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Stochastic differential equations in a scale of Hilbert spaces.
Global solutions

Georgy Chargaziya® Alexei Daletskii®

Abstract

A stochastic differential equation with coefficients defined in a scale of Hilbert spaces
is considered. The existence, uniqueness and path-continuity of infinite-time solutions
are proved by an extension of the Ovsyannikov method. These results are applied to a
system of equations describing non-equilibrium stochastic dynamics of (real-valued)
spins of an infinite particle system on a typical realization of a Poisson or Gibbs point
process in R". The paper improves the results of the work by the second named
author “Stochastic differential equations in a scale of Hilbert spaces”, Electron. J.
Probab. 23, where finite-time solutions were constructed.
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1 Introduction

The purpose of this work is to study an infinite-dimensional stochastic differential
equation (SDE)
dg(t) = f(&(t))dt + P(&(t))dW (t), (1.1)

with the coefficients f and ® defined in a scale of densely embedded expanding Hilbert
spaces (X),c 4, Wwhere A CR is an interval, and W is a cylindrical Wiener process on
a fixed Hilbert space H. That is, f and ® are Lipschitz continuous maps X, — Xz
and X, — Hp := HS(H,X3), B > a, respectively, but are not in general well-defined
in any fixed X, with the corresponding Lipschitz constants L.z becoming infinite as
| — B8] — 0. Here HS(H, X;) stands for the space of Hilbert-Schmidt operators # — Xg.

Equation (1.1) cannot be treated by methods of the classical theory of SDEs in Banach
spaces (see e.g. [11] and [16]), because its coefficients are singular in any fixed X,.
Some progress has been achieved in the case where

Log~(B—a) %as |a—pF| =0, (1.2)

with ¢ = % Under this condition, a strong solution with initial value in X, exists in X3 up
to a finite time 7,5 ~ (8 — a)'/2, see [8]. This work generalizes the Ovsyannikov method
for ordinary differential equations, see e.g. [18, 4, 9], in which setting it is sufficient to
assume that g = 1.
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SDE in a scale of Hilbert spaces. Global solutions

It has been noticed in [9] that, in case of 0 < ¢ < 1, a solution of the differential

equation

d
Zult) = f(u(t), u(0) € Xa,

with f asin (1.1), exists in any X, 8 > «, with infinite lifetime. In the present paper, we
build upon the ideas of [9], which enable us to generalize the results of [8] and prove
the existence and uniqueness of a global strong solution £ of equation (1.1) in any Xg,
B > «, with initial value £(0) € X, provided (1.2) holds with 0 < ¢ < % Moreover, we
show that ¢ is p-integrable for any p < ¢! and has a continuous modification, which also
solves (1.1).

The structure of the paper is as follows. In Section 2 we introduce the framework
and notations and formulate our main existence and uniqueness result. In Section 3 we
obtain technical estimates, which play crucial role in what follows. Sections 4 and 5 are
devoted to the proof of our main existence and uniqueness result and derivation of a
growth estimate of the solution, respectively.

In Section 6, we consider an infinite system of coupled SDEs in S:= R of the form

doy(t) = fu(0)dt + @,(0)dW,(t), z €7, 7 = (01)zers (1.3)

where v C M = R%is a locally finite (countable) set (configuration) and W = (Wm)me7 is
a collection of independent Wiener processes in .S. We assume that the drift and diffusion
coefficients f, and ®, have the form

fz(ﬁ) = Z@xy(orvay)a (I)x(ﬁ) = Z\I/Iy(am,oy), (1.4)

yey yey

where the mappings ¢, : S xS = S and ¥,, : S x S — S satisfy uniform Lipschitz
conditions and have finite range, that is, ¢,, = ¥,, = 0 whenever |x —y| > r for a
fixed » > 0. The latter condition implies that, for any = € «, both sums in (1.4) have
finite number n, of non-zero elements. The numbers n,, € v, can be interpreted as
vertex degrees of the geometric graph ~, with the vertex set v and the set of edges
{{z,y} :z,y € v,|x —y| <r}. A natural approach to the study of system (1.3) is to
consider it as a single equation in a Hilbert or Banach space of sequences. However,
for general configurations v, the corresponding vertex degrees of the graph ~, are
unbounded, which implies that the system (1.3) cannot be controlled in a single Banach
space. This is in contrast to the case where v = Z? (or any bounded degree graph),
which has been well-studied, see e.g. [17] and more recent developments in, [1, 2, 21]
and references therein. However, under mild conditions on the density of v (holding
for e.g. Poisson and Gibbs point processes in R"), it is possible to apply the approach
discussed above and construct a solution in the scale of Hilbert spaces S} of weighted
sequences (0, )zc, such that erv |agc|2 e~ 7l < 50, a > 0. This approach was first used
in [8] where local solutions of the above system were constructed.

The study of the system (1.3) is motivated by applications in statistical mechanics. It
can be used for constructing and studying stochastic dynamics of countable systems of
particles randomly distributed in M (which can in general be any metric space). Each
particle is characterized by its position € M and an internal parameter (spin) o, € S.
Two spins o, and o, are allowed to interact via a pair potential if the distance between
x and y is no more than a fixed interaction radius r, that is, they are neighbors in the
geometric graph ,. Equilibrium states of such systems are described by “annealed” and
“quenched” Gibbs measures on I'(M, S) and S7, respectively. Here I'(M, S) is the space
of configurations {(x, 0;)},ec, with marks (see e.g. [15]) and S7 stands for the Cartesian
power of S.
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The questions of the existence, uniqueness and multiplicity of the above Gibbs
measures were considered in [7, 12, 13, 14]. The methods of the present paper and
forthcoming work [10] will allow to construct non-equilibrium stochastic dynamics
associated with these measures and study its ergodic properties. In particular, the
results of Section 6 are used in a forthcoming paper [10] for the construction of a
mixed-type jump diffusion dynamics in I'(M, S).

The study of such dynamics is motivated by a variety of applications, in particular in
modelling of non-crystalline (amorphous) substances, e.g. ferrofluids and amorphous
magnets, see e.g. [29], [27, Section 11], [6] and [12, 13]. Observe that the configuration
space I'(M,S) possesses a fibration-like structure over the space I'(M) of position
configurations ~, with the fibres identified with S7, see [12]. Thus the construction of
spin dynamics of a quenched system (in S7) is complementary to that of the dynamics in
I'(M). The latter has been discussed by many authors, see e.g. [25, 26, 20, 5, 3, 19] and
references given there.

Finally, in Section 7 we give two further examples of the maps satisfying condition
(1.2).

For a discussion of the relationship of our construction with the results on SDEs in
nuclear spaces ([22, 23]) see [8].

2 Setting and main results

In this section we introduce the general framework we will be using below. Let
us consider a family 8 of Banach spaces B, indexed by a € A := [a,,a*] with fixed
0 < a.,a* < oo, and denote by ||-|| 5 the corresponding norms. When speaking of these
spaces and related objects, we will always assume that the range of indices is [a., a*],
unless stated otherwise.

Definition 2.1. The family ®8 is called a scale if
Ba C Bg and ||ul|p, < [lul|p, forany« <pj, u€ Ba, o, € A,

where the embedding means that B, is a dense vector subspace of Bg.

We will use the following notations:

B:= Uae[a*,a*)Bw B:= mae(a*,@*]Ba.

Definition 2.2. For two scales B, B, (with the same index set) and a constant g > 0 we
introduce the class GL,(B1,B>) of (generalized Lipschitz) maps g: By — Bs such that

(1) g(B1,o) C By g for any a < 3;
(2) there exists constant L > 0 such that

L
lg(w) = g()llp, , < B—af [u—vlp, 2.1
for any a < f and u,v € B ,.
We will write g[,q(%) = g[,q(fBl, %2) if B =By =: B.
Remark 2.3. g € GL£,(B1,B2) generates a map B; — B,.

Observe that (2.1) implies the linear growth condition

18— ol

for some constant K and any a < 5. Without loss of generality we assume that K = L.
In what follows, we will use the following three main scales:

lo(wllg, , < (1+lullg,, ) ue B, 22)

ECP 28 (2023), paper 50. https://www.imstat.org/ecp
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(1) the scale X of separable Hilbert spaces X,;
(2) the scale $ of spaces

H, = HS(H, X,) := {Hilbert-Schmidt operators # — X, }, (2.3)

for a fixed separable Hilbert space H;
(3) the scale 3. of Banach spaces Z&T of predictable random processes u : [0, 7] — X,
with finite norm
p )1/p
Xa

’

lull 25 ;:tsggq(EHu(ﬂl
PR

defined on a suitable filtered probability space P := (Q, F, {F;}i>0, P).

Our aim is to construct a strong solution of equation (1.1), that is, a solution of the
stochastic integral equation

u(t) = ugp —|—/O f(u(s))ds —|—/0 D(u(s))dW(s), t € [0,T], (2.4)

with coefficients acting in the scale X. Here W (t), t < T, is a fixed cylindrical Wiener
process in H (cf. (2.3)) defined on the probability space P. We suppose that ug is an
Fo-measurable p-integrable X, -valued random variable, for a fixed o € [a,,a*) and
D=2

The following theorem states the main result of this paper.
Theorem 2.4 (Existence and uniqueness). Assume that f € GL,(X) and ® € GL,(X,$)
for some q € (0,1). Then, for anyp € [2,¢q') and T > 0, the following holds:

(1) equation (2.4) has a unique solution u € Zi*,Ti

(2) u € Zj 1 for any 8 > ;

(3) for any B > «, the solution u € ZZ,T has a continuous X g-valued modification that
satisfies (2.4).

The proof is given in Section 4 below. We will show that the map u — 7 (u), where

ﬂw@:m+Aﬂmw@+A¢w@MW@J€Mﬂ, 2.5)

has a unique fixed point in Z?T for any 8 > «, by Picard iterative process.

From now on, we keep random variable u fixed and assume without loss of generality
that it takes values in X, (otherwise, we can always re-define the parameter set .4). We
also fix p € [2,¢7") and an arbitrary 7 > 0 and write Z} instead of Zj .

Remark 2.5. Let us observe that if £ € Z? and o < § then ®(£(t)), t > 0, is a predictable
Hg-valued process because ® : X, — Hp is continuous by inequality (2.1). Inequality
(2.2) shows that

T 2
\/E |19, ds < 01 (14 1elz) < Ca (14 el ) < o

for some constants Cy, Cy > 0, because £ € Z2 C Z2. Thus the stochastic integral

/%%@MW@JSﬂ 2.6)
0

is unambiguously defined as a square integrable and almost surely continuous X g-valued
martingale, see e.g. [16], [28].

Remark 2.6. The solution u satisfies (2.4) as element of the space Zi*,r That is,
in a more explicit form, the first part of Theorem 2.4 states that sup;,< El[u(t) —
T(u)(®)x,. = 0.
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3 Main estimates

In this section, we derive certain estimates of the map 7 defined by formula (2.5).
We fix ¢ € (0, 1) and arbitrary p € [2,¢7}).

Theorem 3.1. Assume that f € GL,(X) and ® € GL,(X,$). Then T €GL,(37).

Proof. Let us fix @ < 8. Observe that f(u(s)) € Xg and ®(u(s)) € Hg for any v € Z? and
s € [0,T], and the integrals in the right-hand side of (2.5) are well-defined in X3.

We first prove the inclusion 7(Z%) C Zj. Let { € Z% and introduce the notation
TE)() := T(E)(t) —up = fot f(&(s))ds+ fot D (&(s))dW (s). Then, using the Holder inequal-
ity and well-known formula for the moments of the Ito integral (see e.g. [11, 28]) we
obtain

EIWWQQN&JfST”%V‘l;EHﬂﬂ$H&¢%

p/2 t
P /2—1 »
2 p{2(p—1)] r /OEH(I)(g(S))”HBdS- (3.1)

An application of estimate (2.2) to the right-hand side of (3.1) above shows that the
estimate

Ly [t
G [ BlEWIE, ds 32

BITO0I%,] < 5=

. p/2
holds with L(T) = (T?~ +p [L} TP/2=1)2p=1[7, so that

2(p—1)
Y/ L(T)T

(5= oy €llzz < oo (3.3)

1Tl < lluollzz + 11 T@llzz < lluollzs +
because ||u|zz < oo for any § > a.
B Now we shall show that condiiiion (2.1) of Definition 2.2 holds. Introducing notations
f(s) == f(&(s)) — f(&(s)) and (s) = P(&i(s)) — P(&2(s)), s € [0,T], and applying
arguments as above together with estimate (2.1) we see that

L(T) !
E[IT€)0-T@0Ik,] < G o [ Bla@ -aolkda 60
so that
T T < ’ E(T)T 3.5
T (&) — (fz)”z;; < WH& =&l 2z, (3.5)
and the proof is complete. O

Corollary 3.2. Forany a <  and alln € N we have T" : Z? — Zg, where T" stands for
the n-th composition power of T.

Lemma 3.3. Foranyn € N, a < 8 and £,n € Z? we have the estimate

wa (pryr \"
() — TP, < n —nl2,. 3.6
HT (5) T (n)HZB_ n' ((5—&)1"1) H§ UHZQ ( )
Proof. We fix a partition of the interval [«, 8] in n intervals [¢, Yr41], £ =0,...,n— 1,

Yo = «, ¥, = B, of equal length ﬁ*Ta Then, iterating estimate (3.4) with intervals

ECP 28 (2023), paper 50. https://www.imstat.org/ecp
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[k, Yr+1] in place of [a, 8], we obtain

E|[|T(T"H(O))(t) - T(Tnfl(n))(t)ll’;’(ﬂ}

L(TYnpe [t
< G [T e - T o, ds
L(Tynrs |t e )
< G /O /O /0 E [[(s) — n(s) | dsdty_ -~ dby, (3.7)
and the result follows. O

Corollary 3.4. Fix an arbitrary ¢ € («, 3). Settingn = T (§) € Z} and iterating estimate
(3.6) with o replaced by § we see that, for any m > n,

L S/ L(T)RT pha
I77(€) = T™(©llzz < llE = T©llzz Y (6(—;)@];/@ (3.8)

k=n
Remark 3.5. Observe that the inclusion Z2 C Zﬁ implies that the estimate (3.6) and
preceding statements hold with p replaced by any p’ € [2,p). In particular, 7 €GL,(3?).

Finally, we prove regularity of the right-hand side of (3.8). In what follows, we will
use the notation

oo

" pna
EW(t e, q):=1+ § — (3.9)
n=1 end n!

Observe that for p = 1 and ¢ = 0 the right-hand side of (3.9) reduces to an exponential
series, so that E(M(c, ¢,0) = e°.

Lemma 3.6. For anyt,p,c > 0 and q € [0, %) we have E()(t, ¢, q) < oo.
Proof. Analyzing the ratio of terms of series (3.9) we see that

$(n+1) (n_,,_l)q(nJrl)

" D 17 t 1
lim = 7 ((Zjnl)!) M T —q(n + 1)q”+q7% p
n— 00 ﬁi(n!)l/l) n—oo g n
t " t
= lim — (1 + ) (n+ 1)‘17% = —ef lim (n+ 1)‘17% =0,
n—oo €4 n g4 n— oo
provided ¢ — % < 0, which proves the result. O

Corollary 3.7. Setting t = < /ﬁ(T)T and ¢ =  — a we obtain equality
o/ L(T)RT* pkq

I D Aachicis)

w2 (B — o)k YR

k=n

=0 (3.10)

foranya < Bandq < p~'.

4 Fixed point theorem and proof of the main result

We will now prove the fixed point theorem for the map 7 defined by (2.5), which
immediately allows us to establish the existence and uniqueness of a solution of equation
(2.4). We suppose without loss of generality that ug € Z% .
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Theorem 4.1. Suppose thatp € [2,q~'). Then themap T : Z' — Z' has a unique fixed
point u. Moreover, u € Z?, the equality T (u) = u holds in any Z%, a > «, and for an
arbitrary £ € Z? we have

lim 7"(¢) =,

n—0o0

where the convergence takes place in Zg for all B > a.

Proof. Let us fix { € ZF . Estimate (3.8) and Corollary 3.7 show that the sequence
{T"(€)}p%, is Cauchy in Z} and thus converges in Z, for any 8 > a.. Thus there exists
u € Z such that

lim 7"(§) = u,

n—00

where the convergence takes place in Zg. Observe that for any 51 < 2 the space Zgl is
a dense vector subspace of Z”Q, which implies that « is independent of the choice of S,
andsou € ZP = ﬂﬁ>a*Zg.

To show that u is a fixed point, we can now fix arbitrary 8 > «, and choose any
¢ € (ax, 8). Observe that T"(§) € Z; and 7 : Zj — Zj; is continuous. Therefore, passing
to the limit in both sides of the equality

T(TM(©) =T""(¢) € Z§

we can conclude that
T(u) =wuin Zg for any 5 > a,

which also implies that for all ¢ < T we have 7 (u)(t) = u(t) almost everywhere.

Suppose now that there exists another element v € Zg,, B’ > a,, such that T (v) = v.
Assume without loss of generality that 8 > 5’ and fix § > 8. Then v € Zg C Z¥ and so we
have

. . nrd (LT \"
= vl = 17"~ Tl < ™ <M> vy 0. n 500, (4.1

by (3.6) and (3.10), which implies that v = v in Z} and thus in Zg.

Observe that similar arguments show that for any a > «a, and £ € Z% the sequence
{77(§)}72, converges in any Zj for all 8 > « and lim,, o 7"(§) € Zp is a fixed point of
the map 7. The uniqueness of the fixed point implies that lim,,_, . 7"(£) = v € ZP. The
proof is complete. O

Remark 4.2. Taking into account Remark 3.5 we see that the statement of Theorem 4.1
holds with p replaced by any p’ € [2,p). This implies in particular that the fixed point u is
unique in Z7'.

Remark 4.3. In particular, for any a < 8 and £ € X, we have lim,_, [|T™(£)(t) —
u(t)l|x, = 0and || T (u)(t) —u(®)|y, =0as., t<T.

Proof of Theorem 2.4. The first two statements follow immediately from Theorem 4.1
and Remark 4.2 above. Indeed, the unique fixed point u of the map 7 gives the solution
of equation (2.4).

To prove the third statement, consider the Xg-valued process

T (u)(t) = uo +/0 f(u(s))ds —1—/0 @ (u(s))dW(s), t € [0,T],

which is, according to the first part of the theorem, a modification of the process u.
By the general properties of stochastic integrals, this process is a.s. continuous, see
Remark 2.5.
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If p > 2, the existence of a continuous modification of v can be also shown directly
by an application of Kolmogorov’s continuity theorem in a rather standard way. Indeed,
using (2.4) and the arguments similar to those in the proof of (3.3) we obtain for any

a € (ay, ) that
P
Xj

s|p/270§s<t§T,

Ellu(t) — u(s) %, < E )dr + / B(u(r))dW (r),

C(t—s
< N T bt —
= (ﬂ 7 Oé)pq ||uHZa |t

)]P/Q) 2r—1LP < C(T), 0 < 7 < T. So we have the estimate

where C(7) = (77/% + p|5 =

Bl[u(t) — u(s)|[%, < k(u,T) [t — s/

with k(u, T) = 3 C(a)pq |[ul|5», which implies the existence of a continuous Xs-valued
modification 7.
Observe now that by (3.5) we have for any 8’ > 3

ﬂ/ 7&) ||u 77HZ5 = O, t e [O,T]

Since 8 and 8’ are arbitrary, the proof is complete. O

=T (lzs, = 17 (w) = T, < =B

Remark 4.4. Observe that ||u — 77”25 = 0, so the processes u and 7 coincide as elements
of Zj.

5 Estimate of the solution

In this section, we derive a norm estimate of the solution v from Theorem 2.4.

Lemma 5.1. For any 8 > « we have

lullz; < 89 (Y2, 25%0) [1+ Eluoll, )]

Proof. By (3.8) with £ = up and n = 0 we obtain

n

wna [ { L( )T
Sl | (B=d)1

for any § € (a, 8). An application of (2.2) to the right-hand side of the equality

P
Xs

[luo =T (uo)ll zz < Z |[uo — T (uo)l| 22

Ellun ~ T (), =E [| [ fluo)ds + [ a(uo)aw(s)
0 0

gives us an estimate similar to (3.5), namely
Y L(T)T
(6 —a)

Thus, taking into account that (E (1 + |\u0||§(a))1/p <1+ (E||u0||§(a)1/p and setting
= '8+"‘ , we obtain for any m € IN

o — T (o)l 22 < (B (14 [[uoll%.))""

m pna | O/ L(T)T
— m P < -
||U0 ] (UO)HZB = 7;:1 6/771 (5;1)(1

[1+ (Blluoll%,) 7]
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Passing to the limit as m — oo (cf. Theorem 4.1) we obtain the bound

oo

o —ullz; < 3 nglgg [1+ (Blluoli%,) "] -

=1 (=)

Therefore

r n 1/
lulzg < (Bluolty,) "+ X 4= | Sma, | [1+ Elluli) ]

3
Il
—

° T
X Ey [+ (Blfuol ) |

=50 (Lo 252 [1+ Elwlt,) ).

which completes the proof. O

Remark 5.2. Observe that we have {/L(T)T < a(T) = a, max (T, T1/2), where a, =
2(=1/p(p 1/17[( )]1/2 +1)L.

6 Stochastic spin dynamics of a quenched particle system

In this section, we apply the results of Section 2 to system (1.3), which is motivated
by the study of stochastic dynamics of interacting particle systems and serves as our
main example. We follow the scheme of paper [8], adapted to our present setting, which
allows to show the existence of solutions with arbitrary large lifetime and their path-
continuity. Let v C R¢ be a locally finite set (configuration) representing a collection
of point particles. Each particle with position x € ~ is characterized by an internal
parameter (spin) o, € S:=RR. We fix an interaction radius r > 0 and assume that the
number

ng = nep(y) =#{ycy:lo—yl<r} (6.1)
satisfies the following regularity condition.

Condition 6.1. There exist constants q € (0, 3) and a = a(v,7,q) > 0 such that
ne <a(l4z)?, e R (6.2)

Remark 6.2. Condition (6.2) holds if v is a typical realization of a Poisson or Gibbs
(Ruelle) point process in R®. For such configurations, the following stronger (logarithmic)
bound holds:

N (7) < e(y) [1+log(1 + |z])]"/* 74,

see e.g. [30] and [24, p. 1047]. Thus (6.2) holds for any g > 0.

Consider the Cartesian power S7 = {u = (uy)zey, Uz € S}. Our dynamics will live in
the scale of Hilbert spaces

Xo =8 =<guesS" |, /Z\ur|26*0‘\m\<oo , 0<a, <a<a™
TEY
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where the parameters a, and o* are chosen in an arbitrary way and fixed. We set

H=8]=Suae8 :|ay= [ |ul <o
ey

and define the corresponding spaces GL,(X) and GL,(%, $), cf. Definition 2.2. Observe
that W (t) := (W3(1)),c, is a cylindrical Wiener process in H.

We assume that the families of mappings {¢.y } and {¥,,}
the following condition.

Condition 6.3.

from (1.4) satisfy

T,Yey z,Yy€y

* finite range: ¢,, = ¥,, = 0 if |z — y| > r, where r is the interaction radius from
(6.1);
e uniform Lipschitz continuity:

|ay (21, 25) = ay (21, 29)] < C (|21 — 21| + |25 — 221)
[Way (21, 22) — Way (21, 29)| < C (|21 — 21| + |25 — 25)

for some constant C' > 0 and all 2,y € v and 21, 25, 27,25 € S.

Define a map @ : S” — S7 and a linear operator \f/(ﬂ) : 87 — 57 by the formulae
P, (a) = Z‘ny(uwa uy) and (W(ﬂ) 5’) = Z Uoy (U, Uy) 0,
yey T yey

x €y, u €57, respectively.
The proof of the following result is similar to that of Lemma 5.4 in [8], where the case
of ¢ = 1/2 is considered.

Lemma 6.4. We have g € GL,(X) and U € GL,(X, 5).

Now we can return to the discussion of system (1.3). We can write it in the form (1.1)
with f =5, ® = ¥ and W(t) = (W, (t)).,c,- and apply the results of the previous sections
to its integral counterpart. We summarize those results in the following theorem, which
follows directly from Theorem 2.4.

Theorem 6.5. Assume that Conditions 6.1 and 6.3 hold. Then, for any o > 0, 5(0) € X,,
pE [2, qfl) andT > 0, system (1.3) has a unique strong solution u € Zg for any g > a.
This solution has a continuous modification that satisfies (1.3).

This result implies of course that, for each x € 7, equation (1.3) has a path-continuous
strong solution, which is unique in the class of predictable square-integrable processes.

Remark 6.6. For a configuration v as in Remark 6.2, the statement of the theorem
above holds for any p > 2.

7 Further examples
In this section we give two examples of linear maps of the class G£,(B).

Example 1. Consider the scale 95 of Banach spaces B, := LP(R,e “*ldz), p > 1,
a € [y, a*], and the integral operator

Aufz) = / Kz, y)uly)dy, © € R,
with kernel K satisfying the bound
K (z,9)] < ae” 712 1+ |y)?, 6 >0, (7.1)

for some 5* € (as,a*), a > 0and a.a. z,y € R.
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Remark 7.1. It is clear that K (x,y) can grow to infinity along the main diagonal = = y,
which implies that A is in general unbounded in any weighted L?.

Proposition 7.2. Assume that (7.1) holds. Then A € GL,(*B) with ¢ = ppf‘sl.

Remark 7.3. For an implementation of any version of Ovsyannikov-type method, we
need 0 < ¢ < 1, which implies § < pp;l < 1.

Proof. We start with the following estimate of the norm of operator A4 in Bg, 8 < a*:
p
4y, < [ | [ i) e
B* 5 p
<o [ | [Ty )l dy| i
_ P —elz—y| g —So—y| ! —Bz|
=a e (L+1[y)" [u(y)le™» " dy | e™"ldz,
B =8 —So—y| —2|a| Syl
where ¢ = — Observe that e™ » e r'*l <e p¥ sothat

p
ela _8
Al <o | [ [ asw) e p'y'dy] dz.

For 6 such that 6! + p~! = 1 we have

—a

e (L ) fu(w) e 7 = [ 710 (1 fy) e e e uy) e E Y]

for any a < 8. Then, by Holder’s inequality,

[Aul5,

o JJ{f st s e o

< aPbcP/0+1 lull%,,

where
b=sup(l+s)” e 5P~ and ¢ = /efﬁlyldy.
s>0

It remains to compute constant b. Equating to 0 the derivative 2 (1 + s) e 2 (P25 e
obtain

b= (ﬁCa)“’ C= (péea*;sa*fl)%.

It is clear that estimate (2.1) holds with ¢ = 66 = ppT51- O

Example 2. A somewhat similar example is given by the spaces of sequences

B, = {(uk)kez : Z ug|? eIkl < oo} ,p>1,

keZ

and the linear map given an infinite matrix A = (A;)x,jez is with elements satisfying
the bound 5+ .
Akl < ae” 7B A kG e Z

The proof of the inclusion A € GL,(B), ¢ = ;’%51, is similar to that of Proposition 7.2.

Similar to the previous example, we have in general
|Akk‘ — 00, k — o0,
so that operator A is unbounded in any weighted 7.
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