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A B S T R A C T 

Recent observations demonstrate that misalignments and other out-of-plane structures are common in protoplanetary discs. Many 

of these have been linked to a central host binary with an orbit that is inclined with respect to the disc. We present simulations of 
misaligned circumbinary discs with a range of parameters to gain a better understanding of the link between those parameters 
and the disc morphology in the w ave-lik e regime of warp propagation that is appropriate to protoplanetary discs. The simulations 
confirm that disc tearing is possible in protoplanetary discs as long as the mass ratio, μ, and disc–binary inclination angle, i , 
are not too small. For the simulations presented here, this corresponds to μ > 0.1 and i � 40 

◦. For highly eccentric binaries, 
tearing can occur for discs with smaller misalignment. Existing theoretical predictions provide an estimate of the radial extent 
of the disc in which we can expect breaking to occur. Ho we ver, there does not seem to be a simple relationship between the disc 
properties and the radius within the circumbinary disc at which the breaks appear, and furthermore the radius at which the disc 
breaks can change as a function of time in each case. We discuss the implications of our results for interpreting observations and 

suggest some considerations for modelling misaligned discs in the future. 

Key words: accretion, accretion discs – hydrodynamics – protoplanetary discs. 
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 I N T RO D U C T I O N  

igh-resolution images reveal many kinds of substructures within
rotoplanetary discs. These include out-of-plane structures such
s warps and misaligned inner disc regions that are inferred from
inematics (e.g. Rosenfeld et al. 2012 ; P ́erez et al. 2018 ; Bi et al.
020 ; Paneque-Carre ̃ no et al. 2021 ) and/or the shadows they cast
cross the outer disc regions (e.g. Marino, Perez & Casassus 2015 ;
enisty et al. 2017 ; Laws et al. 2020 ; Muro-Arena et al. 2020 ). Some
oung protostars display variability that can be explained by the
bscuration of the star by out-of-plane structures or variable accretion
ates (e.g. Fang et al. 2014 ; Ansdell et al. 2020 ; Lakeland & Naylor
022 ), both of which may be due to disc warps. Circumbinary discs
round long-period and/or eccentric binaries ( P > 30 d, e > 0.2) are
bserved to have mutual inclinations ranging from co-planar to polar
Czekala et al. 2019 ) and circumstellar discs in binaries tend not
o be coplanar (Rota et al. 2022 ). It is clear that misaligned discs
re common and that the interactions between discs and misaligned
ost binaries will play an important role in disc evolution and planet
ormation in these systems. 

Now that we are able to observe protoplanetary disc warps and mis-
lignments, the next step is to link these structures to the mechanisms
hat are driving them. This requires a two-pronged approach of both
nderstanding which properties can be derived from observations of
isaligned discs and elucidating the links between the fundamental

isc properties (inclination, semithickness, viscosity, density profile,
tc.) and the resulting structure. The former problem has been
 E-mail: alison.young@ed.ac.uk 
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ddressed by Juh ́asz & Facchini ( 2017 ), Min et al. ( 2017 ), Facchini,
uh ́asz & Lodato ( 2018 ), and Young et al. ( 2021, 2022 ). Most of this
ork indicates that only moderate to large misalignments produce
etectable structures. (There are some observations of azimuthal
symmetries in scattered light, ho we ver, that might be due to low-
mplitude warps; e.g. Debes et al. 2017 .) In this paper, we turn
o the latter question by simulating the evolution of a selection of
isaligned circumbinary discs with different properties. 
Circumbinary accretion discs become warped when the orbital

lane of the disc is inclined with respect to that of the central binary.
he misalignment generates a torque that causes the orbits of the
isc gas to precess. The torque acts in the direction defined by the
ross-product of the binary and disc angular momentum vectors, and
he magnitude is given by 

 p = 

3 

4 
ηa 2 ��2 cos i sin i, (1) 

here η = m 1 m 2 /( m 1 + m 2 ) 2 is the reduced mass of the binary, � 

s the surface density, � is the orbital frequency and i is the binary–
isc misalignment (see e.g. Facchini, Lodato & Price 2013 ; Nixon,
ing & Price 2013 ). It follows that the precession torque decreases
ith radius and the outcome of this differential precession is a warped

hape. If the warp in the disc becomes too strong then it can break
Do ̆gan et al. 2018 ). 

The mechanism by which the warp is communicated through
he disc depends on the Shakura & Sunyaev ( 1973 ) disc viscosity
arameter αSS , and the disc angular semithickness H / R (Papaloizou &
ringle 1983 ). When αSS > H / R the warp propagation follows a
iffusion equation; this is expected to occur in thin, fully ionized
iscs (e.g. in the high accretion rate states of X-ray binaries and
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GN where the disc orbits a black hole). In protoplanetary discs, the
f fecti ve viscosity is expected to be significantly lower and typically
SS < H / R . In this regime, the warp propagates via bending waves

Papaloizou & Terquem 1995 ; Lubow & Ogilvie 2000 ) as long as
he disc is nearly Keplerian, which requires (Ogilvie 1999 ) ∣∣∣∣�

2 − κ2 

�2 

∣∣∣∣ � H /R , (2) 

here, κ is the epicyclic frequency given by 

2 = 4 �2 + 2 R�
d �

d R 

. (3) 

Early simulations of misaligned circumstellar discs in binaries 
nd circumbinary discs demonstrated that the disc becomes warped 
nd also that a large misalignment can cause the disc to separate
nto two components (Larwood et al. 1996 ; Larwood & Papaloizou 
997 , see also Fragner & Nelson 2010 ). These also highlighted the
ependence of the structure on the communication within the disc, 
qui v alent to the disc thickness: the disc was more distorted with
 higher Mach number (thinner disc). Later works reaffirmed these 
f fects, sho wing that the shape of the warped disc depends on the
iscosity and the amplitude of the external torque (e.g. Facchini, 
icci & Lodato 2014 ). Foucart & Lai ( 2014 ) shed some doubt on

he possibility of observing warped protoplanetary (circumbinary) 
iscs as their estimate of the alignment time-scale was significantly 
horter than the lifetime of the disc. Ho we ver, this estimate assumed
= 0.01 but this is likely to be an order of magnitude smaller (e.g.
osotti 2023 ), similarly increasing the alignment time-scale. 1 

When the disc becomes strongly warped, the warp can steepen 
nto a break where two regions of the disc occupy distinctly different
lanes and are joined by a low-density region where the disc plane
hanges abruptly (Larwood & Papaloizou 1997 ; Fragner & Nelson 
010 ; Nixon & King 2012 ; Nixon et al. 2012 ). Using the analysis
f Ogilvie ( 1999 , 2000 ) appropriate for the dif fusi v e re gime of warp
ropagation, Do ̆gan et al. ( 2018 ) show that this behaviour can be
xplained as an instability in the propagation of the disc warp, and
his is confirmed by numerical simulations (Raj, Nixon & Do ̆gan 
021 ). Do ̆gan & Nixon ( 2020 ) extend the analysis of Do ̆gan et al.
 2018 ) to include non-K eplerian discs. Dre wes & Nixon ( 2021 ) argue
hat the breaking that occurs in w ave-lik e discs is fundamentally the
ame instability due to additional dissipation present in a strong warp 
hat locally enhances the ef fecti ve viscosity such that the disc locally
ehaves in a dif fusi ve manner. In the context of black hole accretion
iscs, simulations show that both diffusive and w ave-lik e discs can
e torn into multiple disconnected rings either due to Lense–Thirring 
recession or due to a central binary (Nixon et al. 2012 , 2013 ; Nealon,
rice & Nixon 2015 ; Drewes & Nixon 2021 ; Liska et al. 2021 ). In

he w ave-lik e regime, simulations find that a protoplanetary disc may
reak into just two components or form a single misaligned inner ring
e.g. Facchini et al. 2018 ; Hirsh et al. 2020 ). Such a ring has been
bserved in a circumtriple protoplanetary disc and its origin has been 
inked to the misalignment between the disc and stellar orbits (Kraus
t al. 2020 ). 
 It is well-established that in fully ionized discs the viscosity is vigorous with 
ypical measurements of α ≈ 0.2 −0.4 (e.g. Martin et al. 2019 ). Ho we ver, in 
iscs where the material is not fully ionized the effects of MHD turbulence 
an be sharply reduced (Gammie & Menou 1998 ). The historical estimate of α

0.01 in protoplanetary discs, which comes from, for example, modelling of 
he evolution of disc radii (Hartmann et al. 1998 ), represents a time averaging 
f these high (fully ionized, strong turbulence) and low (low ionization, weak 
urbulence) viscosity states. 
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Where the disc breaks, or where the warp amplitude is maximized,
s an interesting question. It determines the detectability of these 
tructures and helps address the question of what is triggering an
bserved warp or break. The modelling of warped protoplanetary disc 
volution has been hampered by the requirement for w ave-lik e w arp
ropagation. The smoothed particle hydrodynamics (SPH) method is 
ost commonly used for such simulations, and this method includes 

xplicit artificial viscosity, which can, at low resolution, result in 
 large ef fecti ve viscosity. This means that suf ficient resolution is
equired to accurately model a w ave-lik e disc (see the discussion in
ection 2.4 of Drewes & Nixon 2021 ). Previous studies of misaligned
ircumbinary discs have concentrated on verifying linear analytical 
heory with hydrodynamical simulations (e.g. Facchini et al. 2013 ) 
r a limited range of parameters (e.g. Facchini et al. 2014 ; Foucart &
ai 2014 ). Here, we want to explore the range of conditions for which

he disc breaks and for which the disc merely warps to assist with the
nterpretation of observations. We will draw comparisons with prior 
ork too where possible. 
The purpose of this paper is to determine the degree of warping

f a circumbinary disc for a range of parameters and to advance
ur understanding of the conditions under which the disc is likely
o tear. In the following section, we describe the simulation setup
nd in Section 3 we present the results of simulations testing
ach parameter in turn. Sections 4.1 and 4.3 discuss the structures
roduced for different disc and binary properties and the implications 
or interpreting observations. In Section 4.5 , we make suggestions 
or future modelling of misaligned and warped protoplanetary 
iscs. 

 M E T H O D  

.1 Hydrodynamical model 

e use the publicly available SPH code PHANTOM (Price et al. 2018 )
o perform the simulations in this paper. PHANTOM has been used
 xtensiv ely to model warped discs and was benchmarked against
he non-linear theory of Ogilvie ( 1999 ) by Lodato & Price ( 2010 ).
HANTOM has also been used e xtensiv ely to model circumbinary
iscs (starting with Nixon 2012 ). Ensuring the total viscosity remains
ow is a key issue when using SPH to model discs in the wave-
ike regime. This is because the artificial viscosity, with linear and
uadratic coefficients αSPH and βSPH , respectively (see Price et al. 
018 , for details), is resolution dependent, meaning that level of
umerical viscosity present in the disc can be too large if insufficient
esolution is employed (see e.g. Meru & Bate 2012 ). Following
ragner & Nelson ( 2010 ), who used a grid-based code, Nealon
t al. ( 2015 ) showed using PHANTOM that an imposed warp in a
eplerian potential can propagate in a w ave-lik e f ashion. Drewes &
ixon ( 2021 ) demonstrated that with sufficiently high resolution, 

he (numerical) viscosity remains sufficiently low that reasonable 
greement can be reached between the results of PHANTOM SPH 

imulations in the linear regime and the linearized w ave-lik e w arp
volution equations of Lubow & Ogilvie ( 2000 ). Drewes & Nixon
 2021 ) also showed that the disc tearing behaviour is adequately
onverged in terms of the disc shape and density profile at the point
he disc breaks (see their figs 5 and 6). In the simulations presented
ere, we employ the default artificial viscosity in PHANTOM which 
omprises setting βSPH = 2 and allowing αSPH to vary between 0 
nd 1 using the Cullen & Dehnen ( 2010 ) switch. In practice, 0.05 <
SPH < 0.2 in most of the disc. No additional physical viscosity is

mposed. 
MNRAS 525, 2616–2631 (2023) 
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Table 1. Summary of the parameters used in the simulations presented in this paper. The symbols are defined in full in 
Section 2.2 . The initial values of the inner radius are set to the locations of the outer Lindblad resonances likely to be 
truncating the disc (see Section 3.7 for further discussion). 

μ e i ( ◦) p q R in (au) R out (au) 

Binary mass ratio 0.1 0 45 0.5 0.25 1.3 50 
0.2 0 45 0.5 0.25 2.1 50 
0.5 0 40 0.5 0.25 2.1 50 

Misalignment 0.3 0 30 0.5 0.25 2.1 50 
0.3 0 40 0.5 0.25 2.1 50 
0.3 0 60 0.5 0.25 1.3 50 
0.3 0 120 0.5 0.25 1.3 50 
0.3 0 150 0.5 0.25 1.3 50 

Sound speed profile 0.3 0 30 0.5 0.25 2.1 50 a 

0.3 0 30 0.5 0.5 2.1 50 

Surface density profile 0.3 0 40 0.5 0.25 2.1 50 a 

0.3 0 40 1.5 0.25 2.1 50 

Disc outer radius 0.3 0 30 0.5 0.25 2.1 25 
0.3 0 30 0.5 0.25 2.1 40 
0.3 0 30 0.5 0.25 2.1 50 a 

Binary eccentricity 0.5 0.4 30 0.5 0.25 2.1 50 
0.5 0.6 30 0.5 0.25 2.1 50 
0.5 0.8 30 0.5 0.25 2.1 50 

Disc inner radius 0.3 0 60 0.5 0.25 1.3 50 a 

0.3 0 60 0.5 0.25 2.2 50 

Note. a Duplicate of simulation already listed. 
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.2 Simulation parameters 

e perform a range of simulations of circumbinary discs varying
everal system parameters. The central binary is modelled with a
air of sink particles (Bate, Bonnell & Price 1995 ) in an initially
ircular orbit of binary separation a B = 1 au. The total mass of the
tellar binary is 2 M � and the mass of each component is chosen
o give a binary mass ratio of μ = m 2 /( m 1 + m 2 ) = { 0.1, 0.2, 0.3,
.5 } . The sink particles are free to accrete gas particles from the
isc and have accretion radii of 0.2 au. The aspect ratio H / R =
.05 at R = 2.1 au. The surface density profile is set via �( R ) =
 0 ( R /2.1au) −p where � 0 = 477 g cm 

−2 and p = 0.5 unless otherwise
pecified, giving m disc = 0.01 M � for R out = 50 au. An isothermal
quation of state is implemented with the sound speed profile
iven by c s ( R ) = c s, 0 ( R /2.1au) −q , with q = 0.25 unless otherwise
pecified. 

We investigate the effect on the disc evolution of the binary mass
atio μ, the initial inclination of the disc with respect to the binary
 , the sound speed profile exponent q , the density profile exponent p ,
he disc outer radius R out , and the binary eccentricity e . The details
f these are given in the relevant results sections and a summary of
he parameters for each simulation is provided in Table 1 . The initial
nner radius R in is set from estimates of the tidal truncation radius
rom Miranda & Lai ( 2015 ) and the values are displayed in Table 1 .
or more details, see Section 3.7 . The circumbinary disc is modelled
ith 10 7 SPH particles for R out = 50 au. 

 RESU LTS  

n this section, we present the results of simulations to assess how the
hysical properties of the disc and host binary affect its structure. To
NRAS 525, 2616–2631 (2023) 
nalyse the simulated discs, we consider concentric spherical shells
ithin the disc model to examine the evolution of the radial density
rofile, orientation, and warp amplitude. We use spherical polar
oordinates to account for the different inclinations of the various
iscs (Petterson 1977 ). The tilt β( R , t ), describes the misalignment
f a ring of radius R within the disc with respect to the total angular
omentum vector (binary + disc). The twist γ ( R , t ) refers to the

ransformation in the azimuthal direction (sometimes called phase).
he warp amplitude is a dimensionless measure of the distortion of

he disc: 

 = R 

∣∣∣∣∣
∂ ̂ l 

∂ R 

∣∣∣∣∣ , (4) 

here ˆ l ( R, t) is the unit angular momentum vector of the gas
veraged in a ring within the disc. 

We will also examine the validity of the models in 3.9 and verify
hat the w ave-lik e regime is sufficiently resolved. 

.1 Binary mass ratio 

he mass ratio of the binary is expected to affect the evolution
f a misaligned disc because it is a key factor contributing to the
recession torques. Fig. 1 shows snapshots of the tilt and warp
mplitude profiles as the disc evolv es. F or μ = 0.1, the disc develops
 gentle warp with the initial misalignment of 45 ◦, at which the
recession torque is maximum. The warp amplitude profiles show
he warp wave propagating outwards through the disc. As expected,
e see stronger warping effects with a larger mass ratio (as found by
acchini et al. 2013 ), with the discs around the μ = 0.2 and equal
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Figure 1. The tilt, twist and warp amplitude profiles for three values of the mass ratio μ for an inclination i = 45 ◦ for μ = 0.1 and 0.2 and i = 40 ◦ for μ = 0.5. 
Black, red, and grey lines denote 30, 200, and 500 binary orbits, respectively. Note the different scales. 
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ass binaries exhibiting disc tearing. 2 These results are consistent 
ith Ballabio et al. ( 2021 ). 
The centre of the disc becomes twisted as well as tilted. When the

isc breaks, the orientation of the outer disc remains unchanged from
he initial conditions while the inner disc precesses independently. 
or the broken cases, the tilt and twist are largely constant outside

he break compared to the case where the disc remains coherently 
arped (see Fig. 1 ). For the μ = 0.1 model, the disc is beginning

o evolve to a constant orientation. The inner region of this disc
nitially twists as well as tilts, launching the warp wave outwards, 
efore evolving towards a flat, untwisted structure. It is clear that 
he disc with the μ = 0.1 binary (inclined by 45 ◦) remains stable:
hile the warp amplitude rises initially and shows a peak, o v er time

his peak begins to decay and there is no clear sign of a break in
he tilt or twist profiles. For the unstable discs with μ = 0.2 and
.5, the warp amplitude increases rapidly and the disc breaks. For
he stable disc, the location of the peak warp amplitude ψ max mo v es
teadily outwards. For the broken discs, ψ max is located at the break
nd remains close to its initial location. 

.2 Binary–disc misalignment 

he effect of the disc inclination on the warp amplitude has 
een studied e xtensiv ely for black hole accretion discs. F or small
 We note that an exact definition of when a disc breaks is somewhat subjective. 
 rigorous definition would correspond to the stability analysis of Do ̆gan et al. 
 2018 ), i.e. that the disc warp amplitude undergoes exponential growth (as 
hown to occur in numerical simulations by Raj et al. 2021 ). However, it is 
seful to have a definition that does not depend on the time-evolution of the 
isc warp. Here we deem a disc to have broken if there is a sharp (i.e. radial 
cale of order H ) variation in the disc tilt or twist that results in a large warp 
mplitude, accompanied by a strong depression of the local surface density 
f the disc (Nixon & King 2012 ). 

i  

a
o  

s  

i
t  

j  

i  

t  

d

nclinations, simulations demonstrated that the disc becomes warped, 
hile for higher inclinations, ( i � 30 ◦), rings tear off the inner edge
f the disc and precess independently (e.g. Nixon et al. 2012 ). We
ow examine the structures that form for a protoplanetary disc that
s misaligned with respect to the central binary and the dependence 
n misalignment angle. 
In Fig. 2 , we present snapshots from simulations with different

nitial misalignments, all with μ = 0.3 and the same initial disc
tructure. With an initial misalignment of i = 40 ◦ the disc develops
 warp. In the left-hand panels of Fig. 2 , we can see there is a region
f decreased surface density in a ring at R ≈ 10 au, corresponding
o the location of the maximum warp amplitude. Here, the warp is
ufficiently strong to affect the local surface density profile, but not
trong enough to cause the disc to break. This depression of the
urface density in a strongly warped, but unbroken, disc is a well-
nown feature of warped discs (see e.g. Pringle 1992 ; Lodato &
ringle 2006 ; Nixon & King 2012 ; Tremaine & Davis 2014 ; Nealon
t al. 2022 ). 

For i = 60 ◦, 120 ◦, and 150 ◦, the discs break and the outer disc
arp is less prominent; the inner broken part of the discs have formed
ore closely aligned to the binary plane than to the outer disc.
omparing the i = 60 ◦ and 120 ◦ discs, which are both equally
ffset from the binary orbital plane, the retrograde disc forms a
maller, less massive inner disc and has more prominent spirals. The
nner disc for i = 120 ◦ has the form of an unstable ring with non-
xisymmetric surface density, that precesses rapidly after tearing 
ff from the outer disc. Whereas the i = 40 ◦ disc maintained a
mooth warp, the i = 150 ◦ disc breaks, illustrating a difference
n behaviour between prograde and retrograde discs (we discuss 
his further in Section 3.7 ). Additionally, we see accretion streams
oining the inner and outer discs in the retrograde cases but for
 = 60 ◦ the inner disc appears more disconnected; the strength of
hese structures depends on the phase of the precession of the inner
isc. 
MNRAS 525, 2616–2631 (2023) 
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Figure 2. The range of structures produced in discs with different initial misalignments to the binary plane. The simulations all have μ = 0.3 and the initial 
misalignment is given at the top of each panel. Top row: column density renderings along the z direction. Units are log (g cm 

−2 ). Bottom row: density slices 
through the disc. Misaligned inner discs form more readily in retrograde discs and these tend to be smaller than in the prograde cases. Once the disc is broken, 
less warping of the coherent portions of the disc is observed when compared to the discs that remain unbroken. 
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The resulting structures are driven by the propagation of the
arp through the disc. Fig. 3 shows the time-evolution of the warp

mplitude ψ for discs with various values of initial misalignment,
oomed in to show R < 25 au. The wave warp is launched at the
nner edge and propagates outwards. For i = 30 and 40 ◦, this
gure shows strong w arp w aves propagating outw ards, while for

arger misalignments the warp amplitude rises close to the inner
dge and there is little propagation through the disc. This is where
he disc tears: ψ grows rapidly and the disc becomes unstable. For
he retrograde, i = 150 ◦ disc a weak warp wave propagates outwards
hrough the disc while the inner region contains a break. In the
iscs that break, ψ peaks close to the inner edge at a roughly fixed
adius, and this marks the location of the break (see also Fig. 2 ).
he location of the break is not exactly constant with time; for
xample in the 150 ◦ case the break slowly moves outwards. The
 = 120 ◦ disc sho ws some what periodic behaviour in the location of
he peak in ψ . This is caused by accretion of the innermost ring: a
ing gradually tears away from the inner edge, precesses and then
ollapses into the central cavity leaving a slightly increased inner
dge to the circumbinary disc. As more material mo v es inwards, the
ing forms again and the process repeats. 

The precession torque driving the warping is G p ∝ cos ( i )sin ( i )
e.g. Nixon et al. 2013 ) and therefore the precession torque is
aximized for a disc–binary inclination of i = 45 ◦ and 135 ◦. The

esults of the simulations are consistent with this, with misalignments
lose to 45 ◦ and 135 ◦ being more likely to exhibit disc breaking.
he precession torque at any radius is the same for prograde and

etrograde discs. Ho we ver, the e volution of the discs is different.
etrograde discs are more susceptible to breaking, and their warps
nd inner discs are more compact. We attribute this to the difference
n the location of the inner edge of the circumbinary disc as a
unction of inclination angle. Retrograde discs are subjected to
eaker resonances from the binary (cf. Nixon et al. 2011 ; Lubow,
NRAS 525, 2616–2631 (2023) 

r

artin & Nixon 2015 ; Nixon & Lubow 2015 ) and therefore the
ocation of the inner disc edge is smaller for retrograde discs. A
maller inner edge to the disc allows the binary to e x ert a larger total
orque, resulting in stronger warping of these discs. 

.3 Sound speed profile 

he sound speed relates to the temperature profile of the disc via
 s ∝ 

√ 

T . The sound speed in the disc is set by a locally isothermal
quation of state with c s ∝ R 

−q and changing the value of q
etermines how steeply the sound speed (and thus temperature)
ecreases with radius. In the limit of a flat disc (constant H / R ),
 = 0.5. Protoplanetary discs are flared due to the thermal balance
f stellar heating and local cooling, and calculations estimate such
iscs to have q = 0.2–0.3 (Chiang & Goldreich 1997 ; D’Alessio et al.
998 ). We compare the evolution of discs with q = 0.25 (flared) and
.5 (flat surface). 
Fig. 4 shows the structure of discs with the two values of q . The

 = 0.25 disc is smoothly warped and flared and is noticeably thicker
han the q = 0.5 disc, since the scale height H ( R ) = c s ( R )/ �( R ). The
 = 0.5 disc develops a misalignment in the inner ∼15 au. This
e gion nev er breaks off to form a separate inner disc but this warp is
till likely to cast a shadow across the outer disc. These results agree
ith Foucart & Lai ( 2014 ), who found greater warping in a disc with
 = 0.5 than q = 0. 
We can understand the behaviour of the two discs by looking at

ow the bending waves can propagate through them. Bending waves
ropagate at a speed of ∼c s /2. The effect of this can be seen in Fig. 5 .
he warp propagates more quickly through the q = 0.25 disc when

he sound speed profile is shallower and the warp propagation speed
ecreases less steeply with radius. In the q = 0.5 disc, the maximum
arp amplitude increases and this corresponds to the tilted inner

egion that develops. 
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Figure 3. Evolution of the warp amplitude for discs with different initial 
misalignments and all with μ = 0.3. The three discs that break are labelled 
in the top right of the panels, and the location of the break can be seen as a 
strong (yellow) horizontal band marking a region of high warp amplitude. For 
an initial misalignment of i = 30 ◦, the warp wave propagates freely through 
the disc and for i = 40 ◦ the warp amplitude is starting to grow close to the 
inner edge. For i = 60 ◦ and 120 ◦, the warp wave barely propagates through 
the disc and the warp grows close to the inner edge, which causes the disc to 
tear. For 150 ◦, a small warp propagates through the disc and the amplitude 
also increases near the inner edge where the disc exhibits a break. 

e  

b  

s
p

Figure 4. Density slices for different sound speed profile exponents, q , after 
evolving for 500 binary orbits. The initial inclination was i = 30 ◦ and μ = 

0.3. The difference in structure is clear: for q = 0.25, the disc density profile 
is smooth and only slightly warped, but for q = 0.5 the inner disc ( r � 15 au) 
becomes misaligned to the outer disc and the density profile varies noticeably 
with radius. 

Figure 5. Evolution of the warp amplitude ψ for discs with sound speed 
profile exponents q = 0.25 and 0.5. There is a clear difference in how quickly 
the warp propagated through the disc and also in the maximum value of ψ . 
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The disc temperature, or sound speed, profile has a significant 
ffect on the structure of a disc subject to a misaligned central
inary or similar perturbation. These results imply that a disc that is
usceptible to breaking may be stabilized by a shallower temperature 
rofile and, conversely, a sharp change in temperature perhaps due to 
hadowing (e.g. Casassus et al. 2019 ; Keyte et al. 2023 ), could lead
o a growth in warp amplitude. 

.4 Surface density profile 

he disc surface density is set via � = � 0 R 

−p and next we examine
he effect of changing the surface density profile exponent p on the
isc stability. We performed two simulations of similar discs ( μ =
.3, i = 40 ◦, m disc = 0.01 M �) with p = 0.5 and 1.5. Density cuts
or these simulations are presented in Fig. 6 . While the p = 0.5 disc
MNRAS 525, 2616–2631 (2023) 
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M

Figure 6. Density slice for discs with different initial surface density profile, 
� ∝ R 

−p after 400 orbits. The disc with the steeper density profile forms a 
separate inner disc while the disc with the shallower density profile remains 
stable. 
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Figure 7. The surface density profile �, estimated ef fecti ve viscosity αss and 
vertical resolution for the simulations with surface density profile exponents 
p = 0.5 and 1.5 after 30 binary orbits (solid lines) and 400 binary orbits 
(dashed lines). The vertical dash–dotted lines indicate the locations of the 
inner edge for the two density profiles after 400 binary orbits (See Section 
3.7 for definition). 
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evelops a central warp and remains stable, a separate inner disc
orms in the p = 1.5 simulation where the disc breaks. 

There are multiple effects to consider here. First, the precession
orque at a given radius is proportional to the surface density
equation 1 ). The total disc mass is the same in both cases so the
isc with a steeper radial density profile has a greater mass in
he inner region where the precession torque is stronger. For p =
.5, G p ∝ R 

−3.5 and for p = 1.5, G p ∝ R 

−4.5 . The torque driving
he warp is therefore stronger in the disc with the steeper density
rofile (see also Foucart & Lai 2014 ). When considering viscous
iscs, the increased precession torque is cancelled by the increase
n viscous torque (see e.g. Nixon et al. 2013 ), ho we ver, here the
ele v ant ef fect is the communication of the w arp via bending w aves.
ssuming the warp propagates with little dissipation, the amplitude
f the propagating warp is expected to vary as it travels radially
s ψ( R ) ∝ � 

−1 R 

−3/2 (Nixon & Pringle 2010 ). Consequently, with
 = 0.5, and thus ψ( R ) ∝ 1/ R , the amplitude of a warp propagating
utwards through the disc decays with time. Ho we ver, for p = 1.5, the
arp amplitude is roughly conserved. This allows the warp amplitude

o remain high for longer in the p = 1.5 case, increasing the likelihood
hat the disc can achieve the necessary warp amplitude to break.
imilarly, we would expect a disc with p > 1.5 to be more unstable
s, in this case, the warp amplitude of a travelling wave can grow as
t propagates outwards away from the binary. 3 We defer a detailed
iscussion of this effect to a future paper. Secondly, due to the nature
f the SPH method, the change in mass distribution introduces a
ifference in resolution and therefore also in the magnitude of the
umerical viscosity arising from the SPH artificial viscosity terms.
o assess the possible impact of the difference in resolution, we
stimate the ef fecti ve αss follo wing Meru & Bate ( 2012 ): 

ss = 

31 

525 
αSPH 

( 〈 h 〉 
H 

)
+ 

9 

70 π
βSPH 

( 〈 h 〉 
H 

)2 

. (5) 

s explained in Section 2.1 , αSPH is varied between 0 and 1 by the
witch of Cullen & Dehnen ( 2010 ). We take the average of αSPH in
oncentric spherical shells to estimate αss . 〈 h 〉 is the shell-averaged
moothing length and H is the disc scale height. The vertical density
NRAS 525, 2616–2631 (2023) 

 Note that for misaligned discs around the primary or secondary star in a 
inary, such as those simulated by Do ̆gan et al. ( 2015 ), the torque from the 
inary is applied primarily to the outer disc edge, and in this case, smaller 
alues of p are more likely to result in instability of the disc warp. 

l  

t  

4  

1  

d  

e  
rofile of a protoplanetary disc follows a Gaussian distribution. The
cale height can therefore be estimated from the SPH simulations
fter binning particles into shells: 

 ( R) = 

√ √ √ √ 

1 

N ( R) 

N( R) ∑ 

i= 1 

( z ′ i − z̄ ′ ) 2 . (6) 

 ( R ) is the number of particles in the bin corresponding to radius R
nd z ′ i = 

ˆ l · � x i is the height of the particle at position � x i abo v e the
warped) disc mid-plane (and ̂  l is the unit angular momentum vector
f the disc at radius R ). 
The radial profiles of the surface density, and the resulting ef fecti ve

ss and vertical resolution for both discs are presented in Fig. 7 . Since
 p ∝ �, the precession torque is nearly an order of magnitude greater

or the p = 1.5 disc and we expect this stronger torque to drive a
arger warp. Additionally, the p = 1.5 disc has a smaller cavity (see
ection 3.7 for further discussion) which would also drive a larger
arp due to having material closer to the stars, since G p ∝ R 

−( p + 3) .
e need to verify whether the difference between the models is due

o physical or numerical effects. The inner edge of the p = 1.5 disc
s better resolved (see Fig. 7 ) and as such has a lo wer v alue of αss at
he inner edge. Facchini et al. ( 2013 ) showed that poorer resolution
eads to a larger truncation radius and therefore a smaller torque on
he disc. Here, the p = 1.5 disc has a slightly smaller cavity (after
00 orbits the difference is R in = 2.1 versus 1.9 au for p = 0.5 and
.5, respectively). This means that the effect of changing the surface
ensity profile by varying p produces a significantly larger (physical)
ffect than the (numerical) effect produced by a change in inner disc
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Figure 8. The tilt, twist and warp amplitude profiles for discs of different outer radius. Black, red and grey lines denote 30, 200, and 500 orbits, respectively. 
By 500 orbits, the warp wave has reached the outer edge of the smallest disc and reflected back inwards, causing differences in the disc structure. 
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ocation. The former effect is at the order of magnitude level, whereas
he latter is at the level of a factor of (2.1/1.9) 3 ≈ 4/3. 

.5 Disc outer radius 

e now examine the effect on the warp evolution of a reduced disc
uter radius, R out , on a disc with i = 30 ◦ and M disc = 0.01 M �. The
aseline model had R out = 50 au and the models with a reduced outer
adius have R out = 40 and 30 au, respectively. The initial conditions
ere created by removing particles outside their respective R out from 

he initial file of the R out = 50 au simulation to ensure the density
rofile was otherwise identical. 
While the initial misalignment between the disc and binary planes 

as identical in each case, the reduction of the disc radius decreases
he angular momentum of the disc and so the angle between the
isc angular momentum vector ˆ L disc and the net system angular 
omentum vector ˆ L tot is increased. The disc + binary systems evolve 

owards alignment, such that ˆ L disc ‖ ˆ L binary ‖ ˆ L tot . With a smaller 
raction of the total angular momentum held in the disc, the smaller
isc must change its tilt the most to become aligned with its host
inary. 
The communication time-scales, the time for bending waves 

ropagating at c s /2 to traverse the disc, are 500, 370, and 190 yr (710,
20, and 270 binary orbits) for R out = 50, 40, and 25 au, respectively.
hese values were found by integrating the sound speed profile from
 in to each value of R out : 

 comm 

≈
∫ R out 

R in 

2 

c s ( R) 
d R. (7) 

The evolution of ψ max , shown in Fig. 8 , is similar for all three discs
ntil the warp wave reaches the edge of the smallest disc. Around
his time, the outer regions of the disc are affected by reflections of
he bending waves from the edge. This may be less pronounced in
iscs where the density drop at the outer edge is more gradual. The
ilt evolution is very similar for R � 20 au and by 500 binary orbits
one of the discs is close to alignment. The smallest disc has been
wisted the most and shifted from its initial phase. 
Before the initial w arp w ave reaches the edge of the 25 au disc, the
ensity slices confirm that the morphology of the disc is similar for all
f the model discs (see Fig. 9 , left-hand column). Ho we ver , later , after
00 binary orbits, the smallest disc becomes warped throughout, with 
oth tilt and twist varying with radius, since it lacks the anchoring
ffect of an outer disc. The large warp seen early on is transitory
nd the longer term evolution of the disc morphology will depend
pon the reflected bending waves. The R out = 25 au model displays
arping at the edge of the disc where this is beginning to develop. 

.6 Binary eccentricity 

hen the binary eccentricity is small, circumbinary discs tend to pre-
ess around the binary angular momentum vector as described above. 
o we ver, if the binary eccentricity and the disc–binary inclination is

ufficiently large then the precession can be predominantly around 
he binary eccentricity vector instead. For a fluid disc, this results in
lignment of the disc to the plane defined by the binary eccentricity
ector rather than the binary orbital angular momentum vector. This 
rocess was derived analytically and confirmed numerically by Aly 
t al. ( 2015 ), and was subsequently applied to the dynamics of
rotoplanetary discs by Martin & Lubow ( 2017 ). Aly et al. ( 2015 )
lso showed that the precession induced by an eccentric binary can
ead to disc tearing. Their simulations employed thin discs and were
ocused on the dif fusi v e re gime of warp propagation. 

Stevenson & Young ( 2022 ) presented some simulations of small
rotoplanetary discs around an eccentric binary, showing that a more 
ccentric binary caused the disc to warp more and that a highly
ccentric binary ( e = 0.8) caused the disc to tear. Here we examine
urther whether an eccentric binary can tear a low inclination wave-
ike disc that is stable for a circular binary and we explore how the
ystem evolves over several hundred binary orbits. 

We performed simulations of a disc with i = 25 ◦ and μ = 0.5 for
 = 0.4, 0.6, and 0.8. The lower values of eccentricity caused the
isc to warp and for e = 0.8 the binary was able to tear the disc, even
ith a relatively small misalignment, as seen in Stevenson & Young
MNRAS 525, 2616–2631 (2023) 
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Figure 9. Density slices to show the morphology of discs with different outer radii after 200 and 500 binary orbits. 
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 2022 ). The inner regions of the disc are far less stable than those
ormed in simulations with larger misalignments. Accretion streams
orm and the inner disc evolves to a near-polar ring-like structure.
fter precessing as a coherent ring and reaching a roughly polar

onfiguration, the ring becomes eccentric. Material from the ring is
hrown against the inner edge of the outer disc. Gas accretes rapidly
rom the outer disc, feeding the inner ring, therefore we expect the
nner disc to persist even though it is unstable because it is constantly
eplenished. 

The tilt, twist, and warp amplitude profiles for the discs around
ccentric binaries are presented in Fig. 10 . For an initial eccentricity
f e ≥ 0.6, disc tilt is increased in the opposite direction (compare
lso with Fig. 1 ). Aly et al. ( 2015 ) described this effect: for the
ower eccentricity, the inner disc is aligning with the binary but for
igher values of eccentricity, the disc precesses about the eccentricity
ector and evolves to polar alignment due to dissipation. The chaotic
volution of the inner ring is not dissimilar to that found by Aly
t al. ( 2015 ), despite the difference in the disc viscosity (they use
ss = 0.1 and H / R = 0.01 at the inner edge, placing the disc firmly in

he viscous regime). With the high eccentricity of the inner regions
f the disc, the evolution is highly dissipativ e, re gardless of the
iscosity and disc thickness so we may expect the evolution to be
imilar. 

.7 Significance of the location of the inner disc edge 

he location of the inner edge of the disc is typically set by tidal
runcation at the innermost outer Lindblad resonance where the tidal
orques exceed the viscous torques that drive the disc to spread
nwards (Artymowicz & Lubow 1994 , see also the discussion in
eath & Nixon 2020 ). The precession torques that drive warping

re a strong function of radius, decaying rapidly with distance from
he binary. The presence of gas at smaller radii as (dis)allowed by
idal truncation therefore affects the possible strength of the torques
riving the warping. For this reason, we present the locations of the
isc inner edge for selected simulations in Fig. 11 . The inner edge
s defined as the location at which the shell-averaged density falls to
alf of the maximum value. The density profile at the inner edge is
ighly variable, especially for discs which have formed an eccentric
nner ring or spiral accretion streams. 
NRAS 525, 2616–2631 (2023) 
The initial locations of the disc inner edge at the start of the
imulations were set as described in Table 1 . These were chosen to
e close to the expected inner edge location for each binary mass
atio and inclination in question from the analysis of Miranda & Lai
 2015 ) so that the disc inner edge would settle into a steady state
easonably quickly. To investigate the effect of the initial value on
he subsequent location of the inner edge, the μ = 0.3, i = 60 ◦

imulation was repeated but with R in = 2.2 au and this is included in
ig. 11 . 
The inner edge mo v es inward initially as the initial conditions

elax and the simulations with i ≤ 60 ◦ settle close to the 1:3
ommensurability (corresponding to the ( m , l ) = (2, 1) outer Lindblad
esonance). The central cavity of the disc with the steeper surface
ensity profile ( p = 1.5) is slightly smaller, and steepening the sound
peed profile ( q = 0.5) widened the cavity. The disc with initial i =
20 ◦ periodically forms an inner ring which then collapses in, briefly
eaving a wider cavity before material accretes inward again. 

The evolution of the i = 60 ◦ simulations appears to depend to some
xtent on the initial location of r in . After ∼50 orbits, the inner radii of
oth simulations are similar but then they deviate again after ∼200
inary orbits. In terms of the disc morphology, both discs break but
he disc with the larger initial R in tears off a larger inner disc roughly
00 binary orbits later (see Section 3.8 ). Although the inner radii tend
o remain within 0.5 au of their initial value the subsequent evolution
s somewhat sensitive to this initial value; this demonstrates that the
orque applied to the disc is strongly dependent on the distribution
f mass near the disc inner edge. 
From Fig. 11 , the inner edge of the i = 60 ◦ disc does seem to lie

t the 1:3 resonance but takes a long time to settle. It is worth noting
hat the quoted inclination values for each disc are the initial values,
nd as the simulation progresses the inner disc inclination typically
ecreases as the disc aligns to the binary orbital plane. 
The locations of the outer Lindblad resonances provide a fair

tarting point for the simulations but we do see a shift in the inner
dge location. The calculations of Miranda & Lai ( 2015 ) involve
everal assumptions that result in discrete values for truncation radii
s a function of inclination and eccentricity. In real (and simulated)
iscs, Lindblad resonances have a finite width and this is likely to
ccount for the variations we observe. 
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Figure 10. The effect of eccentricity: a disc initially inclined at 25 ◦ to the binary, with different values of binary eccentricity, e . Black, red, and grey lines 
denote 30, 200, and 500 binary orbits, respectively. Note the different scales for the right-hand column. 

Figure 11. Locations of the disc inner edge for selected simulations with 
μ = 0.3, including the reference model with the binary and disc aligned. 
Locations of outer Lindblad resonances are indicated. In the i = 120 ◦ disc, an 
inner ring forms periodically and collapses onto the stars, clearing an inner 
cavity. The simulation labelled ‘60 ◦∗’ has initial inner radius r in = 2.2 au. 
In this simulation, the disc also breaks, but forms a slightly radially-thicker 
inner disc than the 60 ◦ simulation. 
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Figure 12. The radius of the break in the disc as a function of time, 
commencing when the disc first broke, in spherical coordinates. Dashed 
grey lines indicate the critical radius predicted from the intersection of 
the precession time-scale and warp communication time-scale for each 
simulation using the method described in Section 3.8 . From those simple 
theoretical arguments, we would expect the disc to be stable for R > R crit but 
the simulated discs break further out than predicted. The simulation marked 
with an asterisk is identical to μ = 0.3, i = 60 ◦ but with the inner edge 
initially set at 2.2 au rather than 1.3 au. 
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.8 Where does the disc break? 

he question of where an unstable disc breaks is central to inter-
reting observations of broken discs. It is by now clear that many
actors affect the stability of a protoplanetary disc to breaking so is
t possible to predict the breaking radius? 

While their main focus is dif fusi ve black hole accretion discs,
ixon et al. ( 2013 ) provide a rough estimate for where w ave-lik e
iscs might be expected to break based on the simple argument that
o build up a substantial warp the disc must be forced to precess faster
han w arp w aves can propagate. This suggests that discs should break
t radii smaller than a critical value R crit given by their equation A3.
he discs simulated here are flared (i.e. H / R increases with radius)
nd so we calculate the breaking criterion for a representative range
f H / R values. The values we obtain lie 1.4 < R crit < 2.7 au. Ho we ver,
he four discs broke (as determined by the tilt and twist profiles, and
he accompanying sharp drop in density) at R � 4 au (Fig. 12 ), up
o ∼8 au. (We exclude the μ = 0.3, i = 120 ◦ disc from this analysis
ecause the inner region periodically collapses into the stars, which 
MNRAS 525, 2616–2631 (2023) 



2626 A. K. Young et al. 

M

m  

e  

e  

a  

r  

a
 

c  

t  

2  

t  

w  

t  

N  

w  

c  

u  

T

�

a  

b  

a
 

t  

b  

D  

w  

t  

a  

h  

s  

w  

t  

t  

l  

T  

t  

s  

d  

e  

R
 

b  

I  

a  

r  

r  

f  

d  

a  

e

3

T  

p  

2  

c  

w  

Figure 13. Top panel: the approximate value of αss , shown for the simula- 
tions of misaligned discs presented in 3.2 after 30 binary orbits. Note that 
the value of αSPH is variable so the values here are averaged in concentric 
spherical shells. The lines are also cut off at small radii where ρ falls to 
ρmax /2, which we take as delimiting the location of the disc inner edge. H / R 

> 0.05 for these simulations and so the w ave-lik e condition is satisfied at all 
radii. Lower panel: the vertical resolution of the same simulations. 

α  

w  

o  

o  

t
 

e  

s  

T  

i  

d  

p  

w  

t  

K  

T  

b  

(  

l  

b  

d  

v  

i  

r

4

4

T  

A  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/525/2/2616/7246072 by U
niversity of Leeds user on 02 N

ovem
ber 2023
akes a breaking radius difficult to define.) This suggests that the
quation derived by Nixon et al. ( 2013 ) is at best a conserv ati ve
stimate, and indeed Nixon et al. ( 2013 ) caution that it does not
ccount for several physical effects. Since the predicted breaking
adii are very different from those found in the simulations we caution
gainst using this simple criterion. 

It is expected that a break occurs where the disc is unable to
ommunicate the warp induced by precession efficiently such that
he warp amplitude grows rapidly (e.g. section 5 of Do ̆gan et al.
018 ). This may be where the precession torque exceeds the viscous
orque in the case of dif fusi v e discs. F or wav e-like discs, this is
here the time-scale for the propagation of bending waves is greater

han the precession time. This follows the reasoning presented in
ixon et al. ( 2013 ), but here we impro v e on this by calculating the
arp communication time-scale more accurately. We calculate the

ommunication time-scale using equation ( 7 ) for each simulation
sing the inner radius obtained in Fig. 11 at the time of breaking.
he precession time-scale is given by 

p = 

3 

4 
μ

a 2 

R 

2 
� cos ( i) , t p = 

∣∣∣∣ 2 π

�p 

∣∣∣∣ . (8) 

R crit for these criteria is therefore the radius at which t p = t comm 

nd the region R < R crit is expected to be unstable to tearing, i.e.
elow the dashed lines in Fig. 12 . Once again, however, these values
re smaller than the breaking radii observed in the simulations. 

The location of the break can vary with time because these discs are
ypically not in a steady state. Recent theoretical work indicates that
reaking occurs where the warp amplitude peaks (Do ̆gan et al. 2018 ;
eng & Ogilvie 2022 ). These results were derived for a steady warp
here these quantities are well defined and are not easily applicable

o these simulations where the disc is subject to forced precession
nd the location of ψ max , for example, is evolving. After a few
undred orbits the breaking radius appears to reach a somewhat
teady value in most cases, and this time-scale is longer than the
ave communication time-scale to the break radius. We note that

he i = 150 ◦ disc remains stable for nearly 300 binary orbits before
earing, highlighting the importance of running the simulation for
ong enough when seeking to determine whether a disc is stable.
he discs which broke did so at t < t comm 

, which sets a limit on
he necessary simulation time. Another point of note is that the two
imulations for μ = 0.3, i = 60 ◦ with different initial R in tear at
ifferent radii. Comparing with Fig. 11 , after 300 orbits, R in has
volved such that the inner edge of the disc that was initialized with
 in = 2.2 au lies at a smaller radius than the disc with R in = 1.3 au. 
In summary, there is a large variation in the radius at which a disc

reaks and this radius may evolve as the structure of the disc evolves.
t is clear that a simple estimate based on the wave communication
nd precession time-scales does not adequately capture the range of
adii o v er which these discs can tear, and we discuss the possible
easons for this further in Section 4.1 . While an a priori criterion
or disc tearing is highly desirable, it seems that for circumbinary
iscs, there is sufficient dependency on a wide range of parameters
nd components of the initial conditions that such a criterion remains
lusive. 

.9 Model validity 

he disc must be adequately resolved in the vertical direction to
roperly model breaking (see Nealon et al. 2015 ; Drewes & Nixon
021 ) and we require the ef fecti ve viscosity αss < H / R to adequately
apture the dynamics of the disc in the w ave-lik e regime. To assess
hether the models are indeed in the w ave-lik e regime, we average
NRAS 525, 2616–2631 (2023) 
SPH in radial bins to estimate αss using equation ( 5 ). In Fig. 13 ,
e plot αss for the four simulations from Section 3.2 after 30 binary
rbits. In the lower panel, we show the vertical resolution as a fraction
f the local disc scale height, finding that 〈 h 〉 / H ∼ 0.1 −0.3 � 1 in
he body of the disc, which is sufficient to resolve disc breaking. 

We see that the simulated discs satisfy the condition for w ave-lik e
volution. Close to the inner edge, the artificial viscosity increases
ignificantly and this region may stray into an intermediate regime.
he main impact this could have is to shift the precise location of the

nner edge of the disc. In Section 3.7 , we found that the inner edge
id sit inside the 1:3 resonance for the first ∼300 orbits, which could
otentially be due to the increased viscosity at the edge. Additionally,
e hav e v erified that the discs are nearly Keplerian, as required for

he w ave-lik e propagation of w arps. Fig. 14 sho ws the de viation from
eplerian rotation for two simulations, calculated from equation ( 2 ).
he solid lines indicate this condition calculated directly from the
inary potential, following a similar method to Do ̆gan & Nixon
 2020 ). The criterion given by equation ( 2 ) is satisfied ( < H / R , dotted
ines) for the binary potential for the whole disc for μ = 0.3 and in all
ut the innermost ∼1 au for μ = 0.5. The dashed lines indicate the
e viation from K eplerian rotation calculated from the azimuthal gas
elocity from the simulations. This shows that the pressure gradient
n the disc due to the warp also results in a deviation from Keplerian
otation in addition to that due to the binary potential. 

 DI SCUSSI ON  

.1 What factors affect the structure of the disc? 

he interaction of a circumbinary disc with its host stars is complex.
s such, we find that no single parameter is responsible for the
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Figure 14. Verification that the simulations meet the near-Keplerian rotation 
criterion for w ave-lik e w arp propagation given by equation ( 2 ). The left- 
hand side of equation ( 2 ), the deviation from Keplerian rotation, calculated 
from test orbits in the binary potential (solid lines) and the fluid orbits in 
the simulations (dashed lines). Dotted lines indicate H / R taken from the 
simulations. The snapshots for both simulations in the figure were taken 
after 90 binary orbits, before the disc represented in the bottom panel tears. 
The disc in the top panel develops a moderate warp but remains stable. The 
Keplerian condition is satisfied throughout the disc for μ = 0.3 and in all but 
the innermost ∼1 au for the μ = 0.5 disc, where the deviation exceeds H / R . 
The sharp spike in the dashed line towards the inner edge of the disc is due 
to the strong density gradient in this region where the surface density falls 
rapidly towards the inner disc edge. 
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mplitude of the warp, which means we need to consider more 
han just the angle of misalignment for assessing the stability 
f a protoplanetary disc. We have shown, for example, that the 
emperature and density profiles can make the difference between 
 stable warp and a torn disc. 

In the simulations, the disc evolution is sensitive to the initial 
ocation of the inner edge. Although we set R in to be at the expected
ocation of the outer Lindblad resonance responsible for clearing 
he cavity, the disc spreads inwards before settling near the original 
ocation after a few hundred binary orbits. The two simulations set
p with only the initial inner radius dif fering sho wed dif ferences in
heir evolution and the size of the inner cavity did not converge after
 few hundred binary orbits. For those two models, the location of
 in did not affect whether the disc tore, but did affect the breaking

adius and how quickly the disc tore. 
It is difficult to predict whether a disc will break because of the

ontributions from multiple factors and the sensitivity to the inner 
dge location. We can place some constraints on the conditions 
or which the disc will be stable from the simulations presented 
ere. The simulations suggest that, for typical protoplanetary disc 
roperties, a binary with a low-mass ratio ∼0.1 is unable to tear
 a  
he disc. We find that the disc is also stable for a misalignment of
 � 40 ◦, and this increases for unequal-mass binaries. Ho we ver, a
igh binary eccentricity e � 0.8 can destabilise a warped disc of
ow-mass ratio or low misalignment. Deng & Ogilvie ( 2022 ) found
he disc broke at a much smaller angle of 14 ◦, albeit for a thinner
isc, and state that the affine model predicts the disc will break
or i > 20 ◦ for H / R = 0.05. The discs in this paper are flared,
uch that H / R > 0.05, which increases the tilt angle required to
reak the disc. The effects of varying the sound speed profile or
ensity profile only come into play for marginally stable discs, in
hich different values of these parameters can make the difference 
etween a smooth warp and a broken disc. Given that misalignments
re likely to be caused by irregular accretion from the surrounding
olecular cloud, we can expect variations in surface density and 

he temperature profile, which could well af fect ho w the warp
ropagates. 
The discs that break maintain a planar (unwarped) outer disc, for

xample, the μ = 0.5 simulation in Fig. 1 , and this warrants further
iscussion. This is a very different structure to that of the stable μ =
.1 disc, which is tilted and twisted right to the outer edge. From this,
e can infer that throughout most of the disc the warping is the result
f the w arp w aves propagating outwards from the inner edge. If the
recession torque were responsible for warping the outer regions of 
he disc, we would expect the outer disc of the μ = 0.2 and 0.5

odels to be warped. Ho we ver, the warp amplitude drops abruptly at
he location of the break, indicating that communication of the warp
s ef fecti vely halted, and that the precession torques are too weak at
reater radii to drive a warp independently of the dynamical state of
he inner disc. Fig. 3 shows this clearly: the panels for i = 30 ◦ and
0 ◦ show the warp propagating through the disc and we can see this
s severely restricted for the more misaligned discs. For the latter, the
ave propagation is inhibited and the warp amplitude grows, leading 

o the break. 
The results of Facchini et al. ( 2013 ) also show a flat outer disc

fter tearing has occurred and this is a clear difference in structure to
hat of torn black hole accretion discs. Black hole discs maintain
mooth twist and tilt profiles after tearing and the outer disc is
ypically warped, except for the lowest values of black hole spin
Nixon et al. 2012 ; Nealon et al. 2015 ). This result has also been
ound for w ave-lik e discs around a black hole (Drewes & Nixon
021 ). For a disc around a black hole the precession frequency
s ∝ R 

−3 , whereas for a circumbinary disc the precession frequency
s ∝ R 

−7/2 . This means that the precession torque decays more
apidly with increasing radius in the circumbinary case, compared 
o the black hole case. This difference may explain why the disc
an develop a noticeable warp outside of the broken regions in
he black hole case, and that the outer regions of circumbinary
iscs are comparably planar. In both cases, the torque is highly
ensitive to the location of the inner disc edge, and the torque
pplied at R � R in has only a small effect on the resulting disc
tructure. 

When studying the breaking radius (Section 3.8 ), we compared 
he precession and communication time-scales in the disc in an 
ttempt to predict where the disc would break, following Nixon 
t al. ( 2013 ). We can now understand why this method significantly
nderestimates the breaking radius. This method assumes that the 
tructure of the disc at a given radius is driven by the precession
orque at that location. Ho we ver, the disc structure is dominated
y the bending wav es driv en near the inner edge which propagate
utwards. This suggests that a local comparison of the precession 
orque and the wave travel time-scale (e.g. that presented in the
ppendix of Nixon et al. 2013 ) is not appropriate for determining
MNRAS 525, 2616–2631 (2023) 
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here the disc breaks. 4 Instead, it is likely that a global anal-
sis is required to determine the stability of w ave-lik e w arped
iscs. 

.2 Limitations of the models 

ike Facchini et al. ( 2013 ), our simulations produce a twist in the
nner region of the disc. According to their 1D analytical model
see Lubow, Ogilvie & Pringle 2002 ), an inviscid disc should have
 constant twist angle. When a viscosity is introduced, the disc can
ecome twisted, with the exact shape depending on the magnitude
f the viscosity. In the simulations presented here, the viscosity is
urely numerical since we aimed to minimize the net viscosity as
uch as possible. The viscosity of protoplanetary discs is likely to

e an order of magnitude or more lower than our simulations ( αss �
0 −3 , e.g. Rosotti 2023 ) but to achieve a lower numerical viscosity
ould require an increase in resolution to at least 10 8 SPH particles,
hich is currently computationally infeasible. From an observational
erspective, tilt and twist amount to a single distortion of the disc.
he so-called twist that is observed in velocity maps is a result
f the continuous change in the slope of the mid-plane, radially
nd azimuthally, i.e. the w arp. It w as shown in Young et al. ( 2022 )
hat this is not a direct measure of the warp amplitude because it
epends on the optical depth of the observed molecular line. While
he viscosity of the simulations may increase the twist of the disc,
his is probably less significant than the additional twist observed
ue to optical depth effects. 
The simulations presented here are isothermal, like the majority

f prior work. Ho we ver, there is likely to be significant local heating
t locations where the warp amplitude grows sharply, which could
tabilize the disc. Deng & Ogilvie ( 2022 ) have shown that in adiabatic
odels the inner and outer parts of a broken disc reconnect smoothly.
 broken inner disc could be a short-lived state and, as the disc

omponents reconnect, the disc will evolve towards alignment similar
o the stable warped discs. 

Misalignments are perhaps more likely in younger discs that are
ynamically interacting with their surroundings and have a higher
ultiplicity, in which case the disc mass may be higher than the

ommonly assumed ∼1 per cent of the stellar mass. With a greater
 disc / M star , the binary orbital evolution will be non-negligible and

he binary and disc will align faster. More massive discs are likely
o be self-gravitating but the additional heating generated by the
hearing motions in a warped disc may act to stabilize an otherwise
ravitationally unstable disc (see Rowther, Nealon & Meru 2022 ).
urther study is needed regarding the evolution of warps in young,
ore massive discs. 

.3 Implications for obser v ations 

he kinds of structures we expect from these models includes those
lready observed such as a warped inner region of the disc, discs
ith distinct misaligned inner and outer components and spirals. We
NRAS 525, 2616–2631 (2023) 

 It is worth noting that previous authors have found some level of agreement 
ith the local w avelik e criterion presented in the appendix of Nixon et al. 
 2013 ) (see e.g. Nealon et al. 2015 ; Facchini et al. 2018 ). Ho we ver, Dre wes & 

ixon ( 2021 ) have noted that these works present numerical simulations that 
re in the dif fusi v e re gime of warp propagation due to the magnitude of the 
umerical viscosity present in those simulations. The simulations we present 
ere are in the w ave-lik e regime (see Fig. 13 which accounts for the numerical 
iscosity), and thus it is not surprising that the results we obtain for where the 
isc breaks are distinct from, and comparatively larger than, previous works. 
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lso see more exotic structures such as near-polar rings (a feature
hat has been firmly identified in one disc to date; Kennedy et al.
019 ; Z ́u ̃ niga-Fern ́andez et al. 2021 ) and messy unstable rings that
ragment and reform. The latter may also manifest as variations in
he luminosity since the accretion rate is highly variable. Another
nteresting feature to highlight is the ring of reduced surface density
n the discs with a large warp that fail to break (see Fig. 2 , top
eft-hand panel). This may be observed as a gap, with no obvious
ormation mechanism. There is evidence from simulations that dust
ings form as dust piles up at a warp maximum independently of any
ust trapping due to pressure bumps (Aly & Lodato 2020 ), which
ould instead lead to a ring forming. This is a topic that needs

o be explored further: should we expect to see a ring or a gap in
ubmillimetre dust emission coincident with a warp? Simulations
how that long-lived dust rings may form in unbroken warped discs
Aly & Lodato 2020 ; Aly et al. 2021 ) and these might give the
ppearance of a broken disc. When such structures are observed, it
s therefore necessary to check whether the gas component displays
 break as well. 

Sev eral discs hav e been observ ed to hav e a separate misaligned
nner disc as opposed to a smooth warp. While Facchini et al. ( 2014 )
ho wed that e ven a massi ve planetary companion could warp a disc,
he simulations presented here imply that only binaries with μ >

.1 can tear their disc, which ef fecti vely precludes the possibility
f an unseen stellar or planetary companion causing a misaligned
nner disc from within the central cavity through this process. Other
cenarios may better explain the presence of misaligned inner discs
here there is no companion within the cavity that fits the criteria.
ther work indicates that an external binary can induce a small
arp when the outer radius lies near a resonance (Lubow & Ogilvie
000 ). Ho we ver, a misaligned circumstellar disc tends to align much
ore quickly than a circumbinary disc (e.g. Foucart & Lai 2014 ).
lternatively, a planet with an orbit inclined with respect to the disc

hat has carved a gap in the disc may cause the disc to warp or cause
he inner and outer components to precess independently, without the
resence of a stellar companion (Xiang-Gruess & Papaloizou 2013 ;
ealon et al. 2018 ; Zhu 2019 ). Another explanation for misaligned

nner and outer discs is that a planet has created a discontinuity (i.e.
 gap in the surface density profile) in the disc which has enabled
 disc misaligned to the orbit of a binary to break cleanly when
t would otherwise have remained smoothly warped (cf. Xiang-
ruess & Papaloizou 2014 ). These are different processes to disc

earing by a central (or external) companion since the disc is broken
y the combination of the Lindblad torques e x erted by the planet and
he precession torques. 

In Section 4.1 , we pointed out that a disc torn by a central
inary exhibits a nearly planar outer disc with only a modest warp.
herefore, warps and tears in circumbinary discs may be somewhat
utually e xclusiv e. If a broken disc is observ ed to hav e a strongly
arped outer disc, this might indicate that a different mechanism is

esponsible for the break. A disc broken by a planet on a misaligned
rbit should be warped beyond the gap carved by the planet (Xiang-
ruess & Papaloizou 2013 ; Nealon et al. 2018 , 2019 ; Zhu 2019 ) and
 disc warped by an external companion may also be warped to the
dge. 

.4 Implications for the interpretation of GW Orionis 

bservations of the GW Orionis triple system, presented by Kraus
t al. ( 2020 ), provide the most compelling evidence for disc tearing
riven by gravitational torques from the stellar components. The GW
rionis disc displays clear rings in submillimetre emission along with
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he twisted velocity map characteristic of a warp. The innermost 
ircumtriple ring casts a shadow and therefore is interpreted as 
 torn inner disc that is highly misaligned and eccentric. There 
re discrepancies between simulations of the GW Orionis disc 
hich means it has not been possible to attribute the torn structure
efinitively to the precession torques of the triple star system or to
 putative embedded planet (Kraus et al. 2020 ; Small w ood et al.
021 ). 
One of the issues raised is of whether a stellar companion can

ause a disc to break at a radius of ∼50 au. In simulations, we have
btained breaking radii of ∼5.7–11 a b in terms of the semimajor axis
f the secondary a b , which is greater than the simple theoretical
rguments predict (see Section 3.8 ). In terms of the semimajor axis
f the tertiary component, the observed break radius in GW Orionis
s ∼5.6 a c , which could plausibly be due to the stellar torques. The

ass ratio is M c /( M a + M b + M c ) = 0.26, the misalignment between
uter disc and the orbit of the tertiary is 28 ◦, and the eccentricity is e c 
0.4. With these parameters, and the results presented here, the disc 

ould be expected to have a steep warp and be borderline unstable.
he disc is unusually massive and this would increase the precession 

orque, potentially reducing the stability of the disc further. The inner 
inary may be able to tear a disc, since M b /( M a + M b ) = 0.37 and the
isalignment is ≈42 ◦. Ho we ver, a b = 1.2 au and the disc is truncated

utside the orbit of the tertiary at R > 10 au, where the torque from
he central binary is much reduced. 

The simulations of Small w ood et al. ( 2021 ) show that the GW
rionis disc can break (their Run 10). The authors discount this

esult because breaking was observed only with the initial R in = 

0 au and not with R in = 30 au. Nevertheless, we can estimate that
he disc should be truncated at ∼2.5 a = 22 au (see Miranda & Lai
015 and Section 3.7 ) and, indeed, CO emission is detected within the
nner circumtriple ring (Kraus et al. 2020 ). The dust emission from
lose to the stars indicates that material is transported all the way to
he central cavity since this would need frequent replenishment. An 
nner radius < 30 au is therefore quite likely. 

A final point is that there is an uncertainty of several degrees in the
isalignment between stellar orbits and the disc due to the difficulty 

f deriving the disc inclination and position angle. Furthermore, the 
uoted uncertainties of the stellar masses allow a mass ratio up to
 c /( M a + M b + M c ) = 0.32 (using the orbits derived in Kraus et al.

020 ). This highlights the need to test the full range of parameters
llo wed by observ ations because the dif ference in parameters due
o observational uncertainties can produce discs with very different 
tructures. While it is clear there is much we do not understand about
his system, the results of our simulations suggest that disc tearing 
aused by the precession torques from the triple could be responsible 
or the production of the ring (as argued by Kraus et al. 2020 ). 

.5 Lessons for future modelling 

ydrodynamical models are often invoked to explain the structures 
f the many discs now found to have evidence of misalignments. 
aving studied a wide range of parameters, we now summarize 

ome general points for consideration when modelling warped and 
orn discs. 

A well-kno wn dif ficulty of constructing a model of a particular
isc is that of achieving sufficient resolution near the centre, while 
odelling the disc to a large enough radius to produce an accurate

esult. This problem can be a v oided somewhat in grid-based codes
here a logarithmically spaced radial grid can be implemented, but 

his is not an option for SPH codes. Can we make do with modelling
ust the inner regions of a disc and reco v er the correct structure? In
ection 3.5, we showed that the structure of the inner 20 au of a 50
u disc is very similar when R out = 25 au. It is therefore acceptable
o model the inner region of a larger disc as long as the simulation
ime is shorter than the time taken for the warp to reach the edge of
he smaller disc. The tilt and twist of the outer edge of the smaller
isc is not representative of the full disc and should be ignored. For
tudying the longer term evolution of a disc for t max > t comm 

, the
hole disc will need to be modelled. 
The choice of reasonable initial conditions is a broad issue for

isc modelling in general but especially for the discs with warps
nd misalignments, which are not in a steady state. Late accretion
f material from the surrounding cloud is perhaps most likely to
e the origin of misaligned discs, in which case we cannot expect
he disc to have a well-defined outer radius. The SPH models of
irsh et al. ( 2020 ) showed that the size of the central cavity can

ake tens of thousands of binary orbits to settle fully. In nature, the
nner edge will not necessarily have settled because the accretion 
ate will be variable on shorter time-scales and the disc inclination
ill be readjusting. The behaviour of a misaligned disc is sensitive

o the inner edge location and the resolution there. Therefore, a good
pproach for modelling an observed disc is to test different values
f R in and compare the evolution. Additionally, we emphasize that it
s the extent of the gas disc that matters whereas the inner and outer
dges are often derived from observations of dust emission. 

A further consideration is that the variations in the values measured 
or disc properties are considerable, often greater than the quoted 
ncertainties. Often, the range of possible values for some parameters 
ould produce discs with different structures in simulations. We need 

o be careful about drawing conclusions from simulations of observed
iscs and should ensure that the whole spread of parameters allowed
rom observational constraints have been studied. 

 C O N C L U S I O N  

e have performed a number of simulations to better understand the
tructures formed in misaligned protoplanetary discs around binaries. 
hese simulations confirm that disc tearing can occur in circumbinary 
rotoplanetary discs, even with a relatively thick disc with H / R ≥
.05. In general, the structure of the disc depends on the combination
f properties, rather than on any single parameter. Our simulations 
ith a low binary mass ratio ( μ = 0.1) do not exhibit disc tearing,
hich implies that a planetary companion is unlikely to tear a disc

rom within the central cavity. The misalignment angle required 
or tearing depends on the binary mass ratio and only discs with
isalignment � 40 ◦ showed disc tearing in our simulations. Highly 

ccentric binaries are an exception to this and can tear their discs
ith a smaller misalignment angle. A disc misaligned by just 25 ◦

an be torn if the binary eccentricity e � 0.8. The surface density and
ound speed profiles can also play a role in determining the stability
f the disc and should not be ignored in marginally stable cases. 
In protoplanetary circumbinary discs, the warp is driven almost 

ntirely from the inner regions of the disc because the precession
orque decreases sharply with radius and bending waves commu- 
icate the warp efficiently to larger radii. This is different to discs
n which the warp propagates via diffusion, where the structure is
etermined by the local precession torque in the disc. Therefore, the
ocation of the inner edge is an important parameter for determining
he evolution of a misaligned protoplanetary disc since it directly 
ffects the strength of the precession torque that drives the warp
hich shapes the whole disc. For protoplanetary discs that exhibit 
 break caused by the precession from the binary, the outer disc
s typically largely unwarped. This suggests that protoplanetary 
MNRAS 525, 2616–2631 (2023) 
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iscs with strongly warped outer discs are sculpted by an external
ompanion or an embedded planet rather than an inner binary. 

At present, we cannot a priori link the radius at which the disc
reaks to the initial properties of the binary/disc. In all cases, the
reaking radius was significantly greater than predicted from simple
heoretical arguments and the location of the break is not constant
n time. The analytical arguments for breaking w ave-lik e discs (see
he appendix of Nixon et al. 2013 ) assume that the warp at a given
adius is driven solely by the precession torque at that radius, but as
iscussed abo v e, this is not true for wav e-like discs where the warp
t any radius can be driven by a combination of local precession and
ropagation of warps from smaller (or larger) radii. It is also likely
hat localized dissipati ve ef fects come into play and this warrants
urther inv estigation. Moreo v er, real misaligned protoplanetary discs
re not in a steady state because of recent/ongoing accretion that
ay be the origin of the misalignment and/or the disc and binary are
 volving to wards alignment. This creates difficulties for applying
imple criteria directly to observed systems. 

In addition to existing observational signatures, we note that
he ring of reduced surface density that is formed when a disc is
ignificantly warped may generate observable consequences. This
ight be linked to a dust gap but it is not clear how this would appear

f the dust is also shaped by precession torques independently of the
as as suggested by (Aly & Lodato 2020 ). While it is clear from our
esults that determining where and when a w ave-lik e disc can break
s not a trivial task, it is also clear that by combining sophisticated
imulation models with detailed observations of spatially resolved
rotoplanetary discs we can make significant progress in linking
bserved structures with the physical mechanisms driving them. 
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