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A B S T R A C T 

The gas giant Kepler-1658b has been inferred to be spiralling into its sub-giant F-type host star Kepler-1658a (KOI-4). The 

measured rate of change of its orbital period is 
�
P orb = − 131 

+ 20 
−22 ms yr −1 , which can be explained by tidal dissipation in the star 

if its modified tidal quality factor is as low as Q 

′ ≈ 2 . 50 × 10 

4 . We explore whether this could plausibly be consistent with 

theoretical predictions based on applying up-to-date tidal theory in stellar models (varying stellar mass, age, and metallicity) 
consistent with our newly derived observational constraints. In most of our models matching the combined constraints on 

the stellar ef fecti ve temperature and radius, the dissipation in the star is far too weak, capable of providing Q 

′ � 10 

9 , hence 
contributing negligibly to orbital evolution. Using only constraints on the stellar radius, efficient tidal dissipation sufficient to 

explain observations is possible due to inertial waves in the convective envelope during the sub-giant phase, providing Q 

′ ∼ 10 

4 , 
but this period in the evolution is v ery short-liv ed (shorter than 10 

2 yr in our models). We show that dissipation in the planet is 
capable of explaining the observed Ṗ orb only if the planet rotates non-synchronously. Tidally induced pericentre precession is 
a viable explanation if the periastron argument is near 3 π /2 and the planet’s quadrupolar Lo v e number is abo v e 0.26. Further 
observations constraining the stellar and planetary properties in this system have the exciting potential to test tidal theories in 

stars and planets. 

Key words: celestial mechanics – planets and satellites: dynamical evolution and stability – planets and satellites: gaseous 
planets – planet–star interactions – stars: low-mass – stars: rotation. 
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 I N T RO D U C T I O N  

he majority of the known exoplanet population will be destroyed 
hrough tidal engulfment into their parent stars. Although this process 
an occur along the main sequence only for planets within about 
.1 au (e.g. Rasio et al. 1996 ; Barker & Ogilvie 2010 ; Lai 2012 ;
einberg et al. 2017 ; Barker 2020 ), planets at separations as wide as

–5 au will not survive the giant branch phases of stellar evolution
e.g. Mustill & Villaver 2012 ; Adams & Bloch 2013 ). Those planets
hich do survive the giant branch gauntlet are then assumed to play
 vital role as dynamical drivers of white dwarf metal pollution (e.g.
eras 2016 , 2021 ). These outcomes demonstrate the importance of
nderstanding and constraining planet–star tidal interactions to a 
e vel which allo ws for accurate population synthesis investigations, 
s well as interpretations of noteworthy systems for which the stellar
ge has been precisely constrained. F or e xample, the evolutionary 
istory of the uniquely located post-main sequence planets HD 

03 949b (Campante et al. 2019 ) and 8 Ursae Minoris b (Hon et al.
023 ) cannot be determined without making assumptions about how 

fficiently tidal flows are dissipated. 
 E-mail: valeri.makarov@gmail.com 
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One way to constrain efficiencies of tidal dissipation in stars (often
uantified by modified tidal quality factors Q 

′ ) is to measure the
hange in the orbital period of a tidally decaying exoplanet. Ho we ver,
ven 30 yr after the first confirmation of an exoplanet (Wolszczan &
rail 1992 ; Wolszczan 1994 ) such measurements are tentative, and
ave been undertaken for only a few systems (e.g. Maciejewski 
t al. 2018 ; Yee et al. 2020 ; de Beurs et al. 2023 ; Harre et al.
023 ). 
One of these systems is Kepler-1658, which is noteworthy partially 

or having properties indicating that it had recently e volved of f the
ain-sequence. The gas giant Kepler-1658b is a massive planet with 
 comparable size to Jupiter (mass M p = 5.88 M J and radius R p =
.07 R J , with Jupiter’s mass M J and radius R J ) observed to orbit an
volved F-type star (with stellar mass M ≈ 1.6 M �) likely to be in
he sub-giant phase shortly after the main sequence (Chontos et al.
019 ). The planet has a short orbital period P orb = 3.85 d, which
s very close to synchronism with the stellar rotation period P rot 

4 d, and the orbit has been inferred to be shrinking at the rate
�
 orb = − 131 + 20 

−22 ms yr −1 = − (415 + 63 
−70 ) × 10 −11 s s −1 , correspond- 

ng to a characteristic inspiral time for orbital decay of approximately
.5 Myr (Vissapragada et al. 2022 ). This is much shorter than
he estimated age of the star, so we are fortunate to observe the
ystem in its current state. Vissapragada et al. ( 2022 ) deduced this
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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Figure 1. Colour–magnitude diagram for Kepler-1658 and selected 
isochrones from PARSEC stellar evolution models utilizing Gaia DR3 data. 
The location of the star is marked with a yellow dot. The isochrones are 
computed for a grid of ages 1.5, 1.6, 1.7, 1.8, 1.9, 2.0, and 2.1 Gyr, from left 
to right at the bottom. Other rele v ant parameters for the stellar models are 
described in the text. 
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ate of inspiral to imply efficient tidal dissipation inside the star,
orresponding to a modified quality factor Q 

′ = 2 . 50 + 0 . 85 
−0 . 62 × 10 4 .

hey proposed that this value agrees with theory, and hypothesised
hat the decay could be explained by efficient tidal excitation and
issipation of inertial waves in the convective envelope of the star
hen it passes through the sub-giant phase (based on fig. 6 of Barker
020 , hereafter B20 ). 
In this paper, we re visit the fascinating K epler-1658 system to

etermine whether its inferred Ṗ orb could be explained by stellar tidal
heory. To do so, we first derive new constraints on the properties
f the star (mass, radius, age, metallicity, and rotation rate) using
he Gaia catalogue coupled with stellar evolutionary models. We
hen compute stellar tidal dissipation rates theoretically in models

atching these observational constraints (following B20). We find
 

′ ∼ 10 4 is possible due to dissipation of inertial waves in the
onv ectiv e env elope, but there is a large uncertainty due to the
apid variation in stellar properties as the star evolves off the main
equence through this phase. We find that most models matching
he combined constraints on stellar ef fecti ve temperature and radius
redict Q 

′ � 10 9 instead, which would result in negligible orbital
volution of the planet. We discuss the implications of our results,
nd we also show that the orbital evolution cannot be explained by
lanetary tides unless there is sustained non-synchronous rotation.

n alternativ e e xplanation for the observ ed 
�
P orb is presented, which

s related to the tidal deformation of a synchronised planet and the
ubsequent precession of the line of apsides. This scenario requires
 finite orbital eccentricity, an orbital configuration with the line of
psides roughly aligned with the line of sight, and a quadrupolar
o v e number abo v e a certain – but reasonable – value. 

 STELLAR  PA R A M E T E R S  A N D  R AT E  O F  

OTAT I O N  

epler-1658 (KOI-4) is an evolved star that is more massive than the
un, and whose evolutionary status and age can be estimated using
vailable stellar evolution models. We employ the PARSEC (Bressan
t al. 2012 ; Tang et al. 2014 ) evolution models, which are best suited
or the accurately determined photometric magnitudes and parallaxes
n the Gaia DR3 catalogue (Gaia Collaboration 2016 , 2021a ) and
ave been validated on open clusters including the Hyades (e.g. Gaia
ollaboration 2021b ). We find the following data in the Gaia cata-

ogue: broad-band magnitude G = 11.417 ± 0.003, blue magnitude
 BP = 11.694 ± 0.003, red magnitude G RP = 10.981 ± 0.004, paral-

ax � = 1.226 ± 0.017 mas. Moderate values of the metadata param-
ters phot bp rp excess factor = 1.19 and ruwe = 1.15, as
ell as a low value of ipd gof harmonic amplitude indicate
 stable, unperturbed astrometric and photometric solution (Fabricius
t al. 2021 ). The nearest neighbour 3.37 arcsec away is an unrelated
tar that is fainter by 4.6 mag – unlikely to perturb the data for
epler-1658. 
Fig. 1 shows the corresponding location of the target on the

olour–magnitude diagram. Note that the observational errors are
nsignificant, which explains the absence of error bars. A grid of
even isochrones from 1.5 through 2.1 Gyr is shown with solid
ines. The main uncertainty in matching the observational data with
tellar isochrones comes from the imprecise input model parameters.
or this computation, we assume an interstellar extinction of A V =
.378 mag from Berger et al. ( 2018 ), and a metallicity value [Fe/H] =
0.247 from Wilson et al. ( 2018 ). The substellar metallicity places

he star in an area where the model isochrones are tangled, which
recludes an unambiguous determination of model parameters. We
NRAS 527, 5131–5139 (2024) 
ote some dispersion of input parameter values in the literature. For
xample, a smaller value for A V of 0.22 mag is estimated by Stevens,
tassun & Gaudi ( 2017 ). Alternative determinations of metallicity

nclude [Fe/H] = −0.16 ± 0.15 based on pre-Gaia data (Huber et al.
014 ), [Fe/H] = −0.27 from the California-Kepler surv e y (Petigura
t al. 2022 ), and [M/H] = −0.099 ± 0.024 from APOGEE-2 DR16
Majewski et al. 2017 ). A higher metallicity shifts the isochrones
ostly to redder colours, but it hardly helps us to resolve the

mbiguity of age. With the assumed parameters in Fig. 1 , the closest
sochrone provides age = 1.8 Gyr, mass M = 1.62 M �, T eff = 6628 K,
og g = 3 . 64. Ho we ver, a dif ferent isochrone from the models comes
o the observed position within 0.02 mag: age = 1.7 Gyr, mass M =
.65 M �, T eff = 6577 K, log g = 3 . 63. The available data do not
llow us to discriminate between these models. Our estimates for T eff 

re significantly higher than some of the v alues pre viously gi ven in
he literature (e.g. Buchhave et al. 2012 ; Berger et al. 2018 ; Majewski
t al. 2020 ), but are consistent with or lower than others (e.g. Santos
t al. 2021 ). Our log g estimates are quite close to the values quoted
n the literature. The previously estimated masses, in sync with the
f fecti ve temperature, tend to be lower than our values, with the
xception of Santos et al. ( 2021 ) where M = 1 . 781 + 0 . 064 

−0 . 139 M � is
rovided. 
Ground-based spectroscopic determinations of v sin i indicate a

igh rate of rotation. Some of the quoted numbers are 41.2 km s −1 

Buchhave et al. 2012 ), 36.9 km s −1 (Maciejewski et al. 2020 ), and
8.0 km s −1 (Petigura et al. 2022 ). We should also consider the Gaia
R3 determination of V broad = 34.5 ± 8.4 km s −1 . This parameter is

tatistically close to v sin i in the appropriate range of T eff (Fr ́emat
t al. 2023 ). If we assume this latter value for Kepler-1658, then, by
caling with the known surface velocity of solar rotation and using
he Carrington period, we obtain a rotation period of P rot � 4.4 ± 0.4
 for an assumed radius of 3 R sun . A higher value of v sin i = 38 . 0
m s −1 corresponds to a period of 4.0 d. We note that that these
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stimates are close to the orbital period of planet b (3.85 d), and,
iven the large uncertainty in Kepler-1658’s radius, it is possible that 
he star has (or at least the surface layers have) been spun up by the
lanet and it is now rotating synchronously, or close to this state. 

 TIDAL  PARAMETERS:  N OTAT I O N  

he mass and radius of the star are denoted with M and R ; those of
he planet with M p and R p . For a tidally perturbed body, the Lo v e
umbers k l , phase lags εl , and quality factors Q l ≡ | sin εl | −1 are
unctions of the Fourier components of the tide, i.e. of the tidal
requencies ω lmpq . An l -degree quality function , sometimes referred 
o by the Danish word kvalitet , is defined as (cf. Makarov, Berghea &
froimsky 2018 ) 

 l ( ω lmpq ) ≡ k l ( ω lmpq ) sin εl ( ω lmpq ) 

= 

k l ( ω lmpq ) 

Q l ( ω lmpq ) 
Sign ω lmpq , 

he quadrupolar quality factor is conventionally written with no 
ubscript: Q ≡ Q 2 . It is also common to employ the modified quality
actor introduced as 

 

′ ≡ 3 

2 

1 

| K 2 | = 

3 

2 

Q 

| k 2 | . (1) 

 TIDAL  DISSIPATION  IN  T H E  STAR  

.1 Modified quality factor Q 

′ of the star 

e now turn to build interior models of Kepler-1658 that match the
bservational constraints from Section 2 , and perform calculations 
o determine tidal dissipation rates predicted by several mechanisms 
ased on the latest theoretical expectations. To do so, we first
onstruct stellar models based on the MESA code with default pa- 
ameters for all physical quantities except initial mass and metallicity 
Paxton et al. 2011 , 2013 , 2015 , 2018 , 2019 ; Jermyn et al. 2023 ).

e also computed models using the parameters from MIST (Choi 
t al. 2016 ; Dotter 2016 ), but did not find substantial quantitative
ifferences. These computations provide us with 1D evolutionary 
odels of Kepler-1658, which generate, for each time (age), profiles 

or the density ρ( r ), pressure p ( r ), gravitational acceleration g ( r ),
runt-V ̈ais ̈all ̈a (buoyanc y) frequenc y N ( r ), as well as the conv ectiv e
elocity v c ( r ), and mixing-length � c ( r ) in convective regions. Using
hese profiles, we can compute the linear tidal response in the star
ollowing B20. In particular, we compute the equilibrium (non- 
 avelik e) tide in the convective envelope by solving equations (12)

nd (17) from section 2 in B20 for the tidal component with harmonic
egree and azimuthal wavenumber l = m = 2, which determines 
he resulting (irrotational) displacement ξ nw ( r , t) in this model. 
he equilibrium tide is damped by its interaction with turbulent 
onvection, a process we model by assuming it can be described 
ith an isotropic kinematic viscosity νE that is a function of radius,

nd which behaves in otherwise the same way as the (negligibly 
mall) microscopic kinematic viscosity of the fluid in damping the 
ide. We use the numerical coefficients in equation (27) of B20 for
E , obtained using the e xtensiv e suite of hydrodynamic simulations
f Duguid, Barker & Jones ( 2020 ). We then perform the integral over
adius in the stellar model using equation ( 20 ) from B20 to find the
otal ‘viscous’ dissipation rate D ν for a given tidal component and 
tellar model. This is converted to a stellar tidal quality factor Q 

′ 

B

sing: 

 

′ = 

3(2 l + 1) R 

2 l+ 1 

16 πG 

| ω|| A | 2 
D ν

, (2) 

here ω = 2 π/P tide = ω lmpq , G is the gravitational constant, and
 is the semimajor axis. The quantity A ∝ ( M p / M )( R / a ) 3 is the
mplitude of the tidal perturbation, so that the ratio D ν / | A | 2 and
ence Q 

′ (hereafter with subscript eq to denote the contribution 
rom equilibrium tides) is independent of the tidal amplitude. 

We also compute tidal dissipation rates from w ave-lik e (dynam-
cal) tides in both conv ectiv e and radiativ e re gions. In radiativ e
egions, the response consists of tidally excited internal gravity (or 
ra vito-inertial) wa ves, and we compute the resulting dissipation 
y assuming these waves to be launched adiabatically as travelling 
aves from the radiati ve/convecti ve interface (with the envelope; 

xcitation from the convective core is much weaker in this star)
nd fully damped before they can reflect from the inner convective 
ore to set up a standing mode. To do so, we employ equation (41)
f B20 (and surrounding formalism) based on applying the ideas 
f Zahn ( 1975 ) and Goodman & Dickson ( 1998 ), to compute Q 

′ 

orresponding to gravity waves (hereafter with subscript IGW). This 
s justified if the wa ves ha ve large enough amplitudes to break or
f they are damped by radiative diffusion or absorbed in a critical
ayer (if the star rotates differentially, at this location the angular
hase velocity of the wave matches the local stellar rotation and we
 xpect significant wav e absorption; Barker & Ogilvie 2010 ; Barker
011 ; Su, Lecoanet & Lai 2020 ; Guo, Ogilvie & Barker 2023 ). Wave
reaking is less likely in this star on the main-sequence than in a
olar-type star with a radiative core, where the waves can attain large
mplitudes due to geometrical focusing (Goodman & Dickson 1998 ; 
gilvie & Lin 2007 ; Barker & Ogilvie 2010 ; Barker 2011 ; Guo,
gilvie & Barker 2023 ). It is likely when the star evolves through the

ub-giant phase and develops a radiative core at the centre however.
n any case, this estimate of Q 

′ 
IGW 

provides a typical magnitude of
ra vity wa ve damping. If wa ves are more weakly damped, larger
idal dissipation rates are possible if the tidal frequency becomes 
esonant with a global g-mode (due to the larger amplitude tidal
esponse attained; this could in principle be maintained if we invoke
 resonance locking scenario; Ma & Fuller 2021 ). Note that in the
ully-damped approximation, Q 

′ 
IGW 

∝ P 

8 / 3 
tide (a strong dependence!). 

In convection zones of rotating stars in which conv ectiv e motions
re efficient at homogenising the entropy, and can enforce an 
pproximately adiabatic stratification profile, the only w ave-lik e 
otions that can occur (for low frequencies, in the absence of
agnetic fields) are inertial waves. These waves are of low frequency

relative to the stellar dynamical frequency 
√ 

GM/R 

3 ) and are 
estored by Coriolis forces, being (linearly) excited only when tidal 
requencies satisfy | ω| ≤ 2 | 
| , where 
 = 2 π / P rot is the stellar
otational angular frequency. When these waves are excited they 
an provide a substantial enhancement of tidal dissipation rates in 
 strongly frequency-dependent manner (e.g. Ogilvie & Lin 2007 ). 
e calculate the w ave-lik e tide by applying the frequenc y-av eraged

ormalism of Ogilvie ( 2013 ), which computes the energy transfer
nto inertial waves following an initial impulsive tidal forcing. This 
epresents a ‘typical level of dissipation’ of inertial waves when they
re excited, and is convenient to calculate because it only requires
he solution of an ODE in radius (rather than a coupled system of
D PDEs in the meridional plane to solve for the w ave-lik e response
irectly). In our models we compute Q 

′ for inertial waves (hereafter
ith subscript IW and with angled brackets 〈 · 〉 to indicate it is
ased on the frequenc y-av eraged dissipation) using equation (30) of
20. This calculation provides a typical magnitude for the resulting 
MNRAS 527, 5131–5139 (2024) 
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issipation that ignores much of the complicated (and uncertain)
requency-dependence from linear theory. Our approach builds on
he application of two-layer piece-wise homogeneous stellar models
sed by Mathis ( 2015 ), Gallet et al. ( 2017 ), and many others, to
ully account for the realistic structure of the star. The resulting
 Q 

′ 
IW 

〉 ∝ P 

2 
rot , and thus is more efficient for more rapid rotation. 

In our stellar models, at every time (age) t for which we output
he radial profiles, we compute each of Q 

′ 
eq , Q 

′ 
IGW 

, and 〈 Q 

′ 
IW 

〉 as
escribed. We set P rot = 4 d, P orb = 2 π / n = 3.85 d, such that P tide =
 π / ω, where ω = 2( n − 
), M p = 5.88 M J and use a variety of
odels varying the stellar mass M ∈ { 1 . 62 , 1 . 65 } M � and metallicity
 ∈ { 0 . 0072 , 0 . 01 , 0 . 0113 } . Note that the stellar rotation period is
ncertain. 
Results are shown in Fig. 2 , where we have used default MESA

arameters except those specified in the legend for initial mass and
etallicity (MIST input files produce similar results). Panels (a)

nd (b) show the effective temperature T eff and solar-normalised
tellar radius as a function of age in years, respectively, highlighting
bservational constraints as red horizontal dashed lines, and a range
f ages approximately consistent with PARSEC models by vertical
ashed lines. The only evolutionary stages consistent with observed
alues are when these stars e volve of f the main-sequence, when they
ndergo a rapid drop in T eff and increase in R . This occurs for a
articular age that depends on initial mass and metallicity, occurring
or earlier ages for more massive stars ( M = 1.65 M �) and those with
ower metallicities ( Z = 0.0072). Given the uncertainties in stellar
ge, we notice that each model passes through a value of T eff and R
onsistent with observations for some age in the range 1.4–1.6 Gyr
for lower mass models this occurs for even later ages). At this phase
n the evolution, the star is predicted to have a radiative core. As
uch, the planet is predicted to excite gravity waves that attain large
mplitudes near the centre sufficient to cause wave breaking. The
ritical planetary mass required for wave breaking is plotted in panel
f), and we notice that this is typically much lower than the red dashed
ine (corresponding with M p ) for the ages inferred from panels (a)
nd (b), such that wave breaking in the stellar core is predicted. This
s likely to justify our assumption that gra vity wa ves are fully damped
n the core. The resulting Q 

′ 
IGW 

is given in panel (e). For our adopted
 rot (and hence P tide ), we find Q 

′ 
IGW 

� 10 8 . This suggests gravity
ave dissipation is unlikely to explain the inferred Ṗ orb . 
In panel (f), we show Q 

′ 
eq from equilibrium tide damping in the

onv ectiv e env elope. F or ages consistent with observations in panels
a) and (b), we find Q 

′ 
eq � 10 7 . Note that our choice of P rot means

hat P tide is not so short that the frequency-reduction of νE for fast
ides substantially inhibits this mechanism. Ho we ver, this is still
nsufficient to explain the observationally inferred value. 

Finally, we show inertial wave dissipation 〈 Q 

′ 
IW 

〉 in panel (c). This
echanism is predicted to be the most efficient one during this phase.
e find for ages consistent with T eff matching observations in panel

a), that 〈 Q 

′ 
IW 

〉 rapidly falls such that it can attain values as low as 10 2 –
0 4 . Thus, our models have shown that values for Q 

′ consistent with
bservations are theoretically possible for inertial wa ves. A ca veat is
hat while the star is undergoing the rapid evolution in T eff through
he observed value, Q 

′ due to inertial waves rapidly falls from values
arger than 10 10 such that it is difficult to make a robust prediction
f Q 

′ unless we are convinced by our current understanding of
tellar models and the observational constraints. It is possible (indeed
ikely) that the Q 

′ resulting from inertial waves at the specific
idal period could differ from the frequenc y-av eraged prediction
omputed here by an uncertain amount (potentially by several orders
f magnitude). Nevertheless, our results are consistent with inertial
aves in the convective envelope being the most ef fecti ve tidal
NRAS 527, 5131–5139 (2024) 
issipation mechanism, and values consistent with observations are
ertainly attainable (in all of the models with different M and Z that
e have studied) depending strongly on the phase of stellar evolution

n which the planet is observed. 
The most likely value of Q 

′ resulting from inertial wave dissi-
ation is uncertain, even assuming 〈 Q 

′ 
IW 

〉 perfectly represents their
issipation. This is because of rapid changes in stellar properties
nd values of 〈 Q 

′ 
IW 

〉 during this phase. Values as small as 10 4 –
pproximately consistent with observations – or as large as 10 10 

re possible depending on whether the star is observed towards
he end or start of this rapid evolutionary phase from the main-
equence through the sub-giant phase. The period in the evolution in
hich 〈 Q 

′ 
IW 

〉 ∼ 10 4 and so can e xplain observations is v ery short-
ived in our models, being shorter than 10 2 yr. If we require the
f fecti ve temperatures between 6576 and 6629 K, we would predict
alues in excess of Q 

′ ≈ 10 9 for P rot = 4 d. If we require the
adius to be between 2.6 R � and 3.9 R � then we can obtain values
f Q 

′ as small as O (1) to 10 3 or as large as 10 10 . These values are
ummarised in Table 1 . We therefore conclude that values consistent
ith observations, where Q 

′ ≈ 10 4 , are certainly attainable due to
nertial waves. Ho we ver, combining our T eff and R constraints (where
he former gives the tightest range) in Table 1 , we find values closer
o 10 9 : 

 

′ � 3 × 10 9 , | K 2 | = 

3 

2 

1 

Q 

′ � 5 × 10 −10 . (3) 

e show in the next section that these values – if they are the
ppropriate ones – would predict negligible tidal evolution of the
rbit. 
We also point out an alternative possibility here. If the star is in

act synchronised with the planet’s orbit, and if tidal dissipation is
fficient enough to continue to rapidly synchronise the spin and orbit,
e would predict the orbit to decay on the magnetic braking time-

cale (e.g. Barker & Ogilvie 2009 ; Damiani & Lanza 2015 ). For an
-star like Kepler-1658, we estimate this time-scale to be longer than
.2 Gyr, which is far too long to explain the observed Ṗ orb . 

.2 Orbital evolution due to tides in the star 

rom P orb = 2 π / n and n = 

√ 

G ( M + M p ) a −3 , we obtain: 

�
P orb = 

3 π

n a 
ȧ . (4) 

ith a small orbital eccentricity e and a nearly aligned orbit (with
tellar spin-orbit angle i ), an e 2 -approximation for the primary’s and
econdary’s contributions to the tidal migration rate d a /d t can be
ound in e.g. Bou ́e & Efroimsky ( 2019 , Section 4.2). The input from
 non-synchronous primary (the star) is 

(
d a 

d t 

)(star) 

= −3 n a 
M p 

M 

(
R 

a 

)5 

K 2 (2 n − 2 ̇θ ) 

− 3 

8 
nae 2 

M p 

M 

(
R 

a 

)5 [−40 K 2 (2 n − 2 ̇θ ) + 6 K 2 ( n ) 

+ K 2 ( n − 2 ̇θ ) + 147 K 2 (3 n − 2 ̇θ ) 
]− 3 

4 
a n 

×
(

R 

a 

)7 
M p 

M 

[
5 K 3 (3 n − 3 ̇θ ) + K 3 ( n − θ̇ ) 

]

+ O( i 2 ) + O( e 4 ) , (5) 

and θ̇ being the rotation angle and rotation rate of the star, and i
eing the stellar obliquity on the orbital plane. In this expression, we
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Figure 2. Stellar properties and tidal quality factors computed using default MESA parameters for the initial masses and metallicities specified in the legend, 
assuming P rot = 4 d. Panels (a) and (b) show the stellar ef fecti ve temperature and normalized radius, o v erplotting the constraints from Section 2 as horizontal 
dashed lines and a range of ages approximately consistent with PARSEC models by vertical dashed lines. Panels (c), (d), and (e) show modified tidal quality 
factors Q 

′ for inertial wa ves, gra vity wa ves, and equilibrium tides, respectively. Panel (f) indicates the critical planetary mass required for wave breaking to be 
predicted in the stellar core. When the core becomes radiative, the critical mass for wave breaking is easily exceeded by the planet (i.e. horizontal dashed line, 
indicating Kepler 1658b is abo v e the critical mass lines). In all models as the star evolves off the main sequence, there is a rapid change in stellar properties and 
tidal dissipation rates. During this phase inertial waves are predicted to be the dominant tidal mechanism for such a rapidly rotating star (note that 〈 Q 

′ 
IW 

〉 ∝ P 

2 
rot ). 
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M

Table 1. Table indicating predicted ranges of 〈 Q 

′ 
IW 

〉 for which T eff or R 

from our models pass through observational constraints. The dash in the 
first row indicates that no snapshot computed passes through this phase due 
to limited time resolution of MESA output files. 

M / M � Z T eff ∈ [6576, 6629] K R ∈ [2.6, 3.9] R �

1.62 0 .0072 – [0 . 79 , 2 . 08 × 10 10 ] 
1.62 0 .01 3.25 × 10 9 [0 . 57 , 2 . 64 × 10 10 ] 
1.62 0 .0113 3.52 × 10 9 [9 . 83 × 10 3 , 2 . 04 × 10 10 ] 
1.65 0 .0072 3.60 × 10 9 [405 . 8 , 2 . 21 × 10 10 ] 
1.65 0 .01 3.38 × 10 9 [52 . 6 , 2 . 19 × 10 10 ] 
1.65 0 .0113 2.83 × 10 9 [0 . 79 , 2 . 08 × 10 10 ] 
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ave retained degree-3 terms of order e 0 , because in tight systems
hey may be comparable to the quadrupolar e 2 terms. To leading
rder these are independent of i . 
For an estimate, we combine equation ( 4 ) with the first line of ( 5 ): 

�
P 

(star) 

orb ≈ −9 π
M p 

M 

(
R 

a 

)5 

K 2 (2 n − 2 ̇θ ) . (6) 

he insertion of the ‘most likely’ value ( 3 ) obtained for K 2 makes
˙
 

(star) 
orb ≈ 2 . 43 × 10 −16 s s −1 = 76.7 × 10 −7 ms yr −1 , which is
ore than seven orders of magnitude lower than the observed rate.
his indicates that tidal dissipation in the non-synchronous star
annot produce the observed orbital shrinking, unless there exists
dditional physical factors boosting the dissipation in the star by
ore than seven orders of magnitude. This could happen if the stellar

emperature or radius happen to be sufficiently poorly constrained
hat the star is really better represented by models that predict by
 

′ ∼ 10 4 . 
If the star happens to be synchronised with the planet, its effect on

he orbital evolution decreases further by several orders of magnitude,
ecause in this case only the e 2 -order contribution (and e ≈ 0.0628)
ill survive in expression ( 5 ). 

 T IDAL  DISSIPATION  IN  A  SYNCHRO NIS ED  

L ANET  

he contribution from a synchronised secondary to d a /d t looks like
he expression in ( 5 ), though we now have to interchange M with M p ,
nd substitute R with R p . We also have to substitute the stellar tidal
requencies ω lmpq and quality function K 2 ( ω lmpq ) with their planetary
ounterparts ω 

(planet) 
lmpq and K 2 ,p ( ω 

(planet) 
lmpq ). 

With θp and θ̇p the planet’s rotation angle and rate, synchronism
mplies θ̇p = n ; and the resulting expression reduces to 

(
d a 

d t 

)(planet) 

(synchr) 

= − 57 a n e 2 
(

R p 

a 

)5 
M 

M p 
K 2 ,p ( n ) 

+ O( i 2 p ) + O( e 4 ) , (7) 

 p being the planet’s obliquity. This expression is equi v alent to 

�
P 

(planet) 

orb = 

3 π

na 
ȧ 

(planet) 
(synchr) 

= −171 π e 2 
(

R p 

a 

)5 
M 

M p 
K 2 ,p ( n ) + O( i 2 p ) + O( e 4 ) , 

(8) 
NRAS 527, 5131–5139 (2024) 
nd can also be cast as 

 2 ,p ( n ) ≈ −1 . 86 × 10 −3 M p 

M 

(
a 

R p 

)5 �
P 

(planet) 

orb 

e 2 
. (9) 

olding the hypothetically synchronised planet solely responsible
or the registered tidal decay, we identify rate ( 8 ) with the actual

easured rate: 
�

P 

(planet) 

orb = Ṗ orb = − 4 . 15 × 10 −9 s s −1 . The insertion
f this value, along with the known values e = 6 . 28 × 10 −2 , R p =
 . 48 × 10 7 m, a = 8 . 14 × 10 9 m, and M p / M = 3.87 × 10 −3 , into
he abo v e e xpression entails, for the planet: 

 2 ,p ( n ) ≈ 1 . 16 × 10 −1 and Q 

′ 
p = 

3 

2 

1 

| K 2 ,p | ≈ 1 . 29 × 10 1 . 

(10) 

hese values do not look realistic in the light of our present
nderstanding of planets’ structure. 
While the abo v e consideration is valid for a single-point estimation

f the observed decay rate d a /d t , the long-term evolution of the
lanet’s orbit involves also the rate of eccentricity decay, because
quation ( 7 ) includes e 2 . The pair of differential equations for d a /d t
nd d e /d t should be solved simultaneously as a system, to obtain the
orrect result (see Barker & Ogilvie 2009 , using the constant time-
ag model). For most of the close exoplanets known today, the rate
f eccentricity decay is much higher than the rate of semimajor axis
ecay, to the effect that integrating the equation 

(
d e 

d t 

)(planet) 

(synchr) 

= −21 

2 
n e 

M 

M p 

(
R p 

a 

)5 

K 2 ,p ( n ) 

+ O( i ′ 2 ) + O( e 2 ) (11) 

eparately and assuming a constant a yields a reasonably accurate
esult for small e . For the same reason, a separate integration of
he d a /d t equation produces a completely misleading result. The
nteresting consequence for this study is that the estimated K 2, p ( n )
an be used to compute the characteristic e -folding time e /(d e /d t ),
i ving 81 K yr with the same parameters as used abo v e. Thus, tidal
ircularisation is a very rapid process, and any remnant eccentricity
hould have already been damped by planetary tides. 

With aid of equation ( 8 ), equation ( 11 ) for a synchronised planet
an be rewritten as (

d e 

d t 

)(planet) 

(synchr) 

= 

7 

57 e 

Ṗ 

(planet) 
orb 

P orb 
� 

0 . 123 

e 

Ṗ 

(planet) 
orb 

P orb 
, (12) 

hich includes only the observed parameters: the eccentricity, the
rbital period, and its time deri v ati ve Ṗ orb = Ṗ 

(planet) 
orb , where the

uperscript (planet) serves to remind us that equation ( 12 ) was
erived under the assumption that tidal evolution is dominated by
 synchronised planet. This equation is then valid for any exoplanet
ystem for sufficiently small eccentricity and obliquity irrespective of
he planet’s rheology, mass, or orbital separation from the star, insofar
s the planet is synchronised and the observed rate of orbital period
volution is caused by tidal dissipation within it. This expression
enders a slower eccentricity decay rate for a greater current value
f eccentricity and a fixed rate of period decay. The corresponding
nstantaneous relative rates of decay then have a simple relation: 

Ṗ orb 

P orb 
= 

57 

7 
e 2 

ė 

e 
, (13) 

here we omitted the object-specific index, because it is also valid
or the star, if it is synchronised and if the tides in it are dominating
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he orbital evolution. The critical value of eccentricity for which 
he relative rates of orbital period and eccentricity decay become 
qual is 0.35. The vast majority of detected exoplanets in close orbits
re believed to have much smaller values of eccentricity though. 
herefore, most of the known exoplanets should evolve much faster 

n eccentricity than in orbital period, and this is in tension with the
bserved rates of orbital period decay. 

 ESTIMATE  O F  T H E  EFFECT  O F  APSIDA L  

RECESSION  

idal deformations of close synchronised planets gives rise to a 
ast precession of apsides (e.g. Ragozzine & Wolf 2009 ). A finite
rbital eccentricity makes this precession observable as a periodic 
ariation of transit times. An alternative explanation for the observed 
ate of orbital period evolution may then be a fast precession of
eriastron coupled with a finite orbital eccentricity. Ignoring the 
mall difference between the sidereal and anomalistic orbital periods 
nd assuming that the orbital inclination to the line of sight equals
/2, the fitting model for the transit time in the presence of periastron
recession is (Gim ́enez & Bastero 1995 ) 

 k = t 0 + P orb k − e P orb 

π
cos 

(
ω 0 + 

d ω 

d k 
k 

)
+ O( e 2 ) , (14) 

here ω 0 is the argument of periastron at time t 0 , and k is the scaled
ime (orbit counter) equal to t / P orb . The cosine term is responsible
or periodic variations of Ṗ orb , so that the observed interval between 
onsecutive transits may increase or decrease depending on the 
rgument of periastron ω at the time of measurement. The fastest
ate of period decline is achieved at ω 0 = 3 π /2 where the observed
ate is 

˙
 

(max) 
orb � − e P orb 

π

d ω 

d t 
. (15) 

ubstituting the well-known formula for the rate of apsidal precession 
e.g. Ragozzine & Wolf 2009 ), one obtains 

�
P 

(max) 

orb , prec = −15 k 2 ,p e 

(
R p 

a 

)5 
M 

M p 

1 

(1 − e 2 ) 5 

(
1 + 

3 

2 
e 2 + 

1 

8 
e 4 
)

, 

(16) 

ith k 2, p being the planet’s Lo v e number. With the estimated values
f input parameters quoted abo v e, the measured rate of period decay
an be achieved if the Lo v e number is equal to or greater than 0.26,
onsistent with values inferred for Jupiter and Saturn. The value 
f eccentricity used in this calculation ( e = 0.0628) is taken from
hontos et al. ( 2019 ), where it is given with a formal uncertainty of
1 per cent. At the lower bound uncertainty interval, the minimum 

equired k 2, p becomes 0.37. This is therefore a plausible alternative 
xplanation (to efficient stellar tidal dissipation) of the observed Ṗ orb 

or Kepler -1658 b, b ut it requires a suitable orientation of the orbit
nd a sufficiently high value of the planet’s Lo v e number. 

In addition to the tidal deformation of the planet (and of the host
tar), a nearly constant oblateness of their figures is generated by 
otation. Adopting a formula for the rate of apsidal precession from
agozzine & Wolf ( 2009 ), we can write, for M  M p : 

�
P 

(max) 

orb , rot = −k 2 e 

(
R 

a 

)5 
θ̇ 2 

n 2 
(1 − e 2 ) −2 , (17) 

here k 2 is the star’s Lo v e number, and θ̇ is angular frequency of
otation of the star. In Section 2 , we inferred that the star rotates
ith a period of a few days and may be synchronised by the planet.
ssuming that θ̇ = n , the ratio of the maximum rates of orbital
ecay caused by the tidal deformation of the planet and the rotational
eformation of the star is 

�
P 

(max) 

orb , prec 

�
P 

(max) 

orb , rot 

� 15 
k 2 ,p 

k 2 

(
R p 

R 

)5 
M 

M p 
(1 − e 2 ) −3 

(
1 + 

3 

2 
e 2 + 

1 

8 
e 4 
)

. 

(18) 

ote that this ratio is independent of semimajor axis. Surprisingly, 
his equation implies that the rate of apsidal precession is dominated
y the contribution due to the rotational deformation of the star.
his contribution is roughly 3000 times larger than the previously 
stimated one due to the tidal deformation of the planet. Within this
odel, the open issue is why the observed rate of orbital period decay

s so low. There are a few possible routes to address it, including an
nfa v ourable orientation of the orbit with respect to the line of sight,
 vanishingly small value of orbital eccentricity, or a large value
f the orbital obliquity on the equator of the star. Obviously, these
cenarios also require some tuning of the configuration parameters. 

 TI DAL  DISSIPATION  IN  A  

O N - S Y N C H RO N O U S  PLANET  

e now explore a different possibility, that of the planet rotating
on-synchronously at the present day. Since tidal synchronisation 
ould be expected to occur well within the age of the system, this

cenario requires us to invoke an additional process. For an estimate,
e use equation ( 6 ), having interchanged in it M with M p , and having

ubstituted R and K 2 ( ω lmpq ) with R p and K 

′ 
2 ( ω 

′ 
lmpq ), correspondingly: 

�
P 

(planet) 

orb ≈ − 9 π
M 

M p 

(
R p 

a 

)5 

K 

′ 
2 (2 n − 2 ̇θp ) , (19) 

ṗ being the planet’s rotation rate. The ensuing dissipative properties 
f the non-synchronised planet are given by 

 

′ 
2 (2 n − 2 ̇θp ) ≈ −3 . 54 × 10 −2 M p 

M 

(
a 

R p 

)5 
�

P 

(planet) 

orb 

= 8 . 70 × 10 −3 , (20) 

 

′ 
p = 

3 

2 

1 

| K 

′ 
2 | 

= 1 . 72 × 10 2 . (21) 

hese values predict more efficient tidal dissipation in the planet, 
y at least an order of magnitude, than expected for giant planets,
omparing with inferences in the Solar system by Lainey et al.
 2009 , 2017 ). These values are more appropriate for what might
e anticipated of a highly dissipative hot super-Earth. It is possible
hat this efficient dissipation might be explained by Kepler-1685b 
ontaining a large viscoelastic core with the right properties (e.g. 
emus et al. 2012 ; Storch & Lai 2014 ), or by it being locked into

esonance with a global mode (e.g. Fuller, Luan & Quataert 2016 ),
ut both of these possibilities are highly uncertain. 

This situation is analogous to the case of the hot Jupiter WASP-12b
piralling into its host. Most models of tidal dissipation in the star
ASP-12 matching observational constraints are unable to produce 

he measured rate of orbital decay, though this remains a possibility
here, as it does for Kepler-1658, due to uncertainties in stellar models 
nd their tidal response. The dissipation rate in a synchronously 
otating WASP-12b is unable to account for this decay rate either.
t the same time, the tidal dissipation rate in a non-synchronous
ASP-12b explains the observations – and renders for this planet 
MNRAS 527, 5131–5139 (2024) 
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 value of Q 

′ 
p very close to that of our own Jupiter (Efroimsky &

akarov 2022 ). 
One potential explanation for the planet Kepler-1685b staying

on-synchronous with respect to its orbit could be synchronisation
f the planet with its own moon (Makarov & Efroimsky 2023 ). This
ption, ho we ver, imposes fairly tight restrictions on the properties
f the putative moon. As demonstrated in Appendix A , for Kepler-
658 b the required mass of the moon turns out to be prohibitively
arge, which makes this explanation unlikely. 

 C O N C L U S I O N S  A N D  F U RTH E R  QU ESTIONS  

he Kepler-1658 system currently affords us the rare opportunity to
onstrain the efficiency of stellar tidal dissipation by measuring tidal
ecay around a post-main-sequence star, albeit one which has only
ery recently left the main-sequence. In this investigation, we have
erformed a critical analysis to determine values of the modified tidal
uality factor that may explain the observed orbital period decay. 
We employed PARSEC evolution models to obtain, from the Gaia

R3 catalogue, values of the key parameters of the star Kepler-
658 a, including constraining its age, mass M , radius R , and ef fecti ve
emperature T eff . Using the obtained values, we constructed interior

odels of this star and performed calculations to determine tidal
issipation rates predicted by several mechanisms, including both
quilibrium and dynamical tides. Combining the constraints based
n stellar ef fecti ve temperature T eff and radius R , we have concluded
hat the likeliest value of its modified quality factor indicated by our

odels is Q 

′ � 3 × 10 9 . This value is far too large to account for the
easured rate of tidal decay of the planet Kepler-1658 b. Values of
 

′ sufficient to explain observations can be obtained due to inertial
aves in the convective envelope of the star based on the looser

onstraints on R only, but not in our models that combine constraints
n both T eff and R . This suggests the possibility that contraction of
he orbit may be due to tides in the planet instead. 

Ho we v er, we hav e sho wn that tides in a synchronised K epler-
658 b are still insufficient to provide the observed rate of orbital
ecay, unless we endow the planet with an unrealistically low
 

′ 
p � 13. On the other hand, tidal dissipation in a non-synchronous
epler-1658 b can potentially explain the orbital shrinking, if the
lanet’s modified quality factor is as low as Q 

′ 
p � 170. Such a value

s commonly thought to be more appropriate to a highly dissipative
ot super-Earth than to a gas giant planet, but it is possible this value
ay indicate that Kepler-1685b contains a large viscoelastic core,

or example. 
As shown in Section 7 , it is difficult to explain a putative non-

ynchronous rotation rate of the planet by the presence of a massive
oon that might have synchronised the planet with the moon’s mean
otion about it. For that to happen, the moon must be abnormally
assive. Still, other mechanisms preventing synchronicity are pos-

ible. F or e xample, giv en the substantial planetary eccentricity, a
igher spin–orbit state cannot be excluded. Another option could be
hermal tides which can both push planets away from synchronism
nd excite their eccentricities (e.g. Arras & Socrates 2010 ). Still
nother possibility could be differential rotation, meaning that the
lanet could be synchronised on average but some layers could
otate differently, thereby boosting tidal dissipation. (For example,
he surface layers may be rotating differently due to the stellar
eating.) While, based on our analysis, the planet (or, at least, some
f its layers) should rotate non-synchronously within these tidal
ecay scenarios, we acknowledge that the reason(s) for this non-
ynchronism need much further study. 
NRAS 527, 5131–5139 (2024) 
On the other hand, a fast apsidal precession, caused by the
otational deformation of the host star and the tidal deformation of
he planet, provides a viable interpretation of the long-term curvature
n the transit time variation data. This effect is proportional to the
rbital eccentricity, which is not known precisely. This may cause
pparent acceleration or deceleration of the observed transit fre-
uency depending on the current orientation of the orbit with respect
o the line of sight. With the nominal best-estimate parameters, we
oncluded that the tidal deformation of a synchronised planet may
ccount for the estimated rate of orbital period shrinkage if its static
o v e number is greater than 0.26, which seems to be viable. This
xplanation requires the current periastron to be close to the line-
f-sight direction. Our estimates indicate that theoretical models of
eriastron precession caused by the (rotational) oblateness of the
tar predict orders of magnitude faster rates of orbital evolution
ompared to the tidal deformation of the planet, unless the Lo v e
umber of the star is very small. The star Kepler-1658 stands out
rom the population of exoplanet hosts because of its large radius
nd very high rate of rotation, and these properties may account for
he proposed transit time variations. The puzzle to be resolved is then
hy the observed rate of orbital period shrinkage is so low. Possible

xplanations include an unfa v ourable alignment of the orbit and a
ery small orbital eccentricity. 
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PPENDI X  A :  K E P L E R - 1 6 5 8  B  C A N N OT  BE  

YNCHRO NI SED  BY  A  M O O N  

he putative moon should remain within the niche sandwiched 
etween the Roche radius and the reduced Hill radius. The formula
or the Roche radius, 

 Roche = 2 . 20 R m 

(
M p 

M m 

)1 / 3 

, (A1a) 

an be conveniently written as 

 Roche = 5 . 47 × 10 −2 R Jup 

(
M p 

M Moon 

)1 / 3 (
ρMoon 

ρm 

)1 / 3 

, (A1b) 

here ρ is the average density, subscript ‘Moon’ refers to our Moon,
nd subscript ‘ m ’ refers to the e xomoon. F or M p = 5 . 88 M Jup , one
btains r Roche = 2 . 9 R Jup . 
Owing to equation (2) from Makarov & Efroimsky ( 2023 ), the

educed Hill radius r ′ H 

for a prograde exomoon is 6.22 R Jup , while
or a retrograde moon it is 11.8 R J . According to formula (51) from

akaro v & Efroimsk y ( 2023 ), the mass required for an e xomoon
o be, in principle, capable of synchronising its planet satisfies the
nequality 

 m 

> M p 

(
R p 

r ′ H 

)2 

. (A2) 

or the Kepler-1658b planet, this implies that the mass of a prograde
oon should be at least 3 per cent of the planet’s mass M p . With the

roposed value of M p , the required mass of the exomoon must exceed
5 Earth masses, which is hardly realistic. The mass of a retrograde
oon must be at least 0.8 per cent M p , i.e. about 14.6 Earth masses,
hich is still an unlikely option.. 
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