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ABSTRACT

High-dimensional multivariate nonstationary time series, that is, data whose second order properties vary
over time, are common in many scientific and industrial applications. In this article we propose a novel
wavelet domain dimension reduction technique for nonstationary time series. By constructing a time-
scale adaptive principal component analysis of the data, our proposed method is able to capture the
salient dynamic features of the multivariate time series. We also introduce a new time and scale dependent
cross-coherence measure to quantify the extent of association between a multivariate nonstationary time
series and its proposed wavelet domain principal component representation. Theoretical results establish
that our associated estimation scheme enjoys good bias and consistency properties when determining
wavelet domain principal components of input data. The proposed method is illustrated using extensive
simulations and we demonstrate its applicability on a real-world dataset arising in a neuroscience study.
Supplementary materials, with proofs of theoretical results, additional simulations and code, are available
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1. Introduction

Nonstationary time series, that is, series with time-varying
second order structure, are observed in a number of fields,
including environmental science (Das and Politis 2020; McGo-
nigle, Killick, and Nunes 2022), finance (Fryzlewicz, Sap-
atinas, and Subba Rao 2006; Roueff and Von Sachs 2019)
and the life sciences (Hargreaves et al. 2019; Wilson et al.
2021). Increasingly, it is of interest to mine information from
series which are also high-dimensional in nature, representing
objects with complex dependence or dynamics between their
components.

In neurosciences, unobtrusive high quality data collection
techniques have resulted in large high frequency, multichannel
datasets from which important health insights could be gained.
The work in this article is in particular motivated by the anal-
ysis of high-dimensional electroencephalogram (EEG) data, in
which signals from multiple locations on the scalp measure
brain activity and cognitive function (see Figure 1). Previous
work has shown that such multichannel neurological datasets
feature complex multicollinearities (Ombao and Ho 2006; Sanei
and Chambers 2013; Park, Eckley, and Ombao 2014) which
present analysts with the challenge of extracting features that
capture the data dynamic dependencies. Formally, our EEG data
setting demonstrably poses additional challenges through the
presence of nonstationary behavior within channels as well as
of complex, time-evolving dependencies across the multivariate
time series.

Analysis of high-dimensional data featuring multicollinear-
ity typically leads to statistical approaches involving dimension

reduction via the well-known principal components analysis
(PCA) technique (Jolliffe 2002) that seeks to construct uncor-
related linear combinations of the original variables that “best”
explain the data variability.

For time series data, it is not optimal to consider traditional
principal components, namely, decompositions of an instan-
taneous covariance matrix. Instead, it is more appropriate to
use eigendecompositions of spectral density matrices, which
account for the time-dependent structure present in the data
(Brillinger 1975). The theoretical properties of spectral domain
PCA are well studied and understood under the assumption
of first- and second-order stationarity (Priestley 1983; Brock-
well and Davis 1991; Shumway and Stoffer 2010), but even
mild departures from this stationarity assumption can result
in nonoptimal features and unsatisfactory dimension reduc-
tion, see for example, Lansangan and Barrios (2009). To han-
dle nonstationarity, a time-dependent analogue of the spectral
(frequency) domain PCA for stationary processes was devel-
oped in Ombao and Ho (2006) under the locally stationary
Fourier processes framework. As a complementary modeling
approach to Fourier-based analysis, wavelet techniques have
enjoyed popularity in the statistical literature due to their ability
to efficiently represent signals via time-scale decompositions,
see for example, Nason (2008). However, despite the (wavelet)
time-scale spectral signature being arguably more natural for
nonstationary time series due to accurate time-localization of
frequency (scale) components, to the best of our knowledge until
the very recent work of Lim, Kwon, and Oh (2021) there was no
available exploratory tool to perform wavelet spectral domain
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Figure 1. Multiple nonstationary time series, referred to as “channels,” from our motivating EEG dataset. Vertical axis labels indicate brain sensor locations, depicted on
the illustration in the bottom panel. The series exhibit visible nonstationarity (confirmed by testing with Nason 2013), with time-dependent within- and cross-channel

frequency information.

dimension reduction for multivariate nonstationary time series
data.

Motivated by a scarcity of appropriate tools in this context
and by a limited current development of their associated the-
oretical and practical properties, we introduce a new wavelet
domain principal component analysis tool. Our work adopts
a formal, model-based approach for representing multivari-
ate nonstationary series using the multivariate locally station-
ary wavelet process (MvVLSW) framework of Park, Eckley, and
Ombao (2014), which is capable of capturing a range of nonsta-
tionary dynamics. We achieve dimension reduction by means
of an adaptive principal component analysis carried out on
the process time-scale signature, as described by its wavelet
decomposition under the MvLSW model. The primary aim
of this analysis is to extract the salient spectral features that
characterize the data, in a way that explicitly acknowledges
the time-dependent (second order) statistical properties of the
process, for example, within- and cross-channel dependence.
Our proposed analysis departs from previous techniques that
target decompositions of the associated Fourier (Ombao and
Ho 2006) or wavelet spectrum (Lim, Kwon, and Oh 2021), and
instead focuses on maximizing the directions of process variation
encompassed by its wavelet decomposition. Notably, our proposed
framework identifies mathematically different and interpretable

directions of variation to those proposed by Lim, Kwon, and Oh
(2021) and allows us to identify the specific scales and times
at which original channels are responsible for most (wavelet
domain) power and to characterize their effects.

Our proposed approach has the following advantages: (i) it
constructs substantially better behaved estimators (smaller bias
and faster decay rates) than its counterpart in Lim, Kwon, and
Oh (2021) that directly targets the wavelet spectrum, (ii) its
attractive practical properties are backed-up by theory, and (iii)
it facilitates an intuitive interpretation of the proposed adaptive
rotation. In this context, our work additionally (iv) introduces a
new wavelet domain cross-coherence measure for pairs of rotated
and original channels, thus, allowing practitioners to formally
and meaningfully quantify the contributions between the origi-
nal time series and its principal component representation.

This article is organized as follows. Section 2 introduces
our adaptive wavelet domain dimension reduction technique,
mvLSW-PCA, including algorithmic details (Sections 2.1-2.3)
and the associated estimation theory for the wavelet domain
eigenvalue and eigenvector quantities (Section 2.4). We demon-
strate the efficacy of our estimation procedure by extensive
simulations in Section 2.5. Subsequently, Section 3 introduces
a new wavelet domain measure of association for our proposed
principal component construction, together with a theoretically



justified estimation method. Section 4 illustrates our proposed
mvLSW- PCA data analysis tool for the motivating neuroscience
dataset introduced above in Section 1. Our concluding remarks
are in Section 5.

2. Adaptive Wavelet Domain PCA for MvLSW Signals

In this section we introduce our new wavelet domain methodol-
ogy to extract pertinent features and reduce the dimension of a
multivariate nonstationary time series. In what follows, we con-
T

(P)
each element of which is an individual channel recorded at T

times, t = 0, ..., T — 1. The proofs of the results in this section
can be found in Appendix A in the supplementary material.

sider a P-dimensional vector X;1 = (Xt(,lT),Xt(,zT), ..

2.1. Modeling Framework

Park, Eckley, and Ombao (2014) propose a multivariate locally
stationary wavelet (MvLSW) model for the process {X,)T}tT:_1
T = 2/ > 1 that allows for nonstationary behavior within-
and across- channels. Locally stationary wavelet approaches
have found a wealth of applications, with for example, Sander-
son, Fryzlewicz, and Jones (2010), Park, Eckley, and Ombao
(2014), and Embleton, Knight, and Ombao (2022), all showcas-
ing the usefulness of wavelet-based methods for neurological
data. The model construction, in the vein of Nason, von Sachs,
and Kroisandt (2000), uses families of discrete nondecimated
wavelets localized at scales j and times k, combined with ampli-
tudes specified by scale-dependent functions of time, as follows

>

J
Xor =Y Y Vilk/T¥x(Dzj. (1)

j=1 keZ

In the above, {jx(t) = V¥jk—t}jk is a set of discrete nondeci-
mated wavelets (see Nason, von Sachs, and Kroisandt (2000) for
their description); Vj(k/T) is a P x P-dimensional amplitude
matrix (also known as transfer function), defined to have lower-
triangular form and which in effect determines the inter-channel

T
dependencies; the vectors {z;}jx with zjx = (zﬁ(), e ﬁ))

are uncorrelated random vectors (across channels, scales and
times), also known as process innovations, with mean vector
0 and variance-covariance matrix equal to the P x P identity
matrix, for each scale j = 1,2, ... (finest scale, second finest and
so on). Each element, say (m, q), of the transfer function matrix
is assumed to behave as a Lipschitz continuous function, with
Lipschitz constants {L;m’q) }j satisfying > 7 ZJ'L;m’q)
any m, ¢ = 1,..., P channels.

The localized (P x P) wavelet spectral matrix at scale j =
I,...,J and rescaled time u = k/T € (0,1) describes the
process power time-scale decomposition and is defined as

< oo for

Sj(w) = Vi)V (), (2)

where VjT(u) denotes the matrix transpose of V;(u). The diag-
onal elements of the spectral matrix are the individual chan-
nel spectra, denoted in what follows by S;m’m)(u), while the
off-diagonal terms are the channel cross-spectra denoted by
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S;m’q)(u), for any channels m,q = 1,...,P. The multivariate
spectrum provides a scale- and time-dependent decomposi-
tion for each individual channel variance, as well as for each
channel cross-covariance (see Park, Eckley, and Ombao (2014)
for details). In what follows, we will occasionally include a
superscript, for example, S;X> (u), to explicitly identify the cor-
responding multivariate process.

Key to our development, we shall focus on the transformed
spectral quantity

J
B w =" Aus(d W), (3)
(=1

where A is defined as a ] x J symmetric and positive definite
matrix with entries Ag; =< Wy, ¥; >= ) Wy(n)V¥j(n),
where <-,-> denotes the ¢%-inner product, and Yi(n) =
Y kez V;k(0)Yjk(n) are the discrete autocorrelation wavelets
(Nason, von Sachs, and Kroisandt 2000). As the matrix A is
invertible (Nason, von Sachs, and Kroisandt 2000), we can
equivalently retrieve the S-spectrum from the B-spectrum

J
X - X
70w =Y (A7 B ). (4)
j=1
A central quantity for wavelet-based spectral estimation,
comprehensively treated in Section 2.4, is the raw wavelet peri-
odogram matrix, denoted by I; ;.7 and defined as

T
X)) _ 40 X
Lr =djr (dj,k;T) > (5)
T
where d](},?T = (d](’}();T, e dﬁ?T) is the wavelet coefficient vec-

tor obtained as d;)]?T = ZtT;Ol Xt 1Y k(t). For ease of notation,

where appropriate, in the remainder of this article we drop the
explicit dependence on T and X for the wavelet coeflicients and
the periodogram. Note that for each channel pair (m, g), the raw
cross-periodogram is simply given by I ;)Zf?) = d](",:)Td](?C)T

We first establish the following properties of the f-spectrum
(with proofs in Appendix A.1-A.2) which will prove central to
the mathematical justification of our construction.

Property 1. The B -spectrum defined in (3) has the following
properties.

Symmetry: ﬂ;X)(u) is a symmetrical matrix for all scales j and
rescaled times u.

Positive definiteness: ﬁ}X) (u) is (at least) positive semidefinite for
all scales j and rescaled times u.

Lipschitz continuity: Each entry (m, q) of the ﬂ;X)(u) matrix is
a Lipschitz continuous function of rescaled time (u) for all
scales j and channels m and ¢, with the Lipschitz constants
given by

J
7(mgq) (mq)
Lj = E AE,]LZ .
=1

Property 1 ensures that our theoretical transformed spectral
quantity admits an eigendecomposition with real-valued (posi-
tive) eigenvalues.
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of the BX)-spectrum

are Lipschitz continuous functions of time (u) for any scale j.

Property 2. The eigenvalues (A(’)(u))

The practical use of the B-spectrum stems from the property
of the raw wavelet periodogram matrix, I %) tobean asymptoti-

cally unbiased and consistent estimator of ﬂ]( ) () withu = k /T

(Park, Eckley, and Ombao 2014), rather than of the S}X) (u) as for
example, the Fourier case. The key to its successful use across a
range of modeling and testing settings (Hargreaves et al. 2019;
Embleton, Knight, and Ombao 2022) lies in its simpler and
more accurate estimation, specifically the estimator convergence
rate deteriorates from an order term T~! associated to the 8-
estimation to an order term T% ! with « € (0,1) for the
wavelet spectrum S;X) (u) (see Lemma A1l and Proposition 3 in
Sanderson, Fryzlewicz, and Jones 2010). In the context of this
work, an additional attractive practical relevance for using the
B-spectral structure and its estimator stems from realizing that

var(dy)) = E(I3)) ~ B (), ©)
where & denotes equality up to O(T~!), and since E(d( ) ) =
0 as inherited from the zero-mean of {X;r}. This expressmn
motivates our proposal to identify the principal directions of
process variation as encapsulated by the variance of the wavelet
coefficients.

2.2. Proposed Locally Stationary Wavelet PCA

Motivated by our neurosciences data and the discussion of PCA
for nonstationary time series data in Section 1, in what follows
we treat the exploratory analysis of {Xt,T}tT:_O1 and its dimension
reduction entirely in the spectral domain. In line with previous
work on spectral (frequency) domain PCA in the Fourier sta-
tionary and locally stationary contexts (Brillinger 1975; Ombao
and Ho 2006), we aim to replace the original process by a
new process scale- and time-dependent process whose spectral
content is maximized at each scale and time pair and whose
components are uncorrelated in the wavelet domain.

In the light of (6) and of Property 1, it is justified to propose to
obtain the principal directions of process variation by perform-
ing an eigendecomposition of the B-spectrum corresponding to
the original process. This is equivalent to solving at each partic-
ular scale—(rescaled) time pair (j, ) the constrained quadratic
optimization problem

max (cT ﬂ;X)(u)c> , (7)

subject to the P-dimensional (eigen)vector ¢ having ¢,-norm
equal to 1. The well-known solution to problem (7) is given by

the eigenvalue-eigenvector pairs of the spectral matrix /B;X) ().
. . p

We denote this set by {(k]@(u), e]@(u))‘ 1}, with the (posi-
i=

tive) eigenvalues arranged in descending order from direction
i = 1to P for each (j, u) pair, and corresponding ith eigenvector

w = (..., dhw) .

tors are scale (j)- and (rescaled) time (u)- dependent quantities

Note the resulting eigenvec-

and connect the channel activation timing between the original
and new signal. Their accurate estimation is thus paramount for
performing meaningful inference on the basis of the spectral
PCA.

By design, the original ﬂ;x)(u) spectral structure is hence-
forth replaced by a much simplified channel dependence struc-
ture that leads to the identification of the strongest and most rel-
evant modes of wavelet variation across channels, orthogonal to
one another to ensure each captures nonredundant information

B w) = diag (1w @
where we denoted by “diag” a diagonal matrix, here of dimension
P x P, whose entries are the (j, u)-localized eigenvalues taken in
descending order. Property 2 ensures that the eigenvalue struc-
ture mirrors the B-spectrum properties assessed in Property 1.

We exploit the general connection (4) and propose the “cor-
rected” eigenvalues

P

J
(PCA) . ~1, ()
Sj (u) = drag( E Ajl )‘ll (u)) ,
=1

i=1

YGou. (9

Our proposal versus previous spectral PCA work. Crucially,
our proposal departs from the previous Fourier and wavelet
spectral domain eigendecompositions (Ombao and Ho 2006;
Lim, Kwon, and Oh 2021) which target the original Fourier,
respectively wavelet spectrum (SX)), and we instead consider
the related spectral quantity 8%, In their work, Lim, Kwon,
and Oh (2021) observe the superiority of their method when
compared to Ombao and Ho (2006), particularly when iden-
tifying time-localized spectral activity, a feature that is also
manifest when compared to our method. When mathematically
comparing our proposal to that in the Lim, Kwon, and Oh
(2021) construction, we note that while also yielding a diagonal
spectral structure, by contrast theirs involves the eigenvalues
of S;X)(u) on the main diagonal, for each (j, u). Importantly,
the resulting eigendecompositions of the two constructions are
fundamentally different: since at scale j and rescaled time u =

k/T the quantity ﬂ(X)(u) can be seen as the (asymptotic) vari-

ance of the wavelet coefficients, var (d( P T), our problem can

be reformulated as seeking scale- and time- dependent rotations
of the process wavelet coefficients that maximize their variance;
however, the Lim, Kwon, and Oh (2021) approach does not
lend itself to be interpreted as a variance-based maximization
problem. By centering our approach on the 8-spectrum, in effect
we create linear combinations of the process wavelet coeffi-
cients that yield an intuitive interpretation of the proposed time-
and scale-dependent rotation, nonexistent in the S-spectrum
approach of Lim, Kwon, and Oh (2021). We establish the con-
nections between the two representations in Appendix A.3 for
eigendecompositions, and in Appendix A.5 between the original
and new PCA wavelet domains for our method. It is important
to point out that mathematically the two decompositions on
the true spectral quantities cannot be viewed as equivalent.
Furthermore, we will see over the next sections that the inferior
estimator convergence rates associated to the S-spectrum as
opposed to those of the f-spectrum have serious consequent



effects for the corresponding eigenvector estimators, rendering
the S-based ones effectively non-interpretable.

2.3. Proposed mvLSW-PCA Data Analysis Tool

As all spectral quantities in the development above are
unknown, we obtain the sample principal component series
by replacing in the previous discussion the unknown spectral

quantity ﬂ;x)(. ) with the smoothed periodogram in (10) (Sec-
tion 2.4). This is a well-behaved asymptotically unbiased and
consistent estimator for the §-spectrum, which we will denote

~(X
by B J( )(- ). Thus, the estimators of the time-varying eigenvalues
and eigenvectors are simply the eigenvalues and eigenvectors of

the time-varying spectral matrix estimator E;X) (+). The next
section precisely defines these estimators and assesses their
desirable properties.

While the dimension of the PCA domain quantities is still P,
due to the uncorrelated nature of its channels, often only Q < P
channels are retained and used in practical tasks. We begin by
assuming that Q is known, although in practice it will often have
to be determined from the data.

Algorithm 1 summarizes the proposed wavelet domain PCA,
whose output can be further used in order to investigate the
identified important channels through for example, estimating
their time-varying spectral activity and coherence. In what fol-
lows, we introduce and discuss each component of the proposed
algorithm.

2.4. Estimation Theory for the Proposed Wavelet Domain
PCA

Let us now address the theoretical properties for the proposed
estimators of the wavelet 8X)-spectrum eigendecomposition
outlined in Section 2.3. The theoretical results in this section
are derived under the assumption of Gaussian innovations in (1)
and the proofs can be found in Appendix A.4 of the supplemen-
tary material.

The raw wavelet periodogram matrix in (5) is an asymptot-
ically biased and inconsistent estimator of the true spectrum,
hence, Park, Eckley, and Ombao (2014) recommend first apply-
ing a smoother on the raw wavelet periodogram matrix and then
correcting for its bias. In particular, in the spirit of Sanderson,
Fryzlewicz, and Jones (2010), the authors recommend smooth-
ing by means of a rectangular kernel smoother with window of
length (2M + 1) thus yielding a smoothed version of the raw
periodogram

N 1 M

i, = oo,
ik 2M+IS;M ks

(10)

for a chosen M such that as T — 00, we have M — 00 and
M/T — 0.

Although not used in our proposal but useful for aiding the
comparison with the Lim, Kwon, and Oh (2021) method, we
recall that a consistent estimator for S’ (u) is obtained by bias-
correcting the smoothed periodogram above, namely

]

QX) —15

§7 (W) = E A L, (11)
=1
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Algorithm 1 Proposed mvLSW-PCA algorithm for nonstation-
ary time series.

Assume the observed data is a realization of a P-variate MvLSW
process denoted as {X;r = (XE,IT), e ,Xt(’PT))},t =0,...,T—1
where T = 2/.

1. Spectral estimation: estimate the spectral content of the mul-
tivariate signal by using a model-based MvVLSW smoothed
(but not corrected) periodogram as defined in equation (10).

Denote this estimate by {E](»X) W) = I }jk- for levels j =
1,...,Jand locations k = [uT] =0,...,T — 1.
2. Eigendecomposition: compute the eigenvalues and corre-

sponding (unit norm) eigenvectors of ﬁ;x)(u) for each level
j=1,...,] and location k = [uT] = 0,..., T — 1. Denote
~ , p
them in decreasing magnitude by { ( A;’) (u), é}l) (u)) A 1} with
i=
X}l)(u) having the largest magnitude. The notation here is to
be understood as discrete, that is )N\;i)(u) = ):](2 and similarly
for the eigenvectors.

3. Dimension reduction: if no a priori information on the num-
ber of components Q < P is available, determine Q using
empirical methods, for example using a screenplot of percent-
age spectral variation explained, X;') (1) /Tr( I i (uT))-

4. Time-dependent analysis:

« Examine reduced-dimension

the (possibly)
(Q x Q) and corrected eigenvalues TS\EPCA)(u) =
~(i Q
diag (ZJLIAZJ-I )\;’)(u)) v corresponding to the Q
; i
principal components retained, so that we may determine
various quantities of interest, for example levels (say, j*)
that account for most variation, time locations when
certain features activate etc.
o Examine the cross-coherence magnitude at the lev-
i Q
els determined above, (f);(,lp )(u)>' ) as defined in (17)

i=
or (18), for inference on the activation timing (u) of the

original channels (p) responsible for most spectral varia-
tion and interpretation of the principal components.

whose (m, q)th entry we denote §;m’q) (1) and where A;el is the
(j,£) entry of A7L.

For our proposed algorithm in Section 2.3, for each scale-
time pair (j,u), the unknown spectral quantity ﬂ](X)(u) is
replaced by the smoothed periodogram in (10); recall that to
avoid notational clutter, we omit the superscript (X) for the
periodogram and wavelet coefficients associated to the original
process {X; 1} when no confusion can arise.

Assuming that sup, ) 1> rez ¢™P(u,7)| < oo for any
channels (m, g), ij,[uT] is an asymptotically unbiased and con-
sistent estimator for ﬁ;X)(u) (Park, Eckley, and Ombao 2014),

namely, when retaining the highest order terms
E(Tjur) = B (w) + OMT™), (12)

3(m,q) 2 A f— .
Var(Ij’[u%) =0QR¥M™Y, V().
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Additionally, it is straightforward, but essential, to note that
the smoothed periodogram above can be easily shown to be
symmetric and positive definite; on a practical note, the use
of (10) is crucial in order to remove noisy artifacts and ensure
real-valued eigenvalues.

On estimating the eigendecomposition of B versus that of S.
Additional to the natural connection to classical PCA argued so
far, there is an important mathematical argument in choosing to
work with eigendecompositions of the estimator I i[uT] in (10)

for ﬂ;X)(u), rather than with eigendecompositions of its cor-
rected counterpart §;X)(u) in (11) which estimates the original

wavelet spectrum S;X) (u). Closer inspection of the asymptotic
behavior of these estimators reveals that while both are asymp-
totically unbiased and consistent (Park, Eckley, and Ombao
2014) due to the bias correction in (11), the convergence rates are
much slower for 8 (), see for example the proof of Proposi-
tion 3, Sanderson, Fryzlewicz, and Jones (2010) and Theorem 2,
Fryzlewicz and Nason (2006). In the context of locally stationary
spectral estimation this is not problematic; however when the
estimated spectral quantities are subsequently manipulated via
an eigendecomposition, the rates of convergence of the corre-
sponding estimated eigenvalues and eigenvectors to their true
counterparts deteriorate further. Consequently, although not
derived here, the asymptotic convergence rates of the eigen-
decompositions of S;X)(u) are markedly inferior to those of

I i tu]- This point will be strikingly salient in practice, through
both our simulations in Section 2.5.2 and real data analysis in
Section 4 which show that the S-based eigenvectors proposed
by Lim, Kwon, and Oh (2021) hardly exhibit any discernible
structure. The failure to capture the crucial cross-process time-
activation periods in turn renders these eigenvectors unusable
for important tasks such as the meaningful interpretation of the
principal components.

To aid the asymptotic derivations for our proposed esti-
mated eigencomponents, we first show that the smoothed cross-
periodograms are asymptotically uncorrelated, as follows.

Proposition L Under the assumption that
SUP,c (0,1 ‘ZreZ cma (y, t)| < oo for any channels (m, q), we
have for any channel pairs (m, q) and (n/, ¢'),

cov (I(rjﬂq)],l(m q)) (13)

+0@¥M™,

where T — oo and M — oo such that MT~! — 0.

oy , p
Under the notation {(A;I)(u), é;l)(u)) 1} for the eigen-

i=
decomposition of I i [uT)> the following proposition shows that
these are well-behaved estimators for the corresponding true

quantities {(A()(u) e(l) (u)) }, the eigendecomposition of
Bj(u).

Proposition 2. Under the assumptions of Proposition 1 and

additionally assuming that (i) all moments of the process {Xt(foT) e
exist for any channel p and (ii) the B-spectrum has bounded
and uniformly continuous derivatives and unique eigenvalues
at each scale-time (j,u), as T — o0, M — 00 such that
MT~! — 0, the proposed eigenvalue and eigenvector estimators
are consistent for the true ones, and

M) + O/ 220M),
E(éj”(u)) - e]@(u) + OW2IMY),

E( ) =

var(L @) = M+ 1727 (@) + 0@IM,
cov(i (w), I\;"')(u)) = OQYM ) wheni #
Afi’) @) " @)

var(&)) () = @M+ 1)y .
= (1w - A}”(u))2

(e ) + 0@¥M™,
cov(&)w), &) () = ORIM™") when i # ', p # p/.

The eigenvalue results above coupled with the properties of
the correction matrix A, ensure it is justified to examine the
estimated corrected eigenvalues.

Proposition 3. Under the assumptions of Proposition 2, the
(corrected) eigenvalue estimators, defined as

ﬂ(PCA)(u)_dlag< (l)(u)> VG,
P
7Y (u) = diag ZA 0w, Vw,
=1 i=1

are consistent and asymptotically unbiased for the true eigen-
value quantities ﬂ;PCA)(u) and SEPCA)(u) of (3) and (4), respec-
tively, at all scale-time pairs (j, ) and (¢, u), respectively, as
T — 00, M — oo such that MT~! — 0.

On the asymptotic normality of eigenvalues and eigenvec-
tors. The entries of the smoothed (cross-) periodogram I i [T
are typically modeled as asymptotically normal (Nason 2013;
Hargreaves et al. 2019). Due to their asymptotically vanish-
ing covariances (Proposition 1), it is reasonable to model
them as asymptotically jointly normal and their asymptotic
independence follows (see e.g., Brockwell and Davis 1991, p.
445). Hence, using similar arguments as for Fourier spectral
decompositions (Brillinger 1969; Ombao and Ho 2006), the
asymptotic normality of the eigenvalue and eigenvector estima-
tors follow from perturbation theory (see (A.7) and (A.8) in
Appendix A .4.2).

2.5. Empirical Estimation Performance of mvLSW-PCA

In this section we investigate our wavelet domain PCA approach
on several simulated examples. For benchmarking our results,



we use the method of Lim, Kwon, and Oh (2021). In their
paper, the authors demonstrate superior results to the Wigner-
Ville transform approach proposed by Boashash, Azemi, and
Khan (2015) as well as time-dependent Fourier domain PCA of
Ombao and Ho (2006). Our own numerical experiments also
reflect the inferiority of these techniques and thus we do not
further explore these methods again here.

The processes in the simulation study were constructed
to exhibit varying degrees of nonstationarity and coherence
between series components in order to test our procedure on
series arising in practical settings. In particular, we simulate
realizations of length T = 1024 from the MvLSW model (1)
with (i) diagonal spectral structure activated at various scales
with time-constant behavior (Models 1 and 2); with varying
intensities through time (Models 4, 5 and 6) and (ii) nonzero
coherence within constant spectra through time (Model 3) and
time-dependent cross-spectra (Model 7).

For completeness, we also replicate the simulation study
performed in Lim, Kwon, and Oh (2021) who generate nonco-
herent series from the following models: (i) a bivariate model
whose components are both concatenations of two Haar Moving
Average (MA) processes, in the first component combining
orders 1 and 3, and in the second one orders 1 and 5 (Model
LKOL1); (ii) a bivariate model whose components are a con-
catenation of four Haar MA processes of order 1, 2, 3, and 4
and a concatenation of two Haar moving average processes of
order 2 and 3 (Model LKO2); (iii) a 20-dimensional process
whose components are time-varying autoregressive series of
order 2 (Model LKO3). For consistency with the other models,
we simulate series of length T = 1024 for Models LKO1-LKO3.
Full mathematical descriptions for all models we use can be
found in Appendix B, along with visualizations of the spectral
structure and corresponding process realizations for Models 4, 7
and LKO1.

For the results here, as well as the data analysis in Sec-
tion 4, our nonstationary time series PCA methodology was
implemented in the R statistical computing environment (R
Core Team 2022), using modifications to the code from the
mvLSW package (Taylor et al. (2017), see also Taylor, Park, and
Eckley 2019). In what follows we denote our proposed method
by mvLSW-PCA. We compare our procedure to the alternative
estimation approach outlined in Lim, Kwon, and Oh (2021)
(henceforth denoted LKO) using the authors’ code available
from https://github.com/yaeji-lim/ WDPCA. For the choice of
smoothing bandwidth in (10), for both methods we follow Tay-
lor et al. (2017) and set M = [\/T ]. For each model, we evaluate
the average performance of the two methods over R = 100
simulated realizations.
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2.5.1. Estimation Assessment for Spectral Domain
Eigenvalues

To assess how well our technique is able to estimate the true
eigenvalues, we compute two indicative measures of fidelity of
(corrected) eigenvalue estimation to the true structure, namely
the time-scale-component averaged mean square error in esti-
mation, and the time-scale-component bias incurred by the
estimate, both averaged over the R simulated series. Expressions
for these measures can be found in Appendix B, (B.1) and (B.2).

We compute these measures for all models except for Model
LKO3, which does not have an inherent MvLSW spectral struc-
ture. The error results can be found in Table 1. It is striking that
our estimation procedure on average achieves a 15% reduction
in estimation error using the mean squared error metric (see
(B.1)), while accompanied by a consistently lower uncertainty
across all models. Similar observations can be made considering
the average bias in the eigenvalue estimation (B.2). On care-
ful examination, we observe that models which exhibit power
across several scales are associated to most marked improve-
ments in eigenvalue estimation, for example, 18%-19% for Mod-
els 2 and 3. This considerable reduction achievement is predom-
inantly due to the much lower bias associated to our proposed
approach, with bias improvements in favor of our method of 22%
and 29% for Models 2 and 3, respectively. Further results appear
in Appendix C.1 in supplementary materials accompanying this
article.

We also repeated the eigenvalue estimation study for Models
1-7 with series lengths T = 256 and T = 512. Figure 2 and
Appendix C.1 summarize the results and illustrate the consis-
tent superiority of our proposed mvLSW-PCA method over the
competitor, LKO.

When visually inspecting the average estimated eigenvalue
structure, despite some leakage of information into neighbor-
ing scales, our procedure produces more reliable results when
compared with the competitor LKO method, with this technique
often drastically overestimating the values. An example of this
behavior appears in Appendix C.2, which displays estimated
eigenvalue structure (averaged over the R = 100 process real-
izations) for the mvLSW-PCA and LKO methods, respectively,
for Models 4 and 7 (with reduced dimension Q = 2). Both
estimates are illustrated against the eigenvalues corresponding
to the true S-spectrum, with ours rendering a more accurate
depiction in the presence of inter-channel dependence, cap-
tured for example by the intensity agreement with the truth
(see Appendix C.2 for Model 7). We attribute this consistently
improved estimation of our procedure to the accurate estimation

of the eigenvalues of BJ(X) (u), prior to bias-correction via A~ in
Step 4 of our estimation procedure (Algorithm 1). An example

Table 1. Performance of the spectral domain eigenvalue estimation methods over R = 100 realizations of processes from Models 1-7 and Models LKO1 and LKO2.

Method Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model LKO1 Model LKO2
MSE
mvLSW-PCA 0.08(0.02) 5.04(1.48) 5.19(1.55) 0.14(0.03) 0.08(0.02) 4.39(1.36) 6.08(2.06) 0.11(0.06) 0.07(0.02)
LKO 0.10(0.02) 6.15(1.77) 6.42(1.85) 0.17(0.04) 0.10(0.02) 5.03(1.53) 6.86(2.37) 0.10(0.06) 0.07(0.02)
Bias
mvLSW-PCA 0.06(0.01) 0.46(0.12) 0.47(0.11) 0.08(0.02) 0.06(0.01) 0.42(0.11) 0.43(0.11) 0.07(0.03) 0.04(0.01)
LKO 0.07(0.01) 0.59(0.11) 0.66(0.12) 0.09(0.02) 0.07(0.01) 0.52(0.10) 0.57(0.12) 0.08(0.03) 0.07(0.02)

NOTE: Standard errors are shown in brackets.
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Figure 2. PC Spectra estimation performance with different series lengths, T.Top-left: MSE for mvLSW- PCA; top-right: MSE for LKO; bottom-left: bias for mvLSW-PCA;

bottom-right: bias for LKO.

of the resulting (uncorrected) estimated eigenvalue structure
for Model LKO1 with good agreement between the true and
estimated B-structure and intensity appears in Appendix C.2.

2.5.2. Estimation Assessment for Spectral Domain
Eigenvectors
We next assess the quality of eigenvector structure estimation
for both mvLSW-PCA and LKO methods. In particular, we
compare the true PCA domain eigenvectors with the respective
eigenvectors estimated by the two methods. This augments the
investigation in Lim, Kwon, and Oh (2021) which only reports
results regarding the estimated eigenvalue structures.
Contrasting mvLSW-PCA and LKO approaches, note that in
general there is no direct connection between the eigenvectors of

the spectral decomposition of ﬂ;x) (1) and those of S}X) (1) (see
Appendix A.3). An exception occurs when the matrices ﬂ]@o (u)

and S;X) (1) commute: they generate the same set of eigenvectors
(Abadir and Magnus 2005, p. 180). For example, Models 1, 2, and
5 were designed to fulfill this condition, however this cannot be
generally assumed.

Hence, in what follows we compare each method’s perfor-
mance with its respective true PCA domain eigenvector struc-

ture, that is, estimated and true eigenvectors of ﬂ;X)(u) for
our proposed mvLSW-PCA procedure (denoted e]@(u) in Sec-

tion 2.2), and estimated and true eigenvectors of §® (u) for the
LKO method. As customary for analysis tasks involving PCA
eigenvector structure, we also focus on their absolute value.
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Table 2. Performance of the spectral domain eigenvector estimation methods over R = 100 realizations of processes from Models 1-7 and Models LKO1 and LKO2.

Method Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model LKO1 Model LKO2
MSE
mvLSW-PCA 0.10(0.02) 0.12(0.02) 0.10(0.02) 0.19(0.01) 0.08(0.01) 0.13(0.02) 0.04(0.00) 0.14(0.03) 0.28(0.05)
LKO 0.31(0.01) 0.32(0.01) 0.30(0.01) 0.31(0.01) 0.32(0.01) 0.31(0.01) 0.27(0.01) 0.34(0.02) 0.34(0.01)
Bias
mvLSW-PCA 0.12(0.01) 0.12(0.01) 0.09(0.01) 0.14(0.00) 0.10(0.00) 0.13(0.01)  —0.01(0.00) 0.08(0.01) 0.11(0.01)
LKO 0.15(0.00) 0.15(0.00) 0.13(0.00) 0.16(0.00) 0.14(0.00) 0.15(0.00) 0.13(0.00) 0.10(0.01) 0.12(0.01)

NOTE: Standard errors are shown in brackets.

The results in Table 2 highlight the dramatic MSE improve-
ment attained by our method which reduces the estimation error
2- to 3-fold across all models. This is further emphasized by the
results for the models designed to have the same eigenvectors
regardless of whether we carry out a usual spectrum or a 8-
spectrum decomposition. As the eigenvector estimates obtained
via our method also incur a lower bias than those obtained
by LKO method, we conclude that our mvLSW-PCA method
yields eigenvector estimates with both lower bias and variance.
These results come as no surprise, given the inferior asymptotic
convergence rates of the estimated spectrum to the wavelet
spectrum S adopted in the LKO method, compared to those of
the smoothed periodogram to 8 for mvLSW- PCA. Additionally,
the regularization often needed in practice for the spectral esti-
mator of § (Taylor, Park, and Eckley 2019) also compounds the
problems exhibited by the eigendecomposition of § as proposed
by Lim, Kwon, and Oh (2021).

Appendix C.3 displays the average absolute value of the esti-
mated eigenvectors (over the R = 100 realizations) for Model 7
for our mvLSW- PCA method, together with the true eigenvector
absolute value (of ﬁ;x)(u)), for principal components PC1 -
PC2, respectively. Similarly, the average absolute values of the
estimated eigenvectors (over the M = 100 realizations) for
Model 7 for LKO method are also presented, together with
the true eigenvector absolute value (of S;X)(u)), for principal
components PC1 - PC2, respectively. While our estimation
procedure is able to identify scale and/or temporal changes in the
structure of the eigenvectors across all principal components,
the LKO method struggles to find any key structure in the
true eigenvectors of S;X)(u). In particular, the information in
the second and third principal component is often estimated
poorly. These visual appraisals indeed reflect the numerical
results reported in Table 2.

2.5.3. Estimation Assessment for the Percentage Variance
Explained

We now explore whether the two competitor methods mvLSW-
PCA and LKO select an appropriate number of principal com-
ponents Q. We point out here that this quantity may exhibit
time-dependency. For this reason, we choose to investigate the
scale-time-component percentage variance explained as well as
the behavior of Q when driven by a chosen percentage variance
explained for Models 4 and 7. In this context, we have discovered
that fueled by the poorer eigendecomposition estimation, LKO
is inferior to mvLSW-PCA in adequately reflecting the time-
varying and scale traits of the data (see Appendix C.4 for Mod-
els 4 and 7). Most importantly, we note that the LKO-based
explained variance appears to be dominated by PC1 and to be

less sensitive to the time-dependent aspect of the number of
principal components required in order to explain a chosen
amount of variation in the data.

3. Principal Component Cross-Coherence

A key component to a successful PCA is the interpretation of
the emerging principal components. In this section we explore
the wavelet domain connection between the (transformed)
adaptively rotated and original processes, which will motivate
the principled construction of a new measure of association.
Recall that coherence is a commonly used tool that extracts the
common scale/frequency content of two or more time series
(Shumway and Stoffer 2010). Current locally stationary wavelet
modeling literature has focused on the coherence between chan-
nels in a single MVLSW process (see Sanderson, Fryzlewicz,
and Jones 2010; Park, Eckley, and Ombao 2014). However, our
construction crucially differs from that work in quantifying
dependence between different processes as opposed to different
channels, hence, our use of the term cross-coherence. Our pro-
posed cross-coherence measure essentially provides a normal-
ized quantification of the contribution of the original process
components to each wavelet domain principal component and
will form an important component in the practical application of
our proposed principal component methodology. Nevertheless,
we note that this measure is not developed for use in a general
cross-MvLSW process coherence.

3.1. Cross-Coherence as a Measure of Dependence

To formulate our new cross-coherence measure that will quan-
tify the dependence between the rotated and original channels,
we first consider the representation of an MvLSW process, fol-
lowing our adaptive principal component rotation. Mathemati-
cally, for each scale j and rescaled time u = k/T, our proposed
mvLSW-PCA technique essentially constructs the process

<Gk Yiik
Vi = 3 oV R Tk (e,

j/ K

(14)

where the new process amplitudes at scale j/ and time k' are
defined as V]SY”"") k/T) = EX (k/V (K /T) and B (u)
is the orthonormal P x P matrix of (row) eigenvectors cor-
responding to ﬂ;x)(u). Note the amplitudes are the adaptively
rotated transfer function of the original process, with the rota-
tion specific to the scale j and time k at which the eigende-

composition was performed. Observe that the resulting process,
whose individual channels are the principal components at a
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fixed scale-time (j, k) (ordered by eigenvalue magnitude), can
also be expressed as ?g’{f) = E;X) (k/T)X; 1. Details on the
connection between the empirical wavelet coefficients of this
process (the analogue of the vector in (5)) to those of X; 1 can
be found in Appendix A.5.

Connection between the Principal Components and the Orig-
inal Process

In order to derive the cross-coherence, which in this context
is not only a scale (frequency) dependent quantity but is also
time-evolving, we first construct the cross-spectrum of the new,
adaptively rotated process at each fixed scale j and time k = [uT]

{?%()} and the original process {X; 1} as

s]?,‘? WX Ty = Vf;f”‘) K /T) (VJSX) (K /T))T ,
=EX k/T)VO K /T) (VSX) K/ T))T,
] J J

=EY (k/T)s;,X) (K /T), V(K. (15)
Definition 1. We define the cross-coherence between the ith
principal component (obtained through an adaptive rotation at
fixed scale j and time k = [uT]) and the original pth channel as
the (i, p) entry of the matrix

p]@(ﬁ"),X)(k/T) =diag ([S]gmm)(k/T)]—l/z) (S]{W”‘);X)(k/T))

diag <[S;X) (k/T)]_m) ,

where “diag” extracts the diagonal entries of the spectral matri-
ces corresponding to the new and original processes, see equa-
tions (A.9) (Appendix A.5 details its derivation) and (2), respec-
tively, and the cross-spectrum is given by (15).

(16)

Note that the diagonal quantities are indeed positive since
they are the spectra for the rotated and original processes.
Additionally, the cross-coherence is only defined at those scales
and locations (j,k) which correspond to nonzero spectral
quantities.

As in previous developments for locally stationary processes,
a coherence measure can be thought of as a scale- and time-
dependent “correlation”-like quantity. It can be easily verified
that it ranges from —1, indicating an absolute negative cor-
relation, to 1 indicating an absolute positive correlation. In a
multi-dimensional set of nonstationary time series observations,
we can therefore reduce the information complexity by under-
standing which combinations of channels respond with highest
spectral power across scale and time.

3.2. Estimating the Proposed Cross-Coherence Measure

We now provide theoretical and practical results underlying the
estimation of the cross-coherence measure introduced above
(see also Appendix A.6).

Proposition 4. Under the assumptions of Proposition 2 and for
each fixed scale j and rescaled time u, the (i, p) entry of the cross-
coherence estimator matrix

- ) ) ) -1/2
A (1) = diag ([E;X)(”)S;X) @) (E;X)(”))T} )
g

x diag <[§;X)(u)]_l/2> (17)

: : FOITD x,)
is consistent for the true cross-coherence oj (1) between
the ith principal component adaptively rotated at (j, u) and the

pth original channel.

Cross-Coherence Estimation Assessment via Simulation

To verify our coherence measure estimation procedure outlined
above, we assessed the accuracy in estimating the true cross-
coherence between the original and rotated processes for Models
3 and 7, which contain dependence between the original chan-
nels. Similar to Section 2.5.1, we compute the empirical average
mean squared error and bias when estimating the absolute true
cross-coherence across R = 100 simulated processes, where
we average over the levels which contain coherence. In the case
of Models 3 and 7 these are levels 2 and 4 (see Appendix B).
While the cross-coherence is slightly overestimated, the esti-
mates remain accurate despite the challenging complex time-
varying dependence between the original and principal compo-
nent processes. The average MSE and bias values were 0.14 (stan-
dard error: 0.01) and 0.09 (standard error: 0.009) for Model 3
and 0.06 (standard error: 0.007) and 0.03 (standard error: 0.009)
for Model 7. An illustration of the estimated cross-coherence
against the truth for Model 7 is shown in Appendix D for PC1-
PC2. We also repeated the simulation experiment for series
lengths T = 256 and T = 512; reassuringly, the MSE and bias
decrease with increasing sample size.

Cross-Coherence Estimation for Experiments with Repeated
Trials

In our motivating data example (revisited below in Section 4),
participants were asked to repeat a cognitive task several times,
resulting in multiple measurements of neurological activity for
each participant. In such an experiment, we wish to pool infor-
mation across the per-trial multivariate time series, and hence
we propose to estimate the cross-coherence in this data setting
via the trial-averaged spectral estimates

<ilu = = = T
FINTN ()  diag |:E;X)(M)S;X)(u) (E;X)(u)) ]
—(X) =X

—0 1712
xdiag([sj (u):| ) (18)

where © refers to the averages over trials of the quantities in
(17). This is a consistent estimator of the true participant cross-
coherence and in practice we have found this estimator is better
behaved than its trial-averaged coherence counterpart.

~1/2
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Figure 3. Participant 1 EEG activity patterns for level 6 (PC1): Estimated eigenvalues for left-tapping, resting state, and right-tapping conditions (top row); estimated
principal component cross-coherence for left-tapping, resting state, and right-tapping conditions, displayed by channel (bottom row).

4, Case Study: EEG Data Analysis

We now apply the proposed wavelet domain dimension reduc-
tion methodology and implement the mvLSW-PCA tool (Sec-
tions 2.2 and 2.3) on the motivating neuroscience dataset from
Section 1. The experiment consists of 120 EEG trials recorded
at 1024Hz during which the participant was required to per-
form one single index finger tap following a cue that randomly
instructed the use of left hand, right hand or to rest (40 trials per
condition).

The data contains brain activity recorded across 19 channels,
with placements illustrated in Figure 1, and features complex
nonstationarities and channel-interdependence. Two additional
channels recorded the precise duration of the right and left tap,
respectively, via a microcontroller tapping device. The analysis
of temporal dynamics in neurological data from such tasks is
important for a number of reasons, for example to quantify
rehabilitation in patients suffering from neuropathologies, or to
contribute to the more fundamental question of determining
which frequencies and areas of the brain dominate neuroactiv-
ity in different task-scenarios. It has been well-established that
neuronal activity does not happen in specific brain regions in
isolation, and that those regions can change over time. Such
interhemispheric interaction has been observed in the context
of neurological disorders, for example, seizures (Duckrow and
Spencer 1992; Murase et al. 2004; Ombao and Ho 2006).

The data is publicly available from https://researchdata.
reading.ac.uk/117/ and is further described in Wairagkar (2017).
After pre-processing, the resulting data are zero mean, in

accordance to our MVLSW assumption. For each trial, the signal
we analyze spans 4 sec (4096 observations) and is extracted
such that the onset of the finger tap is at rescaled time 0.45
across all trials. For the resting state trials, the last 4 sec from
each 10 sec trial were extracted. In what follows we analyze
data from participant 1, a left-handed healthy individual. The
(rescaled) tapping time is approximately 0.45-0.55 across trials.
For each condition we follow Algorithm 1 and retain the first two
principal components (Q = 2) which explain in excess of 82% of
the process power. As several trials are available per condition,
we use the cross-coherence estimator proposed in (18) in order
to facilitate an understanding of the salient component features
and time-dependent channel activation.

Resting State

Using the proposed principal component analysis for the resting
data as baseline reference for the analyses using the right- and
left-trials, otherwise hidden brain activation patterns emerge.
The power across all principal components is primarily evi-
dent at scale 6 (encompassing alpha band, 8-12Hz, indicating
alertness, and low beta band, 12-16Hz, connected to specific
motor actions). Additional flares are present at coarser scale 7
(theta band, 4-8Hz characteristic of slower activity). Recalling
the participant is left-handed, we note these are also present
when left-tapping but not for right taps. The resting data is
interestingly characterized by a lack of discernible time patterns,
except for a peak at the movement onset and tapping time within
theta band frequencies (Figure 3, top-middle).
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Resting state coherence patterns. The first principal compo-
nent (PC1) coherence analysis reveals that during resting time
there are no temporal patterns of activation within alpha and low
beta band frequencies. Left and right front, temporal and pari-
etal channels exhibit some middling level of activation (absolute
coherence values around 0.3-0.5) with no particular emergent
features. The coherence patterns for the second principal com-
ponent (PC2) in Appendix E show uniform primary activation
of left-side channels Fp1, F7, and T3.

Left-Tapping

By contrast to the resting state, trials that involve tapping reveal
emergent temporal patterns. Left-tapping PCl1 is associated to
periods of high activation at alpha and low beta band frequen-
cies, with peaks observed just before the movement onset and
during tapping (rescaled time 0.4-0.55, recall onset is at 0.45), as
well as to short intense bursts in the post-tapping period (0.65-
0.85). Notable power is also present in PCI at theta band at
the beginning of the trial sequence (up to rescaled time 0.3) in
anticipation of the movement (see Figure 3, top-left). For PC2
the activity is peaking within rescaled time 0.65-0.75 at alpha
and low beta band (Appendix E).

Left-tapping coherence patterns. The coherence patterns for
PCI1 reveal temporal activation windows within the alpha and
low beta frequencies, with uniform activation across the theta
band (Figure 3, bottom-left). Namely, for the alpha and low beta
band we observe an initial activation in the left frontal F7 and
neighboring left temporal lobes T3 and T5, followed by a shift to
right temporal lobe activation in T6 (up to rescaled time 0.45).
During movement onset and tapping time, the activity becomes
localized in the left and central parietal lobes, P3 and Pz. The
right parietal lobe P4 becomes activated in the immediate period
following the tapping (until about 0.85 rescaled time). The pre-
frontal lobes (Fpl and Fp2) exhibit weak coherence with left-
tapping PC1 in the period preceding and during movement.
Within theta band, no temporal patterns are present along the
primary activation channels, right temporal (T6) and left tem-
poral T3 and T5 (coherence values of roughly 0.6). Weaker
coherence is also present within right temporal (T4) lobe and
left and right frontal (F7, F8) channels, as well as in occipital
lobes (O1 and O2). Within alpha and low beta band, uniformly
distributed coherence appears between PC2 and the left frontal
(F7) and temporal (T3) channels, with some activity present
outside tapping time in the left pre-frontal (Fp1) lobe. During
tapping time, there is an activation in left temporal T5 lobe
coupled with a deactivation of Fp1.

Right-Tapping

Right-tapping PC1 has power primarily at alpha and low beta
frequencies with activity peaks at movement onset and tapping
time followed by the post-tapping period (0.65-0.85), and for
PC2 the activity is peaking within rescaled time 0.65-0.75.
While these traits are broadly similar to those found in the left-
tapping trials, the intense activity periods are shorter and power
is present for the right-hand tapping PCI at theta band at the
same peaks as for alpha and low beta frequencies (as opposed to

the pre-movement time for left-tapping PC1) and at higher beta
band waves around cue and tapping time for PC2.

Right-tapping coherence patterns. The coherence patterns for
PC1 highlight activation around the onset and tapping time.
Specifically, for alpha and low beta band an initial activation
occurs in both right and left temporal lobes T5 and T6 with
activation present in the left temporal lobe T3 until movement
time. This is followed by a shift to right and central parietal
lobe activation (P4 and Pz) up to rescaled time 0.85. Following
tapping, the left parietal lobe P3 becomes activated until about
rescaled time 0.85. Within theta waves, akin to the left-tapping,
there are no patterns in the frontal (F7 and F8), temporal (T3,
T4, T5, and T6) and occipital (O1 and O2) lobes that exhibit
main activity. Within alpha and low beta frequencies, stronger
coherence appears between PC2 and the left temporal (T3) and
left frontal (F7) channels up to movement onset time, followed
by uniform activity. The left pre-frontal (Fpl) cortex appears
engaged throughout, while immediately following tapping there
is an activation in the left temporal T5 lobe. Coherence at
higher beta-band waves between PC2 and left pre-frontal (Fpl),
frontal (F7) and temporal (T3) channels is sustained throughout
(Appendix E).

Task-Oriented Comparisons

For this left-handed individual, the salient left-tapping PCI is
associated to longer periods of high activation at alpha and low
beta bands when compared to right-tapping PC1. As opposed
to the left-tapping PC1, the activity at alpha and low beta fre-
quencies in the left and central parietal lobes is sustained almost
entirely during the trial times that follow right-tapping; the tem-
poral T5 lobe appears strongly associated with the movement
period for PC2 and completely disengaged during the resting
trials. Activity in PC1 at alpha and low beta band frequencies
appears associated to the left frontal F7 channel for left-tapping
and resting, while F7 is only associated with right-tapping at
theta band (PC1) and high beta frequencies (PC2). Interestingly,
the left pre-frontal (Fp1) lobe appears activated throughout the
right tapping trials (PC2 at alpha and beta bands) and only out-
side the tapping period for the left-tapping trials (PC2 at alpha
and low beta bands). The activity entailed by this experiment
does not appear to engage the central lobes, regardless of the
left/right nature of the tapping or resting. See a schematic of the
salient features in Appendix E.

Comparisons with an analysis using the LKO method. To illus-
trate the difference between our proposed method and that of
Lim, Kwon, and Oh (2021), we repeated the data analysis using
the LKO technique. The resulting eigenvalues, together with
the corresponding eigenvectors (in absolute value) are shown
for PC1-PC2 in Appendix E. Note the very little difference in
structure between PC1 and PC2, as well as the poor tempo-
ral localization of tapping activity during the experiment. The
lack of discernible structure in the eigenvectors equate to weak
activation-driven association of the PCs to the original process.
In light of the results from Section 2.4, empirically verified in
Section 2.5, we would argue that the real data analysis using
our proposed mvLSW-PCA adaptive rotation procedure and



associated cross-coherence measure leads to a more informative
analysis.

5. Conclusions

This article has proposed a new framework for wavelet domain
principal component analysis for nonstationary time series,
and also introduced a new cross-coherence measure between
the process in the time domain and its principal component
domain representation. We detailed a full estimation procedure
for the wavelet domain PCA quantities, considering asymp-
totic properties. We demonstrated the high accuracy of our
estimation approach through simulated examples, highlighting
its improved performance over a state-of-the-art competitor
method while being able to cope well with processes featur-
ing a range of nonstationary dependence. We also illustrated
the utility of our proposed methodology on a dataset from an
experimental study on EEG dynamics. While the motivation
for the work in this article arose in a neuroscience setting, we
envisage that the tools developed here have the potential to
provide valuable data insights in a wide range of applications
which generate high-dimensional nonstationary time series that
exhibit complex dynamics.

Supplementary Materials

The file supp. zip contains further results and code associated to this
work, as described below (see also its readme file).

Proofs of theoretical results: This document (Appendix A) provides
details of the results on our proposed methodology in Sections 2 and
3. (proofs.pdf)

Further simulation details: Here we provide model specifications for the
simulations in Section 2.5 (Appendix B) as well as additional simulation
results for different series lengths and supporting plots for the estimation
performance in Sections 2 and 3 (Appendix C-D). In Appendix E we
also include supporting figures for the EEG case study in Section 4.
(simstudy.pdf)

code: R code implementing the proposed methods in this article.
(mvLSWPCA.R)

Acknowledgments

The authors would like to gratefully thank the Editor, Associate Editor, and
two anonymous reviewers for their constructive comments and suggestions
that helped improve the quality of the manuscript.

Disclosure Statement

The authors report there are no competing interests to declare.

Funding

MIK and MAN gratefully acknowledge support from EPSRC grant
EP/X002195/1.

ORCID

Marina I. Knight
Matthew A. Nunes
Jessica K. Hargreaves

http://orcid.org/111.555
http://orcid.org/111.555
http://orcid.org/111.555

JOURNAL OF COMPUTATIONAL AND GRAPHICAL STATISTICS . 13

References

Abadir, K. M., and Magnus, J. R. (2005), Matrix Algebra (Vol. 1), Cambridge:
Cambridge University Press. [8]

Boashash, B., Azemi, G., and Khan, N. A. (2015), “Principles of Time-
Frequency Feature Extraction for Change Detection in Non-stationary
Signals: Applications to Newborn EEG Abnormality Detection,” Pattern
Recognition, 48, 616-627. 7]

Brillinger, D. R. (1969), “The Canonical Analysis of Stationary Time Series,”
in Multivariate Analysis (Vol. II), ed. P. R. Krishnaiah, pp. 331-350, New
York: Academic Press. [6]

(1975), Time Series Data Analysis and Theory, New York: Holt,
Rinehart and Winston. [1,4]

Brockwell, P. ], and Davis, R. A. (1991), Time Series: Theory and Methods,
New York: Springer. [1,6]

Das, S., and Politis, D. N. (2020), “Predictive Inference for Locally Stationary
Time Series with An Application to Climate Data,” Journal of the Ameri-
can Statistical Association, 116, 1-16. [1]

Duckrow, R. B., and Spencer, S. S. (1992), “Regional Coherence and the
Transfer of Ictal Activity During Seizure Onset in the Medial Temporal
Lobe,” Electroencephalography and Clinical Neurophysiology, 82, 415-
422. [11]

Embleton, J., Knight, M., and Ombao, H. (2022), “Multiscale Spectral
Modelling for Nonstationary Time Series Within An Ordered Multiple-
Trial Experiment,” Annals of Applied Statistics, 16, 2774-2803. [3,4]

Fryzlewicz, P, and Nason, G. (2006), “Haar-Fisz Estimation of Evolutionary
Wavelet Spectra,” Journal of the Royal Statistical Society, Series B, 68,611
634. [6]

Fryzlewicz, P, Sapatinas, T., and Subba Rao, S. (2006), “A Haar-Fisz Tech-
nique for Locally Stationary Volatility Estimation,” Biometrika, 93, 687—
704. [1]

Hargreaves, J., Knight, M., Pitchford, J., Oakenfull, R., Chawla, S., Munns, J.,
and Davis, S. (2019), “Wavelet Spectral Testing: Application to Nonsta-
tionary Circadian Plant Rhythms,” Annals of Applied Statistics, 13, 1817-
1846. [1,4,6]

Jolliffe, I. T. (2002), Principal Component Analysis, New York: Springer
Verlag. [1]

Lansangan, J. R. G., and Barrios, E. B. (2009), “Principal Components
Analysis of Nonstationary Time Series Data,” Statistics and Computing,
19, 173-187. [1]

Lim, Y., Kwon, J., and Oh, H.-S. (2021), “Principal Component Anal-
ysis in the Wavelet Domain,” Pattern Recognition, 119, 108096.
[1,2,4,5,6,7,8,9,12]

McGonigle, E. T, Killick, R., and Nunes, M. A. (2022), “Trend Locally
Stationary Wavelet Processes,” Journal of Time Series Analysis, 43, 895—
917. [1]

Murase, N., Duque, J., Mazzocchio, R., and Cohen, L. G. (2004), “Influence
of Interhemispheric Interactions on Motor Function in Chronic Stroke,”
Annals of Neurology, 55, 400-409. [11]

Nason, G. P. (2008), Wavelet Methods in Statistics with R, New York:
Springer. [1]

(2013), “A Test for Second-Order Stationarity and Approximate
Confidence Intervals for Localized Autocovariances for Locally Station-
ary Time Series,” Journal of the Royal Statistical Society, Series B, 75, 879—
904. [2,6]

Nason, G. P, von Sachs, R., and Kroisandt, G. (2000), “Wavelet Processes
and Adaptive Estimation of the Evolutionary Wavelet Spectrum,” Journal
of the Royal Statistical Society, Series B, 62, 271-292. [3]

Ombao, H. C, and Ho, M. R. (2006), “Time-Dependent Frequency
Domain Principal Components Analysis of Multichannel Non-
stationary Signals,” Computational Statistics ¢ Data Analysis, 50,
2339-2360. [1,2,4,6,7,11]

Park, T., Eckley, I. A., and Ombao, H. C. (2014), “Estimating Time-Evolving
Partial Coherence between Signals via Multivariate Locally Stationary
Wavelet Processes,” IEEE Transactions on Signal Processing, 62, 5240—
5250. [1,2,3,4,5,6,9]

Priestley, M. B. (1983), Spectral Analysis and Time Series, London: Academic
Press. [1]



http://orcid.org/111.555
http://orcid.org/111.555
http://orcid.org/111.555

14 M. I. KNIGHT, M. A. NUNES, AND J. K. HARGREAVES

R Core Team. (2022), R: A Language and Environment for Statistical
Computing, Vienna, Austria: R Foundation for Statistical Computing.
(7]

Roueff, E, and Von Sachs, R. (2019), “Time-Frequency Analysis of Locally
Stationary Hawkes Processes,” Bernoulli, 25, 1355-1385. [1]

Sanderson, J., Fryzlewicz, P., and Jones, M. W. (2010), “Estimating Linear
Dependence between Nonstationary Time Series Using the Locally Sta-
tionary Wavelet Model,” Biometrika, 97, 435-446. [3,4,5,6,9]

Sanei, S., and Chambers, J. A. (2013), EEG Signal Processing, Chichester:
Wiley. [1]

Shumway, R. H., and Stoffer, D. S. (2010), Time Series Analysis and Its
Applications, New York: Springer. [1,9]

Taylor, S., Park, T., and Eckley, I. A. (2019), “Multivariate Locally Stationary
Wavelet Analysis with the mvLSW R package,” Journal of Statistical
Software, 90, 1-19. [7,9]

Taylor, S., Park, T., Eckley, I. A., and Killick, R. (2017), “mvLSW: Multivari-
ate Locally Stationary Wavelet Process Estimation,” R package version
1.2.1. https://CRAN.R-project.org/package=mvLSW [7]

Wairagkar, M. (2017), “EEG Data for Voluntary Finger Tapping Move-
ment” University of Reading. https://researchdata.reading.ac.uk/117/
(11]

Wilson, R., Eckley, I, Nunes, M., Park, T. (2021), “A Wavelet-based
Approach for Imputation in Nonstationary Multivariate Time Series,
Statistics and Computing, 31, Article 18. [1]


https://CRAN.R-project.org/package=mvLSW
https://researchdata.reading.ac.uk/117/

	Abstract
	1.  Introduction
	2.  Adaptive Wavelet Domain PCA for MvLSW Signals
	2.1.  Modeling Framework
	2.2.  Proposed Locally Stationary Wavelet PCA
	Our proposal versus previous spectral PCA work

	2.3.  Proposed mvLSW-PCA Data Analysis Tool
	2.4.  Estimation Theory for the Proposed Wavelet Domain PCA
	On estimating the eigendecomposition of β  versus that of S 
	On the asymptotic normality of eigenvalues and eigenvectors

	2.5.  Empirical Estimation Performance of mvLSW-PCA
	2.5.1.  Estimation Assessment for Spectral Domain Eigenvalues
	2.5.2.  Estimation Assessment for Spectral Domain Eigenvectors
	2.5.3.  Estimation Assessment for the Percentage Variance Explained


	3.  Principal Component Cross-Coherence
	3.1.  Cross-Coherence as a Measure of Dependence
	Connection between the Principal Components and the Original Process

	3.2.  Estimating the Proposed Cross-Coherence Measure
	Cross-Coherence Estimation Assessment via Simulation
	Cross-Coherence Estimation for Experiments with Repeated Trials


	4.  Case Study: EEG Data Analysis
	Resting State
	Left-Tapping
	Right-Tapping
	Task-Oriented Comparisons
	Comparisons with an analysis using the LKO method


	5.  Conclusions
	Supplementary Materials
	Acknowledgments
	Disclosure Statement
	Funding
	ORCID
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Adobe Gray - 20% Dot Gain)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 200
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'TandF-preview-FP'] Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


