symmetries

can also result from a coupling between the plastic flow and the elastic prop-

erties [7]. The first finite element implementation of non-associated plasticity

was probably carried out by Zienkiewicz et al. [8].

For metals plastic flow is usually isochoric and the Von Mises or Tresca

yield criteria in conjunction with an associated flow rule yield correct pre-

dictions. However, for porous metals or when metals are subject to high

hydrostatic pressures deviations from isochoric plastic flow occur, and non-

associated flow rules must be adopted also then. Applications can be found in

sheet metal forming. The anisotropy which then arises is typically described

by a Hill yield criterion together with a non-associated flow rule [9, 10, 11, 12].

1.2. Consequences of non-associated flow rules

The deviation from associated plasticity has important consequences. As

pointed out, Drucker’s Postulate is violated [6] and a non-symmetry of the

incremental stress-strain relation ensues. More importantly, however, is that

locally ellipticity can be lost, which can lead to the emergence of discontinu-

ous solutions (shear bands), and therefore to the loss of well-posedness of the

boundary value problem. Classically, a local loss of ellipticity and the ensu-

ing loss of well-posedness of the initial value problem are associated with the

inclusion of strain softening in a constitutive relation, i.e. the yield strength

decreases for an increasing strain level. However, the seminal work of Rud-

nicki and Rice [13] has shown that loss of ellipticity and the concomitant

emergence of shear bands, or more generally, discontinuities in the velocity

field, can also occur when non-associated plastic flow is the sole destabilising
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Typical test result
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Figure 1: Typical result of a triaxial test on a granular material, in which the volumetric

strain is plotted as a function of the axial strain together with the volume increase that

would be generated by an associated flow rule.

mechanism in the constitutive relation.

There is a wealth of literature which shows that loss of ellipticity has

major consequences for numerical solutions. This is so irrespective of the

discretisation method [14]. The solution becomes entirely dependent on the

discretisation, e.g. [15]. But less known, though equally important, is the

poor convergence, or even divergence, of the nonlinear solution procedure

[16].

1.3. The Cosserat continuum as a remedy

The use of higher-order continuum models has proven a sound remedy

as they can maintain ellipticity until far into the softening regime, and con-

sequently, remove mesh dependency and restore the quadratic convergence

which is normally observed when Newton’s method is applied to solve the

set of non-linear equations that ensues after discretisation.
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For granular or blocky materials, where the resistance is mainly gov-

erned by sliding mechanisms and frictional effects, the Cosserat continuum

[1, 17, 18, 19, 20, 21, 22, 23] has proven to be particularly effective in removing

mesh effects and maintaining good (non-linear) convergence behaviour, while

allowing for simple algorithms which closely follow established implementa-

tions for standard continua [24, 25, 26]. More recently, it has been shown

that the Cosserat continuum model can not only remove the mesh size de-

pendence caused by strain softening, but also that caused by non-associated

plastic flow [27, 28, 29].

2. Preliminaries

We will first give a succinct overview of two yield functions which are

pressure-dependent, namely the Mohr-Coulomb and Drucker-Prager yield

criteria, and couple them to a non-associated flow rule. One consequence of

the use of non-associated plasticity is that it can cause structural softening

and this is shown in an analytical solution of a one-dimensional shear prob-

lem. This analysis also serves to show the possibility of mesh dependence. A

generalisation to three-dimensional continua is found in the last subsection,

where the possibility of loss of local ellipticity and the ensuing emergence of

shear banding are discussed for non-associated plastic flow.

2.1. Frictional plasticity with non-associated plastic flow

We first briefly summarise the frictional plasticity models which we will

use herein. Ordering the principal stress such that σ1 is the smallest and
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σ3 is the largest principal stress (tension considered as positive), the Mohr-

Coulomb yield function is given by:

f =
1

2
(σ3 − σ1) +

1

2
(σ3 + σ1) sinϕ− c cosϕ (1)

with c and ϕ the cohesion and the angle of internal friction, respectively.

Herein, we will use the Mohr-Coulomb model in a simple format, with con-

stant values for c and ϕ. Restricting the treatment to small displacement

gradients, we can adopt the additive decomposition of the strain rate ϵ̇̇ϵ̇ϵ into

an elastic component, ϵ̇̇ϵ̇ϵe, and a plastic component ϵ̇̇ϵ̇ϵp:

ϵ̇̇ϵ̇ϵ = ϵ̇̇ϵ̇ϵe + ϵ̇̇ϵ̇ϵp (2)

Adopting an isotropic, linear-elastic framework for the elastic part of the

model, with the Lamé constants λ̃ and µ, the stress rate σ̇̇σ̇σ is coupled to the

elastic strain rate in a linear manner:

σ̇̇σ̇σ = De : ϵ̇̇ϵ̇ϵe (3)

with the components De
ijkl = λ̃δikδjl + 2µδikδjl of the elastic stiffness tensor,

δij being the Kronecker delta, and the summation convention applied.

Since we consider non-associated plastic flow, the plastic strain rate is

derived from the following plastic potential function:

g =
1

2
(σ3 − σ1) +

1

2
(σ3 + σ1) sinψ (4)

with ψ ≤ ϕ being the dilatancy angle, as follows:

ϵ̇̇ϵ̇ϵp = λ̇
∂g

∂σσσ
(5)
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For the implementation of the non-associated Mohr-Coulomb model, refer-

ence is made to the literature, e.g., [15], including the construction of a

consistent tangent operator, which has been used in the analyses reported

in the remainder of this article, and a proper treatment of stresses near the

apex of the yield cone.

Similarly, the Drucker-Prager yield function is defined by:

f =
√

3J2 + αp− k (6)

with J2 =
1
2
sijsji the second invariant of the deviatoric stresses sij = σij−pδij,

and p = 1
3
σkk the hydrostatic pressure. As for the Mohr-Coulomb model the

plastic strain rates are defined by a non-associated flow rule, Equation (5),

with the plastic potential function now defined as:

g =
√

3J2 + βp (7)

Using the common assumption that the outer corners of the Mohr-Coulomb

contour touch the circle of the Drucker-Prager yield contour in the deviatoric

plane, the constants α, β, and k relate to the angle of internal friction ϕ, the

dilatancy angle ψ, and the cohesion c in the Mohr-Coulomb model via:

α =
6 sinϕ

3− sinϕ
β =

6 sinψ

3− sinψ
k =

6 cosϕ

3− sinϕ
c (8)

For the numerical implementation, reference is again made to standard text-

books, e.g. [15].

2.2. Analytical solution for a shear layer

We now consider an infinitely long shear layer under plane-strain condi-

tions, which is subdivided into m constant strain elements. Each element has
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a height h, so that the total height of the layer equals H = mh. One element

has a marginally lower shear strength than the other m−1 elements and will

become plastic as soon as this lower shear strength has been reached. Since

the remaining elements are not yet yielding, equilibrium dictates that they

will unload.

For the element which becomes plastic, the shear strain can be decom-

posed as, cf. Equation (2):

γ = γe + γp (9)

With τ the shear stress and µ the shear modulus, so that γe = τ/µ, we can

rewrite Equation (9) as:

γ =
τ

µ
+ γp (10)

We adopt a Drucker-Prager yield function, cf. Equation (6), which under

plane-strain conditions and pure shear loading, reads:

f = τ + α′p− k′ (11)

under pure shear loading, where

α′ =
2
√
3 sinϕ

3− sinϕ
, k′ =

2
√
3c cosϕ

3− sinϕ
(12)

Similarly, a ’plane-strain’ plastic potential function is used:

g = τ + β′p (13)

where β′ is related to ψ as α′ to ϕ in Equation (12). The plastic shear and

volumetric strain rates follow directly as γ̇p = λ̇ and the dilatancy relation

ϵ̇pv = βγ̇p. Using the additive strain decomposition and the elastic relation

for the volumetric elastic strain, ϵev = p/κ, with κ the elastic bulk modulus,

9



and exploiting the condition that during plastic flow the stress remains on

the yield surface, the following expression is obtained for the shear strain in

the weak element [27]:

γ =
τ

µ
+
τ − k

αβκ
+
ϵv
β

(14)

When constructing an analytical solution, there are two possible assump-

tions for ϵv. If ϵv = 0 for each element, Equation (14) reduces to:

γ =
τ

µ
+
τ − k

αβκ
(15)

Noting that only in the weakened element we have elasto-plastic deforma-

tions, and the remaining m − 1 elements feature only elastic strains, the

average shear strain over the layer reads:

γ̄ =
u

H
=
τ

µ
+
τ − k

mαβκ
(16)

which reveals a clear mesh dependence. Indeed, upon an increase of m, the

response becomes more brittle, as for τ ↓ 0, we have an inverse dependence

on the number of elements:

lim
τ↓0

γ̄ = − k

mαβκ
(17)

When the condition of incompressibility, ϵv = 0, is not imposed pointwise,

but over the entire shear layer, part of the plastic expansion/contraction in

the failing element can be compensated by elastic volumetric strains in the

other elements. When imposing this condition, the other (m − 1) elements

may satisfy the yield condition at some point. Let the additional shear strain

be denoted by ∆γ. Then, the additional horizontal displacements at the top

of the layer equals

∆u = ∆γwh+ (m− 1)∆γlh (18)
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where the superscripts w and l denote the weak element and the remainder of

the layer, respectively. We next substitute Equation (10), use the dilatancy

relation ϵ̇pv = βγ̇p, exploit the additive decomposition of the strain rate into

an elastic and a plastic component, and consider that the shear layer deforms

isochorically. This leads to the following expression [27]:

∆u

h
= m

∆τ

µ
− 1

β

(

(∆ϵev)
w + (m− 1)(∆ϵev)

l
)

(19)

Since the stresses must be at the yield surface, the consistency condition holds

for a finite increment, ∆p = −∆τ/α, so that (∆ϵev)
w = (∆ϵev)

l = −∆τ/ακ.

Substitution into Equation (19) then yields:

∆γ̄ =
∆u

H
=

∆τ

µ
+

∆τ

αβκ
(20)

and the slope of the shear stress - average strain curve becomes:

dγ̄

dτ
=

1

µ
+

1

αβκ
(21)

α, µ and κ are positive parameters. However, β < 0 for plastic contraction,

and, depending on the precise values of α, β, µ and κ, we have dγ̄

dτ
< 0,

leading to structural softening. However, since m has dropped out of the

expression, there is no mesh dependence for this case.

In practice the deformation behaviour of the shear layer will be between

both assumptions, but the analysis clearly shows that non-associated plastic

flow in a Boltzmann continuum can lead to structural softening and mesh

sensitivity even in the absence of strain softening in the constitutive relation.

2.3. Loss of ellipticity for non-associated plastic flow

For two and three-dimensional analyses analytical solutions are generally

not available and boundary value problems are normally solved using nu-
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merical methods. Under quasi-static loading conditions the governing set of

equations, i.e. the equilibrium equations, kinematic equations and constitu-

tive equations, should have an elliptic character, which implies that discon-

tinuities in the solution are not possible.

We will now investigate under which conditions ellipticity is lost. For this

purpose we suppose that, within the given context of quasi-static loading con-

ditions, a plane emerges, say Γd, across which the solution is discontinuous.

The difference in the traction rate ṫd across this plane reads:

[[ṫd]] = nΓd
· [[σ̇σσ]] (22)

with nΓd
the normal vector to the discontinuity Γd. Use of the constitutive

relation then gives: σ̇σσ = D : ϵ̇ϵϵ, with D the tangential stiffness tensor

[[ṫd]] = nΓd
·D : [[ϵ̇ϵϵ]] (23)

where the assumption of a linear comparison solid [30] has been exploited,

which states that D has the same value at either side of the discontinuity Γd.

Next, we assume the existence of a velocity field u̇ which is crossed by a

single discontinuity:

u̇ = ˙̄u+HΓd

˙̃u (24)

with the Heaviside function HΓd
separating the continuous velocity fields ˙̄u

and ˙̃u. The strain rate field is obtained by straightforward differentiation:

ϵ̇̇ϵ̇ϵ = ∇sym ˙̄u+HΓd
∇sym ˙̃u+ δΓd

( ˙̃u⊗ nΓd
)sym (25)

where the superscript ’sym’ denotes the symmetrised part of the operator

and δΓd
is the Dirac function at Γd. The difference in strain rate fields at Γd
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is proportional to the unbounded term at the interface:

[[ϵ̇ϵϵ]] = ζ
(

˙̃u⊗ nΓd

)sym
(26)

with ζ a non-zero scalar. Substitution into Equation (23) gives:

[[ṫd]] = ζ (nΓd
·D · nΓd

) · ˙̃u (27)

where the minor symmetry of the tangential stiffness tensor has been utilised.

A non-trivial solution, with a discontinuity in the velocity field, can exist if

and only if the determinant of the acoustic tensor vanishes:

det (nΓd
·D · nΓd

) = 0 (28)

Thus, as long as det (nΓd
·D · nΓd

) > 0 the set of equations is elliptic, and

discontinuous solutions are precluded.

For a Mohr-Coulomb plasticity model with a non-associated flow rule,

Equation (28) can be elaborated to yield a critical hardening modulus hcrit

at which ellipticity is lost, and therefore shear bands can develop [2, 31]:

hcrit
µ

=
(sinϕ− sinψ)2

8(1− ν)
(29)

with µ and ν the shear modulus and Poisson’s ratio, respectively. Since µ > 0

and ν ≤ 1/2, discontinuous solutions can emerge for positive values of the

hardening modulus h in the case of non-associated flow. For non-hardening

plasticity h = 0, we thus have h < hcrit, implying that the governing equa-

tions are not elliptic, and that solutions which include discontinuities are

possible. The same observation holds for Drucker-Prager yield functions, al-

though the expression is then more complicated since the intermediate stress

enters the equivalent of criterion (29) [13].
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3. Discretisation dependence in standard non-associated plasticity:

Biaxial tests

We discuss numerical simulations of shear banding in a biaxial test in

order to demonstrate that non-associated plastic flow can indeed cause struc-

tural softening and mesh dependence in the absence of strain softening or ge-

ometrically destabilising effects. The possible influence of mesh densification

is discussed as well as that of the orientation of mesh lines. A Mohr-Coulomb

yield function has been adopted and the simulations have been carried out

under the assumption of plane-strain conditions.

(a) Coarse mesh (b) Medium mesh (c) Fine mesh

Figure 2: Deformed contours for the biaxial test

3.1. Mesh densification

Calculations have been carried out with the elastic-ideally plastic Mohr-

Coulomb model for a biaxial test specimen. Three different meshes have been

used, depicted in Figure 2 with 6-noded triangular elements in a crossed lay-

out. The dimensions of the specimen are: height H = 20 cm and width

14
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Figure 3: Load vs displacement for the biaxial test (zoom around the peak load)

W = 10 cm. The Young’s modulus is E = 1000 Pa, Poisson’s ratio ν = 0.2,

cohesion c = 1 Pa, angle of internal friction ϕ = 20o and dilatancy angle

ψ = 10o. At the left boundary, just above the centre, one element has been

given a 5% reduction in the cohesive strength. The nodes at the bottom are

rollers with the exception of the left-bottom corner node, which is also fixed

in the horizontal direction. Uniform displacements are prescribed at the top

to give a compressive stress field.

Figure 2 shows that localised shear bands develop and that upon mesh re-

finement the localisation bands become narrower and narrower. This points

to a vanishing width in the limit of an infinitely dense mesh, which is associ-

ated with loss of ellipticity as discussed in the preceding section. Mesh depen-

dence is also shown in the load-displacement diagram of Figure 3. However,

different from the mesh dependence encountered when using strain-softening

15



constitutive relations, the mesh dependence only shows up in the first part af-

ter the peak load has been reached, and levels out to reach the same residual

load. Importantly, the results confirm earlier analyses that non-associated

flow rules can induce structural softening, also when strain softening has not

been built explicitly into the constitutive relation [32, 33, 34].

3.2. Directional mesh bias

Next to computations which show that non-associated plasticity in a

Boltzmann continuum generates solutions which are dependent on the fine-

ness of the discretisation, also the direction of the mesh lines can affect the

direction of shear band propagation. We investigate this for an elastic-ideally

plastic Drucker-Prager yield surface with a non-associated flow rule. The

elasticity parameters for these calculations are assumed as: Young’s modu-

lus E = 100 kPa and Poisson’s ratio ν = 0.25. With a friction angle ϕ = 25o

and a dilatancy angle ψ = 5o, Eq. (12) can be used to compute α = 0.984

and β = 0.18. For the cohesive strength the value k = 0.06 kPa has been

taken. To induce a non-homogeneous stress field and hence to trigger locali-

sation, an imperfect element with a 16.7% reduction in the cohesive strength

has been inserted at the left boundary, just above the centre line.

Two different discretisations, mesh A and mesh B, have been used, each

composed of quadratic triangles in a crossed lay-out. Mesh A has been used

for three different mesh sizes: 4 × 6, 8 × 12 and 16 × 24 elements, and the

elements have been arranged such that the angle of the element boundaries is

at 53.1o. In mesh B the diagonals are at 69.4o. Also here three discretisation

levels have been utilised: 8× 6, 16× 12 and 32× 24.

Localisation zones develop starting from the imperfection and continue

16



(a) 4× 6 elements (b) 8× 12 elements (c) 16× 24 elements

Figure 4: Equivalent plastic strain for mesh A for three levels of mesh refinement

(a) 8× 6 elements (b) 16× 12 elements (c) 32× 24 elements

Figure 5: Equivalent plastic strain for mesh B for three levels of mesh refinement
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to grow until a peak in the load-displacement curve has been reached. At

this point loss of ellipticity occurs and the boundary-value problem becomes

ill-posed. A post-peak structural softening is observed for all discretisations,

except for the coarsest discretisation of model B, where an ideal-plastic be-

haviour is observed. Generally, the slope of the post-peak load-displacement

curve becomes steeper upon mesh refinement. We note that the observed

structural softening is a pure consequence of the use of a non-associated flow

rule, as no strain softening has been incorporated in the constitutive model,

and has been observed and analysed before [27, 33, 34].

From Figure 4 it can be seen that in mesh A the size of the shear band

is set by the mesh size, as the shear band remains confined to a band of

elements. For the element size approaching zero, the shear band width be-

comes infinitely thin and a physically meaningless solution with a zero energy

dissipation results [15]. A shear band also forms for meshes B, but in a con-

siderably more diffuse manner, see Figure 5. Apparently, the mesh lay-out,

where the grid lines do not coincide with the shear bands, leads to a spread-

ing of the plastic strain. Even more importantly, the mesh lines influence the

direction of the shear band propagation, as for meshes B the angle at which

the shear band forms approximately equals θ = 58o, rather than θ = 52o,

which is in the same range as the experimental value obtained in [35].

4. An elasto-plastic Cosserat continuum model

We now generalise the standard non-associated plasticity model to a

Cosserat plasticity model with a non-associated flow rule. The discussion

will be limited to the two-dimensional case and to a Drucker-Prager plas-
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ticity model, since this allows for a simple formulation. Also, the numerical

treatment then becomes straightforward, as for instance has been shown in

References [24, 26].

In the absence of inertia terms and body forces the balances of linear mo-

mentum and of moment of momentum of a Cosserat continuum is formulated

as [17, 23]:

divσσσT = 0 (30)

and

divmT + eee : σσσ = 0 (31)

respectively, where m is the couple-stress tensor, and eee is the permutation

tensor.

From the displacement vector u and a micro-rotation vector ωωω the strain

tensor ϵϵϵ and a micro-curvature tensor κκκ can be derived, which are conjugate

to the Cauchy stress tensor σσσ and the couple-stress tensor m, respectively,

ϵϵϵ = ∇u− eee ·ωωω (32)

and

κκκ = ∇ωωω (33)

Under the usual small-strain assumption, the strain tensor is decomposed

in an additive manner into an elastic and a plastic part, as follows:

ϵϵϵ = ϵϵϵe + ϵϵϵp (34)

augmented by a similar relation for the micro-curvatures:

κκκ = κκκe + κκκp (35)
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A linear relationship is assumed to exist between the elastic parts of the strain

and the micro-curvature tensors on one hand, and the stress and couple-stress

tensors on the other hand:

σσσ =
2ν µ tr(ϵϵϵe)

1− 2ν
I+ (µ+ µc) ϵϵϵ

e + µ (ϵϵϵe)T (36)

and

m = µ
(

ℓ21κκκ
e + ℓ22 (κκκ

e)T + ℓ23 tr(κκκ
e) I

)

(37)

where I is the second-order identity tensor, and µc, ℓ1, ℓ2 and ℓ3 are additional

material parameters. The last two terms in Eq. (37) cancel in case of planar

deformations, and a reduced expression is obtained:

m = µℓ2κκκe (38)

where ℓ is an internal length scale which influences the width of the localisa-

tion zone. Computations with the current model suggest that the width of a

shear band approximately equals fifteen to twenty times the internal length

scale.

A non-associated Drucker-Prager type perfect-plasticity model is consid-

ered as in Equation (6), with a generalised form of the second invariant of

the deviatoric stress tensor [18]:

J2 = a1 s
T : s+ a2 s : s+ a3 m

T : m/ℓ2 (39)

where the constraint a1+a2 =
1
2
must hold for the classical expression for J2

to be retrieved in the absence of couple stresses. It has been shown that the

values a1 = 1
4
, a2 = 1

4
and a3 = 1

2
result in a particularly simple numerical

algorithm [24, 26]. The plastic potential is similar to that introduced in
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Equation (7), but now employing the generalised definition for J2, Equation

(39).

The extension from a standard continuum to a Cosserat continuum model

is simple and straightforward when using a Drucker-Prager yield contour, as

it only requires redefining the second invariant of the (deviatoric) stresses.

Recently, a generalisation has been made by formulating a definition for the

third stress invariant in a Cosserat continuum [36]. Since the first stress

invariant is identical for Boltzmann and Cosserat continua, any isotropic

yield criterion originally developed for a Boltzmann continuum, e.g., the

Mohr-Coulomb criterion either with an associated or a non-associated flow

can now be used equally well within the context of a Cosserat continuum.

5. Simulations using a Cosserat continuum

The regularisation effects of a Cosserat continuum for plasticity mod-

els with a non-associated flow rule are now assessed at the hand of two case

studies. First, the biaxial test is revisited. As before, the effects of mesh den-

sification and mesh alignment are considered, and it is shown that the results

are now not affected by the discretisation for sufficiently refined meshes.

Subsequently, the spread of plasticity around a predefined notch has been

analysed. It is shown that for a range of values of the internal length scale ℓ

quadratic convergence is obtained when using the Newton’s iterative proce-

dure, at variance with the case when no regularisation is applied.

5.1. Shear banding

The biaxial test has been re-analysed using Cosserat elasto-plasticity. The

set-up and the material parameters are as in Section 3.2. Two additional
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material parameters, µc = 20 kPa and a characteristic length ℓ = 1 mm

have been adopted. The parameter values have been chosen such that they

properly bring out the regularising effect without requiring an overly dense

mesh.

Regarding the higher-order boundary conditions, it has been assumed for

all boundaries that these are natural, i.e. no prescribed micro-rotations, and

couple stresses which are zero. It is noted though, that the higher-order

boundary conditions only have a short-range effect, and quickly disappear

away from the boundary in a Saint-Venant sense. In this light, the higher-

order boundary conditions may influence the inclination angle at the bound-

ary, but it is unlikely that they will affect the inclination angle in the interior

of the specimen.

Plastification starts at the imperfection, and spreads from thereon. At

and beyond the peak load the surrounding material unloads, and a strong

localisation occurs, as also observed in a standard continuum model. The

unloading, however, is less pronounced for a Cosserat continuum than for a

standard continuum, and for a Cosserat continuum the effect increases with

smaller values of the internal length scale, approaching a standard continuum

in the limiting case of a vanishing length scale. This is also reflected at

structural level with a larger drop of the force beyond peak load for smaller

values of the internal length scale ℓ.

5.1.1. Mesh refinement

Mesh A has been analysed with four different levels of mesh refinement,

4 × 6, 8 × 12, 16 × 24, 32 × 48 elements and mesh B has been analysed for

the same discretisations as before.
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Figure 6: Load-displacement curves for Cosserat plasticity. Left: Mesh A. Right: Mesh

B.

The load-displacement curves for meshes A and B are shown in Figure 6.

Irrespective of the mesh lay-out we observe convergence to a unique solution

upon mesh refinement. For the assumed characteristic length scale, structural

softening occurs, albeit very little, but this is no longer mesh-dependent after

a converged solution has been obtained.

Neither for mesh A, nor for mesh B, the width of the shear bands is

affected by the mesh size for a sufficient level of refinement. The equivalent

plastic strain contours, see Figure 7 for the three different levels of mesh B,

also show that strains are not localised over a single layer of elements, but

over a shear band with a finite width, which converges upon mesh refinement.

Moreover, the band width is approximately w = 16 mm, which makes that

the ratio of the shear band width over the internal length scale w/ℓ = 16,

which is in the range of established theoretical values 10 ≤ w/ℓ ≤ 20 [18] and

experimental observations [37]. The element size h = 3.125 then well matches

the rule of thumb that this quantity should be 3 – 5 times the internal length
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(a) Mesh B: 4× 6 elements (b) Mesh B: 8× 12 elements

(c) Mesh B: 16× 24 elements (d) Mesh A: 32× 48 elements

Figure 7: Equivalent plastic strain contours for mesh B and for the finest discretisation of

mesh A, at v = 0.2 cm, using Cosserat plasticity
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Figure 8: Geometry and mesh used for the predefined crack case

scale.

5.1.2. Mesh orientation

For the finest discretisation the results from meshes A and B show a

very similar shear band pattern, cf. Figure 7(c) and 7(d). Clearly, there is

convergence to a unique solution, not biased by the direction of the grid lines

and the refinement level. and there is a very good agreement in terms of the

inclination angle of the shear band. The observed shear band patterning is

characteristic for the use of a Cosserat continuum model.

5.2. Non-associated plasticity around a predefined crack

We now show the effect of employing Cosserat continuum on the conver-

gence in computations with non-associated plastic flow. The domain con-

sists of a rectangle, 1 m × 2 m, with a predefined stationary edge crack of
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0.25 m, see Figure 8. A normal traction tn = 1.0 MPa and a shear trac-

tion tt = 0.2 MPa are applied to the boundaries, while a time step size

∆t = 0.1 ms is utilised.

The material is characterised by a value for Young’s modulus E = 10 GPa,

Poisson ratio ν = 0.25, Cosserat shear modulus µc = 4 GPa, and density

ρ = 2500 kg/m3. The non-associated Drucker-Prager plasticity model is

cohesionless (c = 0), has an angle of internal friction ϕ = 30◦, and is non-

dilatant (dilatancy angle ψ = 0◦). The following values of the internal length

scale have been used: ℓ = 0.1 mm, ℓ = 1.0 mm, ℓ = 10 mm, and ℓ = 100 mm.

The domain was discretised using cubic T-splines [38]. Near the fracture

40 Bézier extracted elements were used in the horizontal direction, while

just 10 large elements were used away from the fracture, as shown in Figure

8. 20 elements were used in the vertical direction (6 small, 6 medium and

8 large elements). The refinement near the interface was chosen to accu-

rately capture the stress and plasticity near the fracture tip, while using the

increased accuracy of T-splines to allow for larger elements away from the

centre. The Newmark time discretisation scheme was used with β = 0.4 and

γ = 0.75. The Newton-Raphson scheme was considered as converged when

the energy-based error satisfied ε < 10−9.

To start from an initial configuration which is in equilibrium, no plasticity

is allowed for the first second of the simulation. Thereafter, plasticity is

allowed and a sudden burst of plasticity occurs around the fracture tip. Due

to the included inertial effects, the plastic strain evolves over several time

steps. This case was chosen as being representative of the sudden changes

in stress, and the accompanying plastic strain, which happen during fracture
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Figure 9: Convergence behaviour for a standard continuum and a Cosserat continuum for

the predefined crack case. The dashed line indicates the convergence criterion for ε.

propagation in more complex cases.

The convergence during the first step in which plasticity occurs, is shown

in Figure 9. The simulation which uses a standard continuum does not con-

verge. The results for a Cosserat continuum exhibit quadratic convergence,

as also shown in Figure 9. The quadratic convergence is independent of the

value of the internal length scale and an increase of the internal length scale

just slightly improves the convergence.

This result shows that ill-posedness, as induced here via a non-associated

flow rule, not only leads to a severe dependence on the spatial discretisation,

but can also destroy the quadratic convergence that can be expected when

a Newton-Raphson method is used to solve the set of non-linear algebraic

equations which results after discretisation of a non-linear boundary value

problem. Moreover, it indicates that the Cosserat continuum regularises the

ill-posed character of the boundary value problem introduced by the use of a

non-associated flow rule in plasticity as for this continuum model a quadratic
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convergence of the Newton-Raphson iterative process is regained.

(a) ℓ = 1 mm (b) ℓ = 0.5 mm (c) ℓ = 0.1 mm

Figure 10: Inclination angles of shear bands for different values of the internal length scale

ℓ. Mesh B has been used with the finest discretisation

6. Relation between internal length scale, band thickness, and in-

clination angle

It has been established that there is a relation between the thickness of

shear bands, the average grain size and the internal length scale [18]. For an

elasto-plastic Cosserat continuum model a correlation as been made between

the shear band thickness and the internal length scale of the continuum, and

the width of shear bands has been estimated to be between 10 and 20 grains

thick.

6.1. Shear band inclination

There is also experimental evidence which suggests that there is a cor-

relation between the inclination angle of shear bands and the average grain
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Table 1: Reference and computed shear band inclinations

Parameter Value

θRoscoe 47.5o

θArthur 52.5o

θCoulomb 57.5o

θ for ℓ = 1.0 mm 50.0o

θ for ℓ = 0.5 mm 54.0o

θ for ℓ = 0.1 mm 58.6o

size, e.g. [39], and therefore, between the inclination angle and an internal

length scale of a continuum model of a granular medium.

In an early work by Coulomb [40] this angle was estimated as:

θCoulomb = 45o + ϕ/2 (40)

where θCoulomb is the inclination angle of the Coulomb solution. While this

solution is purely based on static considerations, Roscoe [41] proposed a

kinematic solution:

θRoscoer = 45o + ψ/2 (41)

with θRoscoe the inclination angle for the Roscoe solution. Evidently, the

Coulomb and Roscoe solutions only coincide when ψ = ϕ, i.e. for associ-

ated plasticity. The 1970s and 1980s have witnessed extensive and careful

experimental investigations. Arthur and co-workers [35] have experimentally

established that the following formula

θArthur = 45o + (ϕ+ ψ)/4 (42)
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covers most of the experimental data. This result has also come out of exper-

iments on Karlsruhe sand and understanding was built in an accompanying

bifurcation analysis [37].

It has been argued that the shear band angle is bounded by the Roscoe

and Coulomb solutions and varies between them depending on the mean grain

size [42, 43]. For coarse-grained sands, the shear band angle approaches

the Roscoe solution, while for finer grains the Coulomb solution tends to

give a better fit. These findings were confirmed experimentally for coarse-

grained sands [44] and fine sands [45]. Further experimental evidence on the

relation between the shear-band angle and the grain size was provided by

Oda and Iwashita [39], while Rechenmacher and Finno [46] have carried out

compression experiments on dense sand under plane strain conditions. They

have reported that the shear-band angle in concrete sand samples with a

larger particle size falls between the Roscoe and Arthur solutions, but that

for masonry sand specimens with smaller grain sizes, the angle falls between

the Arthur and the Coulomb solutions.

6.2. Grain size and inclination angle

Various explanations have been suggested for the apparent correlation

between the grain size and the shear-band angle, such as considerations of the

post-localisation behaviour, where it has been suggested that the Coulomb

solution corresponds to the weakest failure mode with the lowest residual

strength [43]. Another possible explanation is the size of the imperfection

used to trigger localisation relative to the grid size in numerical analyses of

shear banding [47].

Herein, we postulate that the microstructure provided by the Cosserat
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continuum can be used directly to explain the observed relation between the

shear-band angle and the average grain size. The internal length scale of this

model reflects the grain size as smaller grain sizes relate to a smaller internal

length scale and vice versa. Below we will show that the characteristic length

scale parameter in the Cosserat model, and therefore the average grain size,

directly correlates to the inclination angle of shear bands.

The finest discretisation of mesh B (64 × 48 composite quadrilateral el-

ements) is adopted and a weak element patch (a 16.7% reduction of the

cohesive strength) is introduced in the left bottom corner in order to trigger

localisation. The geometrical and standard material parameters used for this

model are: Young’s modulus E = 1000 kPa, Poisson’s ratio ν = 0.25, cohe-

sion c = 0.06 kPa, angle of internal friction ϕ = 25o and the dilatancy angle

ψ = 5o. The Cosserat shear modulus µc = 200 kPa. Three different values

of the internal length scale, which reflects the average grain size, ℓ = 1 mm,

ℓ = 0.5 mm and ℓ = 0.1 mm, have been considered to study its influence on

the shear band angle.

Figure 10 presents a comparison of the shear band inclination. When

measured away from the boundaries, progressively lower values of the inter-

nal length scale ℓ consistently result in increasingly high angles for the shear

band. The computed angles are based on the contours of the plastic strain

and have been determined manually in the undeformed configuration. They

are summarised in Table 1 together with the values computed for the clas-

sical Coulomb, Arthur and Roscoe solutions, Eqs (40) - (42) [35, 37]. For

smaller values of ℓ, representing materials with finer grains, the shear band

angle approaches the Coulomb solution and for larger values of ℓ, represent-
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ing coarse-grained materials, it comes closer to the Roscoe solution. This

reproduces a trend observed experimentally [39].

Finally, is interesting to observe the kinking of the shear bands towards

45o near the specimen boundaries, which is in keeping with the analysis

of Needleman and Ortiz [48], and are a consequence of the emergence of

Rayleigh waves at the surface.

7. Concluding remarks

Even in the absence of strain softening, the use of non-associated flow

rules in plasticity can cause structural softening, and a local loss of ellip-

ticity under quasi-static loading conditions. The latter renders initial value

problems ill-posed, which causes numerical solutions to be governed by the

discretisation. This holds both with respect to mesh refinement and the ori-

entation of grid lines, as has been shown through simulations of plane-strain

biaxial tests loaded in compression. Examples have also been shown of the

detrimental effect on the convergence of the iterative procedure to solve the

non-linear set of algebraic equations which results from an ill-posed initial

value problem.

The above observation pose a severe problem for the proper solution of

initial value problems for geological materials such as soils and rocks, but

also structural materials like concrete and masonry. This is because their

strength is mainly determined by friction, while the use of an associated

flow rule in frictional plasticity leads to a vast overestimation of the plastic

volume increase. In turn, the computed pressures are way off, in particular
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for kinematically constrained circumstances as, for instance, occur in the

lithosphere.

A natural and physically appealing way to regularise initial value prob-

lems for frictional materials is to formulate them in the framework of a

Cosserat continuum. In this continuum model the rotational degrees of free-

dom can represent the rotations of the grains or blocks relative to those

which occur at the macroscopic level. Numerical evidence shows that a well-

posed initial value problem then arises, since the quadratic convergence of the

Newton-Raphson iterative method is restored as well as convergence towards

a unique solution upon either mesh refinement or a change in the direction

of the grid lines.

Finally, there is evidence that the Cosserat model is an excellent con-

tinuum representation for granular and blocky media. Indeed, varying the

internal length scale leads to a change in the inclination angle of the shear

bands in biaxial compression in a way that perfectly matches experimental

data.
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Géotechnique 40 (1990) 223–234. doi:10.1680/geot.1990.40.2.223.

[44] B. Duthilleul, Rupture progressive: simulation physique et numérique,

Ph.D. thesis, Institut National Polytechnique de Grenoble (1983).

[45] J. Desrues, La localisation de la déformation dans les matériaux granu-
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