
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk

Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/204222/

Version: Accepted Version

Article:

Daly, A., Hess, S. and Ortúzar, J.D.D. (2023) Estimating willingness-to-pay from discrete 
choice models: Setting the record straight. Transportation Research Part A: Policy and 
Practice, 176. 103828. ISSN: 0965-8564 

https://doi.org/10.1016/j.tra.2023.103828

©2023, Elsevier. This manuscript version is made available under the CC-BY-NC-ND 4.0 
license http://creativecommons.org/licenses/by-nc-nd/4.0/. This is an author produced 
version of an article published in Transportation Research Part A: Policy and Practice. 
Uploaded in accordance with the publisher's self-archiving policy.

Reuse 

This article is distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs 
(CC BY-NC-ND) licence. This licence only allows you to download this work and share it with others as long 
as you credit the authors, but you can’t change the article in any way or use it commercially. More 
information and the full terms of the licence here: https://creativecommons.org/licenses/ 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://doi.org/10.1016/j.tra.2023.103828
https://eprints.whiterose.ac.uk/id/eprint/204222/
https://eprints.whiterose.ac.uk/


 

 1 

Estimating willingness-to-pay from discrete choice models: 

setting the record straight 

 

Andrew Dalya, Stephane Hessb and Juan de Dios Ortúzarc 

 
a Choice Modelling Centre & Institute for Transport Studies, University of Leeds, Leeds, UK; 

e-mail: andrew@alogit.com (ORCID 0000-0001-5319-2745) 
b Choice Modelling Centre & Institute for Transport Studies, University of Leeds, Leeds, UK; 

e-mail: s.hess@leeds.ac.uk (ORCID: 0000-0002-3650-2518) 
c Department of Transport Engineering and Logistics, Instituto Sistemas Complejos de 

Ingeniería (ISCI), BRT+ Centre of Excellence, Pontificia Universidad Católica de Chile, 

Santiago, Chile; e-mail: jos@ing.puc.cl (ORCID: 0000-0003-3452-3574) 

 

Abstract 

 

The estimation of indicators of willingness-to-pay (WTP) and the computation of associated 

measures of uncertainty have attracted much interest in the general area of choice modelling, 

but have also been characterised by a substantial amount of confusion and misguided 

discussions. We examine this problem in depth, both theoretically and empirically, in an effort 

to illustrate the most appropriate approaches to solving this problem, which has important 

repercussions for practice in our field. Our findings should be useful to analysts advising on 

transport policy and infrastructure project evaluation, in particular when requiring estimates of 

the value of travel time.  

 

Keywords: willingness-to-pay; discrete choice models, Delta method, social evaluation 

 

1. Introduction 
 

Estimating willingness-to-pay (WTP) and computing the related measures of uncertainty from 

discrete choice models is one of the key applications of these models. In determining the most 

appropriate way to estimate the accuracy of WTP measures, it is useful to consider the reasons 

for requiring to know this accuracy. First, the standard errors of WTP measures may be needed 

to give a general indication of their accuracy, for statistical significance tests, and for 

comparison with other models and other studies. Second, confidence limits for WTP measures 

may be required, for example, to indicate the range of reliability of policy appraisals based on 

them. 

 

Unfortunately, this topic has been plagued by confusion and misguided discussions, which we 

have partially tried to address in previous papers (Armstrong et al., 2001; Daly et al., 2012a, 

2012b; Hess et al., 2005; Sillano & Ortúzar, 2005; but also Daly and Zachary, 1975). 

Notwithstanding these efforts, we have found that much confusion persists, especially outside 

our main discipline of transport research. For example, a recent paper by Carson & Czajkowski 

(2019), states that … “a substantive problem exists with the widely-used ratio of coefficients 

approach to calculating willingness to pay (WTP) from discrete choice models” and contains 

some misconceptions that motivated our discussion. We also provide additional detail and 

background with the hope of clarifying other ongoing confusions in several papers and 

conference presentations in the general choice modelling field, not losing sight of our initial 

interest in transport applications, particularly estimating the value of travel time.  

mailto:andrew@alogit.com
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In choice models using the paradigm of random utility maximisation, and with a particular 

focus on utility functions that are linear in attributes and coefficients, we define: 
 𝑉 = 𝛽! . 𝑐 + 𝛽" . 𝑥 + ⋯         (1) 
 

where V is the systematic utility (we omit subscripts for decision makers, choice situations and 

alternatives), x is the attribute for which we wish to calculate the WTP1, and c is the cost 

attribute. Assuming that the marginal utilities are the same across alternatives and choice 

situations, we have that, for a given decision maker (Beesley, 1965; Gaudry et al., 1989): 
 𝑊𝑇𝑃 = #$

#" / #$#! 		= %!
%",         (2) 

 

that is, the WTP is simply calculated as the ratio of two marginal utility coefficients. 

 

While some complications arise in situations where the marginal utilities 
#$
#" and 

#$
#!  depend on 

the level of cost and/or the attribute in question (i.e. with non-linear utility functions) and/or 

on observable characteristics of the decision-maker (i.e. with deterministic heterogeneity), 

much greater issues arise of course when attributes are allowed to vary randomly across 

individuals, such as in the now extremely popular Mixed Multinomial Logit (MMNL) model 

(see for example Train, 2009). In that case, the analyst has the ability to make a choice of a 

population mixing distribution, and much work has looked at behavioural realism; for example, 

whether a Normal distribution would make sense for a cost coefficient as it implies accepting 

that this could have a positive value for some individuals (cf. Hess et al., 2005; Sillano & 

Ortúzar, 2005). An equally important issue in the MMNL case relates to the fact that we now 

have the possibility of the denominator in (2) not being bounded away from zero, that is, having 

a continuous distribution that includes zero. Daly et al. (2012b) provide extensive discussions 

in this context as well as a theorem showing which assumptions for the population-level 

distribution of the parameter 𝛽! ensure that the moments of the distribution of WTP are defined.  

 

A completely separate issue relates to the computation of measures of uncertainty for the 

components in (2), in the form of standard errors and/or confidence intervals. For the sake of 

simplicity, let us assume that we have a utility function that is linear in attributes and 

coefficients, meaning that the WTP is given by a ratio of two coefficients, say 𝑊𝑇𝑃 = %!
%". The 

question then arises of how to calculate an error measure for this ratio, and compute confidence 

intervals. This is an issue both with fixed coefficients models, which is the main focus of this 

paper, and in the presence of random heterogeneity, as discussed by Bliemer & Rose (2013).  

 

We need to state categorically that these two issues, that is, the specification of random 

heterogeneity, and the computation of error measures, are quite separate. Unfortunately, 

however, findings in relation to the former (assumed population mixing distributions) have 

been used in discussions about the latter (computation of measures of uncertainty), often as a 

result of misunderstanding the asymptotic properties of maximum likelihood estimates.  

 

The remainder of this paper is organised as follows. To motivate our discussion, we first discuss 

the utility specification proposed by Carson & Czajkowski (2019) and briefly show that this is 

ill-conceived. In section 3 we explain the differences between Normality and asymptotic 

Normality which are a typical source of confusion. Section 4 considers the calculation of 

 
1 Our focus here is on WTP, but the points apply to marginal rates of substitution more generally. 
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measures of uncertainty for ratios of marginal utilities, and Section 5 presents a brief empirical 

comparison. Finally, section 6 offers some conclusions 

2. The Carson & Czajkowski ‘new baseline’ model 

 

Carson & Czajkowski (2019) discuss the computation of WTP in the case of models without 

random heterogeneity. They apply a negative exponential to the coefficient estimated for the 

marginal cost to prevent it being positive, reformulating the model from (1) as follows: 
 

 𝑉 = −exp(𝛾) . 𝑐 + 𝛽" . 𝑥 + ⋯        (3) 
 

The WTP from this specification would then be calculated as WTP	= %!
&'()(+). While this 

restriction may appear reasonable in terms of economic theory, it is questionable whether it is 

beneficial in model building. Imagine a situation where due to either data problems or an 

endogenous price/quality relationship (e.g. Palma et al., 2016), the value for the cost coefficient 

is positive at the optimum. Such a finding is beneficial to the analyst in terms of then being 

able to improve the model or deal appropriately with any data issues. Therefore, preventing the 

estimation from highlighting a problem is not in anyone’s interest. With the specification in 

Equation (3), 𝛾 would then tend to negative infinity, such that −exp(𝛾) would tend to zero, 

rather than the optimal value. 

 

The authors also suggest that their formulation … “avoids problems associated with non-

existent moments of the resulting WTP ratio distribution”. This point, unfortunately, mistakes 

asymptotic distributions of uncertainty for assumed population level distributions, a point we 

address in detail in the following section of the paper. They also state that, without this negative 

exponential restriction, “the mean and standard deviation of the resulting WTP ratio 

distribution are undefined”. This is factually incorrect in the case of fixed coefficients models 

(i.e. without a population-level distribution), where the WTP ratio does not have a distribution; 

presumably they intended to refer to the distribution of the estimate of WTP. But again, this 

misunderstands the nature of asymptotic distributions. We show, below, that the results of 

specifications (1) and (3) are exactly equivalent across specifications, as are their statistical 

properties. The authors acknowledge the mathematical equivalence between the specifications, 

but motivate the use of the exponential transform on the grounds of small sample size 

properties. As we will explore in an empirical example later in the paper, these advantages do 

not in fact exist.  

 

The use of the above specification also implies two practical problems. A key step in choice 

modelling involves testing the significance of individual model coefficients; in the case of a 

cost coefficient, testing whether the estimate is different from zero. With the proposed 

specification (3), the fact that we obtain an estimate of 𝛾 actually complicates matters. A t-ratio 

for 𝛾 against zero only tells us whether the cost coefficient is different from ‑1, which is not 

helpful. To establish whether the cost coefficient has a significant impact on the model would 

require either a likelihood ratio test against a (separately estimated) model excluding the cost 

coefficient, or the calculation of a standard error for −exp(𝛾), a point we return to in Section 

3. Finally, and this was not considered by the authors, the use of an exponential transform in 

estimation can create more harm than good. A search for maximum likelihood estimates 

involves making changes to the parameter values, and changes of the same step size can have 

a much larger impact for those parameters to which an exponential transform is applied. 
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3. Population-level vs asymptotic distributions 

 

It is well-known that the maximum likelihood estimates of utility function coefficients have an 

asymptotically Normal distribution. In this context, some authors have argued that calculating 

the moments of the distribution of the WTP estimate may be problematic, because of the non-

existence of moments of a ratio distribution resulting from dividing two normally distributed 

variables (a fact long known in statistics). In that case, the mean and standard deviation of the 

resulting WTP ratio distribution would be undefined, and the resulting distribution would be 

not Normal, being typically skewed and potentially bimodal.  

 

But this issue relates to the ratio of normally distributed parameters, and not to the ratio of 

estimates that have the lesser property of asymptotic Normality. Given this confusion, it seems 

necessary to explain the distinction between an assumption relating to the distribution of a 

parameter in the population and the uncertainty affecting the estimator of a coefficient.  

 

Let us assume that our model contains a vector of unknown coefficients 𝛽 which are estimated 

using the maximum likelihood criterion. We take a frequentist view that there exists a single 

true value 𝛽∗. Provided regularity conditions are met and the model is correctly specified, the 

expected score (first derivative of the log-likelihood function 𝐿𝐿 with respect to the model 

coefficients) is zero at the optimum and the maximum likelihood estimates (MLE) 𝛽6  tend, as 

the sample size 𝑁	increases, to a Normal distribution around the true values 𝛽∗. In particular, 

we have that √𝑁9𝛽6 − 𝛽∗: → 𝒩(0, Ω), where Ω is the covariance matrix, given by: 

 

Ω = @−𝐸 B.#//(%).%# CD&0        (4) 

 

Maximum likelihood estimates are asymptotically efficient, meaning that they achieve the 

Cramér-Rao lower bound in the limit. The standard errors, which give a measure of the 

uncertainty affecting an estimator of a coefficient in a model, are given by the square root of 

the diagonal of Ω.	 
 

Two important observations need to be made here.  

 

First, given finite sample sizes, the key property of MLE is one of asymptotic Normality, rather 

than Normality, and this important distinction seems to be poorly understood. Asymptotic 

Normality can be applied to obtain point estimates like standard errors and ‘t’ ratios, but what 

happens as we move further away from the optimum, e.g. in calculating confidence limits, is 

not defined by maximum likelihood theory. The estimates are not distributed exactly Normal, 

and any theoretical insights/claims based on an assumption of Normality may be misguided. 

 

Second, asymptotic Normality is a property of MLE of model coefficients, unlike population 

mixing distributions (as in the case of, for example, MMNL models), where an analyst makes 

a decision on the assumed shape of a distribution for each marginal utility component. 

Asymptotic normality applies to estimates of fixed marginal utility components, as in the MNL, 

as well as estimates of the parameters explaining the distribution of coefficients varying 

randomly across individuals, as in MMNL. For the latter, the estimates of the parameters of the 

assumed distribution will have this property, and this is independent of the distributional 

assumptions made by the analyst.  
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The above two points highlight that asymptotic Normality of estimates is a fundamentally 

different property from a population level distribution. The similarity of form is beguiling but 

needs to be resisted. It is widely known that the inverse of a Normal distribution does not have 

defined moments, and this knowledge is at the heart of any guidance (e.g. in Daly et al., 2012b) 

to not assume Normal distributions over the population for a cost coefficient used as the 

denominator in (2). The confusion, which seems to persist in the literature, is the mistaken 

belief that this same finding also applies to the calculation of a ratio where the denominator is 

a parameter whose estimate follows an asymptotic Normal distribution. However, such 

theoretical insights on population level distributions of ratios based on distributed parameters 

must not be used to say anything about the statistical properties of these ratios, that is, their 

error measures, as we now discuss, drawing on Daly et al. (2012a). 

 

Let us consider a re-parametrisation of the model by an invertible one-to-one vector function 

to obtain a vector 𝜂 with the same dimension as 𝛽: 

 𝜂 = 𝑔(𝛽)			and			𝛽 = 𝑔&0(𝜂)        (5) 

 

With these conditions, and assuming continuity and differentiability, Cramer (1986) shows that 

the essential MLE properties are not affected by the transformation, so that 𝜂̂ = 𝑔9𝛽6: is a 

maximum likelihood estimate of 𝜂. Greene (2008) similarly indicates that, if 𝛽 is 

asymptotically Normally distributed and 𝑔(𝛽6)	is continuous, then 𝑔(𝛽6) is also asymptotically 

Normally distributed.  

 

This highlights the clear distinction between Normality and asymptotic Normality. If we have 

that a given parameter 𝛽1 follows a Normal distribution in a population, then the distribution 

of its inverse does not have finite moments. However, if 𝛽61 is an asymptotically Normal 

parameter estimate, then the estimate of its inverse maintains the property of asymptotic 

Normality.  

 

In summary, because of the invertible relationship (5), we could just as easily have estimated 

a value for 𝜂 and derived a value for 𝛽 as vice versa. This point is fundamental to the 

understanding of the re-parametrisation of models and the properties of the MLE. The 

transformation does not affect the properties of minimum variance, consistency and asymptotic 

Normality that apply to MLE. 

 

Let us now consider the implications of this discussion for a utility specification such as (3). 

Its use will yield estimates for 𝛾, 𝛽" and any other parameters included in the model. Using the 

notation from (5), we then have that 𝜂 = −exp(𝛾), that is, the function 𝑔 is the negative 

exponential. Assuming that the optimum estimate of 𝜂 is negative, we can then state a number 

of facts: 
 

• With 𝑔 being a differentiable function, and with 𝛾K being a maximum likelihood 

estimate, the property of asymptotic Normality also applies to 𝜂 = −exp(𝛾), such that 𝜂̂ = −exp(𝛾K)	is a MLE of 𝜂, with the associated MLE properties of minimum variance 

and consistency. 

• The estimate we obtain for 𝛾 (i.e. 𝛾K) is exactly equal to log	(−𝛽6!), with 𝛽6! being the 

estimate obtained when using a model of the form in (1). 

• The estimate and standard errors for any other untransformed coefficients (e.g. 𝛽") 

remain the same as those obtained when using a model of the form in (1). 
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• The estimate for the WTP (i.e. 
%2!

&'()(+3)) is the same as that obtained using a model of 

the form in (1), which gives 
%2!
%2". 

This discussion highlights misconceptions in the need for a specification such as (3) and 

already, in itself, removes the need for such a solution.  

4. Calculating measures of uncertainty for WTP 
 

We look now at the key question of how to calculate measures of uncertainty for WTP. We 

start by looking at the computation of standard errors before discussing the computation of 

confidence intervals.  

 

A simple method for calculating the standard deviation of a function of random parameters is 

the Delta method, which goes back at least to Bessel (1838). It is generally presented in our 

field as an approximation, based on a Taylor series expansion (see Ortúzar & Willumsen, 2011, 

Chapter 9). Statistical textbooks show that, given appropriate conditions, a first-order 

approximation to the error in the estimate of 𝜂 = 𝑔(𝛽) induced by the error in the estimate of 𝛽 is given by (e.g. Greene, 2008): 
 𝑐𝑜𝑣(𝜂) = 𝑔45Ω𝑔′         (6) 
 

where 𝑔4 is the matrix of first derivatives of the function 𝑔 with respect to 𝛽, and Ω is the 

covariance matrix of the estimates of 𝛽. 

 

However, in the case of MLE, these formulae can be given a different interpretation. Cramer 

(1986) shows that, in the context of (5), the covariance of 𝜂 as given in (6) is the Cramér-Rao 

lower bound, so that the estimate of 𝜂 has the full MLE properties. Daly et al. (2012a) used this 

result to show that a likelihood function which has been maximised with respect to one set of 

parameters can also be considered to have been maximised with respect to parameters derived 

by transformations of the first set. The optimum values of the new coefficients are the 

transformed values of the old ones, and their estimation errors are given by the formulae of the 

Delta method, which in this context, and contrary to prevailing views in the literature, is not an 

approximation. Therefore, a model can be estimated with a specification that is convenient and 

then transformed to a different specification as required, without losing the maximum 

likelihood properties of the estimates. A full statement of this central result is given in 

Appendix 1. 

 

In the context of WTP estimation based on a model without random heterogeneity, such as the 

MNL2, it may be convenient to estimate the model with a utility function of the form shown in 

(1). This would yield optimal estimates 𝛽6! (which we can assume to be negative) and 𝛽6", along 

with estimation of asymptotic standard errors 𝜎! and 𝜎" and covariance 𝜎!," of the estimates. 

Equation (2) is used to calculate the WTP from this model. We then have that 𝑔 = %!
%", and 

applying (6), we can calculate the standard error of the WTP as: 
 

𝜎758 = 9𝛽6" 𝛽6!⁄ :TU 9!#
%2!#	

+ 9"#
%2"#	

− ;9",!
%2!%2"V      (7) 

 

 
2 This includes models with non-linear functions and/or with systematic taste variations. 
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This is the correct asymptotic error for the WTP rather than an approximation. Readers can 

easily convince themselves of this using a simple empirical proof, by estimating a model in 

WTP space, as we do in Section 5. It is well known (Cameron, 1988; Train & Weeks, 2005; 

AHCG, 1996) that the model in (1) can be rewritten as: 
 

 𝑉 = 𝛽! . (𝑐 + 𝑣" . 𝑥 + ⋯)        (8) 
 

in which case we would have obtained optimal estimates 𝛽6! (as before) and the WTP 𝜈̂", along 

with their standard errors and covariance. Train & Weeks (2005) show that (8) is consistent 

with (1), and leads to the same model fit in the specific case of fixed coefficient models with 

linear utility functions. Similarly, it can then easily be seen that 𝜈̂" = 𝛽6" 𝛽6!⁄ , that is, the directly 

estimated WTP from a model using (8) is in line with that based on the estimates of a model in 

preference space (2). What the results in Daly et al. (2012a) show, is that the standard error 

obtained for 𝜈̂" is identical to the standard error calculated using (7) for a model estimated in 

preference space, that is, the value that would be given by the Delta method. The model can be 

estimated using (1) or equivalently using (8), as is convenient.  

 

The same reasoning applies to a specification such as (3). We have already discussed how this 

specification yields the same WTP as (1) and hence also (8). We can now also state that the 

Delta method can be used to calculate the standard error for 𝜂̂ as 𝜎< = exp(𝛾K) 𝜎+, where 𝛾K is 

the MLE, with standard error 𝜎+. The resulting standard error 𝜎< is the same as that obtained 

for 𝛽6! using a model of the form in (1). The asymptotic distribution of the estimate for the 

parameter without a restriction (𝛽6!) is thus the same as the asymptotic distribution of the 

restricted parameter (i.e. −exp(𝛾K)). How can it be that an estimate to which we apply the 

negative of an exponential, which is by definition negative, still has an asymptotic Normal 

distribution? The key lies in the word asymptotic – Normality is derived as an asymptotic 

property and applies only in a neighbourhood around the MLE, where the second-order 

approximations for these two functions are equal. 

Further, applying the Delta method, we have that 𝜎758(=) = X9!#>%2!#9"#&;%2!9!,%
'()(;+3) , which is the 

same as the standard error for the WTP for models using (1), and the same as 𝜎?! for models 

using (8). 

 

It should also be noted that the use of the Delta method does not, in any way, imply that the 

cost coefficient needs to be fixed. If 𝛽! and possibly also 𝛽" are distributed across individuals, 

the analyst needs to first use the results in Daly et al. (2012b) to determine the existence of 

moments for the distribution of WTP. If these moments can be expressed as a function of 

estimated parameters, then the analyst can again use the Delta method for the moments of the 

distributed WTP. We present a simple illustration of this in Appendix 2.  

 

In addition to the Delta method, the work of Krinsky and Robb (1986, 1991) is often cited in 

environmental economics and marketing. Their simulation procedure is lengthy but correct in 

principle for the cases they present in 1991, where they found close agreement with the Delta 

method. The Krinsky and Robb approach is based on drawing from the asymptotically Normal 

distribution of the estimates, so that it yields asymptotically Normal estimates of functions of 

the estimates, providing conditions of boundedness are met. The approach can be used to 

calculate standard errors for functions only in those cases where the functions do not involve 

ratios. In cases where ratios are involved, such as in WTP, the Krinsky and Robb approach 
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must not be used to compute standard errors, though it can still be used for the computation of 

empirical confidence intervals.3  

 

The above discussion has explained how standard errors can be calculated accurately for WTP 

measures. Our attention now turns to confidence intervals around the estimates. Care is again 

required given the asymptotic nature of the distribution of coefficient estimates. The natural 

tendency to calculate a C% confidence interval using 𝛽6 ± 𝑧∗𝜎%, where 𝑧∗ is the upper 
0&@
;  

critical value for a 𝑁(0,1) distribution, relies on the assumption of asymptotic Normality. In 

the case of coefficients (or functions thereof, such as WTP) with small standard errors relative 

to their estimates (i.e. high t-ratios), the above calculation can be acceptable. However, it is far 

from clear what level of statistical significance is required to make the 𝛽6 ± 𝑧∗𝜎% calculation 

acceptable. Other approaches for calculating confidence intervals thus deserve attention too. 

 

A commonly used method in environmental economics is that of Fieller (1954), which 

calculates the confidence limits as: 
 

𝑉ABC, 𝑉AD" = E"!&FE"!# &E""E!!
E"" , E"!>FE"!# &E""E!!E""     (9) 

 

where 𝑆!! = 𝛽6!; − 𝑡;𝜎!;; 𝑆"" = 𝛽6"; − 𝑡;𝜎";;  𝑆!" = 𝛽6!𝛽6G − 𝑡;𝜎!", and where 𝑡 is the critical t 

value. What is often not recognised is that this assumes exact Normality rather than asymptotic 

Normality. This calculation is also offered as one approach by Armstrong et al. (2001); note 

that although their formula looks rather different it is in fact the same. 

 

Another approach is the ‘likelihood ratio’ (LR) method also proposed by Armstrong et al. 

(2001), who draw a parallel between the test that a statistic is outside the confidence limit and 

the 𝜒; test that estimating a free parameter gives a significant improvement from fixing the 

parameter at the confidence limit. This approach is ingenious and avoids the issue caused by 

the denominator approaching zero, but relies heavily on knowledge of the likelihood function. 

For example, if the function contains local optima, it is quite possible that spurious results can 

be obtained. The LR approach is, as acknowledged by Armstrong et al. (2001), also 

computationally intensive. They find that the confidence limits given by the Fieller approach 

are similar to those of the LR approach, at least for the data they tested. The Fieller formula is 

based only on the curvature of the likelihood function at the optimum, while the LR approach 

looks at likelihood values away from the optimum, when the curvature of the function may 

change. The Fieller formula is simply not applicable in this case, because the distribution of 

the estimates is asymptotically Normal, not Normal.  

 

An approach that has received less attention than one would expect in this context is 

bootstrapping4. The Bootstrap operates by sampling 𝑁 observations from the original sample, 

with replacement, repeated a number of times as chosen by the analyst, say leading to 𝑆 samples 𝐷0, … , 𝐷E. Individual models are then estimated yielding 𝑆 sets of coefficient values (e.g. the 

vector 𝛽6(H) in run 𝑠). The concept on which the Bootstrap is based is that, if the original data 

 
3 A referee points out that unbounded results can be avoided in the Krinsky & Robb approach by truncating the 

distribution of the denominator at or close to zero. However, this changes the mean and standard deviation of the 

distribution and can only be acceptable when an extremely small fraction of the distribution is censored. In 

calculating confidence limits, however, the extreme values are automatically censored as they fall outside a 

reasonable confidence range. 
4 An alternative resampling technique that could also be used is the Jackknife (Shao & Tu, 1995). 
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is a representative sample from the population being studied, then the Bootstrap samples also 

resemble samples that might be drawn if the sampling were done again. For that reason, they 

give the sampling variance that may be expected. 

 

In the context of data with multiple observations per individual, it is necessary to sample at the 

level of individuals rather than observations. The covariance matrix of the coefficient estimates 𝑐𝑜𝑣(𝛽6(0), … , 𝛽6(E)) is calculated as their covariance over the Bootstrap samples and an 

empirical confidence interval for WTP can be obtained from the distribution of               

𝑊𝑇𝑃(H) = %2!(')
%2"(')

, ∀𝑠. This process is, of course, computationally expensive with a large value 

for 𝑆, especially with complex models, but does not rely on any assumptions about Normality, 

asymptotic or otherwise. 

5. Empirical example 
 

We now present a brief empirical example using a stated preference (SP) dataset collected by 

Axhausen et al. (2008) in the context of value of time calculations. A set of 388 people faced 

nine choices each between two public transport routes, both using train. The alternatives were 

described by travel time (tt), travel cost (tc), headway (hw, time between successive trains) and 

the number of interchanges (ch). We estimate three binary logit models5 using specification 

(1), in preference space, specification (8), in WTP space, and specification (3) in preference 

space. All models were estimated using Apollo (Hess & Palma, 2019).  

 

The results of the model estimation on the full sample are shown in Table 1. For the 

conventional preference space specification and the Equation (3) specification we also show 

the calculated WTP values, along with the standard errors computed using the Delta method. 

For the Equation (3) specification we also do this for the cost coefficient, which is obtained as −exp	(𝛾). We show both ‘Classical’ errors, based on the inverse Hessian matrix, and ‘Robust’ 

errors, based on the ‘sandwich’ matrix (cf., Train, 2009; Huber, 1967). The ‘robust’ errors 

allow for certain types of specification error in the model. Appendix 1 shows that the Delta 

method can also be applied to robust error measures. 

 

As expected, all three models produce exactly the same log-likelihood (LL), but the 

specifications where the utility is not linear in coefficients require more iterations to reach 

convergence. Any untransformed coefficients are the same across models, such as the non-cost 

coefficients for the first and third model, and the cost coefficient for the first and second model. 

 

In addition, the implied WTP are the same in the first and third model, and equal to the 

estimated WTP measures in the second model (up to numerical precision). More importantly, 

for both classical and robust errors, the standard errors calculated using the Delta method for 

the WTP measures in the first model are equal (within the accuracy of the computation) to the 

standard errors for the directly estimated WTP in the second model. Finally, the same applies 

for the calculated standard errors for WTP when using the Equation (3) specification. 

 

We have already pointed out that asymptotic Normality is a large sample property. Now, we 

also investigate small sample implications. For this, we estimated 96 models for each 

 
5 Note that this specification would not be acceptable for a proper estimation of WTP, as the MNL does not 

consider the ‘pseudo panel’ effect implicit in SP data. However, here it is convenient to illustrate the issues to 

which the present paper is addressed. 
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specification, going from the full sample to retaining only the first 20 respondents, removing 

around 1% of respondents from the end of the data at each step.  

 

Table 1: Full sample estimation results on Swiss data 

 
Preference space (Equation 1) WTP space (Equation 8)  Equation (3) specification 

Estimated 

parameters 
4 4 4 

Iterations 15 21 18 

LL(final) -1665.699 -1665.699 -1665.699 

Adj. 𝜌!(0) 0.3102 0.3102 0.3102 

 
         

 

estimate 
classical 

s.e. 

robust 

s.e. 
estimate 

classical 

s.e. 

robust 

s.e. 
estimate 

classical 

s.e. 

robust 

s.e. 

𝛽"" (travel time) 
-0.0598 0.0043 0.0067 -  - -0.0598 0.0043 0.0067 

𝛽"# (travel cost) 
-0.1318 0.0135 0.0236 -0.1318 0.0135 0.0236 -  - 

𝛽$% (headway) -0.0375 0.0018 0.0023 -  - -0.0375 0.0018 0.0023 

𝛽#$ (changes) 
-1.1521 0.0434 0.0613 -  - -1.1521 0.0434 0.0613 

𝑣"" 
-  - 0.4534 0.0285 0.0555 -  - 

𝑣$% -  - 0.2841 0.0301 0.0518 -  - 

𝑣#$ 
-  - 8.7393 0.8993 1.5323 -  - 

𝛾 (travel cost, 

exp form) 
-  - -  - -2.0264 0.1025 0.1791 

 
         

Implied values          

𝛽"# (travel cost) -  - -  - -0.1318 0.0135 0.0236 

𝑣"" 
0.4534 0.0283 0.0555 -  - 0.4534 0.0285 0.0555 

𝑣$% 0.2841 0.0302 0.0518 -  - 0.2841 0.0302 0.0518 

𝑣#$ 8.7400 0.8996 1.5329 -  - 8.7400 0.8996 1.5329 

 

Given the wealth of results, we present an overview in graphical format in Figure 1, where we 

rely on four key metrics, showing the evolution of the log-likelihood per observation, the 

estimate of one of the three WTP measures, namely the value of travel time (VTT), and finally 

the classical and robust standard error of the VTT, multiplied by the square root of the sample 

size used.  
 

Figure 1 approximately here 

 

For the LL per observation, we see that, in the plot, it is not possible to distinguish the results 

of the standard preference space model (Equation 1) and the WTP space model (Equation 8), 

where we observed a maximum difference of less than 0.001% for the WTP space model 

compared to the preference space model. For the model using the Equation (3) specification, 

two larger differences arise in the models removing 88% and 95% of the sample, respectively. 

For these two segments, that model converges to an inferior solution than the other two models. 

When estimating a model on just 12% of the sample, we obtain a LL per observation of -0.4511 

compared to the base model LL of -0.4368, i.e. a drop of 3.2%, while, when estimating a model 

on just 5% of the sample, the difference is even larger, with the specification using Equation 3 

giving a LL per observation of -0.4574, compared to -0.4312 for the base model, i.e. a drop of 

5.7%. However, far from this being a result of some benefits of the specification, it seems an 



 

 11 

illustration of the numerical issues that can arise in estimation due to the exponential transform, 

meaning that the model based on Equation 3 converges to an inferior solution. 

 

The findings for the estimates of the WTP are in line with theory and the findings from the LL 

plot. The WTP space results never differ by more than 0.57% compared to preference space 

(with an average of 0.047% deviation). The same is true for the Equation (3) specification with 

the exception of very large deviations in the models removing 88% and 95% of the sample, 

respectively. For the first of these, we obtain a VTT of CHF 516.24/hr, compared to the base 

model result of CHF 34.21/hr (i.e. an overestimation by more than 1,400%). For the estimation 

on our smallest sample size, the difference is even larger, with an estimate of CHF 2767.92/hr, 

compared to the base model result of CHF 24.84/hr (i.e. an overestimation by more than 

11,000%). Removing these two outliers gives us differences of up to 0.51% compared to the 

preference space model using Equation 1, with an average of 0.049%. 

 

Finally, for the standard errors for WTP, we see maximum differences of 2.37% (classical) and 

2.85% (robust) when comparing WTP space with preference space, with average differences 

of 0.19% (classical) and 0.22% (robust). For the Equation (3) specification we again see the 

impact of the two runs with poor convergence, with infinite classical standard errors and very 

large robust standard errors in those two cases. Removing these, we see maximum differences 

of 1.96% (classical) and 2.07% (robust) compared to the preference space model, with averages 

of 0.18% for both classical and robust. 

 

This analysis of progressively smaller samples highlights that the three model specifications, 

except for two outliers, remain entirely consistent with each other, in line with our theoretical 

points. In addition, not only are the differences negligible, but there is no indication that they 

are anything other than white noise, and do not become larger at smaller sample sizes 

 

We finally look at the use of bootstrapping for confidence intervals, contrasting the findings 

for the specification in equation (1) with the equation (3) specification. We look at the full data 

(388 individuals), and reduced samples containing the first 100 individuals, and the first 50 

individuals, respectively. This latter is a reasonable lower bound in terms of sample size for 

any credible study. We use 200 Bootstrap samples in each case. The results of this process are 

summarised in Table 2.  

 

Table 2: Bootstrap results 

 

 N=388 N=100 N=50 

 
 Base Eq. (1) Eq. (3) Base Eq. (1) Eq. (3) Base Eq. (1) Eq. (3) 

M
L

E
 𝑊𝑇𝑃$  27.21 27.21 23.43 23.43 34.24 34.25 

𝜎!"# (robust s.e.) 3.33 3.33 5.32 5.32 13.88 13.90 

B
o

o
ts

tr
a

p
 r

e
su

lt
s 

Mean 27.84 27.85 24.79 43.20 34.65 636.33 

Median 27.57 27.57 23.85 23.85 32.97 33.44 

Standard deviation 3.26 3.26 7.08 117.30 38.67 6,655.84 

2.5th percentile 22.40 22.39 15.54 15.54 17.50 19.76 

97.5th percentile 34.75 34.75 40.47 441.14 95.00 3,176.13 

Skewness 0.37 0.37 2.16 6.87 -5.52 13.83 

Kurtosis 2.99 2.99 12.70 52.87 55.17 194.12 

𝑚𝑒𝑎𝑛 *𝐿𝐿$&$ − 𝐿𝐿&'()𝐿𝐿&'() - 
- 0.00% - 0.02% - 0.11% 
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𝑚𝑎𝑥 *𝐿𝐿$&$ − 𝐿𝐿&'()𝐿𝐿&'() - 
- 0.00% - 1.25% - 8.41% 

 

For the full data case, we see that the Bootstrap means are close to the MLE, and the Bootstrap 

standard deviations are very similar to the robust standard errors. In addition, there is only a 

little skewness in the distribution, and no excess kurtosis (with 3 corresponding to Normal). 

Thus, for the full sample the distribution remains largely symmetrical, allowing an analyst to 

compute confidence intervals on the basis of the standard errors (i.e. the asymptotic results). 

We also see no difference between both specifications in model fit. 

 

Once we move to smaller samples (N = 100 and N = 50), we see evidence of asymmetry in the 

distribution of Bootstrap results for the base model specification (1), along with standard 

deviations that quickly outstrip the asymptotic standard errors, indicating the limited 

applicability of the asymptotic assumption. We also see substantial excess kurtosis and greater 

skewness. The negative value for skewness for the base specification (1) model with N = 50 

deserves attention. This is caused by a small number of the samples (4 out of 200) yielding a 

positive cost coefficient, which, by being close to zero, gives large negative WTP. The 

Equation (3) specification prohibits such positive cost coefficients – leading to a loss in fit for 

these four samples (by up to 8.41%) given that the optimum is at a value not allowed by the 

specification. The further undesirable side effect of this is that for these samples the cost 

coefficient of the alternative specification becomes arbitrarily close to zero, leading to an 

explosion in WTP, and making the standard deviation and confidence intervals unusable 

(exactly the problem that the specification was trying to avoid). 

 

Problems for the Equation (3) specification also arise with N = 100. Even though none of the 

Bootstrap samples led to positive cost coefficients with the base specification, the alternative 

model yields some outlying values, most likely due to slightly inferior solutions, a problem we 

attribute to the use of the exponential transform and the resulting numerical problems. 

 

These findings suggest that, in those cases where the specification of Equation (3) is in line 

with the standard model, it offers no benefits. But in those cases where its results differ from 

the standard specification, the model fit in repeated sampling is worse than for the base 

specification (1), and the implied confidence intervals are not useful. 

6. Conclusions 

 

We have set out, in general, how modellers can deal in practice with the issues that arise in 

estimating WTP and its accuracy. 

 

The fundamental issue is that many authors seemingly fail to appreciate the difference between 

asymptotic Normality and Normality. The lesser property of maximum likelihood estimates, 

that they are distributed asymptotically Normal, cannot justify imposing a full Normal 

distribution. It is the assumption of a full Normal distribution that causes the problem that the 

denominator of the WTP ratio seems to be close to zero. 

 

In contrast, the result in Daly et al. (2012a) shows that the same model could have been 

estimated with a different specification, in which the WTP is estimated directly and therefore 

its estimate has an asymptotic Normal distribution. This apparent paradox is caused by the fact 

that the estimates are not distributed Normal, but only asymptotically Normal. Once again, the 

errors can be calculated exactly using the Delta method, giving the same standard errors as for 

preference and WTP space.  
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Given these theoretical points, and our empirical results in Section 5, we therefore conclude 

that using, for example, an exponential transform to try to solve the issues discussed, is not 

only technically incorrect, but also unnecessary and misleading. It is unnecessary because 

simpler formulations, less prone to practical difficulties, can give the same result and both the 

estimates and the estimation errors can be transformed as required. It is misleading because it 

suggests that there is an issue with the ratio calculation. Furthermore, it does not have any of 

the promised small sample size advantages put forward by the authors advocating its use. 

 

In determining the most appropriate way to estimate the accuracy of WTP measures, it is useful 

to consider the reasons for requiring to know the accuracy. 

 

• To test whether WTP is significantly different from zero, going beyond a test for the 

numerator alone, and thus taking into account positive or negative correlation between 

the estimates. 

• The standard error of WTP may be needed to give a general indication of its accuracy, 

for comparison with other models and other studies, for example; in this case the Delta 

method gives a simple and suitable calculation.  

• It may be required to indicate confidence limits for WTP, for example to give ranges 

for which a specific policy might be appropriate; in this case the Delta method can also 

be used, but it must be recognised that this gives only asymptotic results. When the 

estimation accuracy is low, alternative methods may be needed. 

 

It is clear, and generally agreed, that when the relevant coefficients are estimated with 

reasonable accuracy, most of the methods proposed will give reasonable results in good 

agreement with the other methods6. Errors implying t ratios around 6 or 8 might be considered 

acceptable in this context7. In such cases, the Delta method can generally be used, as it is the 

simplest of the methods. 

 

To enhance the applicability of the Delta method, we present a theorem (see Appendix 1), 

which shows that Delta calculations can be applied to ‘robust’ error measures derived from the 

‘sandwich’ matrix, as well as to classical errors derived from the inverted Hessian matrix. 

These robust error measures have a wider applicability than classical errors, in terms of the 

assumptions needed. 

 

When the parameters are less accurately estimated it is more difficult to choose an appropriate 

approach. Asymptotic approaches will be less appropriate, as the confidence limits will lie 

further from the optimum and the assumption of a quadratic log-likelihood function will be less 

satisfactory. In these circumstances it may be useful to use the likelihood ratio approach of 

Armstrong et al. (2001) or a resampling approach such as bootstrapping, as in Section 5. While 

these approaches require considerable calculation, they are not asymptotic. The Armstrong et 

al. (2001) approach depends only on the correctness of the likelihood function, while 

bootstrapping is even more general. 

 

We should also note that in some cases the accuracy of estimation of WTP may be inadequate 

for the purpose. Even a t ratio of 4, which may well be thought to show that the WTP is 

 
6 However, methods involving sampling from a Normal distribution will ultimately return values close to or 

beyond zero and therefore cannot be recommended. 
7 It should be noted that when the coefficients are positively correlated, then the WTP may be more accurately 

estimated than either of the components in the ratio. The opposite could apply in the case of negative correlation. 
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significantly different from zero, implies two-sided 95% confidence limits of roughly ±50% 

and may well be inadequate as a basis for important investment or policy decisions. 

 

For transport applications, these findings should help analysts to report the accuracy of their 

results more easily, since we show that the simple Delta method can be applied in most 

circumstances. The Delta method can also be applied to ‘robust’ errors. 

 

Reporting the accuracy of results, in particular for the crucial estimates of the value of travel 

time, is an important contribution to professional transport policy analysis. 
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Figure 1: Small sample properties 

 

Appendix 1 
 

 

The theorems given in this Appendix justify the use of the Delta method with both classical 

and robust errors. 

 

Classical Theorem 
 

Let 𝛽6  be a correctly-specified maximum likelihood estimator of a vector with true value 𝛽∗ of 

dimension 𝐿 and let 𝛺 be the covariance matrix of 𝛽6  around 𝛽∗, given by the inverse of the 

negative of the Hessian. Let 𝛷:𝑅/ → 𝑅/ be a differentiable and invertible function. Then: 

 

1. 𝛷∗ = 𝛷!𝛽∗" is the true value of 𝛷(𝛽∗); 
2. 𝛷h = 𝛷9𝛽6: is a maximum likelihood estimator of 𝛷∗; and 

3. the covariance matrix of 𝛷h around 𝛷∗ attains the Cramér-Rao lower bound and is given 

by 𝑐𝑜𝑣(𝛷) = Ψ = 𝛷45𝛺𝛷′, where 𝛷′ is the first derivative matrix of 𝛷.  

 

Proof: outlined in Daly et al. (2012a) and given more completely in Cramer (1986). 

 

The theorem above applies only when the model is correctly specified. However, provided the 

likelihood scores are zero at the true values of the parameters, we can use an alternative error 

estimate, usually termed the ‘robust’ error matrix (for a discussion see, e.g., Train, 2009). Using 

the same notation as in the Classical Theorem, the robust matrix is given by the ‘sandwich’ 

(sw) formula 

 𝑐𝑜𝑣(𝑠𝑤)!𝛽#" = 𝛺(𝑠𝑤) = 𝛺	𝐵	𝛺,       [A1] 

 

where 𝐵 is the ‘BHHH’ matrix (Berndt et al., 1974), given by 𝑏𝑗𝑘 = ∑ 𝑏𝑗𝑘𝑛𝑛 = ∑ 𝜕𝐿𝐿𝑛
∂𝛽𝑗

𝜕𝐿𝐿𝑛
∂𝛽𝑘𝑛 , that 

is, the sample covariance of the scores. We use the notation of lower-case letters to indicate 

elements of vectors or matrices indicated by the corresponding upper-case symbols. 

 

The following theorem allows us to apply the Delta method to the robust matrix.  
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Robust Theorem 
 

In the context defined above for the Classical Theorem, 𝛷′𝑇Ω(𝑠𝑤)	𝛷′  is the robust error matrix 𝑐𝑜𝑣(𝑠𝑤)!𝛷#" for maximum likelihood estimation over 𝛷. 

 

Proof: The robust error matrix with respect to 𝛷 is given by  

 Ψ(𝑠𝑤) = 𝑋𝑀𝑋         [A2] 

 

where 𝑋 and 𝑀 are respectively the classical error matrix and the BHHH matrix, in each case 

defined with respect to 𝛷. From the classical theorem we know that the transformation of the 

classical matrix from 𝛽 to 𝛷 gives 𝑋 = Ψ as defined above. The required BHHH matrix 𝑀 is 

given by the sample covariance of the scores with respect to 𝛷 

 𝑀 = n𝑚T1p = n∑ 𝑚T1CC p = r∑ ./,
UV-

./,
UV.C s ,     [A3] 

 

using the notation that %𝑥𝑗𝑘& is the matrix whose 𝑗𝑘th element is 𝑥𝑗𝑘 and 𝑛 to index the sample. 

Now, by the chain rule, 

 
𝜕𝐿𝑛
∂𝛽𝑟 = ∑ 𝜕𝐿𝑛

∂𝜙𝑖 . 𝜙𝑟𝑖′𝑖         [A4] 

 

Hence, the 𝛽-based BHHH matrix can be expressed in terms of 𝜙 derivatives: 

 

𝑏𝑟𝑠𝑛 = 𝜕𝐿𝑛
∂𝛽𝑟

𝜕𝐿𝑛
∂𝛽𝑠 = )∑ 𝜕𝐿𝑛

∂𝜙𝑖 . 𝜙𝑟𝑖′𝑖 * )∑ 𝜕𝐿𝑛
∂𝜙𝑖 . 𝜙𝑠𝑖′𝑖 * = ∑ ∑ 𝜙𝑟𝑗′ +𝜕𝐿𝑛∂𝜙𝑗

𝜕𝐿𝑛
∂𝜙𝑘,𝑘 𝜙𝑠𝑘′𝑗   [A5] 

 

Noting that 𝛷 does not vary with 𝑛, terms can be summed and rearranged 

 

𝑏𝑟𝑠 = ∑ 𝑏𝑟𝑠𝑛𝑛 = ∑ ∑ ∑ 𝜙𝑟𝑗′ +𝜕𝐿𝑛∂𝜙𝑗
𝜕𝐿𝑛
∂𝜙𝑘,𝑘 𝜙𝑠𝑘′𝑗𝑛 = ∑ ∑ 𝜙𝑟𝑗′ 𝑚𝑗𝑘𝑘 𝜙𝑠𝑘′𝑗   [A6] 

 𝐵 can therefore be expressed as a matrix multiplication8 

 𝐵 = 𝛷45𝑀	𝛷4, i.e. 𝑀 = (𝛷45)&0𝐵(𝛷4)&0     [A7] 

 

So, we can now write the required matrix 

 

 Ψ(𝑠𝑤) = 𝑋𝑀𝑋 = Ψ -𝛷′𝑇.−1𝐵 -𝛷′.−1Ψ = 𝛷′𝑇Ω𝛷′ -𝛷′.−1𝐵 -𝛷′𝑇.−1𝛷′𝑇Ω𝛷′ 
 

   = 𝛷45Ω𝐵Ω𝛷4 = 𝛷45Ω(H\)𝛷4     [A8] 

 

which is the 𝛷 transformation of the original robust error matrix as required. 

 

 
8 Note that in the matrix multiplication 𝐴 = 𝐵2𝐶𝐷, elements of 𝐴 are given by 𝑎34 = ∑ ∑ 𝑏53𝑐56𝑑6465 .  
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Appendix 2 

 

To illustrate the use of the Delta method in the case of random coefficient models, let us look 

at the simple case of using two independent negative Lognormal distributions, with: 

 log(−𝛽")~𝑁9𝜇]^_&%! , 𝜎]^_&%!:		& 	log(−𝛽!)~𝑁9𝜇]^_&%" , 𝜎]^_&%":,		  [A9] 

 

that is, the logarithms of the negatives of the two coefficients follow a Normal distribution. 

 

The ratio of two Lognormal distributions is itself a Lognormal distribution, such that: 

 log(𝑊𝑇𝑃)~𝑁9𝜇]^_758 , 𝜎]^_758:,      [A10] 

 

with 𝜇]^_758 = 𝜇]^_&%! − 𝜇]^_&%" and 𝜎]^_758`T𝜎]^_&%!; + 𝜎]^_&%"; . With maximum 

likelihood estimates 𝜇̂]^_&%! , 𝜎K]^_&%!, 𝜇̂]^_&%" and 𝜎K]^_&%", we then now that 𝜇̂]^_758 and 𝜎K]^_758 have these same properties, and using the Delta method, we have that: 

 

𝑠. 𝑒. $𝜇%𝑙𝑜𝑔𝑊𝑇𝑃& = (𝑣𝑎𝑟(𝜇%𝑙𝑜𝑔−𝛽𝑥) + 𝑣𝑎𝑟(𝜇%𝑙𝑜𝑔−𝛽𝑐) − 2𝑐𝑜𝑣(𝜇%𝑙𝑜𝑔−𝛽𝑥 , 𝜇%𝑙𝑜𝑔−𝛽𝑐) [A11] 

 

and 
 𝑠. 𝑒. (𝜎3𝑙𝑜𝑔𝑊𝑇𝑃) =
4 𝜎(𝑙𝑜𝑔−𝛽𝑥*	
𝜎(𝑙𝑜𝑔−𝛽𝑥**𝜎(𝑙𝑜𝑔−𝛽𝑐*

𝑣𝑎𝑟(𝜎3𝑙𝑜𝑔−𝛽𝑥) + 𝜎(𝑙𝑜𝑔−𝛽𝑐*	
𝜎(𝑙𝑜𝑔−𝛽𝑥**𝜎(𝑙𝑜𝑔−𝛽𝑐*

𝑣𝑎𝑟(𝜎3𝑙𝑜𝑔−𝛽𝑐) + 2 𝜎(𝑙𝑜𝑔−𝛽𝑥 ∙	𝜎( 𝑙𝑜𝑔−𝛽𝑐
𝜎(𝑙𝑜𝑔−𝛽𝑥+𝜎(𝑙𝑜𝑔−𝛽𝑐

𝑐𝑜𝑣(𝜎3𝑙𝑜𝑔−𝛽𝑥 ,𝜎3𝑙𝑜𝑔−𝛽𝑐)
           [A12] 

 

where 𝑣𝑎𝑟	and 𝑐𝑜𝑣 relate to the variance (i.e. square of the standard error) and covariance of 

the maximum likelihood estimates, rather than to the moments of the population level 

distribution. 

 


