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A B S T R A C T 

We investigate the orbital stability of a tilted circumbinary planetary system with three giant planets. The planets are spaced by 

a constant number ( � ) of mutual Hill radii in the range � = 3.4–12.0 such that the period ratio of the inner pair is the same as 
that of the outer pair. A tilted circumbinary planetary system can be unstable even if the same system around a coplanar binary is 
stable. For an equal-mass binary, we find that the stability of a three-planet system is qualitatively similar to that of a two-planet 
system, but the three-planet system is more unstable in mean motion resonance re gions. F or an unequal-mass binary, there is 
significantly more instability in the three-planet system as the inner planets can undergo von Zeipel–Kozai–Lidov oscillations. 
Generally in unstable systems, the inner planets are more likely to be ejected than the outer planets. The most likely unstable 
outcome for closely spaced systems, with � � 8, is a single remaining stable planet. For more widely separated systems, � � 8, 
the most likely unstable outcome is two stable planets, only one being ejected. An observed circumbinary planet with significant 
eccentricity may suggest that it was formed from an unstable system. Consequently, a binary can host three tilted giant planets if 
the binary stars are close to equal mass and provided that the planets are well spaced and not close to a mean motion resonance. 

Key words: methods: analytical – methods: numerical – celestial mechanics – planets and satellites: physical evolution – planets 
and satellites: planet-star interaction – binaries: general. 
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 I N T RO D U C T I O N  

lthough the multiplicity distribution of circumbinary planets 
CBPs) has not been confirmed, about half of planets around single 
tars are known to have siblings in the Kepler data (e.g. Berger et al.
018 ; Thompson et al. 2018 ; Sandford, Kipping & Collins 2019 ). In
he radial velocity planet sample of the California Le gac y Surv e y,
0–40 per cent of Sun-like stars with a massive planet (mass > 0 . 3 M J ,
here M J is the mass of Jupiter) are multiplanet systems (Zhu 2022 ).
urrently, there are only five multiplanet systems that have been 

ound around binaries and all of the CBPs in these systems are nearly
oplanar to the binary orbital plane. In the Kepler-47 system, there are
hree Neptune-sized planets with circular ( e p < 0.03) orbits (Orosz
t al. 2012a , b ; Kostov et al. 2013 ). In the TOI-1338 system, there are
wo Saturnian CBPs found by the transit and radial velocity methods 
Kostov et al. 2020 ; Standing et al. 2023 ). The red dwarf–white
warf binary system, NN Ser, has two Jupiter-mass CBPs (Mustill 
t al. 2013 ). Kepler -451 hosts three Jupiter -mass CBPs (Baran et al.
015 ; Esmer et al. 2022 ). Ho we ver, the coplanarity of these systems
s likely a result of observational bias (e.g. Martin & Triaud 2015 ;

artin 2017a , b ). So, while it has been established from observations
hat it is possible to generate circumbinary planetary systems with 
hree or more giant planets in the coplanar case, we do not yet know
nything about the non-coplanar case, or the more general stability 
roperties of the coplanar case. 
 E-mail: c.chen6@leeds.ac.uk 
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Despite the fact that only coplanar CBPs have currently been de-
ected, recent observations have found that there are many misaligned 
ircumbinary discs (e.g. Chiang & Murray-Clay 2004 ; Winn et al.
004 ; Capelo et al. 2012 ; Kennedy et al. 2012 , 2019 ; Brinch et al.
016 ; Kenworthy et al. 2022 ; Zhu et al. 2022 ). Polar aligned discs
round eccentric binaries may also be common (Aly et al. 2015 ;
ennedy et al. 2019 ; Small w ood et al. 2020 ; Kenw orthy et al. 2022 ).
BPs may form inside these misaligned discs. Theoretically, the 

ormation of misaligned circumbinary discs can result from chaotic 
ccretion (Clarke & Pringle 1993 ; Bate 2018 ) and subsequent disc
volution can lead to tilt evolution towards a coplanar alignment 
Bate et al. 2000 ; Lubow & Ogilvie 2000 ; Nixon et al. 2011 ) or
 polar alignment (Martin & Lubow 2017 , 2018 ; Lubow & Martin
018 ; Zanazzi & Lai 2018 ; Abod et al. 2022 ). Although about 68
er cent of short-period binaries (period < 20 d) have aligned discs
within 3 ◦), those with longer orbital periods have a larger range of
nclinations and binary eccentricities (Czekala et al. 2019 ). If the
lignment time-scale for an extended disc is longer than the disc
ifetime, then planetary systems may form in a misaligned disc. 

isaligned planetary systems may be expected around binaries with 
 longer orbital period (Czekala et al. 2019 ; Martin & Lubow 2019 ).
hese planetary systems may be observed in the future with eclipse-

iming variations (Martin 2019 ; Zhang & F abryck y 2019 ). 
A misaligned CBP has a complicated interaction with the binary. 

 or an y inclination around a circular orbit binary, or for low inclina-
ion around an eccentric orbit binary, the angular momentum vector 
f a misaligned CBP precesses around the binary angular momentum 

ector. The longitude of the ascending node fully circulates o v er 360 ◦

http://orcid.org/0000-0002-4489-3491
http://orcid.org/0000-0003-2401-7168
http://orcid.org/0000-0002-2137-4146
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uring the nodal precession, these are called circulating orbits. If the
inary has a non-zero eccentricity, the angular momentum vector of
 misaligned CBP orbit may precess about the binary eccentricity
ector. These are called librating orbits (Verrier & Evans 2009 ;
arago & Laskar 2010 ; Doolin & Blundell 2011 ; Naoz et al. 2017 ;
hen et al. 2019 ; de El ́ıa et al. 2019 ). The minimum inclination

critical inclination) for libration decreases with increasing binary
ccentricity ( e b ). Therefore, a CBP orbit with even a small initial
nclination can librate around a highly eccentric binary. During nodal
ibration, a CBP undergoes tilt oscillations while its longitude of
scending node is limited in a range of angles less than 360 ◦. 

Close to a binary, even a single planet system can be unstable
e.g. Holman, Touma & Tremaine 1997 ). Both nodal precession
f the orbit and mean motion resonances (MMRs) with the binary
lay roles in the stability (Doolin & Blundell 2011 ; Sutherland &
 abryck y 2016 ). In general, a CBP with a circular orbit is stable

f its semimajor axis is greater than about five times separation of
he binary, a b for planet masses up to about m p = 10 M J (Doolin &
lundell 2011 ; Chen, Lubow & Martin 2020 ). However, stable orbits
an exist closer in, down to around 2 a b , when the CBP is in a nearly
etrograde orbit for small binary eccentricity (Cuello & Giuppone
019 ; Giuppone & Cuello 2019 ; Hong et al. 2019 ) or in a polar orbit
or high e b (Chen et al. 2020 ). 

For a circumbinary planetary system with two massive planets, the
ynamics are more complicated because of planet–planet interactions
Chen, Lubow & Martin 2022 ). These lead to tilt oscillations between
he planets, MMRs between the planets, and von Zeipel–Kozai–
idov (ZKL; von Zeipel 1910 ; Kozai 1962 ; Lidov 1962 ) oscillations
f the inner planet that lead to planet eccentricity growth (Chen
t al. 2023 ). The combination of planet–planet and planet–binary
nteractions can result in a planet being ejected from the system, as
everal simulations have already shown in coplanar CBP systems
e.g. Smullen, Kratter & Shannon 2016 ; Sutherland & F abryck y
016 ; Gong 2017 ; Gong & Ji 2017 ). The tilt of a circumbinary
lanetary system with respect to the binary orbit has a large influence
n the stability of the system. Planetary systems that are stable around
 coplanar binary become unstable for a wide range of parameters in
 tilted system (Chen et al. 2023 ). 

On the other hand, around a single star, planet–planet scattering
ccurs only when the planets form very close to each other. Two
lanets with masses m p1 and m p2 that form with semimajor axes a p1 

nd a p2 , respectively, around a star with mass m b are unstable if
 � 2 

√ 

3 , where we define 

 = 

a p2 − a p1 

R Hill 
, (1) 

nd the mutual Hill radius between two planets, i and i + 1, is 

 Hill = 

(
m pi + m p( i+ 1) 

3 m b 

)1 / 3 (
a p i + a p( i+ 1) 

2 

)
(2) 

Marchal & Bozis 1982 ; Gladman 1993 ; Chambers, Wetherill &
oss 1996 ). Ho we v er, in observ ed planetary systems, 93 per cent of
lanet pairs are greater than 10 R Hill apart and 20 R Hill apart is the
ost common separation in the California–Kepler Surv e y (Weiss

t al. 2018 ). 
This stability criterion is not significantly affected if a single star

s replaced by a coplanar inner binary, unless the planets are formed
ery close to the binary (Kratter & Shannon 2014 ). Ho we ver, the
utcome of an unstable system is more likely to be ejection rather
han collision around a binary star (Smullen et al. 2016 ; Sutherland &
 abryck y 2016 ; Gong 2017 ; Gong & Ji 2017 ; Fleming et al. 2018 ).
NRAS 525, 3781–3789 (2023) 
his is because of close encounters with the binary. Coplanar planets
round a binary must form close to each other to be unstable. 

The instability and ejection of CBPs may be a mechanism to
roduce free-floating planets (FFPs). Gravitational microlensing
bservations suggest that there are more FFPs than main-sequence
tars by a factor of 1–3.5 (e.g. Sumi et al. 2011 ). There is an excess
f planets by a factor of up to seven compared to that predicted
y core-collapse models (Padoan & Nordlund 2002 ; Miret-Roig
t al. 2021 ). There are several mechanisms suggested to form the
xcess of FFPs. These include planet–planet scattering (Rasio & Ford
996 ; Weidenschilling & Marzari 1996 ; Veras & Raymond 2012 ),
borted stellar embryo ejection from a stellar nursery (Reipurth &
larke 2001 ), and photoerosion of a pre-stellar core by stellar winds

rom a nearly OB star (Whitworth & Zinnecker 2004 ). Planet–planet
cattering around single stars is one possible mechanism but it cannot
xplain the large number of FFPs (Veras & Raymond 2012 ). 

In this paper, we model circumbinary systems with three Jupiter-
ass CBPs and examine their stability. We consider how many

lanets can be ejected from a system and the masses of the ejected
lanets. In Section 2 , we first describe the set-up of our simulations
nd then we show stability maps in Section 2.3 and the final
istribution of surviving planets in Section 2.4 . Finally, we address
ur discussion and conclusions in Section 3 and implications for
bservations of CBPs in Section 4 . 

 FI VE-BODY  SI MULATI ONS  

o study the orbital stability of three-planet systems orbiting around
 circular or eccentric binary star, we carry out simulations with the
-body simulation package, REBOUND , with a WHFAST integrator,
hich is a second-order symplectic Wisdom Holman integrator with
1th order symplectic correctors (Rein & Tamayo 2015 ).We solve the
ravitational equations for the five bodies in the frame of the centre
f mass of the five-body system. The central binary has components
f masses m 1 and m 2 with a total mass of m b = m 1 + m 2 and
ass fraction of f b = m 2 / m b . The binary is in a circular or eccentric

rbit with the binary eccentricity e b and their separation a b = 1.0 in
imulations. 

.1 Simulation set-up and parameter space explored 

he three planets have equal masses m p1 = m p2 = m p3 = 0 . 001 m b .
he planets are initially in circular Keplerian orbits around the centre
f mass of the binary. Our simulations do not consider collisions or
he formation of S-type planets (planets that orbit around one star of
 binary). The planet orbits are defined by six orbital elements: the
emimajor axes a p1 , a p2 , and a p3 , inclinations relative to the binary
rbital plane i p1 , i p2 , and i p3 , eccentricities e p1 , e p2 , and e p3 , longitude
f the ascending nodes measured from the binary semimajor axis
p1 , φp2 , and φp3 , argument of periapsides ω p1 , ω p2 , and ω p3 , and

rue anomalies νp1 , νp2 , and νp3 . The initial orbits of the three planets
re coplanar to each other and circular, so initially i p1 = i p2 = i p3 ,
 p = 0, ω p = 0, and νp = 0 and we set φp = 90 ◦ for all planets. 

To understand the dynamic interactions between three planets, the
nner planet is placed at a p1 = 5 a b , where a single CBP is stable for
ll initial inclinations (Chen et al. 2020 ). We calculate the semimajor
xis of the second and third planets such that they are separated by
 fixed number, � , of mutual Hill radii. Thus, the semimajor axes of
he planets are related by 

 p( i+ 1) = a p i + � R Hill , (3) 
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Table 1. Parameters of the simulations. The first column contains the name 
of the model, and the second, third and fourth columns indicate the binary 
mass fraction and the binary eccentricity and the semi-major axis of the inner 
planet, respectively. The fifth and sixth columns are minimum and maximum 

dif ferences, respecti vely, of the semimajor axis between two planets, which 
we consider with an interval of � = 0.1. 

Model f b e b a p1 ( a b ) min. � max. � 

T1 0.5 0.0 5.0 3.4 12.0 
T2 0.5 0.8 5.0 3.4 12.0 
T3 0.1 0.0 5.0 3.4 12.0 
T4 0.1 0.8 5.0 3.4 12.0 
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or i = 1, 2. The planet masses are fixed and a p1 is chosen. For a fixed
alue for � , this equation can first be solved to find a p2 and then with
hat solution we can then solve it again to find a p3 . We consider � in
he range from 3.4 ( ≈2 

√ 

3 ) to 12.0. We integrate the simulations for
 total time of 14 million binary orbital periods ( T b ). The time-step
f integration is 0.7 per cent of the initial orbital period of the inner
lanet. We list the parameters of the four models that we explore in
 able 1 . W e define the orbit of the planet as unstable once at least one
f three criteria are met. Instability occurs first, if the eccentricity of
he planet becomes large e p ≥ 1.0 so that the planet is not bound to
he binary; secondly, if the semimajor axis of the planet increases 
ignificantly , a p > 1000 a b ; or thirdly , if the semimajor axis of the
lanet is smaller than the binary separation, a p < a b (see also, for
xample, Quarles et al. 2020 ). 

.2 Stability maps: two circumbinary planets 

o compare with the stability maps for three-planet systems, we 
rst run simulations of two-planet systems by removing the outer 
lanet from the simulation. Fig. 1 shows stability maps for varying 
lanetary system separation, � , and initial inclination, i p . The colours
f the pixels indicate the stability of the system at the end of each
imulation. Blue pixels represent systems in which two CBPs are 
table, red pixels represent systems in which only one CBP survived, 
nd white pixels represent systems in which both CBPs are unstable 
t the end of the simulation. The four horizontal dashed lines indicate
he 2:1, 5:2, 3:1, and 4:1 MMRs between the two CBPs. The upper
wo panels are similar to the maps in fig. 2 of Chen et al. ( 2023 ) but
xtended to larger planet separation. There are two unstable regions 
round the 3:1 MMR and the 4:1 MMR that were not previously
een. The unstable regions in model T2 (top right) are wider than
hose in model T1 (top left) due to the larger binary eccentricity e b . 

The lower left panel shows the stability map for a circular binary
ystem with f b = 0.1. The system is quite unstable between i p = 50 ◦

nd 130 ◦ until the planets are more widely separated than their 2:1
MR. There are several vertical unstable belts that are similar to the

pper left panels in fig. 3 of Chen et al. ( 2023 ) in which the inner
lanet was located farther out, at 10 a b . This is because the nodal
scillation time-scale is proportional to 1/( f b (1 − f b )) (Lubow &
artin 2018 ). A smaller binary mass ratio leads to slower nodal

recession. Therefore, the planet–planet interactions become more 
mportant compared to the binary–planet interactions. A smaller f b 
s equi v alent to placing the innermost planet at a larger distance to
he binary. As a result, the stability map with f b = 0.1 is similar to
hat with f b = 0.5 and two CBPs at larger a p . 

The lower right panel shows the stability map for a binary with
 b = 0.8 and f b = 0.1. There are very few stable orbits around the polar
egion inside of the 2:1 MMR. Outside of the 2:1 MMR, two CBPs are
ore stable in the region between i p = 50 ◦ and 130 ◦ except, around
MR regions, compared to the coplanar and retrograde regions. Two 
BPs are likely to be unstable even in coplanar orbits, while CBPs

n retrograde orbits are relatively stable, although there is a vertical
nstable belt around i p = 170 ◦. Further, the region around the 4:1
MR is more unstable compared to the other three maps. 

.3 Stability maps: three circumbinary planets 

ow, we consider planetary systems with three CBPs. Fig. 2 shows
he same stability maps as Fig. 1 except there are now three planets
n the system. Since the three planets have equal masses, the
emimajor axis ratios of a p2 / a p1 and a p3 / a p2 are equal to each other.
onsequently, the inner planet pair and the outer planet pair have the

ame orbital period ratio because T p ∝ a 1 . 5 p . Therefore, if the inner
wo planets are in an MMR, so are the outer two and therefore the
hree planets are in a Laplace resonance. The four horizontal dashed
ines indicate the 2:1, 5:2, 3:1, and 4:1 MMRs of both the inner
air and the outer pair. For convenience, we just label T p2 / T p1 on the
gures. 
The stability maps for the three-planet cases are qualitatively quite 

imilar to the two-planet cases, but with additional instability in all
odels. Unstable MMR locations become wider in their ranges of 

oth separations and inclinations in the three-planet case than in 
he two-planet case due to the Laplace resonance. Especially around 
he 2:1 MMR region, three CBPs can only be stable when they are
early coplanar for model T1. The vertical unstable belts are similar
o the two-planet case but extend to larger � . The outcomes of most
nstable pixels are single planet survi v al cases for closely spaced
lanets with � � 8, while for � � 8, the most likely outcome is two
table planets. 

For the equal-mass binary with e b = 0.8 (upper right panel), the
egions around the MMRs become more unstable with three planets. 
ewer systems can be stable within the 2:1 MMR region. Comparing
ith model T1, the polar region between the 5:2 and 2:1 MMRs is
ore stable. 
For a circular binary with f b = 0.1 (lower left panel), the region

etween i p = 50 ◦ and 130 ◦ is significantly more unstable compared
o the two-planet case due to strong ZKL oscillations. In fig. 3 of
hen et al. ( 2023 ), we showed that ZKL oscillations between two
BPs may cause the instability of the two-planet system. In Fig. 3 ,
e plot some examples of the evolution of orbital properties of three
lanets with the time. The four panels show e p (upper left), a p (upper
ight), i p (lower left), and e b (lower right) with time in units of T b 

or model T3 with � = 9.0 and i p0 = 30 ◦ (left-hand panels) and 60 ◦

right-hand panels). The blue, yellow, and green lines represent the 
nner, middle, and outer planets, respectively. 

For the stable case (left) with an initial inclination of i p = 30 ◦, the
BPs undergo tilt oscillations with respect to each other, while the

nclinations and semimajor axes are nearly constant with time. For 
he unstable case (right) with initial inclination i p = 60 ◦, the middle
nd outer CBPs undergo tilt oscillations initially, but the eccentricity 
 p of the middle planet gets excited through ZKL-like behaviour. As
 result, the system becomes unstable and the inner two planets are
jected, only the outer planet survives. 

For an eccentric binary with f b = 0.1 and e b = 0.8 (lower right
anel of Fig. 2 ), there is significantly more instability compared to
he two-planet case. There are very few stable cases inside of the 5:2

MR. Abo v e there, there are more stable cases but the map shows
hat three-CBP systems are unlikely to be stable in the range i p =
0 ◦–170 ◦. Moreo v er, unstable cases around this region are heavily
ominated by two planets surviving cases (green pixels). 
MNRAS 525, 3781–3789 (2023) 
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M

Figure 1. Stability maps for planetary systems with two CBPs around a binary with e b = 0.0 and f b = 0.5 (upper left), e b = 0.8 and f b = 0.5 (upper right), 
e b = 0.0 and f b = 0.1 (lower left), and e b = 0.8 and f b = 0.1 (lower right). The x -axis is the initial planet inclination i p and the y -axis is the separations of the 
planets, � , in units of their mutual Hill radii. The inner planet has initial semimajor axis a p1 = 5 a b . The four horizontal dashed lines are the 2:1, 5:2, 3:1, and 
4:1 MMRs between the inner and middle planets. Blue pixels represent systems in which two planets are stable, red pixels represent systems in which only one 
planet is stable, and white pixels represent systems in which all the planets are unstable. 
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.4 The number of sur vi ving planets 

he complicated orbital interactions of three massive planets and a
inary result in different numbers of surviving planets for different
inary parameters. At the end of the simulations, the multi-CBP
ystem may be left with three planets, a planet pair, a single CBP,
r no planets. Understanding the final distributions of orbital planet
roperties can help us to predict the multi-CBP system morphology
or future disco v eries. The abnormal eccentricities of CBPs may be
 crucial piece of evidence for planet–planet interactions in the early
tages of the system. 

The red pixels (single surviving planet cases) in the stability maps
ominate most of the unstable outcomes. This suggests that many
isaligned CBP systems may only have one surviving massive planet

f multiple massive planets form in a compact architecture. In Fig. 4 ,
he dashed bars in each panel show the total number of surviving
nner planets, middle planets, and the outer planets in single planet
urvi v al cases in the stability maps of models T1–T4. Because the
nner planet is the closest planet to the binary, for model T1, the
otal survi v al number of inner planets is lower than the middle and
uter planets by factors of 1.5 and 2.5, respectively. With the higher
NRAS 525, 3781–3789 (2023) 

o  
 b = 0.8 of model T2, the factors increase to 2.5 and 5.2. With the
ower f b = 0.1 of model T3, factors are 1.8 and 3.6, while with
 b = 0.1 and e b = 0.8 of model T4, tw o f actors are 2.2 and 5.0.
he similar ratios indicate that there could be abundant CBPs with

arge distances to their host binaries if multicircumbinary planetary
ystems are common in the Universe. 

The green pixels in the stability maps (two surviving planet cases)
ominate most of the unstable orbits abo v e the 3:1 MMR region,
 � 8, in the stability maps. This implies that misaligned CBP

ystems may have more than one massive CBP if multiple massive
lanets form in a relatively wide architecture. The solid bars in Fig. 4
epresent the number of systems with two surviving planets. The bars
epresent the total surviving numbers of inner and middle planets
urvived cases (blue), inner and outer planets survived cases (red),
nd middle and outer planets survived cases (green). The majority
f the unstable cases are those with single surviving planets, which
re greater in number than cases in which two planets survived.
n model T1, the total number of cases with surviving inner and
iddle planets is lower than the number of cases in which the

nner and outer planets survived, and in which the middle and
uter planets survived, by factors of 2.6 and 2.8, respectively. With
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Figure 2. Same as Fig. 1 except these are for three-planet systems. The blue pixels show stable systems. The green pixels show systems with two stable planets. 
The red pixels show systems with one stable planet and the white pixels have no stable planets. 

Figure 3. Orbital dynamics in model T3 of Fig. 2 with � = 9.0 and the initial i p = 30 ◦ (left-hand panels) and 60 ◦ (right-hand panels). Each set of four panels 
shows the planet eccentricity (upper left), planet semimajor axis (upper right), planet inclination (lower left), and binary eccentricity (lower right) and includes 
the inner planet (blue lines), the middle planet (yellow lines), and the outer planet (green lines). 
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igher e b = 0.8 of model T2, factors increase to 6.3 and 20.0. With
ower f b = 0.1 of model T3, factors are 2.9 and 3.5, while with
 b = 0.1 and e b = 0.8 of model T4, two factors are 7.6 and 16.0.
he inner planet has the highest chance to become unstable, so
herefore we may find more planet pairs with larger separations in
MNRAS 525, 3781–3789 (2023) 



3786 C. Chen, R. G. Martin and C. J. Nixon 

M

Figure 4. Histograms of the number of surviving planets from the stability maps in Fig. 2 . The dashed bars show the number of systems with a single surviving 
planet (the red pixels in Fig. 2 ) and the solid bars show the systems with two surviving planets (the green pixels in Fig. 2 ). 

2

I  

s  

t  

b  

h
T  

m  

(  

o  

g  

t  

r
 

m  

m  

m  

w  

b  

w  

a  

s  

f  

p

3

W  

e  

e  

p  

o  

p  

r  

r  

a  

t  

O  

T  

a  

w
=  

p  

r  

e
 

n  

w  

w  

w  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/525/3/3781/7258830 by U
niversity of Leeds user on 07 Septem

ber 2023
.5 The eccentricity of the sur vi ving planets 

n this section, we now plot histograms of the eccentricity of the
urviving planets. In Fig. 5 , each histogram represents the sum of
he numbers of inner, middle, and outer planets since the differences
etween the distributions for different planets are small. The solid
istograms are the final eccentricities of planets of models T1–
4 from the blue pixels (three stable planet cases) in the stability
aps. The grey empty histograms are those of the green pixels

two stable planet cases) and the cyan empty histograms are those
f the red pixels (single stable planet cases). The vertical black,
re y, and c yan lines in each panel represent the mean values of
he eccentricities of the solid, grey empty, and cyan empty bars,
espectively. 

The vertical black lines show that if all three planets are stable,
ost of planets gain a little eccentricity, even in the most unstable
ap (model T4). For the vertical grey lines (two stable planet cases),
odels T1 and T3 with e b = 0.0 have larger values ( > 0.3) than those
ith larger e b of models T2 and T4 since the planets in an eccentric
inary system have a higher chance to undergo a close encounter
ith the binary. Thus, planets get ejected before their eccentricities

re excited to larger values. Finally, for the vertical cyan lines (single
table planet cases), they have a similar value of about 0.45 in all
our panels and these values are larger than the values of two stable
lanet cases. 
NRAS 525, 3781–3789 (2023) 
 C O N C L U S I O N S  

ith N-body simulations, we have modelled a circumbinary plan-
tary system consisting of three giant planets around a circular or
ccentric binary. The inner planet is at 5 a b initially, where a single
lanet is stable. The outer planets are separated by a constant number
f mutual Hill radii in the range 3.4–12.0. With this configuration, the
eriod ratio of the inner pair is the same as that of the outer pair. As a
esult, if one planet pair is in an MMR, then they are all in a Laplace
esonance. With stability maps of varying initial planet inclination
nd separation, we have shown that the binary mass fraction and
he binary eccentricity play important roles in the stability of CBPs.
verall, three-CBP systems around an equal-mass binary (models
1 and T2) are qualitatively similar to maps of two-CBP systems,
lthough there is more instability in three-planet systems. MMRs are
ider in the three-planet systems. With a low binary mass fraction f b 
 0.1 (model T3), there is significantly more instability in a three-

lanet system around i p = 50 ◦–130 ◦ due to strong ZKL oscillations
esulting in excitation of planetary eccentricities and ultimately the
jection of planets. 

Our simulations show that the single planet survi v al cases domi-
ate the unstable outcomes for systems with closely spaced planets
ith � � 8, while two planets survi v al cases dominate for more
idely spaced systems with � � 8.0. The surviving planets that
ere from unstable systems may not be too close to the binary since
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Figure 5. Histograms of the final e p distributions for surviving planets in models T1–T4. The solid histograms show cases in which three planets are stable. 
The grey histograms show cases in which two planets are stable and the cyan histograms show cases in which only one planet is stable. The three vertical dashed 
lines indicate the mean values of each histogram. 
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he inner planet is more likely to be ejected than the other planets.
n the other hand, the remaining planets may have significant orbital 

ccentricities. 
If � > 10.0 for exoplanetary systems, MMRs do not play a role

n the stability of CBPs. Models T1–T2 show that an equal-mass 
inary can host two or three CBPs with arbitrary inclinations beyond 
his region. This separation is consistent with the observation that 
3 per cent of planet pairs are at least 10 R Hill apart (Weiss et al.
018 ). A binary system with three compactly spaced massive CBPs
s unlikely to remain stable, especially for planets with misaligned 
rbits to the binary. A system with a relatively wide architecture of
hree CBPs, separated by more than 8 R Hill , is likely to remain stable,
specially for a close to equal mass binary system. 

 IMPLICATIONS  F O R  E X O P L A N E T  

BSERVATIONS  

f CBPs are observed to have significant eccentricities, this may 
mply that the system had additional planets that were ejected after 
ynamic interactions with the other planets and the binary. The 
ean value of the planet eccentricities in cases where two planets 

urvived is slightly smaller than cases in which only a single planet
urvi ved. The mean v alue of the eccentricities of single surviving
lanets is similar to those of two massive planets initially (Chen
t al. 2023 ). Thus, our results suggest that a single massive CBP
hat has a significant eccentricity might have been a multiplanetary 
ystem initially. Ho we ver, it is hard to distinguish whether this binary
ystem had hosted two or three massive planets before. 

Close interactions with the binary result in the inner planet tending
o become unstable more easily than the outer planets. The chance
f survi v al of the inner planet is smallest in the single planet survi v al
ases and it decreases with increasing e b and f b . The chance of
urvi v al of the inner and middle planets in two planets survi v al cases
s also lowest. Currently, half of confirmed CBPs are located close
o the edge of stable radii (Yamanaka & Sasaki 2019 ). Ho we ver, our
tudy shows that the inner planet that is located at 5 a b has a high
hance to get ejected if the system has outer planets (see also Chen
t al. 2023 ). Consequently, it may be hard to find another massive
lanet beyond a close-in and misaligned massive planet in those 
ystems unless it is far from the binary. On the other hand, we have
ot considered different a p1 in this study because the outer planet is
oo far to simulate within reasonable computational time. Chen et al.
 2023 ) showed that different a p1 have different stability maps due
o the competition between ZKL oscillations and nodal oscillations. 

ith another distant massive planet outside, we predict that their 
ystems will be more unstable if they are misaligned initially. 

Multi-CBP systems could be rare due to the intrinsic distribution 
f planet pairs. The period ratio distribution of Kepler ’s multiplanet
ystems indicates that the peak of planet pairs has a period ratio near
.2. Beyond a period ratio of 2.5, it follows a power law with an
xponent –1.26 (Steffen & Hwang 2015 ). Our maps show that the
ingle CBP survi v al cases dominate around the 5:2 MMR and, thus,
MNRAS 525, 3781–3789 (2023) 
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Figure 6. Similar to Fig. 2 except the centre is a single star and the innermost 
planet is placed at 5 au. 
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he number of giant pairs or triple-giant systems is rare. Nevertheless,
his principle may be only valid for the compact multiplanet system.

ide multiplanet single star systems, such as CI Tau, may have
wo inner Jupiter-mass planets and two outer Saturn-mass planets
anging from 0.1 to 100 au (Clarke et al. 2018 ) and HR 8799 has
our Jupiter-mass planets ranging from 16 to 76 au (Marois et al.
008 ). 
The ejection of planets from a circumbinary system may generate

arge number of FFPs. For comparison, the stability of a system
ith three Jupiter-mass planets around a single star is shown in
ig. 6 . There is only instability around regions of the 2:1 MMR
nd separation � < 4.0. Similarly, for a single star with only two
upiter-mass planets, only the region with separation � < 4.0 is
nstable (see fig. 1 of Chen et al. 2023 ). As a result, a single star
ystem hosting three Jupiter-mass planets is very stable compared to
hose around a binary. Planet–planet interactions around single stars
re unlikely to be a significant contributor to FFPs even if there are
ore than three Jupiter-mass planets unless the system is extremely

ompact. This conclusion is in agreement with Veras & Raymond
 2012 ). In contrast, a multi-CBP system with three massive planets
s more unstable than that with two, especially around the MMR
egions. Estimates for the mass of FFPs range from around 0.25
Mr ́oz et al. 2017 ) up to about 3.5 (Sumi et al. 2011 ) Jupiter masses
er main-sequence star. Therefore, we suggest that binary systems
ay contribute most of the FFPs due to planet–planet and binary–

lanet interactions. 
This study could contribute to our understanding of CBP formation

nd evolution and may help to explain the observational data from
he Transiting Exoplanet Survey Satellite and Planetary Transits
nd Oscillations of stars . These may find many multiple misaligned
BPs around binaries as a result of the well-developed eclipse timing
ariation (ETV) tools in the near future (Zhang & F abryck y 2019 ).
hile we have only considered one relatively close-in initial location

or the innermost planet in the system, current observational methods
except gravitational microlensing and direct image observation) tend
o detect more close-in CBPs. Therefore, simulations with close-in
BPs are more important. Nevertheless, the ETV method can also
etect planets at far distance to the host star, and, thus, simulations
ith multi-CBP system with the large separation to the binary may
e necessary for future studies. 
Although all confirmed CBPs are nearly coplanar to their binary

rbital planes, the observational results from Czekala et al. ( 2019 )
NRAS 525, 3781–3789 (2023) 
ave shown the wide distribution of disc inclinations. Comparing
ith our previous study of two CBPs in Chen et al. ( 2023 ), hosting

hree stable Jupiter-mass planets around a binary is more difficult
han hosting two stable Jupiter-mass planets initially. Besides, if
he inner planet is located at 5 a b , we find that there are less planet
airs that can exist with orbital period ratio < 2:1 even though they
atisfy the minimal separation � ≈ 2 

√ 

3 . A binary with a low mass
raction and a high eccentricity is unlikely to have three Jupiter-mass
lanets, but it can host at least two planets if they are widely separated
nough ( � > 10.0). An equal-mass binary has a higher chance to host
hree stable Jupiter-mass planets for all initial inclinations since only

MRs between the planet pair contribute the most to destabilize the
ystem. Moreo v er, the surviving single planets or planet pairs could
ave significant eccentricities, which could be confirmed after more
BPs are found in near future. 
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smer E. M. , Ba s ¸t ̈urk Ö., Selam S. O., Ali s ¸ S., 2022, MNRAS , 511, 5207 
arago F. , Laskar J., 2010, MNRAS , 401, 1189 
leming D. P. , Barnes R., Graham D. E., Luger R., Quinn T. R., 2018, ApJ ,

858, 86 
iuppone C. A. , Cuello N., 2019, J. Phys.: Conf. Ser. , 1365, 012023 
ladman B. , 1993, Icarus , 106, 247 
ong Y.-X. , 2017, ApJ , 834, 55 
ong Y.-X. , Ji J., 2017, AJ , 154, 179 
olman M. , Touma J., Tremaine S., 1997, Nature , 386, 254 
ong Z. , Quarles B., Li G., Orosz J. A., 2019, AJ , 158, 8 
ennedy G. M. et al., 2012, MNRAS , 421, 2264 
ennedy G. M. et al., 2019, Nat. Astron. , 3, 278 
enworthy M. A. et al., 2022, A&A , 666, A61 
ostov V. B. , McCullough P. R., Hinse T. C., Tsv etano v Z. I., H ́ebrard G.,

D ́ıaz R. F., Deleuil M., Valenti J. A., 2013, ApJ , 770, 52 
ostov V. B. et al., 2020, AJ , 159, 253 
ozai Y. , 1962, AJ , 67, 591 
ratter K. M. , Shannon A., 2014, MNRAS , 437, 3727 
idov M. L. , 1962, Planet. Space Sci. , 9, 719 
ubow S. H. , Martin R. G., 2018, MNRAS , 473, 3733 
ubow S. H. , Ogilvie G. I., 2000, ApJ , 538, 326 
archal C. , Bozis G., 1982, Celest. Mech. , 26, 311 
arois C. , Macintosh B., Barman T., Zuckerman B., Song I., Patience J.,

Lafreni ̀ere D., Doyon R., 2008, Science , 322, 1348 
artin D. V. , 2017a, MNRAS , 465, 3235 
artin D. V. , 2017b, MNRAS , 467, 1694 
artin D. V. , 2019, MNRAS , 488, 3482 
artin R. G. , Lubow S. H., 2017, ApJ , 835, L28 
artin R. G. , Lubow S. H., 2018, MNRAS , 479, 1297 
artin R. G. , Lubow S. H., 2019, MNRAS , 490, 1332 
artin D. V. , Triaud A. H. M. J., 2015, MNRAS , 449, 781 
iret-Roig N. et al., 2021, Nat. Astron. , 6, 89 
r ́oz P. et al., 2017, Nature , 548, 183 
2023 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society 
ustill A. J. , Marshall J. P ., Villaver E., V eras D., Davis P. J., Horner J.,
Wittenmyer R. A., 2013, MNRAS , 436, 2515 

aoz S. , Li G., Zanardi M., de El ́ıa G. C., Di Sisto R. P., 2017, AJ , 154, 18 
ixon C. J. , Cossins P. J., King A. R., Pringle J. E., 2011, MNRAS , 412,

1591 
rosz J. A. et al., 2012a, Science , 337, 1511 
rosz J. A. et al., 2012b, ApJ , 758, 87 
adoan P. , Nordlund Å., 2002, ApJ , 576, 870 
uarles B. , Li G., Kostov V., Haghighipour N., 2020, AJ , 159, 80 
asio F. A. , Ford E. B., 1996, Science , 274, 954 
ein H. , Tamayo D., 2015, MNRAS , 452, 376 
eipurth B. , Clarke C., 2001, AJ , 122, 432 
andford E. , Kipping D., Collins M., 2019, MNRAS , 489, 3162 
mall w ood J. L. , Franchini A., Chen C., Becerril E., Lubow S. H., Yang

C.-C., Martin R. G., 2020, MNRAS , 494, 487 
mullen R. A. , Kratter K. M., Shannon A., 2016, MNRAS , 461, 1288 
tanding M. R. et al., 2023, Nat. Astron. , 7, 702 
teffen J. H. , Hwang J. A., 2015, MNRAS , 448, 1956 
umi T. et al., 2011, Nature , 473, 349 
utherland A. P. , F abryck y D. C., 2016, ApJ , 818, 6 
hompson S. E. et al., 2018, ApJS , 235, 38 
eras D. , Raymond S. N., 2012, MNRAS , 421, L117 
 errier P . E. , Evans N. W., 2009, MNRAS , 394, 1721 
on Zeipel H. , 1910, Astron. Nachr. , 183, 345 
eidenschilling S. J. , Marzari F., 1996, Nature , 384, 619 
eiss L. M. et al., 2018, AJ , 155, 48 
hitworth A. P. , Zinnecker H., 2004, A&A , 427, 299 
inn J. N. , Holman M. J., Johnson J. A., Stanek K. Z., Garnavich P. M.,

2004, ApJ , 603, L45 
amanaka A. , Sasaki T., 2019, Earth Planets Space , 71, 82 
anazzi J. J. , Lai D., 2018, MNRAS , 473, 603 
hang Z. , F abryck y D. C., 2019, ApJ , 879, 92 
hu W. , 2022, AJ , 164, 5 
hu W. et al., 2022, ApJ , 933, L21 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
MNRAS 525, 3781–3789 (2023) 

0 by U
niversity of Leeds user on 07 Septem

ber 2023

http://dx.doi.org/10.3847/1538-4357/ab287b
http://dx.doi.org/10.1051/0004-6361/201935220
http://dx.doi.org/10.1111/j.1365-2966.2011.19657.x
http://dx.doi.org/10.1093/mnras/stac357
http://dx.doi.org/10.1111/j.1365-2966.2009.15711.x
http://dx.doi.org/10.3847/1538-4357/aabd38
http://dx.doi.org/10.1088/1742-6596/1365/1/012023
http://dx.doi.org/10.1006/icar.1993.1169
http://dx.doi.org/10.3847/1538-4357/834/1/55
http://dx.doi.org/10.3847/1538-3881/aa8c7c
http://dx.doi.org/10.1038/386254a0
http://dx.doi.org/10.3847/1538-3881/ab2127
http://dx.doi.org/10.1111/j.1365-2966.2012.20448.x
http://dx.doi.org/10.1038/s41550-019-0715-1
http://dx.doi.org/10.1051/0004-6361/202243441
http://dx.doi.org/10.1088/0004-637X/770/1/52
http://dx.doi.org/10.3847/1538-3881/ab8a48
http://dx.doi.org/10.1086/108790
http://dx.doi.org/10.1093/mnras/stt2179
http://dx.doi.org/10.1016/0032-0633(62)90129-0
http://dx.doi.org/10.1093/mnras/stx2643
http://dx.doi.org/10.1086/309101
http://dx.doi.org/10.1007/BF01230725
http://dx.doi.org/10.1126/science.1166585
http://dx.doi.org/10.1093/mnras/stw2851
http://dx.doi.org/10.1093/mnras/stx122
http://dx.doi.org/10.1093/mnras/stz959
http://dx.doi.org/10.3847/2041-8213/835/2/L28
http://dx.doi.org/10.1093/mnras/sty1648
http://dx.doi.org/10.1093/mnras/stz2670
http://dx.doi.org/10.1093/mnras/stv121
http://dx.doi.org/10.1038/s41550-021-01513-x
http://dx.doi.org/10.1038/nature23276
http://dx.doi.org/10.1093/mnras/stt1754
http://dx.doi.org/10.3847/1538-3881/aa6fb0
http://dx.doi.org/10.1111/j.1365-2966.2010.17952.x
http://dx.doi.org/10.1126/science.1228380
http://dx.doi.org/10.1088/0004-637X/758/2/87
http://dx.doi.org/10.1086/341790
http://dx.doi.org/10.48550/arXiv.1912.11019
http://dx.doi.org/10.1126/science.274.5289.954
http://dx.doi.org/10.1093/mnras/stv1257
http://dx.doi.org/10.1086/321121
http://dx.doi.org/10.1093/mnras/stz2350
http://dx.doi.org/10.1093/mnras/staa654
http://dx.doi.org/10.1093/mnras/stw1347
http://dx.doi.org/
http://dx.doi.org/10.1093/mnras/stv104
http://dx.doi.org/10.1038/nature10092
http://dx.doi.org/10.3847/0004-637X/818/1/6
http://dx.doi.org/10.3847/1538-4365/aab4f9
http://dx.doi.org/10.1111/j.1745-3933.2012.01218.x
http://dx.doi.org/10.1111/j.1365-2966.2009.14446.x
http://dx.doi.org/10.1002/asna.19091832202
http://dx.doi.org/10.1038/384619a0
http://dx.doi.org/10.3847/1538-3881/aa9ff6
http://dx.doi.org/10.1051/0004-6361:20041131
http://dx.doi.org/10.1086/383089
http://dx.doi.org/10.1186/s40623-019-1064-0
http://dx.doi.org/10.1093/mnras/stx2375
http://dx.doi.org/10.3847/1538-4357/ab24d5
http://dx.doi.org/10.3847/1538-3881/ac6f59
http://dx.doi.org/10.3847/2041-8213/ac7b2d

	1 INTRODUCTION
	2 FIVE-BODY SIMULATIONS
	3 CONCLUSIONS
	4 IMPLICATIONS FOR EXOPLANET OBSERVATIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES

