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ABSTRACT

We present numerical simulations of misaligned discs around a spinning black hole covering a range
of parameters. Previous simulations have shown that discs that are strongly warped by a forced
precession—in this case the Lense-Thirring effect from the spinning black hole—can break apart into
discrete discs or rings that can behave quasi-independently for short timescales. With the simulations
we present here, we confirm that thin and highly inclined discs are more susceptible to disc tearing than
thicker or low inclination discs, and we show that lower values of the disc viscosity parameter lead to
instability at lower warp amplitudes. This is consistent with detailed stability analysis of the warped
disc equations. We find that the growth rates of the instability seen in the numerical simulations
are similar across a broad range of parameters, and are of the same order as the predicted growth
rates. However, we did not find the expected trend of growth rates with viscosity parameter. This
may indicate that the growth rates are affected by numerical resolution, or that the wavelength of the
fastest growing mode is a function of local disc parameters. Finally, we also find that disc tearing can
occur for discs with a viscosity parameter that is higher than predicted by a local stability analysis of
the warped disc equations. In this case, the instability manifests differently producing large changes
in the disc tilt locally in the disc, rather than the large changes in disc twist that typically occur in

lower viscosity discs.
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1. INTRODUCTION

Accretion discs are generally considered to orbit their
central accretor in a smooth sequence of planar and cir-
cular orbits. However, there is a substantial body of ob-
servational evidence that shows that real discs are more
complicated. For example, warped discs are used to
model the X-ray binary Her X-1 (e.g. Scott et al. 2000),
water masers reveal discs warps around supermassive
black holes (e.g. Miyoshi et al. 1995; Greenhill et al.
1995), and the recent spatially resolved observations
of protoplanetary discs have directly revealed complex
disc structures including disc warps (e.g. Casassus et al.
2015). Very recently it has been suggested that a mis-
alignment between the gas and black hole angular mo-
mentum may be required to resolve discrepancies in the
mass measurements for the supermassive black hole in
MS87 that was imaged by the Event Horizon Telescope
(Jeter & Broderick 2020). In different systems warps
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may form in different ways. For example, warps can
form during the formation of an accretion disc (e.g.
in chaotic star forming regions; Bate et al. 2010; Bate
2018), or the disc may become warped if the orbits are
forced to precess in a radially differential manner by the
spin of the central object (e.g. a spinning black hole;
Bardeen & Petterson 1975) or the gravitational field
of a binary system (e.g. Papaloizou & Terquem 1995;
Larwood & Papaloizou 1997).

To a first approximation warps can propagate through
a disc in one of two ways dependent on the relative
magnitudes of the Shakura & Sunyaev (1973) dimen-
sionless viscosity parameter, «, and the disc angular
semi-thickness, H/R (Papaloizou & Pringle 1983). For
low viscosity discs, where o < H/R, warps propagate
via bending waves. For high viscosity discs, where
a > H/R, warps propagate following a diffusion equa-
tion. In this work we are principally interested in the
diffusive case, although we do present some simulations
with a < H/R. For a review of the basics of warped
disc dynamics see Nixon & King (2016).
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Recently it has been possible to explore detailed dy-
namics of warped discs with numerical hydrodynamical
simulations. There is now a broad range of simulations
covering a variety of astrophysical setups, including; (1)
isolated warped discs (e.g. Nelson & Papaloizou 1999;
Lodato & Price 2010), (2) warped discs in binary sys-
tems (e.g. Larwood et al. 1996; Larwood & Papaloizou
1997; Fragner & Nelson 2010), and (3) warped discs
around spinning black holes (e.g. Nelson & Papaloizou
2000; Fragile et al. 2007). A recurring feature of the
warped discs in simulations is that they can ‘break’ or
‘tear’ (e.g. Nixon et al. 2012a), and this typically occurs
when the simulation parameters allow for large enough
warp amplitudes (either present at the start of the simu-
lation, or formed over time) at sufficiently low viscosity.

The warp amplitude, 1, is given by!

vl = R| ). )

where R is the orbital radius, and I(R, t) is the unit ‘tilt’
vector pointing in the direction of the disc angular mo-
mentum vector. The unit tilt vector is usually written
as I = (cos~ysin 8, sinvysin 8, cos 8), where S(R,t) is the
disc ‘tilt’ and y(R,t) is the disc ‘twist’. From this we
can see that discs can be warped in distinct ways. For
example, a disc may achieve a warp (¢ > 0) if 3 varies
with radius or if v varies with radius (and 8 # 0). We
illustrate these two cases in Fig 1. As we shall see below,
a large warp amplitude can be caused by a sharp varia-
tion in 8 or a sharp variation in 7. In general a warped
disc has both 8 and ~ varying with radius. Locally, on
scales ~ H, the disc doesn’t know whether misaligned
neighbouring rings are tilted or twisted with respect to
each other, and thus the stability of the disc (as deter-
mined by a local stability analysis) is determined by
and not § or 7. However, as we shall see below the global
behaviour of the disc can result in the local instability
manifesting as either a sharp change in the disc twist
(Nixon et al. 2012a) or a sharp change in the disc tilt
(see Section 3.5).

The nomenclature for unstable warped discs, i.e.
‘break’ and ‘tear’, is ill-defined in the literature. By a
disc ‘break’ we mean (see also, for example, Dogan et al.
2018) that the disc has a sharp transition in either the
disc tilt angle () or the disc twist angle (), and that
this is usually accompanied by a sharp variation in the

disc ‘surface’ density? at the same radius. Breaks may
arise in a warped disc that achieves a sufficient warp am-
plitude and can occur with or without a forced preces-
sion of the disc orbits (see, for example, Nixon & King
2012). The necessary conditions for disc ‘breaking’ are
discussed by Dogan et al. (2018) and Dogan & Nixon
(2020). By disc ‘tearing’ we mean that an otherwise
stable disc has been forced to precess (differentially) suf-
ficiently rapidly that it achieves a large enough warp
amplitude that renders the disc unstable to disc ‘break-
ing’, and that the resulting parts of the broken disc are
able to subsequently precess quasi-independently before
interacting in a highly dynamic and variable fashion.
With this nomenclature, we have that disc ‘breaking’ is
the underlying instability (cf. Dogan et al. 2018), and
disc ‘tearing’ refers to the action of breaking a disc with
a forced precession and the subsequent dynamical be-
haviour of the unstable disc (cf. Nixon et al. 2012a).
Larwood et al. (1996) and Larwood & Papaloizou
(1997) present numerical simulations using smoothed
particle hydrodynamics (SPH) of misaligned discs in bi-
nary systems, including both the circumbinary disc case
and the case where the companion is external to the
disc. In each case they show a simulation, typically the
thinnest simulation presented, which exhibits disc tear-
ing; the gravitational torque on the disc causes the disc
orbits to precess and a break is formed between the in-
ner and outer regions of the disc. They note that in
these models the sound speed is too low to allow effi-
cient communication between the different regions of the
disc. Similar results are presented by Fragner & Nelson
(2010) who modelled the hydrodynamics using a grid
code. These investigations exhibit disc tearing (break-
ing of the disc caused by a forced precession), but did
not follow the evolution for long enough to explore the
subsequent nonlinear, chaotic behaviour. The dynami-
cal behaviour of disc tearing was explored by a series of
papers in different contexts, namely; discs around spin-
ning black holes (Nixon et al. 2012a), circumbinary discs
(Nixon et al. 2013) and discs with an external binary
companion (Dogan et al. 2015). These simulations re-
veal the quasi-independent precession of rings of matter

1 Note that here, for clarity, we refer to the warp amplitude by the
symbol . This is different to some previous works which refer to
the warp amplitude as |1| due to the use of complex variables in
Ogilvie (1999) in which the warp amplitude was the magnitude,
|9], of a complex variable ¢ (see equations 44-45 of Ogilvie 1999).
Here we take 1 to be the warp amplitude.

2 Note that for a planar disc orbiting in, say, the z-y plane, the
‘surface’ density is defined as the integral of the volume density
with vertical height through the disc and is typically averaged in
azimuth to give a single value for each radius. In a warped disc,
the ‘surface’ density retains this meaning, but now the ‘vertical’
extent of the disc is taken normal to the local orbital plane and is
a local quantity measuring the amount of mass orbiting per unit
area at each radius. This is distinct from the column integral
which would measure the amount of mass along any given sight
line as seen by a distant observer.
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Figure 1. Example disc structures depicting the way in which a disc can be warped. On the left hand side we show a three
dimensional rendering of a warp imposed on a disc where only the tilt angle, 3, varies with radius. On the right hand side we
show a similar structure, but this time only the disc twist angle, v, is varied with radius. In each case the innner disc radius is
at R = 4, and the outer disc radius at R = 120. For the tilted case, we take v = 0° at all radii, while 8 = 0° for R < 40 and
B = 45° for R > 80. Between these two radii we vary 8 smoothly from 0° to 45° with a cosine bell. This results in the warp
amplitude with radius, ¥(R), shown in the plot below the image; in this case we have ¢y = R|08/0R|. For the twisted case, we
take 8 = 45° at all radii, with v = 0° for R < 40 and y = 45° for R > 80. Between these two radii we vary v smoothly from 0°
to 45° with a cosine bell. This results in the warp amplitude with radius, 1¥(R), shown in the plot below this image, and in this
case we have ¥ = R|sin 8 0v/OR|. We have shown these discs in an orientation in which the outer plane is the same in each

case.

(some of which are radially narrow with AR ~ H, and
others more extended with AR > H). These rings are
found to precess until the internal angle between two
neighbouring rings becomes large, at which point they
can interact violently, with shocks between rings pro-
ducing gas on low angular momentum orbits which can
fall to smaller radii. This material can fall directly on
to the central accretor or circularise at a new smaller
radius. These processes can dramatically change the
disc evolution and its observational character (see, e.g.,
Nixon & Salvesen 2014, for discussion). Over the last
few years disc tearing has been explored in the low
viscosity case (Nealon et al. 2015), has been found in
general relativistic magnetohydrodynamic simulations
(Liska et al. 2020), and has been used to model observa-
tions of the circumstellar disc in GW Ori (Kraus et al.
2020).

Recently, Dogan et al. (2018) connected the disc
breaking and tearing behaviour observed in numerical
simulations with the instability of warped discs that
was derived by Ogilvie (2000) through a local stability
analysis of the warped disc equations. Ogilvie (1999)
showed that in some circumstances as the warp ampli-
tude is increased the local “viscosity” that resists the
warping (e.g. vo; Pringle 1992) decreases. Thus the
more warped the disc gets, the less it is able to resist
warping further. This is found to occur for viscosities
that are not much larger than o = 0.1, and at a crit-
ical warp amplitude, 1., that depends on «; typically
lower « yields lower critical warp amplitudes. While
Dogan et al. (2018) focussed on discs with Keplerian ro-
tation, Dogan & Nixon (2020) explored the instability in
the case of non-Keplerian rotation.
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Here we perform numerical hydrodynamical simula-
tions to explore the instability of warped discs and the
disc tearing behaviour. To provide the forced preces-
sion we simulate discs around spinning black holes, and
we vary the disc parameters including the viscosity pa-
rameter «, the disc angular semi-thickness H/R and the
inclination of the disc 8 with respect to the rotation axis
of the black hole. In Section 2 we discuss the numerical
methodology and expectations for the simulations. In
Section 3, we report the results of the numerical simu-
lations. In Section 4 we present our conclusions.

2. NUMERICAL CONSIDERATIONS

In this section we discuss the methodology that is em-
ployed in our numerical simulations (reported in Sec-
tion 3 below), and how numerical effects may impact
the results of our simulations. We use smoothed par-
ticle hydrodynamics (SPH) to model the accretion disc
(see e.g. Price 2012), and in particular we use the SPH
code PHANTOM (Price et al. 2018). To generate a time-
dependent warp in the disc, with which we can analyse
the evolution, we perform simulations of discs that are
misaligned to a central spinning black hole. This in-
cludes both apsidal (Einstein) precession of eccentric
disc orbits, and nodal (Lense-Thirring) precession of
misaligned disc orbits.

Following Nelson & Papaloizou (2000) we employ a
post-Newtonian approximation to model the gravity
of the black hole. We use the Einstein potential for
the apsidal precession with a gravito-magnetic force
term to induce the required Lense-Thirring precession
(see Nixon et al. 2012a; Price et al. 2018, for details)?.
While the Einstein potential provides a good descrip-
tion of the expected apsidal precession of the disc or-
bits, it does not produce an innermost stable circular
orbit (ISCO) to define the inner edge of the disc. In-
stead we place an accretion radius at the location of
the ISCO to truncate the disc there. The ISCO is
defined by the location where circular orbits become
unstable, which is equivalent to the square of the di-
mensionless epicyclic frequency, &2 = x2/9Q2%, becom-
ing negative. In terms of the orbital shear parameter,
g = —dInQ/dInR = (4 — #%)/2, this is where ¢ = 2.
For the post-Newtonian approximation we employ, ¢
increases as the radius decreases, but ¢ < 2 by the
time the ISCO is reached. For the parameters we em-
ploy below, i.e. for a black hole spin of a = 0.5585
for which Risco = 4GM/c?, the shear parameter at

3 We refer the reader to Liptai & Price (2019) for a recent imple-
mentation of the SPH equations of motion in a General Relativity
framework.

the ISCO is ¢ ~ 1.75. We plot the shear parameter
and the apsidal precession rate for the Keplerian, Ein-
stein and Kerr cases in Fig. 2. This shows that the
Einstein potential accurately models the apsidal preces-
sion of disc orbits, but the local shear rate in the disc
is only accurate to within approximately 10 per cent.
The numerical method implemented in the PHANTOM
SPH code to model Lense-Thirring precession has been
shown to accurately reproduce the required precession
rate (e.g. Fig. 17 of Price et al. 2018). As shown by
Dogan & Nixon (2020) the growth rates of the instabil-
ity depend on the value of the shear rate (see also Fig. 3
below).

In numerical simulations it is important to distinguish
between physical and numerical viscosity. By physical
viscosity we refer to the Shakura & Sunyaev (1973) vis-
cosity that we employ here to model the angular momen-
tum transport in discs that is generally thought to arise
due to disc turbulence created by the magnetorotational
instability (Balbus & Hawley 1991). In different astro-
physical systems the efficiency of angular momentum
transport can differ, and this is usually encapsulated in
the Shakura & Sunyaev (1973) a-parameter. In fully
ionised discs « is typically found to be large (King et al.
2007; Martin et al. 2019a), and may be lower in discs
that are only partially ionised (see Martin et al. 2019a
for a discussion). Here we employ several values of « to
explore the possible range of disc evolution. This physi-
cal viscosity is implemented as a direct (Navier-Stokes)
viscosity term in the simulations (see Section 3.2.4 of
Lodato & Price 2010, and Flebbe et al. 1994).

Numerical solution of the equations of hydrodynam-
ics also leads to numerical viscosity (as is the case for
any numerical method; see, for example, the discussion
in the Appendix of Sorathia et al. 2013). In the SPH
method, numerical viscosity is added explicitly to the
equations of motion as it is required to smooth discon-
tinuities in the velocity field. We use the standard SPH
artificial viscosity terms, with a linear term (with co-
efficient agpn) and a quadratic term (with coefficient
ﬂSPH)- We take Bspg = 2 and allow agpy to vary fol-
lowing the switch proposed by Cullen & Dehnen (2010)
with minimum value of 0.01 and maximum value of unity
(see Price et al. 2018, for details). These numerical
terms contribute a small level of viscosity, which when
computed in terms of a Shakura & Sunyaev parameter is
typically of the order of oV ~ 0.01, but note that this
is resolution dependent (see equation 2 below). Ideally,
this numerical viscosity should be small compared to the
physical viscosity. Unfortunately this is not always the
case, particularly when simulating low physical viscosity
or thin discs. In these cases the numerical viscosity may



DISC TEARING 5

T T T T T T T T ‘ T T T T ‘ T
2 L — Keplerian
: - ——- Einstein
| — — Einstein + LT
' Kerr
18 -~ _
o - \\‘-._\
~ .~
N~
L D~ i
LN
S
L X
1.6 v e _
\\\\\
14 P S S IR SO N SN SR N SO SR SO SR RN
1 1.5 2
log R/R,

1 ]

C \\Q . _— K.epler.ian ]

L Y - ——- Einstein 4

2L "X — — Einstein+ LT ]

L \\\\ Kerr .

= i N ]
G L \\ ]
¥ 3 N ]
= 5 . ]
A C \\\ ]

- \\ —

L .

C 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 ]

1 1.5 2

log R/R,

Figure 2. Orbital shear rate (left panel) and apsidal precession rate (right panel) for the Keplerian potential (black solid line),
Einstein potential (red dashed line), Einstein potential with Lense-Thirring gravito-magnetic force (green long-dashed line) and
from the Kerr metric (blue dotted line). The Keplerian shear rate is constant, with ¢ = 1.5, and the apsidal precession rate is
zero in this case (not depicted). The curves have been evaluated for a black hole spin parameter of 0.5585. The equation for
the Kerr shear parameter is taken from Gammie (2004), while the apsidal precession rate is from Kato (1990). The Einstein
potential provides an accurate description of the apsidal precession rate. However, the shear parameter is only approximately

correct with errors of the order of 10 per cent.

play a role in determining the dynamics of the insta-
bility, especially when the critical warp amplitude and
growth rates of the instability depend sensitively on the
value of the disc viscosity (see, for example, Figure 3 of
Dogan et al. 2018).

It is also worth noting that in SPH simulations, the lo-
cal resolution follows the local density of particles as the
smoothing length (roughly the resolution lengthscale)
h o p~'/3 where p is the density. This is a highly
useful feature of the SPH method as it allows, for ex-
ample, converging flows to be modelled with resolution
that increases in regions of increasing density (e.g. grav-
itational fragmentation of a fluid). However, this fea-
ture also provides a challenge in modelling flows where
the density drops significantly below the mean density.
Such a drop in density occurs in warped discs in regions
where the warp amplitude is high (Nixon & King 2012),
and for an unstable disc which breaks into discrete rings
the ‘surface density’ is significantly reduced between the
rings. Therefore it is possible that as the disc becomes
unstable, the numerical viscosity could increase and be-
come comparable to, or larger than, the physical vis-
cosity in the simulation. However, as the instability is
stabilised by larger viscosity (Dogan et al. 2018), we ex-
pect this to have a stabilising effect on the simulations
— and thus if instability is observed, we expect that the

disc is physically unstable?. Such instability in low res-
olution simulations may not capture the correct growth
rates or extent of the instability, but at high enough res-
olution (such that the physical viscosity is significantly
larger than the numerical viscosity) it should be possible
to capture the relevant dynamics.

In numerical simulations there will be a bulk viscos-
ity present, which was not included in, for example,
Dogan et al. (2018) which employed ap, = 0. The bulk
viscosity has an effect on the viscosity coefficients and
thus on the stability and growth rates. Lodato & Price
(2010) report that the magnitude of the bulk viscosity
present in an SPH simulation is oV =~ 504V /3, where
oV is the shear viscosity arising from the numerical
viscosity®. The magnitude of the shear viscosity arising
from the numerical viscosity in the continuum limit is

ot

4 We note that this may not be true of simulations performed in
the wavelike regime, where a < H/R. In this case, the analytical
work is not as well-established as in the diffusive case, and the
stability criteria is not known. Nealon, Price, & Nixon (2015)
report numerical simulations of discs with & < H/R and find that
the disc can break. However, it is not clear that the numerical
viscosity was sufficiently small that these simulations were in the
wavelike regime at the time instability was found. We shall return
to this question in the future.

We note that an alternative method for modelling the physi-
cal viscosity in SPH simulations is to scale the numerical vis-
cosity term to the appropriate value for a Shakura & Sunyaev
(1973) viscosity (e.g. Murray 1996; Lodato & Price 2010). In this
method, the bulk viscosity will always be significant compared to
the shear viscosity.
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(Meru & Bate 2012)

v 3L ()9 <<h>>2, o)

= %QSPHF + =0 SPH

H

where (h) /H is the shell-averaged smoothing length per
disc scale-height. For a typical value of (h) /H = 0.3,
and conservatively assuming (aspg) &~ 1 we have oV
0.02, and thus aiV 2 0.03.

In Fig. 3 we provide the growth rates of the instabil-
ity for @« = 0.03, 0.1 and 0.3 (the same as the values
we employ in the simulations below) with comparison
between o, = 0 and a1, = 0.03. We also show the re-
sults for three different values of the disc shear, given
by ¢ = 1.5, 1.6 and 1.7. These plots show that the
basic picture is unchanged; the discs are generally un-
stable at large warp amplitudes and small «, while gen-
erally stable at small warp amplitudes and large « (see
Ogilvie 2000; Dogan et al. 2018; Dogan & Nixon 2020,
for details). However, the details are changed with the
inclusion of non-zero bulk viscosity and non-Keplerian
rotation. For example, the exact value of the critical
warp amplitude can vary, and the growth rates at large
warp amplitude can vary by factors of several.

From the above it is clear that numerical modelling
of the disc breaking instability is likely to yield sub-
tle effects. In particular ‘convergence’ of the simula-
tions with increasing spatial resolution may not be easy
to achieve. As we have noted above, the critical warp
amplitudes and growth rates can depend sensitively on
the value of the viscosity and thus may depend on the
resolution. With modern day resolution the numerical
viscosity in SPH simulations is not negligible, and for
discs that are sufficiently thin (H/R < 0.1) to real-
istically model black hole accretion, we find typically
the numerical viscosity is several 10s of per cent of the
physical viscosity. For understanding the dynamics of
these discs this is not a grave issue, as the net effect is
that the simulations are somewhat more viscous than
anticipated, i.e. if the numbers given above are repre-
sentative, then for a physical a« = 0.03 we have a to-
tal simulated viscosity of a ~ 0.05, while for o = 0.3
we have a =~ 0.326. However, for interpreting the be-
haviour of simulations—for example, measuring the in-
stability growth rates and comparing them with theo-
retical predictions—we must be aware that the numer-
ical terms provide an additional, resolution-dependent

~
~

effect. Therefore we anticipate that, for simulations in
which the disc is ‘resolved’ (that is (h) /H < 1) as the
resolution of the simulations is increased we should re-
cover the same basic dynamics (such as whether the disc
is stable or unstable and whether the disc aligns to the
black hole spin or not), but the precise details (such as
the exact location of disc breaks and the exact growth
rate in the unstable region) may vary”.

With these caveats in mind we return to the focus of
the paper, namely to compare numerical simulations of
warped discs with the instability of warped discs found
by analytical calculations to occur at low viscosity and
large warp amplitude (Ogilvie 2000; Dogan et al. 2018).
We note here, that the analytical work on this insta-
bility takes the form of a local linear stability analysis
which makes use of the assumption that the perturba-
tions grow (or decay) on timescales short compared with
the evolution of the unperturbed state. In a dynamic
simulation in which the background state is continu-
ously evolving, it is likely that the instability is only re-
alised in situations where the growth rate is sufficiently
high that the instability has time to act before the disc
evolves further. In this sense, the solutions presented
by Dogan et al. (2018) represent necessary, but not suf-
ficient, criteria for instability, with the sufficiency sup-
plied by the condition that the background state evolve
more slowly than the growth of unstable modes. Tak-
ing the above into account our aims for the simulations
presented in this paper are to show, in agreement with
the analytical predictions of the warped disc instability,
that

1. discs with warp amplitude above the critical warp
amplitude, ¥ > 1., for extended periods of time
lead to instability,

2. discs with ¢ < 1), are stable, and

3. that the growth rate of the warp amplitude in the
unstable regions follow the general trends of the
predicted growth rates, i.e. that the growth rates
are generally higher for smaller viscosity and de-
pend on the warp amplitude.

3. NUMERICAL SIMULATIONS

6Tt has been shown by Lodato & Price (2010) that the standard
SPH numerical viscosity behaves in an ‘isotropic’ manner, that is
to say it behaves like a Navier-Stokes viscosity, and thus one can
add the viscosities in this way. This may not be true for other
numerical methods.

7 It is also worth noting that the disc has p — 0 at the inner bound-
ary. This region is therefore difficult to resolve in an SPH simu-
lation, and is where the Lense-Thirring torque is most strongly
applied. However, we remark that while we have discussed the
drawbacks of the numerical method we employ here, it is worth
bearing in mind that any numerical method suffers drawbacks.
For example, grid based methods struggle to conserve angular
momentum, particularly for orbits which cross the symmetry
plane of the grid which is inevitable for a warp.
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Figure 3. The dimensionless growth rates, R{s}, plotted against the warp amplitude, 1, for different values of the viscosity
parameter «, the bulk viscosity i, and the shear parameter g. Recall that s = —i(w/Q)(Q/csk)?, and that perturbations grow
(R{s} > 0) or decay (R{s} < 0) as exp(R{—iw}t). The values are calculated following the method outlined in Dogan et al.
(2018), and using a code kindly provided by G. I. Ogilvie to calculate the torque coefficients (Ogilvie & Latter 2013). In the
left, middle and right hand panels we plot the values for a = 0.03, 0.1 and 0.3 respectively. The black curves correspond to
g = 1.5 (Keplerian), the red curves to ¢ = 1.6 and the green curves to ¢ = 1.7. The solid curves represent zero bulk viscosity,
while the dashed curves have at, = 0.03. The blue dotted line represents zero growth rate, marking the line of instability; for
positive (and real) growth rates the disc becomes unstable. For lower values of the disc viscosity, we see that the disc is unstable
for a broad range of warp amplitude, and the growth rates increase with increasing ¢ (although, it is worth noting this trend
does not increase to very large ¢ = 2; Dogan & Nixon 2020). For large disc viscosity, « = 0.3, we see that the disc is expected
to be stable. A small level of bulk viscosity does not change the overall picture, but can affect the exact value of the critical

warp amplitudes and growth rates.

We present three dimensional hydrodynamical sim-
ulations of accretion discs with an imposed external
torque. The fluid dynamics is modelled with the
smoothed particle hydrodynamics technique (SPH; e.g.
Price 2012) using the publicly available code PHAN-
TOM (Price et al. 2018). This code was first used to
model warped discs by Lodato & Price (2010), who sim-
ulated isolated warped discs with no external torque and
found excellent agreement between the disc evolution
and the evolution predicted by the analytical theory of
Ogilvie (1999). Motivated by the broken discs found
in one dimensional calculations of the disc structure by
Nixon & King (2012), PHANTOM was subsequently used
to model the behaviour of broken discs by Nixon et al.
(2012b). Discs with an external torque were modelled
in the Lense-Thirring case (Nixon et al. 2012a), the cir-
cumbinary case (Nixon 2012; Nixon et al. 2013, see also
Facchini et al. 2013), and the circumstellar case with a
binary companion (Dogan et al. 2015). In each case the
dynamics proceeds in a similar manner; modest incli-
nations lead to a mild warp in the disc and alignment
with the perturbing torque, while large inclinations gen-
erally lead to strong warps and often the disc breaks
into discrete planes which can subsequently precess in-
dependently — this process was named as disc tearing by
Nixon et al. (2012a).

Here, we return to the case of discs that are misaligned
to the rotation of a spinning black hole, and thus precess
due to the Lense-Thirring effect. As discussed above,
we model the central potential with the Finstein poten-
tial (e.g. Nelson & Papaloizou 2000) to take account of
the apsidal precession of disc orbits, and we include the
Lense-Thirring term through a gravito-magnetic force
term (e.g. Nelson & Papaloizou 2000). For details of the
implementation see Nealon et al. (2015) and Price et al.
(2018).

We take the black hole spin to be a = 2(4 — v/10) ~
0.5585 (see Lubow et al. 2002) which yields an ISCO at
4R,, where Ry = GM/c®. The inner edge of the disc,
Ry, is set to the ISCO radius, and the outer edge of
the disc is initially at 120R,. The initial disc surface
density follows a power-law that accounts for the zero-
torque inner boundary condition as matter accretes on
to the black hole, given by

S(R) o (B/Rin) ™ (1= VEu/R) . (3)

where the normalisation is set by the total disc mass®.

The disc sound speed follows the locally isothermal ap-

8 As we do not take account of the gas self-gravity in these simu-
lations, or allow the back reaction on the black hole spin vector
(from accretion or the Lense-Thirring torque), the exact value of
the disc mass plays no role in the calculation.
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proximation with
¢s(R) o< (R/Rin) ™%, (4)

with the normalisation fixed by the value of the disc
angular semi-thickness, H/R, which is specified at Rjy.
For the simulations presented here, we take the power-
law indices to be p = 1 and ¢s = 0.5, with the latter
giving a constant disc angular semi-thickness. As dis-
cussed above there are two components to the viscos-
ity in the simulated disc, a numerical component and a
physical component. For the numerical viscosity we use
the switch proposed by Cullen & Dehnen (2010) with
the linear numerical viscosity coefficient agpy allowed to
vary between 0.01 and unity, and we employ a quadratic
numerical viscosity with Sspg = 2. For the physical vis-
cosity, we impose a Navier-Stokes (isotropic) viscosity of
magnitude given by the Shakura-Sunyaev shear viscosity
a (see Section 3.2.4 of Lodato & Price 2010, for details).
Unless stated otherwise, the simulations presented be-
low employed N, = 107 particles. The simulations are
evolved to a time of 105GM/c3, which corresponds to
a factor of a few less than the Lense-Thirring (nodal)
precession timescale at the outer disc radius (to ensure
the outer regions are undisturbed on the timescale of
the simulation) and is long enough to ensure the inner
disc regions have evolved significantly (the run time is
equivalent to a Lense-Thirring precession timescale at a
radius of approximately 50Ry).

In the following sections we present quantities from
the simulations that require averaging over the SPH par-
ticle data. For example, the warp amplitude at each
radius requires taking the radial derivative of the unit
tilt (orbital angular momentum) vector for the disc. To
calculate the angular momentum vector as a function
of radius in the disc, we must take an average over a
selection of the disc particles. For the plots presented
below, we split the disc into N shells spaced logarithmi-
cally in radius. For each shell, with spherical radius 7y,
we average over the particles that have |r — rs| < £H,
where H is the disc scale-height at r. We find that
choosing N = 150 and & = 2 serves to minimise Poisson
noise from the discreteness of the particles, while not
oversmoothing features in the disc.

We investigate the warped disc dynamics by vary-
ing the following parameters; we simulate discs with
two thicknesses (H/R = 0.02,0.05), three inclinations
(0 = 10°,30° & 60°), and three values of the disc vis-
cosity (o = 0.03,0.1 & 0.3). This is a total of eighteen
simulations, so rather than provide eighteen detailed sets
of results we instead focus our attention on presenting
the important results. In the following sub-sections we
provide the results of varying each of these parameters

in turn, and then also more detailed investigation into
the properties of the simulations that exhibit disc tear-
ing. We note that in all of the simulations we find that
when the disc is stable the solutions vary slowly with
time (perhaps with some propagating waves in the cases
of lowest viscosity), while for the unstable discs the solu-
tions are time-dependent; in this case at times the discs
are broken and this can be long-lived, short-lived or re-
peating behaviour. We discuss this behavior in detail
below.

3.1. Varying the disc thickness

The disc thickness is expected to affect the evolution
of warped discs. For a disc subject to an external torque,
the disc thickness affects the magnitude of the effec-
tive viscosities in the disc (which are proportional to
(H/R)?) and thus affects the location at which the ex-
ternal torque becomes dynamically important. For ex-
ample, the disc tearing radius derived by Nixon et al.
(2012a) depends on the disc thickness, with a larger
extent of the disc expected to be vulnerable to insta-
bility if the disc is thinner. Another effect that arises
from the disc thickness is that it alters the lengthscale
on which the disc can be warped. It is not possible to
bend a disc on a lengthscale shorter than ~ H, and
thus when the same torque is applied thick discs cannot
achieve as large a warp amplitude as thin discs. This
implies that thick discs are less vulnerable to instability
as they are less likely to achieve a warp amplitude that is
greater than the critical warp amplitude (Dogan et al.
2018). We demonstrate this by plotting in Fig. 4 the
warp amplitude with radius for the simulations with
a = 0.1 and the comparison between H/R = 0.02 and
H/R = 0.05 (with the left hand panel at # = 10°, middle
panel at 30° and the right hand panel at § = 60°). In
these cases the discs are all coherently warped, except
for the thinnest and most inclined case (H/R = 0.02,
6 = 60°) which exhibits two breaks at R/R; ~ 8 and
R/Rs =~ 20. We note that the plots are made after a
time of 5x 104G M /c?, which is halfway through the sim-
ulation. This corresponds to a Lense-Thirring precession
timescale at R =~ 35R;. The main results depicted by
these plots is that (1) thicker discs have a peak in the
warp amplitude that occurs at a smaller radius than
thinner discs (see also, for example, Kumar & Pringle
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1985; Natarajan & Pringle 1998); and that (2) in gen-
eral (but not always'’) the peak warp amplitude is
higher for thinner discs and this occurs across a broad
section of the disc. For the right hand panel of Fig. 4
we can see that for the same viscosity parameter and
disc inclination, the disc thickness can play a key role
in determining how vulnerable the disc is to instability;
this can occur both due to the increased warp amplitude,
and also due to the increased local viscous timescale, as-
sociated with thinner discs. We also note that for these
parameters, the thinner disc (H/R = 0.02) is aligned to
the black hole spin plane at the ISCO, but that this is
not true for the thicker case (H/R = 0.05) where, while
there is a downturn in the inclination, typically the disc
is still significantly misaligned at the ISCO.

3.2. Varying the disc inclination

The disc inclination has an effect on the disc evolu-
tion as, for larger inclinations, the warp amplitude is
typically higher. This is most easily seen for low incli-
nations where the evolution is essentially linear, in that
the behaviour can be rescaled by the inclination angle
0 (cf. Lubow et al. 2002). However, once the inclina-
tion angle becomes large enough (typically greater than
a few times H/R, which for our parameters is = 10°)
then the evolution becomes noticeably non-linear in the
inclination angle. This is evident in Fig. 5 where the disc
behaviour shows a strong dependence on inclination an-
gles between 6 = 10°, 30° and 60°. This figure shows
the warp amplitudes, with the same format as Fig. 4,
but this time for the simulations with o = 0.03; the
left hand panel shows H/R = 0.02 while the right hand
panel shows H/R = 0.05 and in both cases the black-
solid(red-dashed)[green-long-dashed] line corresponds to
6 = 10°(30°)[60°]. For the lowest inclination of 10° the
warp amplitude remains low, and the disc attains a co-
herent warped shape. This is also true for the 30° case
when H/R = 0.05. For the other cases, the disc be-

9Tt is worth noting that the fact that the warp amplitude can
peak near the inner edge of the disc is of interest, as it allows
for the possibility that the disc can produce time-dependent, re-
peating, behaviour there. If the warp amplitude is maximal near
the inner edge, and the value of the warp amplitude is above the
critical warp amplitude there (cf. Dogan & Nixon 2020), then the
innermost ring of the disc may tear off, precess and be rapidly
accreted, and this process may repeat indefinitely (or at least un-
til the disc conditions change, causing the warp amplitude there
to evolve). We discuss one example of this from our simulations
in more detail in Raj & Nixon (2021).

10 For example, the simulations corresponding to the left hand panel
of Fig. 4 but with @ = 0.03 (not depicted) show a higher peak
warp amplitude in the thicker case. For these cases, the peak in
the thicker case occurs at a small radius, at which the thinner
disc has already aligned to the black hole spin.

comes sufficiently warped that the warp amplitude rises
above the critical warp amplitude (Dogan et al. 2018)
and the disc tears into discrete rings (the rapid change
in radius of the disc orbital angular momentum vector
is indicated in the warp amplitude by the sharp peaks
present in Figs 4 & 5). These results reinforce the con-
clusion from the previous section (3.1) as the thinner
discs are subject to more vigorous tearing, and also con-
firm the expectation that larger inclination results in
higher warp amplitude and a higher susceptibility to in-
stability. We note that to first order the Lense-Thirring
precession that we simulate here has a frequency that
is independent of the inclination angle (i.e. the torque
is proportional to sin ), while the precession frequency
induced by, for example, the gravitational field of a mis-
aligned binary system (see, e.g., Bate et al. 2000) has
an angular dependence such that the frequency goes to
zero at 6 = 90° (the torque in this case is proportional
to sin 26). This means that for discs in binary systems
the increase in warp amplitude with increasing inclina-
tion angle peaks at 45° (and also 135°), rather than at
90° in the Lense-Thirring case.

3.3. Varying the disc viscosity

The disc viscosity parameter o plays a crucial role
in the dynamics of warped discs. For o < H/R the
disc response to warping is to propagate bending waves,
while for @« > H/R the disc responds by diffusing the
warp (Papaloizou & Pringle 1983). In the diffusive case,
which we focus on here (although note that some of
our simulations are potentially wavelike with « slightly
smaller than H/R), the exact value of a plays two dis-
tinct roles in the dynamics.

The first is that the torque coefficients for modest
warp amplitudes vary with «. In the limit of small
warps and low «, the usual ‘planar’ viscosity is pro-
portional to «, while the ‘vertical’ viscosity is propor-
tional to 1/« (Papaloizou & Pringle 1983)*!. Thus for
small values of «, there is a significant discrepancy be-
tween the timescales associated with the disc resisting
a warp by attempting to straighten itself (governed by
the vertical viscosity) and the timescale on which mass
flows inwards through the disc (governed principally by
the planar viscosity). However, when « is large and
approaches unity, these timescales become comparable.
This means that large a makes it difficult to break a

11 Here we have assumed that the underlying mechanism generating
the viscosity is essentially isotropic such that any shear is damped
at the same rate (given by «), such as might be expected when
the viscosity arises due to small scale turbulence. For a discus-
sion of the viscosity coefficients in the case that the underlying
mechanism generates an anisotropic viscosity, see Nixon (2015).
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Figure 4. The warp amplitude, 1 = R |0l/OR|, plotted against radius, R/ Ry, at a time of 5x 10*GM/c? for the simulations with
a = 0.1. Each panel compares the warp amplitude in the simulation with H/R = 0.02 (black solid line) with the corresponding
simulation with H/R = 0.05 (red dashed line), with the left(middle)[right] hand panel showing the simulation with the disc
initially inclined by 10°(30°)[60°]. In each panel the range of warp amplitude that is plotted is varied to show the full extent
of the solution. In each case the peak of the warp amplitude moves to smaller radius as the disc thickness is increased, but the
peak warp amplitude is typically higher when the disc is thinner. For the simulation with H/R = 0.02 and 6 = 60°, there are
two clear breaks in the disc at R/Rg ~ 8 and R/R, ~ 20, and these are typically accompanied by deficits of warp amplitude in
neighbouring regions. This figure also shows that the critical warp amplitude at which the disc breaks is larger than unity for
a = 0.1 as the disc remains stable for § = 30°. For # = 60°, the disc typically becomes unstable when v 2 2, consistent with
e ~ 2.25 in this case.
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Figure 5. The warp amplitude, ¢ = R|0l/OR)|, plotted against radius, R/R,, at a time of 5 x 10°GM/c* for the simulations
with a = 0.03. Each panel compares the warp amplitude in the simulation with an inclination of § = 10° with the corresponding
simulation with = 30° and § = 60°, with the left(right) hand panel showing the simulations with disc thickness of H/R =
0.02(0.05). The warp amplitude is typically larger for larger inclinations (and also for thinner discs; cf. Fig. 4), and thus these

discs are more likely to exhibit disc tearing. We note that for o = 0.03 the critical warp amplitude is 1. ~ 0.5.

disc; this is because in this case the timescale on which
the disc can internally rearrange itself, and potentially
locally flatten the disc into two (or more) distinct pla-
nar regions, is similar to the timescale on which matter
flows from one region of the disc to another; this latter
effect can keep the disc as a coherent whole. Whereas
for smaller a the radial communication in the disc can
be severely restricted at large warp amplitudes, allowing
discrete parts of the disc to behave independently (see
Nixon & King 2012, for discussion).

The second role that the disc viscosity plays in warped
disc dynamics is more subtle. Ogilvie (1999) showed
that the torque coefficients vary as a function of the
warp amplitude in the disc, and that the way in which

they vary also depends on «a. Ogilvie (2000) showed
that the variation in torque coefficients with warp ampli-
tude causes an instability, and Dogan et al. (2018) and
Dogan & Nixon (2020) explored this instability and con-
nected it with the disc breaking/tearing that had been
found in numerical simulations. These analyses show
that the instability is generally more vigorous (lower
critical warp amplitudes and higher growth rates) for
lower values of «.

In Fig. 6 we show the effect of varying the value of o in
the simulations. In the left hand panel we show the sim-
ulations with H/R = 0.02 and 6 = 30° for o = 0.03, 0.1
and 0.3. In this case we can clearly see the non-linear ef-
fect of changing the disc viscosity on the disc warp. For
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the highest value of « the disc exhibits a smooth warped
shape with a peak at R/R, ~ 30. As « is decreased
the general shape across most of the disc remains the
same, and the peak warp amplitude occurs in a similar
radial location. However, for lower o the peak warp am-
plitude grows. This is a modest increase when « varies
from 0.3 to 0.1, but reducing further to a = 0.03 renders
the disc unstable and the peak warp amplitude increases
sharply because of this. In the right hand panel we show
the simulations with H/R = 0.05 and 6 = 30° for the
same range of a. In this case none of the simulations
reach the critical warp amplitude and they all remain
stable. The peak warp amplitude moves inwards slightly
when « is decreased from 0.3 to 0.1 (see also, for exam-
ple, Kumar & Pringle 1985; Natarajan & Pringle 1998).
These simulation results confirm the general expectation
from Dogan et al. (2018) that lower « is more likely to
lead to instability. It is worth reminding the reader here
that the values of viscosity here are the values for the
physical viscosity term in the simulations, and that the
total viscosity present also includes the numerical vis-
cosity that we discussed in detail in Section 2.

It is also worth noting that we detect the presence of
propagating waves in the simulations with o = 0.03 and
H/R = 0.05 (i.e. with @ < H/R; see the low ampli-
tude waves in the warp amplitude at 30 < R/Rg; < 80
and the upturn in warp amplitude at R/R 2 90 in the
right hand panel of Fig. 6), but that these effects are
noticeably reduced by the time o 2 H/R (e.g. compar-
ing the results with & = 0.03 and H/R = 0.02 to those
with « = 0.1 and H/R = 0.05). This suggests that the
transition from wavelike to diffusive as « is increased
from below to above H/R may be quite sharply focussed
around o = H/R (cf. Martin et al. 2019b). This is an
interesting question that warrants a focussed investiga-
tion in the future.

3.4. Disc tearing

In this sub-section we take a more detailed look at
the properties of the simulated discs in which instability
occurs. The simulations which exhibit clear disc tear-
ing, and thus which we analyse in this section are the
following:

A: a=0.03, H/R=0.02, 6 = 30°,

B: o =0.03, H/R = 0.02, 6 = 60°,

C: o =0.03, H/R = 0.05, 6 = 60°, and
D: a = 0.1, H/R = 0.02, § = 60°.

For these simulations we note that B is the same as A,
but at higher inclination. C is the same as B, but with a

thicker disc. And D is the same as B, but with a higher
viscosity. One of the other simulations, with o = 0.03,
H/R = 0.05, 8 = 30°, shows an early break, which
subsequently decays after propagating outwards through
the disc, so we do not include this in the analysis. We
also find instability in the case of

E: a=0.3, H/R =0.02, 0 = 60°.

As this case is anomalous from the point of view of
the local stability analysis presented by Dogan et al.
(2018) we discuss it separately in Section 3.5 below.
The remaining simulations all warp in response to Lense-
Thirring precession, but do not exhibit any instability.

We discuss in turn each of the simulations that show
clear examples of disc tearing behaviour (listed A-E
above). In each case we identify two regions of the disc
which exhibit a disc break caused by disc tearing. We
look for clean examples where the disc is coherent be-
forehand and results in a single clear break (at least
locally to that patch of the disc). For example, we have
not chosen regions where a peak in warp amplitude ul-
timately splits into several distinct breaks, or where the
break occurs in a region where there is already a com-
plex shape to the warp amplitude. In such regions we
expect the effects of different growing modes would com-
plicate matters and make our analysis less clear. For the
two breaks examined, in each case we measure the ra-
dial range (R1, R2) within which the peak of the warp
amplitude resides while the peak warp amplitude grows
from 1 at time #( to ¢; at time ¢1.'> We then calculate
the time evolution of the peak warp amplitude in this
region 1, (). In unstable regions we expect the warp
amplitude to grow as

b(t) ~ o exp |R{s}Q (HE) (¢ — to) | , (5)

where Q is the orbital frequency, H = ¢/, k is the
wavenumber, R{s} is the dimensionless growth rate of
the instability. In each unstable case, we find that the
evolution of the peak warp amplitude with time is ap-
proximately exponential while the peak warp amplitude
is in the range 2.5 — 4 (in some cases the exponential
growth starts at lower warp amplitude and in some cases
it continues to larger warp amplitudes, but we find this
range can be consistently applied to most of our cases;
when we use a different range we note it below). To

12 Note that when searching for the peak warp amplitude we find
that the 150 logarithmically spaced radial points used in the pre-
vious sections is insufficient. For these calculations we employ a
linear spaced grid with 1200 points.
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Figure 6. The warp amplitude, ¢ = R|0l/OR|, plotted against radius, R/R,, at a time of 5 x 10°GM/c® for the simulations
with 8 = 30°. Each panel compares the warp amplitude in the simulations with varying values of the Shakura-Sunyaev viscosity
parameter of o = 0.03, 0.1 and 0.3. The left hand panel shows the results for the thinner case of H/R = 0.02 and the right
hand case shows the thicker case of H/R = 0.05. The left hand panel shows that decreasing the viscosity can destabilise the
disc, with the peak warp amplitude increasing until it becomes larger than the critical value. The warp amplitude at R ~ 30R,
in the higher viscosity cases is = 0.5 — 1. For a = 0.03, the critical warp amplitude ¥ ~ 0.5, and thus the lower viscosity case
becomes unstable when 1) 2 1. as expected. The right hand panel shows that for stable discs, as the viscosity is decreased the
solutions can transition from diffusive to wavelike in character (as shown by Papaloizou & Pringle 1983).

estimate the growth rate, we rearrange (5) to give

Ris) (tk)? = DOL), ©

where At = t; — tg is the time taken to grow from g =
2.5 to 91 = 4. We find that in each case the peak of the
warp amplitude does not move significantly while the
amplitude grows between these two bounds, allowing
us to use a single value for 2, which for the Einstein
potential we employ is given by

GM 6R
2 __ g
0= <1+—>. (7)

Ideally, we would also like to measure the wavenum-
ber, k, from the simulations so that we could compare
the value of the dimensionless growth rate directly to
the predicted value. However, there does not appear
to be an accurate way to measure this directly from
the simulation data. Future simulations which insert a
growing mode with a single, well-defined value for k£ are
desirable. In the dynamic simulations we present here
it is likely that there is significant power at a range of
wavenumbers. In this case we can expect growth to be
slower initially, until sufficient power is in the fastest
growing modes. For the mode to fit in the disc (recall
that we cannot bend the disc on scales < H) we must
have Hk < 1 (Ogilvie 2000), so we can expect the fastest
growing modes appear with Hk less than, but not much
less than, unity. However, to be consistent we report the
values of x = R{s}(Hk)? which can be measured from
the simulation data.

For simulation A with @ = 0.03, H/R = 0.02 and
0 = 30° we find that the warp amplitude in the inner

disc regions rapidly grows to greater than the critical
value for R < 15R, (which for this viscosity is ¥ =~ 0.5).
This inner region breaks into multiple rings, starting
from the inner parts and ending at ~ 30R,. Outside
of this region 1 remains below the critical value at all
times, and no breaks are observed in this region. For
this simulation we analyse two clear breaks, the first
occurring between R ~ 12 — 18R, with a peak in the
warp amplitude at R, ~ 15, while the warp amplitude
is growing from 1y = 2.5 to ¥; = 4. The second break
forms an initial peak in the warp amplitude at R ~ 20R,
and by the time the peak warp amplitude is ~ 2 the
peak has settled at a radius of R, ~ 27R,. For the
first break, we measure At ~ 1500 (in units of GM/c?)
and with the peak at R, ~ 15R,; we have ) ~ 0.02.
This yields x =~ 0.015. For the second peak we have
At ~ 4000, R, ~ 27Rg, Q ~ 8 x 1072 and therefore
x ~ 0.015. This means that, when scaled to the local
dynamical time, the growth rate was approximately the
same in both cases as expected. In this simulation we
expect the dimensionless growth rate to be in the range
of 0.2 — 0.5 (cf. Figs 2 & 3). If R{s} = 0.2 — 0.5, this
would imply k! ~ (3 — 5)H which seems reasonable,
but we also note that it is likely that the total level of
viscosity in the simulation is slightly higher than o =
0.03 (see discussion in Section 2) and thus we would
expect the growth rate to be reduced somewhat (i.e. if
a = 0.05, then the predicted dimensionless growth rate
implies k=% ~ (2 — 3)H).

For simulation B with a = 0.03, H/R = 0.02 and
f = 60° we analyse two breaks in the disc, with the first
occurring at R, ~ 24R, and the second which begins at
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R ~ 30R; and settles into a strong peak at R, ~ 40R,.
For the first break, we measure At =~ 1650 and with
the peak at R, ~ 24R, we have (2 ~ 0.01. This yields
x =~ 0.03. For the second peak we have At =~ 5400,
R, =~ 40R,, Q ~ 4 x 1073 and therefore y ~ 0.02. As
before, when scaled to the local dynamical timescale the
growth rate in the unstable region is similar between the
two breaks in the same disc, and are also similar to the
previous simulation which has the same « value.

For simulation C with o = 0.03, H/R = 0.05 and
f# = 60° we also analyse two breaks in the disc, with
the first occurring between R =~ 20 — 30R; with the
peak typically at R, ~ 25R; and the second occurring
between R ~ 30 — 50R, with the peak typically at R, ~
45R,. For the first break, we measure At ~ 2400 and
with the peak at R, ~ 25R, we have 2 ~ 9x1073. This
yields x ~ 0.02. For the second peak we note that the
growth in warp amplitude slows appreciably for ¢ 2 3.5,
but is approximately exponential between ¢ = 2.5 and
1 = 3.5, so in this instance we explore this range. Here
we have At =~ 4000, R, ~ 45R,, {2 ~ 3.5 x 10~3 and
therefore y =~ 0.025. These values are similar to the
previous two simulations. It is worth noting that this
simulation is of a thicker disc with H/R = 0.05, and
in this case the radial extent of the peak of the warp
amplitude is broader than in the thinner disc simulations
by a factor of approximately 2.5 which demonstrates
that the break in the disc occurs across a radial length
scale of a few H independent of the value of H/R.

For simulation D with o = 0.1, H/R = 0.02 and
f# = 60° we again analyse two breaks in the disc, with
the first occurring at R, ~ 22R, and the second oc-
curring at R, ~ 37R;. For the first break, we measure
At ~ 1500 and with the peak at R, ~ 22R, we have
Q ~ 0.01. This yields x ~ 0.03. For the second peak we
have At ~ 5000, R, ~ 37R,, Q2 ~ 5 x 1072 and there-
fore x ~ 0.02. Therefore we find that the growth rates
in this case, with a = 0.1, are similar to the growth rates
found for o = 0.03. The predictions from the stability
analysis suggest that the growth should be slower in this
case. This may indicate that for the lower viscosity sim-
ulations (o = 0.03) the numerical viscosity is impeding
the growth rate somewhat. Alternatively it might be
that initially growth occurs for small k (on large spa-
tial scales) and thus the growth is slow until enough
power is transferred into large k modes (smaller length
scales) at which point the instability is sufficiently rapid
that the timescale is essentially independent of disc pa-
rameters once the disc becomes unstable. We note that
x ~ 0.02 implies that the instability growth timescale
is ~ 50/ (i.e., several orbits). It seems unreasonable
to expect the instability to grow faster than this. We

speculate that this second reason is what is occurring
in the simulations as we find that analysis of two of the
breaks in the simulation with « = 0.1, H/R = 0.02 and
0 = 60° when performed at a resolution corresponding
to N, = 10° both also yield x ~ 0.02, hinting that the
growth rate (which encompasses the wavenumber of the
fastest growing mode) may not depend strongly on res-
olution.

Finally, we also note that simulation C, with o = 0.03,
H/R = 0.05 and 6§ = 60°, performed at a resolution
corresponding to N, = 10° showed some interesting dy-
namics that was not present in any of the other simula-
tions. In this simulation the peak of the warp amplitude
is concentrated at small radii. There are two additional
peaks of warp amplitude, which occur at larger radii.
In the N, = 107 simulation, these peaks at larger radii
are resolved into breaks which then alter the inner disc
evolution, while in the N, = 10° case the outer disc
remained coherent. This allowed the inner regions, on
longer timescales, to develop a break near the inner edge
which is quickly accreted. This process repeats with the
innermost ring being broken off, it subsequently pre-
cesses, and it is then accreted. It is possible that for
the right combination of parameters, and variation of
those parameters with radius, that this evolution could
manifest in a physical disc. For example, if the disc an-
gular semi-thickness were a slowly increasing function
of radius, then the disc may only be unstable near the
inner disc edge (and this could remain so as resolution
is increased). We discuss this manifestation of the disc
tearing dynamics, and the implications this may have
for the observational properties of these discs, in more
detail in Raj & Nixon (2021).

3.5. Instability at high viscosity

We noted above that simulation E, with o = 0.3,
H/R = 0.02 and 0 = 60°, showed instability. This
was not expected as the local stability analysis of the
warped disc equations suggests that the disc is stable
for any value of the warp amplitude at this high a vis-
cosity. However, instability in this case had previously
been reported by Nixon & King (2012) for discs subject
to the Lense-Thirring precession using a 1D ring code to
evolve the warped disc evolution equations. In this case
Nixon & King (2012) showed that the disc can break
into two distinct planes for o ~ 0.2 — 0.3. They present
evolution that is distinct from the evolution presented
by most hydrodynamical simulations in that the breaks
manifest as a sharp variation in the disc tilt, while the
breaks in most hydrodynamical simulations manifest (at
least initially) as a sharp variation in the disc twist. Here
we find that for o = 0.3, the break in the disc forms with
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a large variation in the disc tilt, consistent with the re-
sults in Nixon & King (2012).

For comparison with the growth rates reported above,
we again analyse two breaks in the disc for this simula-
tion with & = 0.3. The first occurring at R, ~ 14, and
the second occurring at R, ~ 18 R,. For the first break,
we measure At ~ 950 and with the peak at R, ~ 14R,
we have ) ~ 0.02. This yields x ~ 0.02. For the second
peak we have At ~ 1250, R, ~ 18R, {2 ~ 0.015 and
therefore x ~ 0.025. Therefore we find that the growth
rates in this case, with o = 0.3, are similar to the growth
rates found for the lower « cases.

There are several possibilities for why the simulated
disc with a = 0.3 may be unstable, contrary to the pre-
diction of the local stability analysis. It is possible, al-
though we consider it unlikely, that there exists an island
of instability at high « for some values of the shear rate ¢
and bulk viscosity ap, that was not revealed in the analy-
ses presented in Dogan et al. (2018) and Dogan & Nixon
(2020). It is possible that the disc tearing presented in
these simulations is a numerical artefact, but again we
consider this unlikely given the broad range of codes
and methods that have now reported such behaviour in
strongly warped discs. We speculate that the answer
is related to the applicability of the warped disc equa-
tions (and in particular the accuracy of calculating the
torque coefficients) and/or the local stability analysis at
the extremes of the parameter space. Here we have large
viscosity and large warp amplitudes, and the disc struc-
ture is strongly affected by the external torque. It seems
possible that one or more of the assumptions of the the-
ory of warped discs could be violated, or that non-local
effects become important. For example, as discussed by
Nixon & King (2012), the torques responsible for hold-
ing the disc together generally weaken with increasing
warp amplitude. This is in part due to the drop in sur-
face density in the region of large warp amplitude. Once
the surface density has dropped sufficiently far, it may
be that there is simply not a strong enough torque left
to hold the disc together in that region. If the stability
of the disc is dependent on such a process, in which the
local mass is slowly reduced over time, this may not be
captured by a local stability analysis which assumes a
stable background state.

4. CONCLUSIONS

We have presented and discussed the results of numer-
ical simulations of discs that are warped by the Lense-
Thirring effect from a spinning black hole. In general
we find that the results of our simulations (Section 3)
are consistent with the predictions of the local stabil-
ity analysis of the warped disc equations (Dogan et al.

2018). We confirm that disc tearing occurs preferen-
tially in thin, low viscosity, and highly inclined discs.
Thin and highly inclined discs are more likely to yield
large warp amplitudes, and low viscosity discs are gen-
erally expected to become unstable at lower warp am-
plitudes. We show that instability arises in the simu-
lated discs at higher values of the warp amplitude for
larger viscosity parameters, and the critical warp am-
plitudes are commensurate with the predicted values.
We also find that the growth rates of the instability
are consistent with the predicted growth rates, assum-
ing that the growing modes have wavenumbers, k, with
kH ~ 0.3 —0.5. We also find some unexpected results.
In particular we found instability for a simulation with
a = 0.3 (case E). In this case the instability manifests
with a sharp change in the disc tilt, rather than the disc
twist, as previously found for similar high viscosity cases
by Nixon & King (2012) using a 1D ring code approach.
This suggests that there is a difference between the dy-
namics in numerical simulations that include a strong
external torque to provide the precession of disc orbits
and the dynamics predicted by a local stability analysis
of the warped discs equations that do not include the ex-
ternal torque, with which Dogan et al. (2018) find that
such large « value should be stable. We note that we
do find that the results of the simulations vary some-
what with increasing resolution; typically we find that
for stable discs the results are converged for the bulk
of the disc with small differences near the inner edge
where the density, and thus resolution, is lower, but we
do find that higher resolution simulations exhibit more
disc breaks that are sharper (i.e. have a larger peak warp
amplitude; see Appendix A). We attribute this to the
increase in spatial resolution which allows smaller phys-
ical features to be resolved in the simulations, and to
the decreasing influence of numerical viscosity at higher
resolution. Returning to the three aims that we listed
at the end of Section 2, namely

1. discs with warp amplitude above the critical warp
amplitude, 1 > 9., for extended periods of time
lead to instability,

2. discs with ¢ < 1) are stable, and

3. that the growth rate of the warp amplitude in the
unstable regions follow the general trends of the
predicted growth rates, i.e. that the growth rates
are generally higher for smaller viscosity and de-
pend on the warp amplitude.

Our simulations support (1) and (2), showing that the
instability seen in the simulations is consistent with the
predicted critical warp amplitudes. However, for (3),
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while the growth rates are consistent at the order of
magnitude level, future simulations at higher resolution
will be required to determine if the growth rates vary in
the predicted manner with disc parameters such as the
viscosity parameter and warp amplitude. We discuss the
observational implications of the disc tearing behaviour
for black hole accretion in Raj & Nixon (2021).
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Figure 7. The warp amplitude, ¥ = R |0l/OR|, plotted against radius, R/Ry, at a time of 5 x 10*GM/c? for the simulations at
different inclinations (left to right) with « = 0.1 and H/R = 0.02. Each panel compares the warp amplitude in the simulations
varying the resolution as given in the legend. The left hand panel shows the results for the inclination of 10°, the middle panel
shows the inclination of 30° and the right hand panel shows the inclination of 60°. At low inclinations the disc is stable, and
the results are similar at high particle number. The same is true at inclination of 30°. At 60° the disc is unstable for these
parameters, and the solutions all exhibit this but the details are different at different resolutions as discussed in the text.

APPENDIX

A. RESOLUTION

We have discussed the effects of resolution in detail in Section 2, and throughout. There are two principle effects
that numerical resolution has on the results of warped disc simulations. First, higher spatial resolution allows for the
formation of sharper features in the disc. For example, an underresolved region of high warp amplitude may result in
the warp amplitude being underestimated and thus the disc remaining (artificially) stable when (physically) the disc
should be unstable. Secondly, the numerical viscosity in SPH simulations is a function of the local resolution with the
linear numerical viscosity proportional to the resolution lengthscale and the quadratic numerical viscosity proportional
to the square of the resolution lengthscale (cf. equation 2). As the resolution is increased the contribution to the
total viscosity from the numerical viscosity decreases, and thus for a fixed physical viscosity the total viscosity in the
simulation decreases. As discussed in Section 2 we expect the magnitude of the numerical viscosity to be of the order
of, but smaller than, the lowest physical viscosity we simulated (o = 0.03). Therefore we expect the simulations with
lower physical viscosity to be more strongly affected by it than the higher viscosity simulations with say a = 0.3. Both
of these effects combine at the inner edge of the disc in SPH simulations where the surface density goes to zero at
the inner boundary. Here, spatial gradients in the disc (for example of the surface density) are typically largest and
may be underresolved by the available spatial resolution, and the decreasing spatial resolution associated with the
decreasing density of the disc results in an increased viscosity. As resolution is increased the solution tends towards
the expected solution (e.g. equation 3 for the surface density of a planar disc). Finally, we also noted that because
the instability, including both the critical warp amplitude and the growth rates (see Dogan et al. 2018, for details),
depends sensitively on the viscosity parameter o, we cannot expect numerical simulations to show converged results
for the precise details of unstable regions, for example the exact location at which the instability manifests. To show
an example of the differences in the simulation results at different resolutions we plot the warp amplitudes for the
simulations at different inclination angles with av = 0.1 and H/R = 0.02 in Fig. 7 each time for different numbers of
particles.
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