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Abstract

Lag phase is observed in bacterial growth during a sudden change in conditions:
growth is inhibited whilst cells adapt to the environment. Bi-phasic, or diauxic growth
is commonly exhibited by many species. In the presence of two sugars, cells initially
grow by consuming the preferred sugar then undergo a lag phase before resuming
growth on the second. Biomass increase is characterised by a diauxic growth curve:
exponential growth followed by a period of no growth before a second exponential
growth. Recent literature lacks a complete dynamic description, artificially modelling
lag phase and employing non-physical representations of precursor pools. Here, we
formulate a rational mechanistic model based on flux-regulation/proteome partitioning
with a finite precursor pool that reveals core mechanisms in a compact form. Unlike
earlier systems, the characteristic dynamics emerge as part of the solution, including
the lag phase. Focussing on growth of Escherichia coli on a glucose—lactose mixture
we show results accurately reproduce experiments. We show that for a single strain
of E. coli, diauxic growth leads to optimised biomass yields. However, intriguingly,
for two competing strains diauxic growth is not always the best strategy. Our descrip-
tion can be generalised to model multiple different microorganisms and investigate
competition between species/strains.
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1 Introduction

Microbial cells show four phases of growth: lag, log (exponential), stationary and
death. Lag phase is observed when microorganisms are subject to a sudden change
in conditions, such as the introduction of fresh growth media. During lag phase cells
adapt to their new environment, synthesising the cellular components necessary for
growth.

Diauxic growth, first described by Monod (1942, 1949), occurs when a microor-
ganism is presented with two sugars that can be metabolised. The microorganism
first consumes the preferred sugar until that source is almost completely exhausted,
only then switching to consume the second food source (Monod 1949). There is a lag
phase between the two phases of microbial growth on the different food sources which
appears to be the result of a trade-off between rapid adaptation to changing growth
conditions and supporting a high (and therefore competitive) growth rate (Chu and
Barnes 2016). Diauxic growth can be interpreted as a way to maximise growth on two
substrates (Kompala et al. 1984; Salvy and Hatzimanikatis 2021): the sequential use
of substrates rather than the simultaneous consumption being beneficial under a wide
range of conditions (Chu and Barnes 2016). However, the exact conditions are unclear
for which diauxic growth performs better than other strategies, such as consuming both
substrates at the same time, albeit at reduced efficiency; in a competitive environment
where the two resources are limited, which strain grows most overall?

The underlying molecular interactions governing the response of a microorganism
to a change in conditions are complex, although some important regulatory processes
have been identified. For example, E. coli produces proteins to metabolise lactose
only when lactose is present and glucose (the preferred carbon source) is absent. This
is achieved through carbon catabolite repression (CCR) and inducer exclusion. CCR
is one of the most significant regulatory processes in many bacteria, accounting for
5 —10% of all bacterial genes (Gorke and Stiilke 2008). In E. coli, CCR is mediated by
the prevention of transcriptional activation of catabolic genes in the presence of glucose
via the catabolite activator protein (CAP). CAP senses glucose indirectly through the
‘hunger signal’ molecule cyclic adenosine monophosphate (cAMP). Glucose depletion
induces E. coli to produce more cAMP which binds to CAP, inducing a conformational
change that results in binding to DNA, stimulating transcription of the genes involved
in lactose metabolism.

The uptake of glucose inhibiting the ability of lactose permease to transport lactose
into the cell is known as inducer exclusion (Aggarwal and Narang 2022). The uptake of
glucose by the phosphotransferase system (PTS) is accompanied by the formation of
the de-phosphorylated enzyme EITAC!, which inactivates lactose permease by binding
to it (Hogema et al. 1998).
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The cooperative coordination of gene expression levels between these two regula-
tory mechanisms ensures that the preferred carbon source is used first, then metabolism
is reconfigured to use the secondary carbon source.

Guanosine 3,5'-bispyrophosphate (ppGpp), which down-regulates ribosome pro-
duction and up-regulates amino acid biosynthesis genes, has been found to have an
overarching role in coordination of gene expression during glucose—lactose diauxie
(Traxler et al. 2006). The regulation of ribosome synthesis, via ppGpp, is determined
by a balance between demand for and synthesis of amino acids. This amino acid flux
has been identified as an important factor in the regulation of bacterial growth rate
(Scott et al. 2014). cAMP, which is important in the regulation of metabolism as noted
above, coordinates the expression of catabolic, biosynthetic and ribosomal proteins,
ensuring that proteomic resources are spent on distinct metabolic sectors as required
in different growth conditions (You et al. 2013).

The mechanisms responsible for reorganisation of gene expression (resource alloca-
tion) in microorganisms are generally believed to be optimised by evolution (Giordano
et al. 2016). The optimum mechanism will depend on the growth environment. For
example, in a non-competitive environment the maximisation of growth yield is
thought to provide an advantage (Giordano et al. 2016) whereas when there is compe-
tition for resources, maximising growth rate will give a competitive advantage (Ibarra
et al. 2002).

Recent theoretical studies on resource allocation have focussed on maximizing
growth rate (Scott et al. 2014, 2010). Scott et al. (2014) used a coarse-grained model
of the cell to show that maximum growth rate is acheived at a specific value of the
ribosomal protein fraction through maximisation of the amino acid flux. The amount
of protein in the cell was assumed constant and divided into related sectors (proteome
partitioning): ribosomal proteins and metabolic proteins. Increasing the number of
ribosomes therefore decreases metabolic enzyme levels. Their optimisation control
strategy was based on the amino acid pool size, assumed to be signalled via ppGpp,
controlling the fraction of total protein synthesis producing ribosomes (Scott et al.
2014). Similar models of resource allocation optimisation include energy constraints
in addition to constraints on the proteome (Maitra and Dill 2015; Weil3e et al. 2015).

The above studies involve steady state models, describing an environment that is
stable over a long period of time. However, on the whole a microorganism is sub-
ject to a fluctuating range of growth conditions in its natural environment. This has
motivated the formulation of dynamic resource allocation models (Salvy and Hatz-
imanikatis 2021; Giordano et al. 2016; Pavlov and Ehrenberg 2013; Erickson et al.
2017; Basan et al. 2020; Kremling et al. 2018). Kremling et al. (2018) present an
ensemble of different models all showing diauxic behaviour. By qualitatively compar-
ing model predictions they offer an insight into the variety of mechanisms that have
been proposed to play a role in CCR. Basan et al. (2020) invesitgated shifts between
two single carbon sources reporting that long lag phases are due to the depletion of key
metabolites and resulting metabolic bottlenecks. Pre-shift growth rates were varied by
using different carbon sources and their model of sequential flux limitation predicts a
linear relationship between lag time and pre-shift growth rate. A stochastic simulation
model presented by Chu and Barnes (2016) shows that it is impossible to shorten the
lag phase without reducing the long term growth potential. Premature activation of
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the secondary metabolism shortens the lag but causes costs to the cell thus reducing
the growth rate on the preferred substrate. They predict, using simulated evolution,
that the lag phase will evolve to be longer in environments where switching is less
likely to be required and shorter in frequently changing environments. Erickson et al.
(2017) present a kinetic flux-controlled regulation model that quantitatively describes
adaptation dynamics based on the dynamic reallocation of proteomic resources. The
time evolution of gene expression is determined by regulation functions whose form
is derived from steady-state growth laws. There are limitations on the validity of
these regulation functions and in addition the model predicts constant proportionality
between growth rate and substrate uptake rate, which is not observed experimentally
during lag-phase growth.

In this study we extend and modify the model of Erickson et al. (2017) to include
accurate prediction of biomass growth and substrate uptake during an initial lag-phase
and during diauxic shift. We develop a coarse-grained model which uses qualita-
tive knowledge of the molecular processes and a flux balance approach. We have
avoided the potentially excessive complication of other models (Salvy and Hatzi-
manikatis 2021) explicitly so that we do not have large numbers of unmeasurable
parameters. Unknown kinetic parameters in the model description are related to mea-
surable kinetic parameters to minimise the need for fitting. Unlike many mathematical
models describing lag-phase (Swinnen et al. 2004; Erickson et al. 2017), we do not
introduce an artificial lag parameter to control the onset or length of the lag. Instead,
the timing of the lag-phase is determined by substrate concentrations and the initial
structure of the microorganism’s proteome.

We present a rational description, based on experimentally measurable parameters,
which reproduces all principal features of the growth curve of E. coli during the switch
from rich to minimal media and during glucose—lactose diauxie. Both the lag phase
and log phase of bacterial growth emerge as part of the solution. Such a description
(summarised in Sect. 2.3) can be used to demonstrate the relative merit of diauxic
growth over the whole growth period and explore other growth strategies.

2 Flux-Controlled Regulation of Anabolism and Catabolism

To model flux-controlled regulation (FCR) we shall adopt the modelling formalism of
Erickson et al. (2017), develop a rational mathematical approach to address modelling
inconsistencies and extend the description to describe physical aspects of precursor
and amino acid pools.

2.1 Original FCR Model

The FCR model due to Erickson et al. (2017) describes the time evolution of gene
expression and biomass growth during carbon upshifts and downshifts. The model bal-
ances carbon influx and protein synthesis flux via changes to the average translation
rate, o, which is set by the size of a pool of central precursors including ketoacids and
amino acids. Which proteins are produced (catabolic enzymes/ribosomes) is deter-
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mined by regulation functions whose form is derived from steady-state growth laws.
The central assumption of this model is that the time-dependence of the regulation
functions during growth transitions depends solely on changes to the translation rate.

2.1.1 Limitations of the Original FCR Model

The regulation functions defined in Erickson et al. (2017) are undefined for a par-
ticular value of the translation rate, which we will call op, and for 0 > op the
regulation functions incorrectly are negative. Although values of o > o p do not occur
during steady-state growth they can occur during growth transitions. To remove this
inconsistency and provide a firmer theoretical foundation we derive our regulation
functions directly, associated with a mathematical optimization of the growth rate (see
Sect. 2.2.5).

The original FCR model (Erickson et al. 2017) states that, on the time scale of inter-
est, all fluxes are balanced. This balance is achieved by assuming that the translation
rate adjusts abruptly with any changes to carbon influx (due to changes in substrate
availability or the concentration of a key enzyme). However, for small values of the
ribosome mass fraction or large carbon influx this can lead to large, physically unreal-
istic translation rates. We reason that as the translation rate depends on the size of the
precursor pool, which is finite, the rate must be limited. Therefore, we shall include
this limitation in our model (see Sect. 2.2.3).

Moreover, requiring flux balance in the above way results in the protein synthesis
rate, and hence biomass growth rate, only depending on the catabolic protein mass
fraction: the ribosome mass fraction drops out of the equations. The resulting constant
proportionality between growth rate and substrate uptake (the constant biomass yield)
predicted by the model of Erickson et al. (2017) does not agree with experimental
observations. Our data, which we present in Sect. 3.2.1, shows that during an initial
lag phase the ratio of growth rate to substrate uptake rate is significantly less than
it is during the subsequent log-phase growth: the biomass yield is not constant. This
suggests that growth is not being limited solely by the catabolic proteins, as this would
also limit substrate uptake, but must depend on the levels of other key proteins.

2.1.2 Factors Limiting Growth During the Initial Lag Phase

Prior to the diauxie experiment (a full description of which is given in Sect. 3.2.1)
E. coli was grown on Luria—Bertani broth (LB) which contains carbon sources and
amino acids essential for growth. Cells of E. coli growing in LB can import amino
acids directly and therefore do not need to use anabolic proteins to build amino acids.
Indeed, it has been found experimentally that E. coli grown in LB show much lower
levels of many genes involved in the amino acid biosynthetic pathways than those
grown in minimal media (Tao et al. 1999). Therefore, we propose that the lag phase
occurring when E. coli switches from growth on rich LB to minimal media is caused
by a lack of the anabolic proteins needed for the biosynthesis of amino acids. To
investigate this we extend the original FCR model to include an amino acid synthesis
flux.
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2.2 Modified and Extended FCR Model

External substrates, S;, are consumed by a microorganism, X. Inside the microbial
cell catabolic enzymes break the substrate down into precursors. Anabolic proteins
combine precursors to form amino acids that are subsequently incorporated by ribo-
somes into proteins required for growth. The relative amounts of the different enzymes
and proteins required are determined by the growth conditions and substrates being
consumed.

We construct a mathematical description of this process incorporating proteome
partitioning, flux-controlled regulation and allocation of protein synthesis via optimi-
sation of the growth rate.

2.2.1 Proteome Partitioning

Using an established model of proteome partitioning (Scott et al. 2010; Scott and Hwa
2011) we split the total protein content of the cell into different sectors, each composed
of proteins whose expression levels show similar growth rate dependency in different
growth conditions. The growth rate dependent sectors of the proteome are ribosome-
affiliated proteins, R, enzymes relating to carbon import and metabolism, C, anabolic
enzymes related to the production of amino acids, A, and an ‘uninduced’ sector, U,
which generally decreases with decreasing growth rate (You et al. 2013). The rest of
the proteome, Q, is growth rate independent and its mass fraction is non-zero and
constant. It follows that

Or+ P+ Py + Py + Pp =1, (D

where ®; is the mass fraction of sector i. The minimum mass fraction of each sector,
®; o, is assumed to be growth rate independent (You et al. 2013) so that for each
sector the growth rate dependent part is given by ¢; = ®; — ®; o. Thus, in terms of
the growth rate dependent parts of the mass fractions, Eq. (1) becomes

PR + A + ¢c + du = Pmax,

where @pax = 1—Pg — Pro—Pao— Pc,o— Py,o < 1is aconstant. This can be
further simplified by noting that the uninduced sector of the proteome is found to be
related to the ribosomal sector (under C and A limitation) such that ¢y = e¢pg (You
et al. 2013). It follows that

(14 &)pr + dpa + ¢c = Pmax. (2)

During the log phase of growth of bacterial cells, the rate of cell proliferation (the
growth rate) and the expression levels of key proteins are linearly correlated (You et al.
2013; Scott et al. 2010; Erickson et al. 2017). Each protein sector is assumed to be
regulated as a whole (You et al. 2013; Hui et al. 2015) so ¢; is proportional to the
expression level of a key protein in sector i, and thus to the growth rate. Denoting the
value of the mass fraction during the log phase by ¢ it follows that
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A* A* A*
¢7€ = ¢Z‘ = quaX (1 ) ) ¢)Z = (3)

VR AC VA

where A* is the constant growth rate of the E. coli cells in log phase and vg, A¢c and
vy are constants (see Appendix A for further details).

2.2.2 Flux-Controlled Regulation

The core mechanisms represented in our model are shown in Fig. 1. The microorganism
takes up substrates and breaks them down into carbon precursors. These precursors,
together with other essential nutrients, combine to supply the cell with a pool of
amino acids. The amino acids are utilised by ribosomes to produce proteins, Z. The
rate of protein synthesis depends on the concentration of ribosomes, R, and the average
translation rate, o4, so that dZ/dt = o4 R. The total mass of protein as a fraction of
total biomass is relatively constant (Erickson et al. 2017). Therefore, the total biomass
concentration, X, is related to the total protein concentration by Z = p X, where the
constant p is the fraction of biomass that is protein. It follows that

— = JrX, “)

where Jg = o4 Pg represents the protein synthesis flux and ®r = R/(pX). Anal-
ogous to Jg the amino acid synthesis flux is given by J4 = o¢ &)g, where o¢ is
the average amino acid synthesis rate and ég is the rescaled mass fraction of a key
anabolic protein, G. (We rescale ®¢ with a factor proportional to ®p,x to remove an
unknown constant from the equations, details are given in Appendix A.3). The rela-
tionship between (i)g and the mass fraction of the total amino acid sector, ® 4, where
d,4 = A/(pX), is discussed in Sect. A.3 of the Appendix, with Eq. (A3) giving the
explicit dependence.

The carbon influx rate, Jc, is proportional to the rate of substrate uptake. We base the
substrate uptake equation on Michaelis—Menten kinetics (see Appendix B for details).
For the case where there are N substrates, with concentrations {S;} = {S1, S2, ...Sn},
we have

ds; Op S;
d—t]:—kmax,j (Ci)*j)K _] Sxy (5)
E,j §,j T

where ®f. j 1s the rescaled mass fraction of a substrate specific catabolic enzyme
and CT)E . is the value of that mass fraction during log-phase growth on the specific
substrate. (As before, we rescale ®g ; to remove an unknown constant from the
equations, details are given in Appendix A.2.) For non-repressed enzymes ® g ; = ¢c,
where ¢¢c = ®¢c — Pc o and ®¢c = C/(pX). The constants kpmax,; and K ; are the
maximum uptake rate and the Michaelis constant for substrate j respectively.

We define Y¢ ; to be the yield of carbon precursors from S, so, obtaining the
substrate uptake rate from equation (5), it follows that the carbon influx rate due to
substrate S; is given by
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q_>Ej S
Je.j =Yc, jkmaxj | = . 6
C.j = 7€, max,j (qrg’j) Ks.j+S; ©

N
with the total carbon flux Jc = ) Jc ;. Note that we do not assume that Yc ; is
=1

constant, as is the case in Erickson et al. (2017), as this would result in the biomass
yield, Y;, being constant, which is inconsistent with experimental observations (as
discussed in Sect. 2.1.1). In our model Y¢ ; and, therefore, the biomass yield, Y,
depend on the growth conditions and proteome structure as we now show.

2.2.3 The Finite Precursor Pool Size

When growth conditions change, the amount of carbon available to enter the growth
pathway (shown in Fig. 1), via the carbon influx, Jc, is affected. An abrupt upshift in
substrate quality could cause J¢ to increase suddenly, resulting in a sudden increase
in the production rate of carbon precursors. The level of the A-sector proteins cannot
increase abruptly (as protein synthesis rates are proportional to the growth rate) and
a bottleneck will occur in the growth pathway. This could be dealt with by abruptly
increasing the amino acid synthesis rate, oc, as in Erickson et al. (2017), but accounting
for large changes in J¢ in this way requires setting unrealistically high values for oc.
Instead we note that the size of the precursor pool is limited by a cell’s capacity,
there being only finite space within a cell. Thus the abundance of carbon precursors is
limited which, as o¢ depends on the abundance of carbon precursors, in turn limits the
value of oc. (Similarly, the translational activity, o4, will have a maximum value.) To
maintain flux balance we propose that the carbon entering the growth pathway, Jc, is
limited. This is achieved by allowing the yield of carbon precursors, Yc, ;, to change
as growth conditions change. Note that the substrate that is broken down but does
not enter the growth pathway will be released as product (which we do not explicitly
model). This is the case whether Yc ; is constant, as in Erickson et al. (2017), or
changing, as in this model.

We let Pc, ; represent the concentration of carbon precursors added to the precursor
pool by the flux J¢ ;, defined in Eq. (6), and P4, ; represent the amino acids subse-
quently synthesised from Pc ;. The combined size of the carbon precursor and amino
acid pools can therefore be written as

N

N P,
P:ZPc,j-I-Z—, )
— I

oqc i
i— C,j

where ac ; is a constant conversion factor from Pc j to P4, ;. There is a maximum
value of P that can be maintained in the cell and we denote this by K. This constant, K,
is analogous to the carrying capacity in population dynamics, the maximum population
size that can be sustained in a given growth environment. In population dynamics the
growth rate is limited by the carrying capacity, with growth tending to zero as the
population size tends towards the carrying capacity. Here we limit the fluxes entering
the carbon precursor pool so that J¢ ; — 0as P — K. We have

@ Springer



Emergent Lag Phase in Flux-Regulation Models of... Page90of58 84

Substrate 1 ...‘

Substrate 2

Precursors

o
°
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Amino Acids

Jr

Xed | X Xcr

v v v

Proteins

Fig. 1 Flux-controlled regulation model. External substrates, S;, are taken in and then broken down by
catabolic enzymes, the C-sector, to supply a pool of carbon precursors. Changes in the concentration of
the substrates and enzyme result in changes to the carbon influx, J¢. Other essential nutrients, including
nitrogen, combine with these carbon precursors and are built up by anabolic proteins, the A-sector, to form
amino acids. The flux of amino acid synthesis is given by J4. A balance between J4 and J¢ is achieved
through changes to the average amino acid synthesis rate, oc, which in turn depends on the size of the
precursor pool. The amino acids are “consumed” by ribosomes, the R-sector, in protein synthesis. The
flux of protein synthesis is given by Jr. A balance between Jg and J4 is achieved through changes to
the average translational activity, o4, which depends on the size of the amino acid pool. The regulation
functions x g, x4 and xc determine the amount of ribosomal, anabolic and catabolic proteins, respectively,
that are produced. Allocation of protein synthesis is regulated, via ppGpp and cAMP (Traxler et al. 2006;
Scott et al. 2014; You et al. 2013), in response to changes to the precursor and amino acid pools. Under
given growth conditions, there is an optimum level for each protein that will maximise the growth rate.
During growth transitions the proteins are not at optimum levels, leading to changes in the precursor and
amino acid pools and a non-optimum growth rate. In the model the regulation functions are derived directly,
associated with a mathematical optimisation of the growth rate (Image created with BioRender.com) (Color

figure online)
K—-P
Je,j= —x Je,jo,

where Jc, o is the carbon flux from substrate j when P = 0 given by

P j Sj
CDEJ. Ks j+S;

Je,jo = Yc,j 0kmax, j
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The constant Y¢ ;o is the yield of carbon precursors from §; when P = 0. To simplify
notation we introduce the function

1 S
. S =« o Yo k . — J s 8
FiUSih = e, jec.jYe,j.okma. (q,z’j) K5 £, ®
so that
c.ji= i PE, ;-
1 K A jac,j / /

To keep the number of variables in the model to a minimum we want the carbon
influxes J¢; to be defined only in terms of the substrate concentrations and protein
mass fractions. This means we need to know P, and therefore Pc ; and P4 j, only
in terms of the substrate concentrations and protein mass fractions. This is done by
considering flux balance.

The amino acid synthesis flux is given by J4 = ¢ ®g, as discussed in Sect. 2.2.2,
where oc = oc({Pc,;}) depends on the abundance of carbon precursors. For sim-
plicity, we take a linear dependence, setting o¢c = Y jac, jkc,jPc,j, where k¢ j, the
uptake rate of Pc ;, is a constant. The amino acid synthesis flux due to substrate j is
therefore given by J4,; = ac jkc,jPc,j®g. Similarly, as the total protein synthesis
flux Jg = o4Dpg, we take o4 = Zj OlA,jkA,j PA’]', where the constant kA,j is the
uptake rate of P4 ; and a4, ; is a constant conversion factor from Py ; to protein, and
obtain the protein synthesis flux due to substrate j as Jg j = a4, jka, jPa, jOR.

The rates of change of Pc ; and P4 ; in terms of the fluxes, J¢ ;, Ja,; and Jg ;
are given by

dPc 1 dPa,; 1
L= Je i — ——J4 i, gy — ——Jp .
dr C.J ac,j A dr A aj,j R.j

To achieve flux balance, changes in Pc ; and P, ; are assumed to take place over a
relatively fast time scale, so that dP¢c j/dt = dPy4 j/dt = 0. Essentially this means
that on the timescale of interest all fluxes balance so that

Jrj =aajJa,j, Ja,j =oacjJc,j. (10)

Substituting for Jg j, J4,;j and Jc ; in equations (10) we obtain a system of 2N
equations in terms of Pc ;j and P4 ;. These can be solved to give Pc ; and Py ; in
terms of the substrate concentrations and protein mass fractions. From these we can
then work out P, using equation (7), and substituting for P into (9) we obtain

<L> Ci)gCDRq_)E’j

ocC jOtA j

&agchJr(nX}j: I dp >CI> +<Z I dp )cing

Jej= . 3D

OCmax,n O Amax,n
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where oamax.n = ®An@C.nka K and ocmax.n = @antc.nkc n K are, respectively,
the maximum translation rate and maximum amino acid synthesis rate when only
substrate n is being consumed. Full details of the derivation of Eq. (11) are given in
Appendix C.

Comparing Eq. (11) with the definition of Jc ; given by Eq. (6), it follows that

Ye, j. ()q_)gq)R

q>g<I>R+<Z /i q>En>¢’R+( o g n)ég

—r OCmax,n O Amax,n

Yeo,j= (12)

This equation describes how the yield of carbon precursors changes with the substrate
concentrations (through f;) and protein mass fractions.

We now use the expression we have derived for Jc j, given by Eq. (11), and the
flux balance equations (10) to derive an equation for biomass growth.

2.2.4 Biomass Growth

N
The equation for biomass growth in terms of the protein synthesis flux, Jg = Y Jg ;,
j=1
is given by equation (4). From flux balance we have Jg ; = a4 jac,jJc,j, with J¢ ;
given by Eq. (11). It follows that

N —_ -
<Z fnch,n> Dgdp
n=1 X, (13)

dgdg + (Z In ol n) PR + <Z Jn P n) ®g

OCmax,n O Amax,n

dX
dr

with f;, given by Eq. (8). Note that the growth rate

N
fu®E, | PgP
u(—‘dx) (2 E>gR

T X dr ’
®g®R+(Z J: ci’En)<l>1e+< g n)‘i’g

OCmax,n O Amax,n
(14)

is not directly proportional to the substrate uptake rate and depends on the mass
fractions of each of the growth dependent proteome sectors. For small ® g the growth
rate is limited by ®x and similarly for ®g and ¢¢ (through @ E,j)- Crucially, for
fixed substrate concentration (constant f;), the growth rate u = ,u(CTDg, g, ¢c) has
a unique maximum value at specific values of &Dg, ®r and ¢c. We hypothesise that
during the log-phase cells grow at this optimal rate. This hypothesis uniquely defines
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the values of the unknown constants in Eqs. (13) and (14), 0Cmax, j> OAmax,j and
aa,joc,jYe,j o (this latter combination of constants appears in the definition of f;).
In terms of experimentally measurable parameters we find

(q)max +(1+ S)CDR,O + d_Dg,o) Y}kkmax,j

OAmax,j = 2 s (15)
(1+e)P%;
(q)max + 1+ S)q)R,O + CDg,o) Y}kkmax,j
OCmax,j = 52 s (16)
G.j

1\ s
_ 5 . J
FidSi) = (Pmax + (1 +8)Pro + Pg.0) ¥ kmax,j (5’}% ,~> Ks 45, (17)

where the constant Y/?k is the measured biomass yield during log-phase growth on
substrate j. Full details are given in Appendix D.

2.2.5 Allocation of the Protein Synthesis Flux

Allocation of protein synthesis is regulated, via ppGpp and cAMP, in response to
changes in the precursor and amino acid pools (Traxler et al. 2006; Scott et al. 2014;
You et al. 2013): protein levels are adjusted until pool sizes are optimal. Variations in
pool sizes manifest as changes to the growth rate (the size of precursor and amino acid
pools being explicitly included in the derivation of the growth rate equation (14), see
Sect. 2.2.3) and it follows that when precursor and amino acid pool sizes are optimal
the growth rate is maximal. We therefore allocate the protein synthesis flux through
regulation functions that adjust the level of proteins until the growth rate is maximal.

Proteins belonging to the growth independent sector of the proteome, Q, are pro-
duced as a constant fraction, ® ¢, of total protein production. Proteins belonging to the
growth dependent proteome sectors are produced in varying amounts depending on
the current state of the proteome and the growth conditions. The R, A and C sectors of
the proteome are each composed of a growth independent part and a growth dependent
part. The growth independent parts are produced at a constant fraction of total protein
produced as for sector Q. For the growth dependent parts we define regulation func-
tions xg, xc and x4 to represent the fraction of the total amount of protein produced
that is R-sector, C-sector, and A-sector protein respectively so that

dR dz

i (Pr.0+ xR) T (18a)
dc dz
PP (®c.o+ xc) GO (18b)
dA dz
e (q)A,O + XA) @ (18c)

As the total amount of protein Z = pX the regulation functions are constrained by
(I+&)xr + xc + XA = Pmax, (19)
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and we alsorequire xg > 0, xc > 0and x4 > 0 as protein is not recycled or destroyed
(this is a simplifying assumption of our model). Using the relationships between
biomass concentration and total protein concentration, and protein concentrations and
protein mass fractions, given in Sect. 2.2.2, we rewrite Eq. (18) in terms of the growth
dependent protein mass fractions (details given in Appendix E). We have

dén

4 = R OR) (20a)
d
9 = e —sorm (200)
d
A~ - g, (200)

with the growth rate, i, given by Eq. (14). Substrate specific enzymes belong to the
C sector and their regulation therefore depends on xc. We set

dor.
dt

= (XE,j - <l_5E,-) ", 21

where g ; is the regulation function for the substrate specific enzyme. For enzymes
that are always expressed proportional to the whole C sector we have xg ; = xc,
however, if an enzyme is repressed under certain conditions this is not the case. Here
we set

XE,j = 1j (;jq)max + xc (1 - é‘j)) , (22)

Whefe the function ¢ ((]3 E.j»Pc) svgitches x£,j fromits maximumlevel, xg, j = Pmax,
for ¢ j K ¢c to xg,j = xc for ¢ ; ~ ¢c. The choice of

1 1 (¢ 1
(I ) N

where € < 1, facilitates such a switch smoothly (for qSE j < ¢c we have {; — 1
and for ¢ j ~ ¢c we have ¢; — 0). The function n;({S;}), 0 < n; < I, depends
on which substrates are present in the system and determines whether a substrate
specific enzyme is being expressed. For example, when modelling glucose—lactose
diauxie, the glucose specific enzyme will always be expressed so we set 7] = 1 (note
also that as a_bE j = ¢¢ when an enzyme is always expressed we have ¢z = 0 and
hence xg g1 = xc¢). However, the lactose specific enzyme is only expressed when the
concentration of glucose drops sufficiently. The point at which lactose uptake switches
on is not very well defined but we require 7, < 1 when the glucose concentration,
Sg1, 1s large and n; — 1 as Sgi — 0. This can be modelled by setting

2 2
KL + sSgl

— 24)
2 2
KL + Sg]

Na =
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where K isaconstantand & < 1 gives the level of lactose specific enzyme expression
in the presence of glucose (the pre-expression level). This choice of function enables a
smooth transition between repressing lactose uptake when glucose concentrations are
high and no repression of lactose uptake at zero glucose concentration. Glucose levels
must drop so that Sg; &~ K, before the lactose specific enzyme is fully expressed. A
similar functional form is used in Okano et al. (2020) to model enzyme regulation in
the hierarchical use of substrates by E. coli.

As stated above, we require the regulation functions in our model to adjust the level
of proteins until, for the given conditions i.e. substrate concentrations, the growth rate
is maximised. To derive the regulation functions we make use of the standard calculus
result that the greatest rate of increase of a function at a given point is in the direction
given by the gradient of that function at that point. As the regulation functions are
constrained we set

C{S; 1
sk = ox + 45D (( )8“ y({ f}>——<1—7<{5}>>8¢>

I+e 14+¢) 0¢ R10)

(25a)

= ¢c +C({S; })( (s; })——(1— (S; }))( )3_“)

¢ ¢ R ¢ v 1+8 8¢R ’
(25b)

0 I 9

xa =¢a+ CU{S;} <% —(1- y({Sj}))ad) () (1 +8) ﬁ) ,

(25¢)

which satisfies Eq. (19). The function C({S}}) is chosen to ensure that (1 +¢) xr, xc

and x 4 never individually exceed ®yax, and y ({S;}) is chosen to ensure that xg > 0,
xc = 0and xa > 0. Details of the derivation of C({S;}) and y ({S;}) are given in
Appendix F.

These regulation functions are a mathematical representation of protein synthesis
regulation via ppGpp and cAMP: protein levels are adjusted to optimise growth rate
in a given environment. The regulation functions are never negative and the constraint
on protein production, given by Eq. (19), is always satisfied.

From here on we will not solve explicitly for ¢4 as its value is determined from ¢ g
and ¢¢ using equation (2).

2.3 Governing Equations

In summary, we have constructed a mechanistic model describing the time evolu-
tion of biomass growth, substrate concentration and gene expression during carbon
upshifts and downshifts. Phases of microorganism growth emerge from the dynamics
of the proteome, rather than being switched on/off at a particular time. The model
incorporates proteome partitioning, flux-controlled regulation and optimal allocation
of protein synthesis. The governing equations are
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ds; O S;

i Y X, (26a)
dt : @’E’j Ks;j+S;

d

—:ftR = (Xr = $R) 1, (26b)

dog -

0 L= (xe.j— ¢z;) i (26¢)
X _ x (264d)
a = M

with the growthrate, u = u({S;}, ®g, (P E,j}), given by equation (14). An overview
of the model variables and parameters is given in Tables 1 and 2.

The exact mechanism underlying the inhibition of substrate uptake is not made
explicit in the model, making it flexible and applicable to many processes. In addi-
tion, the description can be generalised to model multiple different microorganisms,
facilitating investigation of competition between different species or strains.

The model can be applied to describe lag phases caused by a lack of ribosomal
proteins, anaobolic proteins or catabolic proteins. Indeed, unlike previously published
models (Erickson et al. 2017; Salvy and Hatzimanikatis 2021; Wu et al. 2023), this
model can capture more complex systems where there are sequential lag phases, for
example an initial lag due to a change from rich to minimal growth media (lack of
anabolic proteins) followed by a diauxic shift (lack of specific catabolic protein).

We now apply our model to the particular case of E. coli growing on a
glucose—lactose mixture, comparing numerical results to data from the literature and
preliminary experimental data.

3 Results

We first parameterize and test our mathematical model using the E. coli glucose—
lactose diauxie experimental data from Erickson et al. (2017). We then test the model
against our own experimental data, which in addition to the glucose—lactose diauxic
shift includes an initial lag due to a change from rich to minimal growth media.

3.1 Simulation 1: Modelling a Single Lag Phase

We simulated the diauxic shift of E. coli growing on a mixture of glucose and lactose
and compared our results to experimental data from Erickson et al. (2017). Full details
of the governing equations and parameters used in the numerical simulations are given
in Appendix G. The equations were solved in Matlab (MATLAB 2020) using the solver
odelS5s.

Figure 2 shows simulation results from our model, simulation results we have
reproduced using the model of Erickson et al. (2017) and experimental data taken
from Figure 3 of Erickson et al. (2017). Figure 2a shows growth curves of E. coli
grown on 0.03% glucose and 0.2% lactose. Our model results are shown as the solid
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Table 1 Overview of model variables

Variable Description
S; Concentration of jth substrate
Concentration of biomass
PR Growth-dependent mass fraction of R-sector proteins
bc Growth-dependent mass fraction of C-sector proteins
ba = Omax — (1 +&)pp — &¢ Growth-dependent mass fraction of A-sector proteins
Dr =®r o+ dr Total mass fraction of R-sector proteins
) E,j Total mass fraction of substrate specific C-sector protein
<i>g = <i>g,0 +da Total mass fraction of key A-sector protein
FidS;ih Defined in Eq. (17) Substrate dependent function
n Defined in Eq. (14) Growth rate
XR Defined in Eq. (25a) Fraction of growth-dependent protein produced that is R-sector
Xc Defined in Eq. (25b) Fraction of growth-dependent protein produced that is C-sector
XE,j Defined in Eq. (22) Regulation function for substrate specific catabolic enzyme
j ) E.j»$C) Defined in Eq. (23) Function determining whether substrate specific enzyme is expressed
n;({S;H Example given in Eq. (24) Function determining whether substrate specific enzyme is expressed
Cc{S;h Defined in Appendix F Ensures that (1 4+ ¢)xg and xc do not exceed O max
y{S;hH Defined in Appendix F Ensures that x g and xc are positive

A full description and derivation of variables is given in the text
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Table2 Overview of model parameters

Parameter Description
Y ;“ Biomass yield measured during log-phase growth on substrate S;
kmax, j Maximum uptake rate of S;
Ks ; Half saturation constant on S ;
VR Fitted parameter in growth law
rc Fitted parameter in growth law
—1
VA = ((D%C“" — %) Fitted parameter in growth law
Dmax Total combined mass fraction of growth dependent proteins
& Constant relating uninduced sector to R-sector
Y kmax. j
¢}‘e’j = *Rﬂ’j Value of ¢ during log-phase growth on substrate S ;
Y kmax.
¢éj = Omax (1 - ’}fn;xj) Value of ¢¢ during log-phase growth on substrate S ;
Y kmax, j
¢t\,j = % Value of ¢4 during log-phase growth on substrate S ;
Dro Minimum ribosomal mass fraction
@G0 Minimum mass fraction of key A-sector protein
Pmax + (1 + PR o+ Pg.0) ¥ ikmax, j

O Amax. i = ( max R0 g’o) Jjmax.J Maximum translation rate when consuming S';

2J (1+e) q)*Z ] J

R,j
Pmax + (1 +8)Pro + Pg.0) ¥ ikmax, j

OCmax, j = ( max — g,O) SR Maximum amino acid synthesis rate when consuming S

*2
g

A full description and derivation of parameters is given in the text
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Fig. 2 Comparison of simulation results using our model and the model of Erickson et al. (2017) with
experimental data taken from Figure 3 of Erickson et al. (2017). a Growth curves of E. coli grown on
0.03% glucose and 0.2% lactose. The solid black line shows results of our model, the dashed black line
shows results using the Erickson model (Erickson et al. 2017) and red circles show experimental data. b
Expression level of lactose specific catabolic enzyme PlacZ. The solid black line shows results of our model,
the dashed black line shows results using the Erickson model (Erickson et al. 2017) and green triangles
show experimental data. ¢ Comparison of regulation functions in the two models. Solid lines show this
model and dashed lines the Erickson model. The main difference between the models is in the regulation
of the C sector at the point of diauxic shift. In our model the large upscaling of enzyme production affects
only the lactose specific enzyme whereas in the Erickson model the whole C sector is upregulated. Vertical
dashed lines indicate the diauxic shift (Color figure online)

black line, the dashed black line shows results using the Erickson model (Erickson
et al. 2017) and red circles show experimental data. There is a discrepancy between
the results of the Erickson model we have reproduced here and those shown in Figure
3 of Erickson et al. (2017). This is due to the miscalculation of a scaling factor in
the original work that we have corrected (the predicted response immediately after
shift quoted in the caption to Figure 3 in Erickson et al. (2017) as 7866 Uml~'OD600
should be 8280Uml~ ' OD600). Figure 2b shows the expression level of lactose specific
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catabolic enzyme PlacZ. The solid black line shows results of our model, the dashed
black line shows results using the Erickson model (Erickson et al. 2017) and green
triangles show experimental data. The expression of PlacZ is repressed in the presence
of glucose but then increases rapidly on depletion of glucose, which occurs at t = 0
shown by the vertical dashed line. A comparison of regulation functions in the two
models is shown in Fig. 2c. Solid lines show the regulation functions for our model
and dashed lines for the Erickson model with xg (red), xc (blue) and xg 1. (green).
The main difference between the models is in the regulation of the C sector at the
point of diauxic shift. In our model the large upscaling of enzyme production affects
only the lactose specific enzyme whereas in the Erickson model the whole C sector is
upregulated.

Results show that both models reproduce the growth curve and enzyme expression
level well with our model fitting slightly better to the growth curve data (residual sum
of squares (RSS) 1.6 x 10~3 our model, 3.8 x 10~3 Erickson model) and Erickson
model fitting slightly better to the PlacZ expression level (RSS 1.2 x 10~ our model
and 4.1 x 10~* Erickson model).

3.2 Simulation 2: Modelling Two Sequential Lag Phases

We now use our model to describe a more complex experimental system where there
are two sequential lag phases: an initial lag due to a change from rich to minimal growth
media followed by a diauxic shift. To accurately predict the time evolution of biomass
and substrate concentrations in such a system a model must include multiple proteome
sectors and a variable biomass yield. These features are included in our model unlike
previously published models (Pavlov and Ehrenberg 2013; Erickson et al. 2017; Salvy
and Hatzimanikatis 2021) which are, therefore, unable to model this system.

3.2.1 Methods

We recreated the glucose—lactose diauxie experiment of Mostovenko et al. (2011),
using mixed E. coli strains. The following two strains were employed: E. coliMV1717
(MG1655 lac™ containing chromosome-encoded, inducible CDI-msfGfp, chloram-
phenicol (Cm) resistance) and E. coli MV 1300 (MG1655 delta lacZYA; kanamycin
(Kan) resistance). Strain MV 1717 can grow on lactose (lac™), while MV 1300 cannot
utilise lactose (lac™) as it is missing the lacY gene that encodes lactose permease, a
membrane transporter that pumps lactose into cells. This characteristic was confirmed
by growth on MacConkey agar, as shown in Fig. 3, where MV1717 (lac™) colonies
grow pink and MV 1300 (lac™) colonies grow colourless (white).

Strains were grown separately overnight on Luria—Bertani agar (LB-agar Miller;
LMMO0204, Formedium, Hunstanton, UK) at 37°C. A single colony of each strain was
then grown overnight in 50 mL Falcon tubes containing 25 mL LB medium (LB broth,
Miller; BP9723-500, Fisher BioReagents, Loughborough, UK) at 37°C with 120rpm
orbital shaking. Both the LB-agar and LB broth contained antibiotics: 30 pg/mL Kan
for MV 1300 and 34 pg/mL Cm for MV 1717 respectively. The use of antibiotics was
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Fig.3 The two utilised E. coli
strains growing on differential
MacConkey agar. Lactose
fermenters grow red or pink,
cells unable to utilise lactose do
not change colour. Left:

MV 1717 a lactose fermenting
(lac™) strain. Right: MV1300 a
non-lactose utilising (lac™)
strain (Color figure online)

necessary for the gPCR we carried out which targeted plasmids carried by these strains
that were used for quantification.

Biomass was measured using an established OD vs cell density relationship for
E. coli (Brown 2010). (Note that whilst OD will likely depend on the geometry of
cells, granularity and other aspects, it is commonly assumed to be proportional to
biomass.) When the optical density at 600 nm (OD600) reached 1.4 (~ 1.1 x 10°
cells/mL), the biomass from each tube was harvested via centrifugation (Centrifuge
5810 R, Eppendorf) at 1940x g, 37°C. Supernatants were removed and the pellet
was resuspended in 10 mL of warm (37°C) filter sterile 1x phosphate buffered saline
(PBS 20-7400-10, Severn Biotech Ltd.). The biomass was spun again with the same
parameters. The PBS was removed and the pellet was resuspended in 10 mL of 1x
Morpholinepropanesulfonic acid (MOPS) minimal medium (Teknova, Hollister, CA,
USA).

The strains were mixed in 1:1 ratio (v/v) prior to inoculation and OD600 measured
(the inoculum OD600 was 6.82). The mixed culture was used to inoculate a 3L glass
autoclavable bioreactor (Applikon Biotechnology, Delft, The Netherlands) with 1 L of
1x MOPS minimal medium (Teknova, Hollister, CA, USA) containing 0.5 g/L glucose
and 1.5 g/L lactose as the only carbon sources (Traxler et al. 2006; Mostovenko et al.
2011). Bioreactor temperature was maintained at 37°C (£0.3°C) via a recirculating
water bath (OLS200, Grant Instruments). Culture pH was monitored and logged via
a Bio Controller (ADI 1010, Applikon Biotechnology, Delft, The Netherlands) and
maintained at pH 7.2 & 0.05 by addition of 2M NaOH. Dissolved oxygen was main-
tained above 20% saturation by adjusting agitation speed in the range of 270 - 500
rpm (Motor Controller, ADI 110, Applikon Biotechnology, Delft, The Netherlands)
with fixed 1 L/min air flow (Traxler et al. 2006).

To monitor cell density and glucose and lactose concentration, 2 mL samples were
collected every 30 min before and after diauxie and every 10 min near and during the
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Fig. 4 Mixed E. coli strains diauxic growth profile on glucose and lactose. a Growth curves of three
independent biological replicates illustrating the transitions between the initial lag phase, lag phase due
to diauxic shift and the stationary phase as all sugars are depleted. b Glucose and Lactose concentrations
relating to different parts of the growth curve for replicate experiment 3; black line and circles in a, shown
again here for completeness. Glucose (blue line, squares) is initially depleted by both strains (MV1717,
MV1300) before a lag phase induced by the diauxic shift to lactose fermentation. Vertical dashed lines
indicate the passage of diauxic shift (Color figure online)

diauxic shift, as described in Mostovenko et al. (2011). E. coli growth was measured by
assessing OD600 using a Thermo Spectronic Biomate 3 UV-Visible spectrophotome-
ter (ThermoFisher Scientific, UK) zeroed against an uninoculated growth medium
blank. For large values of OD600 (> 0.4), we calculated OD600 based on samples
that were diluted in media and remeasured. The concentrations of glucose and lactose
were assayed using enzymatic kits (CBA086, Sigma-Aldrich and K624, BioVision,
respectively). Aliquots of cells were also cultured on MacConkey agar and incubated
at 37°C overnight for differentiation and enumeration of lactose and non-lactose fer-
menting strains.

Cell density and glucose and lactose concentration measurements allowed the accu-
rate establishment of the initial lag phase (caused by the switch from growth on rich
LB to minimal media) and the onset of diauxic growth, see Fig. 4.

During the initial lag phase (up to around 200 min) substrate is taken up (the glucose
level declines; see blue line and squares in Fig. 4b) but the growth rate is significantly
less (the gradient of the growth curve, black line and circles in Fig. 4b, is much less
for t+ < 200min than for + > 200min). The longer initial lag phase observed in
experiments 1 and 2 is likely due to the fact that the two cultures used to inoculate
experiments 1 and 2 were slightly older (20 h post inoculation) compared to experiment
3 (18h post inoculation). Diauxie began when the culture reached OD600 of ~ 0.5
or a density of approximately 4 x 108 cells/mL (Brown 2010) and was indicated by
a 20—30min plateau in the growth curve (Fig. 4). The OD600 of the diauxic shift
was comparable in three experiments (OD600 of 0.52, 0.59, 0.55), see Fig. 4a and
Mostovenko et al. (2011). The onset of diauxie corresponded to exhaustion of glucose
in the growth media. Lactose was depleted at around 250 min after the diauxic shift
and growth reached stationary phase when OD600 ~ 2. Data for qPCR indicate that
MV1717 and MV 1300 are present in approximately equal numbers while glucose is
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Fig. 5 The enumeration of lactose (MV1717) and non-lactose (MV13000) fermenting strains on Mac-
Conkey agar. BD = samples in exponential growth before the diauxic shift (420 min); DI-DIII = samples
during the diauxic shift (470, 480 and 490 min, respectively); AD = samples after the diauxic shift and
during exponential growth (600 min). Bars represent the standard deviation of three replicates (n = 3). The
significance of differences was analysed by two-way ANOVA test (**** P < 0.0001; ns, not significant)
and performed using GraphPad Prism software version 9.0.2 (Motulsky 2021) (Color figure online)

available in the media but that only MV 1717 continues to grow after the lag phase
associated with the switch to fermenting lactose, see Fig. 5. These cells reach stationary
phase once the sugar sources have been depleted.

These results clearly demonstrate the lag phases associated with switching from
rich to minimal media and glucose/lactose diauxie. Growth is interrupted and then
resumed as the cells switch metabolic pathways.

3.2.2 Comparison with Experiment

We have two strains of E. coli, with concentrations X | and X, one of which, X5, cannot
grow on lactose. Both strains are initially grown on a rich media (LB broth). The strains
are then mixedina 1 : 1 ratio and transferred to a minimal media containing a mixture
of glucose (0.5g/L) and lactose (1.5g/L) as the only carbon source. Measurements of
the concentrations of glucose, S, lactose, Sy, and total biomass, X1 + X, are taken
at intervals from the point at which the strains are transferred to the minimal media,
t=0.

Full details of the governing equations and parameters used in the numerical sim-
ulations are given in Appendix H. The equations were solved in Matlab (MATLAB
2020) using the solver ode15s. Results showing the predicted concentration of sugars
and total biomass over time are shown as the solid lines in Fig. 6a with the experimental
data (shown as crosses) plotted for comparison. The mass fractions of the proteome
sectors are plotted in Fig. 6b for both strains.

The model predicts very slow initial biomass growth even though substrate is being
taken up, which is in good agreement with the experimental data. The initial slow
growth is due to the protein mass fractions being at non-optimum levels for growth
on glucose in a minimal media. The strains, having previously been growing in a
rich media, have a low level of anabolic A-sector proteins, hence CTDQ is small (see
Fig. 6b), resulting in slow growth. As the growth rate increases, the mass fractions
move towards their optimum levels for glucose consumption. On depletion of glucose,
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Fig. 6 Mixed E. coli strains diauxic growth profile on glucose and lactose. a Solid lines show numerical
predictions of glucose (blue) and lactose (red) concentrations and growth curve (black). Experimental data
(Experiment 3 in Fig. 4) are shown as crosses. The growth curve is the sum of biomass of both strains,
X1+ X;. The model predicts a sequence of regimes. Initially there is very slow biomass growth even though
substrate is being taken up, which is in good agreement with the experimental data. The diauxic shift can
clearly be seen in the predicted growth curve at around 8 h, in agreement with experiment. b Mass fractions
of R-sector proteins (blue), C-sector proteins (red), lactose specific enzyme (magenta) and A-sector proteins
(green) for strain 1 (solid lines) and strain 2 (dashed lines). The initial low level of A-sector proteins (ég)
results in slow growth and, as protein production is proportional to growth rate, slow change in protein mass
fractions. As the growth rate increases the mass fractions move towards their optimum levels for glucose
consumption. Strain 2 stops growing when glucose is depleted and its protein mass fractions stop changing.
Strain 1 begins to consume lactose and readjusts its protein mass fractions, most notably the level of lactose
specific enzyme, towards levels optimum for lactose consumption. Strain 1 stops growing when lactose is
depleted, at around 12h, and its protein mass fractions stop changing (Color figure online)

strain 2 stops growing and its protein mass fractions stop changing. The protein mass
fractions of strain 1, notably that of the lactose specific enzyme, are at non-optimal
levels for lactose consumption and its growth slows, the lag phase. We measure the lag
duration as the period when growth rate has dropped below 50% of the maximum on
glucose. The model predicts the lag-phase to occur between 450 and 475 min in good
agreement with the experimentally observed lag phase between 470 and 490 min. (The
accuracy of determining the lag-phase duration from the data is obviously constrained
by the frequency of measurements, in this case every 30 min pre and post diauxic shift
and every 10 min during the shift).

As strain 1 begins to consume lactose its protein mass fractions adjust to optimise
lactose consumption, most notably the mass fraction of the lactose specific enzyme.
Strain 1 stops growing when lactose is depleted, at around 12h, and its protein mass
fractions stop changing. There are differences between model predictions of lactose
concentration (zero at 12h) and experimental data (lactose not fully depleted after
12h). As a microorganism enters the stationary phase different proteins, required for
survival in nutrient deprived conditions, must be expressed (Jaishankar and Srivastava
2017). We do not consider this in our model, as we are primarily focused on describing
the lag phases, and this may explain the observed discrepancies.

It can be seen from Fig. 6a that our description captures all principal features of the
non-trivial growth curve of E. coli glucose—lactose diauxie. The lag-phase and diauxic
shift are reproduced accurately using our rather fundamental model with minimal
fitting and without the need for introducing an artificial lag parameter. All phases of
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growth, including the initial lag and diauxic shift, are determined from the structure
of the microorganism’s proteome.

We now present the results of a sensitivity analysis looking at how changes to the
fitted parameters affect the model predictions.

3.3 Sensitivity Analysis

The parameters Y, Yfg, ®g .0, K1 and € were determined to give a best fit to both the
Erickson et al. (2017) data and our experimental data. For consistency, all parameters
(fitted and those taken from the literature) have the same values for both simulations
with the exception of the log-phase yields Y, g*l and Y}?. This is because the yield depends
on the ratio of OD600 to g/L of biomass which will differ between the Erickson et al.
(2017) experiment and our own experiment. We do, however, keep the ratio Y ;1 : Yf;
the same for both simulations.

The best fit values are given in Table 5 of Appendix G. The log-phase yields in
the table are those fitted to the Erickson et al. (2017) data; fitting to our data gives
Yg*1 = 0.67 and Y}; = 0.536.

Figures 7 and 8 show results from simulation 1 and 2 respectively for different
values of the fitted parameters (experimental data is also shown for comparison). The
parameters K and € were fitted to simulation 1 as in this case we have data for enzyme
expression levels as well as biomass. The parameter ®¢ ( was fitted to simulation 2
as it has negligible effect on the results of simulation 1 as there is no initial lag phase.
The log-phase yields were fit to both simulations seperately, as discussed above.

In Figs. 7 and 8 the predicted curve using the best fit parameters is shown in red.
In each subfigure one parameter is varied while all other parameters are fixed (to the
values given in Tables 4 and 5 in Appendix G). As expected, changing the yields on
glucose and lactose alters the final biomass concentration; a lower yield value giving
lower final biomass concentration and vice versa (see Figs. 7a, b, and 8a, b). This is
more evident for simulation 2 (Fig. 8a, b) where the simulation is run until lactose is
depleted.

The constant K;, determines when the lactose specific enzyme starts to be expressed
via the function

K? + ss§1
Ma = —5 2
K7 + 53

and e affects the rate of production of lactose specific enzyme via the function

1 1 (¢ 1
fla==|1—tanh | — el - — .
2 €\ ¢c 2
For values of Sg1 > K we have n; &~ & < 1 and the lactose specific enzyme is
expressed only at a very low level. This expression level increases only when glucose

levels drop so that Sg; ~ K. Reducing K, increases the length of the diauxic lag
phase as glucose levels must reach a lower value before lactose begins to be consumed
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Fig. 7 Comparison of numerical solutions when values of fitted parameters are varied (experimental data
shown as red circles (biomass) and green triangles (PlacZ concentration)). a The fitted value, Y, g*l =0.24,
is shown in red. Reducing Ygl (Y, gl = 0.14 shown in blue) decreases the biomass growth on glucose and
brings forward the time of diauxic shift to 7 ~ —10 min. Conversely, increasing Y;l (Y, §1 = 0.34 shown in
green) increases the biomass growth on glucose and the diauxic shift occurs later at around r = 10 min.
b The fitted value, Yl’; = 0.192, is shown in red. Reducing Yl’; (Yf:i = 0.092 shown in blue) or increasing
le (Yl’:l = 0.292 shown in green) has little effect on the predicted growth curve. ¢, d The fitted value,
K; = 1073, is shown in red. Reducing K (K = 10~* shown in blue) means that the glucose level must
reach a lower value before the lactose specific enzyme is expressed. This increases the length of the diauxic
lag. Conversely, increasing Ky (K; = 10~2 shown in green) means that the lactose specific enzyme is
expressed at higher glucose levels which shortens the diauxic lag. The fitted value was chosen to give a
best fit to both the growth curve and enzyme expression level curve. e The fitted value, ¢ = 0.01, is shown
in red. Reducing € (¢ = 0.005 shown in blue) decreases the production rate of lactose specific enzyme
more quickly. Conversely, increasing € (¢ = 0.02 shown in green) means that the production rate of lactose
specific enzyme is higher for longer (Color figure online)
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Fig. 8 Comparison of numerical solutions when values of fitted parameters are varied (experimental data
shown as black crosses). a The fitted value, Yé‘l = 0.67, is shown in red. Reducing the log-phase yield

(Y, g*l = 0.57 shown in blue) decreases the biomass concentration. Conversely, increasing the log-phase
yield (Y"‘l = 0.77 shown in green) increases the biomass concentration. b The fitted value, Yl’; =0.536, is

shown in red. Reducing the log-phase yield (¥}? = 0.436 shown in blue) decreases the biomass concentration
post diauxic shift. Conversely, increasing the log-phase yield ( Yﬁ; = 0.0.436 shown in green) increases the

biomass concentration post diauxic shift. ¢ The fitted value, bg 0= 2.6x1073 ,is shown in red. Reducing

®g o (Pgo=13x 10~ shown in blue) reduces the initial growth rate, increasing the time taken for
the protein mass fractions to reach their optimum levels thus increasing the length of initial lag phase. The
final biomass yield is also reduced. Conversely, increasing &g o (g o = 5.2 x 10~3 shown in green)
increases the initial growth rate, shortens the initial lag phase and increases final biomass concentration.
The qualitative behaviour of the growth curve is similar for all cases shown (Color figure online)

(Fig. 7c, d). If on the other hand K is increased the lag phase will shorten, with
the extreme case K; — oo (1, = 1) removing the diauxic lag phase completely
(glucose and lactose are consumed simultaneously). The function ¢j, is essentially a
smoothed-out step function (g, = 1 for q_SE,la < ¢c/2 and ¢, = 0 for q_SE,la > ¢c/2)
with the parameter € defining the sharpness of the step (as € — 0 we tend towards a
step function, for larger € the change from 1 to 0 as ¢ Ela Increases is more gradual).
For small € (a steep changing ¢1,) the production of lactose specific enzyme is reduced
from the maximum level ®,,x quite sharply when (f)E la & ¢c/2. As € increases the
production rate drops more slowly as qSE,la increases past &E,la ~ ¢c /2. This means
that for larger € we have a higher production rate of enzyme for longer, as can be seen
in Fig. 7e where the expression level of lactose specific enzyme increases at a higher
rate for larger values of €.
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Changing the minimum mass fraction of the key anabolic protein, ®g o, alters the
length of the initial lag phase and the final combined biomass concentration (Fig. 8c).
The lower the value of ®g ( the slower the initial growth rate, increasing the time
taken for the protein mass fractions to reach their optimum levels thus increasing the
length of initial lag phase. The final biomass yield is also less for smaller ®¢ ¢.

3.4 Applying the Model to Investigate Different Growth Strategies

Diauxic growth is usually regarded as a process by which a microorganism max-
imises growth, however, during the diauxic lag phase there is a significant loss of
growth. There is a trade-off between consuming the preferred sugar efficiently, max-
imising the microorganism’s long-term growth, and lost growth during the switch as
the microorganism adjusts to using the secondary sugar. Are there conditions under
which diauxic behaviour is an advantage and others which favour simultaneous con-
sumption of resources?

When resources are scarce, a strain that can outgrow its competitors will have an
advantage (Giordano et al. 2016). In the following we compare two strains with the
same initial biomass, hence we define the ‘better’ growth strategy as belonging to the
strain with a higher final biomass concentration.

To examine whether diauxie is beneficial for growth we use our parameterised
model to simulate the growth of two different strains of E. coli. We let Xp denote a
diauxic strain (the same as X in simulation 1) and introduce a theoretical strain, Xnp,
which does not exhibit diauxie. This non-diauxic strain consumes glucose and lactose
simultaneously, so that 71, Np = 1 (this is the limit K;, — oo noted in Sect. 3.3).
All other growth parameters are assumed to be the same as for Xp given in Tables
4 and 5. Initial conditions for both strains are identical and equal to those used in
simulation 1, described in Appendix G, with the exception of those for the lactose
specific enzyme. For Xp we have ) E.la,.D = & Pmax (the pre-expression level) and for
XND we have éE,la,ND = ¢¢ as the enzyme will always be expressed for this strain
(lactose consumption is not inhibited for the non-diauxic strain).

We first use our parameterised model to predict growth curves when only Xp is
present and when only Xnp is present. We then simulate the growth for the two strains
in competition (for this simulation we assume the initial biomass to be split equally
between the two strains). The results are shown in Fig. 9. When only one strain is
present (Fig. 9a) the final biomass concentration is higher for Xp (blue) than Xnp
(green): in this case it is beneficial to grow diauxically. The diauxic strain blocks the
uptake of lactose when glucose is present, using all of the cells’ resources to metabolise
glucose. The non-diauxic cells must share their resources to break down glucose and
lactose simultaneously, reducing the efficiency and lowering the final biomass yield. If
however, we look at the case where the diauxic and non-diauxic strains are competing
for resources, growth curves are shown in Fig. 9b, we find that Xnp (green) outgrows
Xp (blue). The total biomass, Xp + Xnp (black curve), is lower than in the case of
growth only on Xp (blue curve in Fig. 9a) but higher than that on only Xnp (green
curve in Fig. 9a). When both sugars are present, the growth rate of the non-diauxic
strain (consuming two sugars simultaneously) is higher that that of the diauxic strain
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Fig. 9 Growth curves for E. coli strains growing on a 0.3 g/LL glucose/2.0 g/L lactose mixture. a Growth
curves from two simulations with only one strain present (no competition): diauxic strain Xp (blue); and
non-diauxic strain XNp (green). The strain exhibiting diauxie, Xp has a higher final biomass as it is able
to consume glucose efficiently in the presence of lactose. b Growth curves from one simulation where two
strains Xp (blue) and XNp (green) are competing for resources. The non-diauxic strain, XNp, out-competes
the diauxic strain, Xp. Initially XNp has a higher growth rate than Xp as it consumes both glucose and
lactose simultaneously. In addition, it is able to consume lactose efficiently immediately on exhaustion of
glucose. These two factors give it a competitive advantage over the diauxic strain (Color figure online)

giving it a competitive advantage. In addition the non-diauxic strain has no pause in
growth on depletion of glucose, no diauxic shift, giving it a further advantage over the
diauxic strain.

We find that when a single strain of E. coli is growing on a mixture of glucose
(0.3g/L) and lactose (2.0g/L), it is better to consume the two sugars sequentially,
however, when strains are competing for these resources it is not necessarily benefi-
cial for a strain to grow diauxically. To investigate whether this remains the case for
different glucose—lactose mixtures, the simulations were repeated for a range of dif-
ferent initial concentrations of glucose and lactose. Each simulation was run until all
sugars were depleted and the final biomass concentration for each strain was obtained.
The ratio of the final biomass of the two strains Xp/Xnp was calculated. The results
for the non-competitive case are shown in Fig. 10a. The diauxic strain performs better,
Xp/Xnp > 1, for the majority of initial concentrations of glucose and lactose. The
non-diauxic strain has a higher biomass, Xp/Xnp < 1, only when the initial concen-
tration of glucose is much higher than the initial concentration of lactose. Figure 10b
shows the results for the competitive case. The non-diauxic strain always has a higher
final biomass, Xp/XNp < 1, when the strains are competing for the same resources.

The results in Fig. 9 show that on a mixture of 0.3 g/LL glucose 2.0g/L lactose,
the diauxic strain has a lower growth rate but a higher biomass yield than the non-
diauxic strain. By running the simulations over a range of initial concentrations of
glucose and lactose, results shown in Fig. 10, we find that, except when the initial
concentration of glucose is much higher than the initial concentration of lactose, we
have the same situation: the diauxic strain has a lower growth rate but a higher biomass
yield than the non-diauxic strain. We infer that diauxic growth is the optimal growth
strategy in a non-competitive environment, where the maximisation of growth yield
is an advantage (Giordano et al. 2016), whereas in a competitive environment, where
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Fig. 10 Comparison of two strains of E. coli, Xp which exhibits diauxie and Xnp which has no diauxic
shift, growing in a glucose/lactose mixture. a Non-competitive simulations results. Final biomass ratio
Xp/XnNp from simulations with varying different initial concentrations of glucose and lactose. The diauxic
strain has a higher final biomass (Xp/Xnp > 1) for the majority of initial concentrations of glucose and
lactose. The non-diauxic strain has a higher final biomass (Xp/XNp < 1) only when the initial glucose
concentration is much larger than the initial lactose concentration. b Competitive simulations results. Final
biomass ratio Xp/ X Np from simulations with varying different initial concentrations of glucose and lactose.
The non-diauxic strain always has a higher final biomass (Xp/Xnp < 1) (Color figure online)

maximising growth rate is an advantage (Ibarra et al. 2002), diauxic growth is not the
optimum growth strategy.

Studies have shown that strains of bacteria (Spencer et al. 2007) and yeast (Wang
etal. 2015) can evolve to have differing lengths of diauxic shift. When a microorganism
is subject to frequent changes in environment the diauxic lag will evolve to be short,
whereas in a stable environment the lag phase will be longer (Chu and Barnes 2016).

For constant sugar concentrations we have a stable growth environment. When
sugars are consumed the growth environment changes on depletion of glucose/lactose
so the higher the initial sugar concentrations the longer the time before conditions
change. Therefore, the environment can be considered stable for a longer period as
the initial concentrations of the two sugars increases. The results in Fig. 10a show that
the advantage of growing diauxically increases (Xp/Xnp increases) as initial sugar
concentrations increase. Our simulation results agree qualitatively with experimental
evidence that bacteria (Spencer et al. 2007) and yeast strains (Wang et al. 2015) with
a long diauxic lag perform better in a stable environment and those with a short (or
no) diauxic lag perform better in a changing environment.

4 Discussion

In this paper, we have formulated a coarse-grained mechanistic model describing the
time evolution of biomass growth, substrate concentration and gene expression during
carbon upshifts and downshifts. The model extends recent descriptions, incorporating
proteome partitioning, flux-controlled regulation and optimal allocation of protein
synthesis. Carbon influx is balanced with amino acid and protein synthesis fluxes via
adjustments to the amino acid synthesis rate and average translation rate, the rates
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being determined by the size of pools of central precursors (including ketoacids and
amino acids). Here, we recognise that the central precursors are limited by the innate
capacity of a cell; the model includes a mechanistic functional response to limit the
size of the precursor pools, ruling out physically unrealizable behaviour observed in
results from earlier models.

Phases of microorganism growth emerge from the dynamics, rather than being
switched on/off at a particular time. The selective use of substrates, regulated by
mechanisms such as CCR, is achieved by completely different methods in different
microorganisms (Gorke and Stiilke 2008). Accordingly, the exact mechanism under-
lying the inhibition of substrate uptake is not made explicit in our model, making it
flexible and applicable to processes other than E. coli glucose—lactose diauxie, which
we have focussed on. The switch to consuming the secondary substrate, controlled
through functions 7;, occurs when the concentration of the preferred substrate drops
below a set value, K . In this way we avoid having to artificially switch on the inferior
carbon uptake system at a predetermined time as in other models (Erickson et al. 2017;
New et al. 2014).

Furthermore, the regulation functions allocating protein synthesis are derived
directly, associated with a mathematical optimisation of the growth rate. Resource
allocation in steady state conditions can be determined from fundamental growth laws
relating protein levels to growth rate (You et al. 2013; Scott et al. 2010; Erickson et al.
2017; Hui et al. 2015). In dynamic conditions, however, it remains unclear how protein
synthesis is regulated. Erickson et al. (2017) construct regulation functions based on
the steady state growth laws but these suffer from being undefined or negative dur-
ing growth transitions. Therefore, we formulated an alternative description of protein
allocation, that is valid during growth transitions, where the regulation functions are
derived directly via mathematical optimization of the growth rate.

Employing our modelling approach, we found that phases of bacterial growth,
including the lag phase and diauxic shift, emerged from the structure of the bacterial
proteome. In particular, the deterministic model predicted the diauxic growth of E. coli
on glucose and lactose, comparing favourably with the model of Erickson et al. (2017)
and the related experimental data. Furthermore, unlike earlier models (Pavlov and
Ehrenberg 2013; Erickson et al. 2017; Salvy and Hatzimanikatis 2021), our model
was able to simulate a more complex system with two successive lag phases; the first
lag due to the switch between growth on a rich and a minimal media, the second a
diauxic lag. The lag-phase and diauxic shift were reproduced accurately using our
rather fundamental model with minimal fitting. The primary focus of the current
study was to describe lag and log-phase growth. Therefore, the transition to stationary
phase is less well captured (as demonstrated by inconsistencies between predicted and
measured lactose concentration post 12h). This could be addressed by taking account
of the expression of proteins required for survival in nutrient deprived conditions
(Jaishankar and Srivastava 2017).

Earlier dynamic resource allocation models have focused on predictions of growth
rate/biomass and protein levels (Pavlov and Ehrenberg 2013; Erickson et al. 2017).
However, these models are unable to capture the non-simple relationship between
substrate uptake rate and growth rate observed experimentally during the lag phase.
Substrate concentrations have been predicted in the rather large and complex modelling
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approach of Salvy and Hatzimanikatis (2021). Complex models typically have many
undetermined/unmeasurable parameters. We found that our much simpler coarse-
grained model was sufficient to describe the time evolution of substrate concentrations
in addition to biomass and protein levels, accurately replicating the observed relation-
ship between substrate uptake and biomass growth during lag phase.

When a microorganism switches between carbon sources there is a trade off between
optimising growth on the preferred substrate and being able to switch quickly when
the primary source is depleted (Chu and Barnes 2016; Basan et al. 2020). We have
shown that the lag phase observed when E coli. switches from a rich to a minimal
media can be explained by a low level of a key anabolic protein causing a bottleneck
in the metabolic flux pathway. This agrees with the conclusions of Wu et al. (2023)
and Basan et al. (2020) that lag phases are caused by metabolic bottlenecks.

Our investigation into the merits of different bacterial growth strategies finds thatin a
non-competitive environment, where the maximisation of growth yield is an advantage
(Giordano et al. 2016), growing diauxically is the optimum strategy. Conversely, in
a competitive environment, where maximising growth rate is an advantage (Ibarra
et al. 2002), diauxic growth is not the best strategy. This behaviour is in agreement
with results of Chu and Barnes (2016) that premature activation of the secondary
metabolism shortens the lag but causes costs to the cell thus reducing the growth rate
on the preferred substrate.

Recent work has made clear that microorganisms living in changing environments
do not always favour perfect catabolite repression (Wang et al. 2015; New et al.
2014; Siegal 2015). New et al. (2014) found that although stringent catabolite repres-
sion seems favourable in relatively stable environments, less stringent regulation can
increase fitness in variable conditions. To explore competition in a changing envi-
ronment we ran simulations starting with a limited amount of sugar. The growth
environment changes on depletion of glucose/lactose so the higher the initial sugar
concentrations the longer the time before conditions change. The environment is there-
fore stable for alonger period as the initial concentrations of the two sugars, particularly
glucose, increases. Our results show that, in a non-competitive environment the advan-
tage of growing diauxically increases the more stable the environment becomes. Our
results compare favourably with the results of New et al. (2014) and other experimen-
tal evidence that bacteria (Spencer et al. 2007) and yeast strains (Wang et al. 2015)
with a long diauxic lag dominate in a stable environment and those with a short (or
no) diauxic lag dominate in a changing environment.

This study adds to the rich body of work showing how microorganisms react to
changing environments (Salvy and Hatzimanikatis 2021; Erickson et al. 2017; New
etal. 2014; Mori etal. 2019; Wangetal. 2019; Wuetal. 2023). The range of applications
of our modelling approach is large: the description can be easily adapted to model
multiple different microorganisms, investigate competition between different species
or strains and explore other growth strategies. The model can be adapted to predict the
growth of many bacteria and yeasts that exhibit diauxie. More generally, the model
provides a means to investigate and describe lag phase, the mechanisms for which,
despite many years of research, are only just being revealed.
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Appendix A: The Values of the Mass Fractions During the Log Phase of
Growth

It has been shown experimentally that during the log phase of growth of bacterial cells,
the rate of cell proliferation (the growth rate) and the expression levels of key proteins
are linearly correlated (You et al. 2013; Scott et al. 2010; Erickson et al. 2017). In
these experiments E. coli cells are grown on a range of different nutrients. Once the
cells reach the log phase of growth measurements of protein expression levels and the
growth rate are taken. In the following a star denotes the value of a variable during the
log phase of growth.

A.1 R-Sector Proteins

Experimentally the RNA/protein ratio, », which is a well established proxy for the
ribosomal mass fraction (Erickson et al. 2017), is measured rather than @ itself. For
cells growing exponentially under nutrient (e.g. carbon or nitrogen) limitation, r is
linearly correlated with the growth rate (Scott et al. 2010) and we have the following
bacterial growth law

D% =Pro+ g, or Pr =—,
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where A* is the growth rate of E. coli cells during log phase, ®g ¢ is the growth
independent minimum level of ®r and vp is a constant (Erickson et al. 2017). Values
of these parameters taken from the literature are shown in Table 3 (the relation ®p =
0.46 r was used to fit the data in Erickson et al. (2017)).

A.2 C-Sector Proteins

The value of ¢(. is determined by assuming proportionality to a reporter enzyme
(PLacZ in You et al. (2013) and Erickson et al. (2017)). Experimentally it has been
shown (You et al. 2013; Scott et al. 2010; Erickson et al. 2017) that when carbon is
limiting growth we have

where Ly, the maximum level of the reporter enzyme, L, and the constant A¢ are
determined by fitting to experimental data. Values of these parameters taken from the
literature are shown in Table 3.

The growth dependent part of the catabolic protein sector is assumed to be regulated
asawhole (Youetal. 2013; Hui etal. 2015). If a catabolic enzyme is not being repressed
its expression level will therefore be proportional to the expression level of the total
catabolic sector. The mass fraction of such a catabolic enzyme, ® g ;, therefore satisfies

Ppj— Pe.jo=PE; (Pc— Pco) = Be.jdc, (Al)

where ®f ;o is the growth independent minimum level of the enzyme and B ; is
a constant (Bg,; = (Pg,jmax — PE,j,0)/Pmax). For the reporter enzyme, L, we
therefore have L — Lo = BrL¢c, where Ly is the growth independent minimum level
of reporter enzyme (the total protein level is independent of growth rate (You et al.
2013) so L is directly proportional to the mass fraction of reporter enzyme). When the
catabolic sector is at its maximum this gives Lyax — Lo = B Pmax and it follows that

L*— Ly Lmax AF Lo
e = O [ (1= ) - —— ).
Liax — Lo Lyax — Lo Ac Liax — Lo

Experimental results show that Lm,x > Lo (You et al. 2013; Erickson et al. 2017) so
the above expression can be simplified by neglecting small terms to give

AF
¢z‘ = Ppax <1 - ) .
AC

Rescaling the mass fraction so that ®g ; = ®g_;/BE,; we can remove B, ; from
equation Al. Further assuming that ® g j max > Pk j 0 (a_ls supported by experimental
evidence (You et al. 2013)), equation A1 reduces to to ®g ; = ¢¢, which holds for

¢é‘ = Dpmax
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all non-repressed catabolic enzymes. It follows that

F ok 1 }k
O . = Dy, - —,
E,j max 2

for all catabolic enzymes.

A.3 A-Sector Proteins

The A-sector is assumed to be regulated as a whole (You et al. 2013; Hui et al. 2015)
so for an anabolic protein, G, with mass fraction &g, we have

®g — Pg0 = Pg (Pa— Pao), (A2)
where ®g ( is the growth independent minimum level of protein G and

_ DG max — g0

CD max

Bg

Rescaling the mass fraction so that CTDQ = ®g/Bg, we can remove B from Eq. (A2)
obtaining

Ci)g = &)g,o + (CDA — CDA,()) = Ci)g,o + Pa. (A3)
The value of ¢4 can be determined from ¢g and ¢¢: from Eq. (2) we have

¢4 = Pmax — (1 +)opr — ¢,

which yields

with

(cbmax (1 +e))‘1
VA = — .

Ac VR
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Table 3 Parameter values taken from the literature that are used in the equations defining the value of mass
fractions during the log phase

RNA/protein ratio (C-limitation) Ribosomal mass fraction (C-limitation)
* a *a

r*=ro+ 2 Op = Dpo+ 2

0 vg (™1 PR vg (™1

0.076 £ 0.005° 5.3b 0.049 =+ 0.02¢ 11.02 £ 0.44¢

PLacZ expression (C-limitation)
L* = Lmax (1 - ﬁ)

e
Lmax (MUx103) rc (h7h
32410 1.2 £0.0°
21.8 +0.5¢ 1.17 £0.05¢

These equations are described fully in the text

4 The two expressions for the ribosomal bacterial growth law given in You et al. (2013) and Erickson et al.
(2017) respectively are interchangeable. In Erickson et al. (2017) it is presented in terms of the ribosomal
mass fraction, although the RNA/protein ratio is measured, and the relation ®z = 0.46r is used to fit the
model to data. Further details are given in Sects. A.1 and A.2

b Data from You et al. (2013).

¢Data from Erickson et al. (2017).

Appendix B: Substrate uptake—Michaelis-Menten Kinetics

Following Michaelis—Menten kinetics (Murray 2013), substrates with concentrations
S are broken down by a key catabolic enzyme, E, in the following way

kij ko
Sj+Ej _ SEJ' — Pj+ Ej,

=1

where P; represents the product of the reaction. The reactions to form the enzyme-
substrate complexes SE; are assumed to be reversible with the rate of the forward
reaction given by ki; and the reverse reaction given by k_;;. The product forming
reactions are not reversible with rate given by k> ;. Applying the law of mass action
we obtain the ordinary differential equations

d .
% = —ki;[S;IE;]1 + k_1;[SE;], (B4a)

d[E;
L= OIS KIS UES 4 K ISE) 4 Ry [SE)), (B4b)

d[SE;
% = kij[SFIE;] — k_1,[SE;] — kaj[SE;], (B4c)

where Q({[S;]}) gives the rate of enzyme production and square brackets denote
concentration. We assume that the enzyme-substrate complex is formed on a much
faster timescale than product formation and that the concentration of complex does
not change on the time-scale of product formation (quasi-steady-state assumption).
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We therefore set

d[SE;]
—q = kLSHIE ] = ko1 jISEj] = ko [SE;1 = 0,
so that
[S;1[E;]
[SE;] = —~1° (B5)
! Ks.j
where
k_1j+k
Ksj = Lj 2/,
klj

is the Michaelis constant for substrate j. We now introduce [ET ;] = [E;] + [SE|]
to be the total amount of catabolic enzyme present in the system (the free enzyme
plus the enzyme in the substrate-enzyme complex). Substituting in for [SE;] from
Eq. (B5) and rearranging gives

Er
[Ej]= L[S’]]
14+ =
KS,j

which on substitution back into Eq. (BS) gives

[SE;] = [S;1[ET ;] _
Ks ;i +1[S;]
Equation (B4) become
ais;l — [S;1ET,]
a Ks i+ 1[S;1°
dlE7, ;] ‘
4 - o{LS;1).

Writing [E7 ;] = p ® g ;j[X], where the constant p (introduced in Sect. 2.2.2) is the
fraction of biomass that is protein, the substrate equations become

d[s;]
—— = —kyip®
a 2jP

[S;]

—  [X].
Ei Ry, + 8100

The maximum uptake rate, kmax, j, occurs during the log-phase of growth when sub-
strate j is the only substrate present and is in excess ([S;] > Ky, ;) so that

*
kmax,j = k2jP CDE,]',
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where @7  is the value of the mass fraction of enzyme during log-phase growth on
substrate j. It follows that

d[S;] b, [S;]
= —kmax.j (CD* ’) © .i[s'][x].
E.j S,J J

In terms of the rescaled mass fractions @ j(= ®g ;/BE, ;) introduced in Appendix
A.2 we have

d[sS; O S;
A g (2 S ixy.
dr T\ 9% ;) KsjtIS]

In the main text the brackets denoting concentration are dropped: substrate and biomass
concentrations in the main text are denoted by S; and X respectively.

Appendix C: Solving the Flux Balance Equations to Obtain the Carbon
Influxes, Jc j

To keep the number of variables in the model to a minimum we can remove the
explicit dependence of the carbon influxes, Jc j, on P. In this section we solve the
flux balance equations to obtain Pc ; and Pj ;, and hence P, only in terms of the
substrate concentrations and protein mass fractions. We can then eliminate P from
the equation for J¢ ;.

The flux balance equations, given in the main text in equation (10), are

Jrj=aa,jJa; and Jaj=acjJc,j, (C7)

with the fluxes givenby JR,j = OlA,jkA,j PA’j Dp, JA’j = O[C,jkcyj Pc,jcﬁg and, from

Eq‘ (9)’
K—P 1 _
Je,j = fi®E, ;. (C8)
K QA jOC, ’

Substituting for Jg ; and J, ; into the first of equations (C7) and rearranging we
obtain

Py i = —ac’jkc’jq)g Pc ;.
5J kA’]q)R )]

It follows, from Eq. (7), that the combined size of precursor and amino acid pools is
given by
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This expression for P can now be substituted into equation (C8) from which we obtain

1 & ken®g 1
Jej=(1-—= (1+ - )Pc, — fi®g,. (C9)
/ ( KZ kan®r " aa,jac,; J J

n=1

Substituting for J4,; and J¢; into the second of Eq. (C7) and rearranging we obtain

N

o @ -
K — Z <1 + M) Pca | fi®E,
_ . OAmax,.n PR ’
P n=1(n#j)
C,j = =
_ o, [0) _
UCmaan>g+ 1“1‘% fj(bEj
’ O—Amax,ncDR ’

To simplify the notation we have introduced 0 Amax.n = ®A.n®c nka.n K, the maximum

translation rate when only substrate n is being consumed. The definition of oAmax.»

follows from substituting the maximum possible value for P4, = ac ,K (which

comes from Eq. (7) with P = K, Py ; = O for j # n and Pc; = 0 Vj) into

our expression for the translation rate o4 = ) an, jka, jPa, ;. We similarly define
J

OCmax.n = 0An0C nkc.n K which is a4 , times the maximum amino acid synthesis
rate when only substrate n is being consumed. (Defining ocmax,, as being a4 , times
the maximum amino acid synthesis rate instead of just the maximum amino acid
synthesis rate further simplifies our notation.)

We now have each P¢ ; in terms of all the other Pc ,, a total of N equations for
N unknowns. We solve the equations by first eliminating Pc ; from all the equations
then Pc 2, until we obtain an expression for Pc_y which does not reference any other
Pc n. For j =1 we have

- O'C ’1d> -
<GCmax,1d>g + (1 + M) f1¢E,1> Pc

UAmax,lq)R
- N -
; D ) -
_x— (1 +M) Pei— Y (1 n "Cmax—"9> Pen | fides,
OCmax.i PR ey d? O Amax,n PR
and for j =i > 2 we have
= ocC ’-q_) -
(OCmax,iq>g + (1 + M) fiq>E,i) Pc,
0 Amax,i PR
—_ N —_
OCmax,1 P OCmax,n P -
= K—<1+O‘Arm‘x—q)g>PC,l_ Z (1+%>Pc,n ficDE,i,
max,1 ¥R n=2.nti Amax,n ¥ R

where we have written out explicitly terms in Pc 1 and Pc ;. Eliminating Pc ; from
these equations we obtain
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N

P .
K — Z (1+m—’ng>Pc,n fi®E,

o (o}
n=2.nj Amax,n ¥ R
Pc ;= ,

_ 1 1 _
O'Cmax,jq)g 1+ Z( — + )fncDE,n

n=1,j O'Cmax,n@g UAmax,nq>R

where > denotes the sum of the 1% and jth terms. Again, writing out explicitly
n=l1,j
termsin j =2 and j =i > 3 we have for j =2

2
_ 1 1 _
UCmax,2q)g (1+Z< = + )fncDE,n> PC,2

OCmax,n CDQ O Amax,n DR

n=1
- N -
o ) o O] -
_ (1 N Cma_g) Pei— Y <1 N Cma—"g) Pen | oo,
O Amax,i PR n=3.nsti O Amax,n Dp

andfor j =i >3

_ 1 1 _
UCmax,iq)g 1+ Z ( — + )fncDE,n Pc

=l \9Cmax,n CDQ O Amax,n PR

_ N _
1+ OCmax, 2¢g P _ Z 1+ UCmax,nq)g P fd_> )
- C,2 —UAmax,nq)R C.n iYE -

Eliminating Pc > from these equations we obtain

N

@ _
K- Y (1 + "Cmax—ng> Pen | £i®5,;
- , UAmax,anR
n=3,n#j
Pc ;=
1

O'Cmax,jci)g 1+ Z (

— +
noin,j \OCmaxn®G  CAmaxn PR

) fnq_DE,n

Carrying on in this way we obtain an expression for Pc y as

Pc oy =

’

Kfn®e N
N

_ 1 1 _
UCmax,Nq)g 1+Z — + Dr fnq)E,n

n—1 \9Cmax,n CDQ O Amax,n
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and in general we have

Kfi®Pr,

. .
ocmax,jPg [ 1+ < = T ) In®e,
men s < ; ocmax,n Pg O Amax,n PR ’ '

Substituting into Eq. (C9) and rearranging we obtain

fi - -
(—f Op jPgdr

Pcj =

JC-— acC,j0A,j

) T N N 4
Bgop+ (Y g, | or+ (Y L dp,) B
g el OCmax,n " o O Amax,n " g

which is the carbon influx from substrate j in terms of only the substrate concentrations
{S;} (through the substrate dependent functions { f;}) and the protein mass fractions
DR, Pg and P ;.

Appendix D: Determining the Unknown Constants Gcmax,j» Gamax,j and
ap,jac,;jYc,j,o0 in Terms of Experimentally Measurable Parameters
The expression for the growth rate, given in the main text by Eq. (14), is

N
(Z fn&)En> <I)Q'qDR

n=1

Y Y |
&)Q’q)R + <Z z ci)E,n) CDR + (Z z aDE,n) &’g

— OCmax,n — OAmax,n
n=1 n=1

/_,L:

This contains the unknown constants 0cmax, j» OAmax, j and a4 joc, jYc, j 0, the latter
combination of constants appearing in the definition of f; (Eq. (8)). We cannot deter-
mine these constants directly from known experimental measurements so instead we
relate them to measurable parameters such as growth rate, biomass yield and protein
mass fraction. These experimental measurements are obtained when only one sub-
strate is present. The equation for growth rate simplifies when only one substrate is
present giving

Dp DD
W= 1i®E. ;PGP : (D10)

é)g(DR-l— f'/ (i)E,j(DR+ f/ &)E,jq_)g
OCmax, j O Amax, j

The unknown constants in this equation are determined by finding the maximum value
of w in terms of the protein mass fractions and assuming that during the log-phase of
growth the growth rate is equal to this maximum value.
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We optimise p in terms of ®g, g and O, ;j using the method of Lagrangian
multipliers with the constraint given by

Prax = (1 +6) (Pr — Pro) + (Pg — Pgo) + Pk
which is obtained from Eq. (2). We have used the fact that in the absence of other
substrates there will be no inhibitory effects on enzyme production and therefore the
mass fraction of the specific catabolic enzyme will be directly proportional to the mass
fraction of the whole C-sector and, as derived in Appendix A.2, we have ¢c = P ;.
Writing
L = pAr (Prmax — (1 +6) (Pr — Pro) — (g — Pg0) — D).

it follows that

i 72 52
» () (1) 39t
- T Amax.j — (1 4o,
g (- fi & fi s s Y
CI)gCI)R+ CDE,]'(I)R—F CDE,]'CD(_;
OCmax, j O Amax, j
fi ) 252
; [ORY LA
" () (52) @43 B
3&3g ’

= fi i s Y
Pgdp + g jPr+ Qp, jPg

OCmax, j O Amax, j
72 72
(fj) PgP%

: fi & fi o 3.\
DD + Qg PR+ Pr,jPg
OCmax, j O Amax, j

— A,

max — (1 + 8) ((DR - q)R,O) - (Ci)g - ég,O) - (I)E,j-

Setting all partial derivatives equal to zero and eliminating X we obtain

} 1 i
2 — 32 ( —j) o
R E,j (1 +¢) oamax, j ( |
- fi
P2 = @2 < L), P
g E.j OCmax, j
Pmax = (1 +&) (P& — Pro) + (Pg — Pg.0) + PE.j- P

We denote experimental measurements of biomass yield and growth rate on a single
substrate S; during the log-phase of growth by Y;.k and ,ujf(z Y 7kmax, j) and mass
fraction values by CTDE i D% i and CTDE .. The values of the mass fractions during the
log-phase are calculated from Eq. (3). Now, assuming that during log-phase the growth
rate, uj, takes its maximum value, the calculated values for the mass fractions must
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satisfy Eq. (D11) and it follows from equations (D11a) and (D11b) that

f;‘&f?}.
OAmax,j = ——t (D12a)
T a0y
frae
OCmax,j = ’é*z L (D12b)
g.j

where [ is the value of the function f; during the log-phase of growth on substrate
j. From Eq. (D10) we have

* ok *  F*
/7 %6, Pk Pk,

I fi ‘
Ci)* .d)* . J @* d_D* . J q‘)* Cb* )
G.j "R (UCmax,j Rj=E. O Amax, j G, "E.J

Wi =

which after elimninating o gmax, j and ocmax, j using Eq. (D12) gives

* k2
Ji e

Prmax + (1 +&)Pro + q_)g,()'

Wi =

Now ,ujf = Y}kkmax’j and f;k = gy, jac,; YC,j,Okmax,j/(D*E,j, from Eq. (8), and on
substituting for uj and f ;‘ into the above and rearranging we obtain

Pmax + (1 +)Pr o+ Pg.o
aajac,jYe,jo= < e = g, Y;-k.
D%
This can now be substituted into Eq. (8) to give

Dax + (1 + S)q)R,O + &)g,o
k2
dfgqj

Yok i —L— (DI13)
J maX,] KS’/ + Sj )

fj({Sj})=<

and we have eliminated the unknown constants from f;. In addition substituting for
[F = (Pmax + (1 +&)Pro + Pg.o) ¥ kmax,j/ (P} ) into Eq. (D12) we have

(quax + 1+ S)q)R,O + CiDQ,O) Y;'kkmax,j

OAmax,j = 5 s
(1+e)P%;
(q)max + 0+ S)q)R,O + <DQ,O) Y;'kkmax,j
OCmax,j = o2 s
g.j

so that 0 amax, j and ocmax,j are both expressed entirely in terms of experimentally
measurable parameters.
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Appendix E: Rewriting the Protein Dynamics Equations in Terms of the
Growth Dependent Protein Mass Fractions

The R, A and C sectors of the proteome are goverened by Eq. (18)

dr (Pro+ )—dZ (El4a)
= , a

0 RO XR)

dc dz

— = (@ - El4b

i (Pc.o0+ xc) a ( )

I (a0t xa) (E140)

_ = —_— C

dr A0 XA dr

As described in Sect. 2.2.2 we have the following relationships between total protein
concentration, Z, and biomass concentration, X, and protein concentrations, R, A and
C, and protein mass fractions, ®r, ® 4 and O,

Z = pX, R = pXdp, A=pXDy, C=pXdc,

where the constant p is the fraction of biomass that is protein. Substituting for R and
Z into Eq. (E14a) we obtain

NI ST
dr Rgy = \PROTXR) 4

Now ®p = Dr o + ¢r, where ¢ is the growth dependent ribosomal mass fraction,
and we use this expression to substitute for ®r into the above equation giving

dér dx ax
XT + (Pr.0 + ¢r) P (Pr.0+ X&) a

Rearranging we obtain

dogr 1 dX
el (XR — ®R) Xa

and as the growth rate, u = (1/X)(dX/d¢) we have

d
% = (xr — ¢r) L.

We use the same method to rewrite the equations for C and A, Eqgs. (E14b) and (E14c),
in terms of ¢¢ and ¢4 obtaining

doc

- (xc — ¢c) u,
d
P4 = (s~ b
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Appendix F: Regulation Functions

In this section we describe the calculation of the functions C({S;}) and y ({S;}) which

appear in the definition of the regulation functions, given in the main text in equation
(25). We have

C{S;
XR = ®r + 1({_|_JS}) gr (1Sj}. dr. ¢, da) (F15a)
xc =¢c + CU{S;P gc({S;}, Pr, Pc. PA), (F15b)
xa =¢a+ CU{S;}) ga{S;}, dr. dc, Pa). (F15¢)

where we have introduced

. _ 1 ol _ Il o I

gR({S]}1¢R1¢C7¢A)_(1+8> 8¢R y8¢c (1 y)a¢Aa (F16a)
. _ow o (L Y o

gc({S;}, or. dc, da) = dbe yadm 1=y <1 +8) . (F16b)
. LN L\ o

ga({S;}, dr, Pc, Ppa) = b (1 V)a¢c 14 <1 +8> b (F16¢)

The regulation function for each protein sector should reach its maximum value
as the corresponding growth dependent protein mass fraction tends to zero, that is
XR — XR.max @ ¢g —> 0, xc — XC.max a8 ¢c —> 0, XA — XA,max as ¢4 — 0. As
we must also satisfy the constraint equation (19) we have xg max < Pmax/(1 + €),
XC,max < Pmax and X4 max < Pmax. The function C({S;}) is calculated to ensure
that these conditions are always satisfied, as we will now show.

The concentrations of substrates, {S;} (and therefore the functions {f;}) define
the growth conditions. For each set of values {S;} there is a maximum value of the
functions gg, gc and ga, denoted by gg max({S;}), gc,max({S;}) and ga max({S;}),
which can be determined by examining the limiting values of the derivatives of the
growth rate.

The growth rate, given in the main text by Eq. (14), is

N
<Z fnch,n) Dgdp
n=1
n= ,

N N
By + (Z " cp) br+ (E : q>) B
n=1

OCmax,n - O Amax,n
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so that
N N f
anq_)E,n> (Z “ d_)E,n> d_)zg
87/1“ (: 8# ) _ (nl n=1 OAmax,n
PR DR LA LA 2
DoDg + " _Bp, | Pr+ LG K
( grR <’ZX=; OCmax,n E’> K <’; O Amax,n £ ) g)
N N f
(Z ﬁlq:’En) (Z - qDE n) CD%Q
o (: Ip ) _ =1 n=1 TCmax,n
3 adg ) N f N 7 2’
DoDg + " Op, | Pr+ L )
( gk <; OCmax,n E’> K <nX} O Amax,n E,) g)
N _
87M=Z on 0Pk ;
I¢c o 9dg,; ¢
with
w fi®g®Pr
0br; Yo Yo
Db+ (Y —"—Pp, | Pr+ D Qe | Pg
- OCmax,n 1 O Amax,n
n n
N
_ _ fi fi _
an®E,n (DQCDR< I _op+ L g
=1 OCmax, j O Amax, j
=~ =~ i
PgPr + Z g, | Pk + Z L—dp, | g
- OCmax,n - O Amax,n

F.1 All Substrate Specific Enzymes Proportional to Catabolic Sector

If all substrate specific enzymes have expression levels proportional to the total
catabolic sector, ®g ; = ¢c, the partial derivatives simplifies to

o _ F(S D FUS Dee 9 E173)
00k (dgdr + F2((S;DocPr + F3(IS;Ndcdg)
o Fi(S;DFa((S) e Pk (F17b)
YT - Dcdg)”

(®g®r + F2({SiHécPr + F3({SjhHdc Pg)
B_M _ Fl({S]})q_ngqD% (F17¢)

0pc  (dgdr + F2({S;HocPr + F3({SiHocdg)”
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where

F1<{S}>—an, Fz({S})—Z o F%({S})—Z LT

max,n O Amax,n

n=1

To determine gr max, &C.max and g4 max We examine the limiting values of the above
derivatives as we change ¢r, ¢c and ¢ 4.

Firstly, as ¢g — 0, with ¢4, dc ~ Pmax, We note that dpu/d¢g is tending towards
its maximum value whereas d//d¢ 4, and du/d¢c tend to their minimal values. We
have, therefore, dp/0¢pr > dp/d¢c, dpu/d¢pa and hence gr max can be determined
to leading order by the maximum value of dpt/d¢g. Substituting Pr = Dr o, Ci>g =
@g,o + ¢4 and ¢c = Pmax — @4 into Eq. (F17a) and rearranging we obtain

F
o %
PR B < 1 Dro F2 ®ro 1>2’
F3 (®max — ¢4) F3 (Cbg 0+ da)

which is a function of ¢4 only. The maximum value of dt/d¢g can thus be found by
differentiating with respect to ¢4 and setting the derivative to zero.

Fy (L Pro B Qpo )
d <B_M> B3\ F3 (Pmax — da)?  F3(Pgo+ ¢a)?
doa \ 9¢r 1 dro F,  ®ppo ?
— ’ + == +1
F3 (Pmax — da)  F3 (Pgo + Pa)

:O7

from which it follows that

da =

VF®pax — @ ®pax + D
2 P max Gg,0 <¢C= max + g,o)’ (F19)

1+VF 1+ VF
where we have taken the positive square root as 0 < ¢4 < Ppax. So the maximum

value of 8,u/8¢1g occurs for & = & o, Cfbg = VF(®max + @g,o)/(l + /F>) and
¢c = (Pmax + Pg.0)/(1 + /F2), and it follows that

1 F F3(¢max + @g,o)z
8R,max = l+e - 2"
(CDR,()(I + \/FZ)Z + F3(Pmax + cDQ,O))

In a similar manner we find as ¢4 — 0

2
FiF (Pmax + (1 +8)Pro)
8A,max = 3

(Bg.0 (1+ VTF ) + Fa (P + (1 +£)Pr0))
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for

Pax + (1 + S)QDR,O

G By sy
B ( 1 ) VA +)F3 (Pmax + (1 4+ &) Pryo)
R=\15¢ 1+JVO+o)F ’

and as ¢c — 0

gc,max = F1,

for

( 1 ) q)max+(1+8)q)R,O+q_>g,0
dp =
1+¢

F>
14 [ ——
(1+¢e)F3
L(c1> + (1 +&)dgo+ Pg)
) (1 +¢)F; max R,0 Gg,0
Pg =
F
14+ [
(1+e)F3

Setting C{S;}) = Pmax/ Max(gr, max> £C,max> £A,max) €nsures that xg max =<
Prmax/(1 +€), xC,max < Pmax and YA max < Pmax as required.

To determine the function y ({S;}) we note that g, x4, xc = 0 (as a simpli-
fying assumption of this model is that protein is not destroyed). We look at the
limiting case ¢; — O for the sector for which g; max is largest. For example,
if gRmax > &C.max,> 84.max We look at what happens as ¢r — 0. In this case
C({S;}) = Pmax/gR,max and we have 0 /d¢pr — (1 + €)gR max With the other par-
tial derivatives negligibleas d . /d¢pr > dju/d¢c, d /¢ 4. Substituting into equation
F15 we obtain

X _q)max
R 1+87
q)max"‘q_)go
=—=—(1—9p)® =0,
XC 1+\/F2 ( V) max
X _\/FZq)max_cDQ,O_yq) -0
A 1+«/F2 max ,

where we have used the values for ¢4 and ¢¢ given in Eq. (F19). The constraint
equation (19) together with the requirement that y 4 and x¢ are positive means x4 =
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xc = 0. Solving for y we obtain

WV Fo®pmax — ciJQ,O
Dmax (1 + FZ)

Similarly we have

for &R ,max > &C,max, §A,max-

F
(1+¢e)F3

Ponax 1+ F

Prmax + Pgo — (1 +&)Pro

y = , for 8C,max = &R,max> §A, max,

and

DPpax + (1 + )P
= max + ¢ ) RO for 8A,max > §R,max, §C,max-

' o (1 + V(T OF)

F.2 Substrate Specific Enzymes Non-proportional to Catabolic Sector

To illustrate the case when the substrate specific enzymes are not all proportional to
¢c we use the example of glucose—lactose diauxie. Here, the mass fraction of glucose
specific enzyme is proportional to ¢c, O, gl = @c, but the mass fraction of lactose
specific enzyme, @ 1,, is not. We have

o i n I IPEa

dpc  Ppg  IPpl 0dc

A§ we do not have an explicit expression for ) E.la In terms of ¢¢c we calculate
8(I:‘E,lal/a‘pc by

_ ddg 1
anE,la _ dt
dpc doc
dr

and therefore from Eq. (20b) and equation (21) we have

aci>E‘]a _ XEJa — q_DE,la
8¢C XCc — ¢C
Pmax — pc) + ~d
= o (1 — ) 4 Madla Pmax — @) + mabe — Pea

xXc — ¢c

For ma1a (Pmax — ¢C)+nla¢c_&>E,la # 0 we have a&)E,la/8¢C — o0as xc — ¢c
and hence dpu/d¢pc — oo as xc — ¢Pc. It follows that when 113¢1a (Pmax — @) +
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NMadc — ) Ela 7 0 the maximum of the function g¢ occurs when xc — ¢¢ giving
gc.max — 0o and therefore we must set C = 0 (and the other regulation functions are
simply xg = ¢r and x4 = ¢a). )

The case 113812 (Pmax — ¢c) +Madpc — PE.1a = 0 occurs when the lactose enzyme
is either at its initial leaky level &E’la = EPpx (in which case ny, = &, ¢, = 1) or
when it is proportional to ¢¢ (in which case 71, = 1, {la = 0 and ¢ 12 = é¢). In both
these cases we calculate the regulation functions as described in Sect. F.1, but with
the modified functions

N N N
=Y =t fu F Z A =G fn, Z (=t fu
n=1 n=1 1

OCmax,n O Amax,n

in place of those given in equation F18, to take into account whether we have ¢ 1, =
§ Pmax OF Qg 1a = -

Appendix G: Governing Equations and Parameters Used in Simulation
1

In the following section we describe the governing equations, variables and parameters
used to simulate glucose—lactose diauxie in both our model and, for comparison, the
model of Erickson et al. (2017). Subscripts ¢ and |, denote parameters for growth on
glucose and lactose respectively.

G.1 Our Model

The governing equations are

ds k S _
e _ 1nix,gl < gl > Pp g X,
dr Pr gl Ks g1 + Sql

dSla _ kmix la < Sla )ci)E,laX’
dr % 1 Ks1a + Sia

dor

- (XrR — R 1L,
d‘l_ﬁE,gl -

dar (XC ¢E,gl) 1%
doe -

di 2 = (XE,la - ¢E,la) 1%

x _

ar M
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where

= (fa®Eg + fuPE1) PoPr

o fgl&)E.gl fla&)E,la fgléE,gl fla(i)E,la £
@gq)R + (O'Cmax,gl + UCmax,la) CDR + (UAmax,gl + O'Amax,la) CDg
with
2
flz(q> +(1+8)®R0+q_>g0)y*k 1 _1 ( Sgl )
g = A ‘ O etmne\ gy ) \Ksg +8a)

2

- 1 Sla
a = (Pme 1 [ o Y kmax.1a | = ,
fia = (Pmax + (1 +€)Pro + Dg.0) Viikmax 1 (@’Ela> (KS,la+Sla>

Dp = Pr o+ PR,
Dp ol = Prol = Pc,
Pp1a = PE 1,
PG = DG 0 + Prmax — (1 + )R — PE 1,

and the constants

(Pmax + (1 +&)Pro + g ) Ygikmax g1
(1+ g)@*,;%gl
(Pmax + (1 +8)Pgo + Pg o) Y gikmax, gl
q_%z,gl
(Pmax + (1 + )P0+ Pg.0) ¥ikmax.la
(1+ )03,
(Pmax + (1 + )P0+ Pg.0) ¥ kmax la

k2
(Dz,la

)

O Amax,gl =

)

OCmax,gl =

O Amax,la = s

’

OCmax,la =

with CD;’ ol d_%’gl and é’g! ol calculated using equation (3) with A* = Yg*lkmax,gl, and
CD}}’la, &)*g,la and &)2,13 calculated using equation (3) with 1* = ¥} kmax 1a-

The glucose specific enzyme will always be produced and its expression level
is governed by the level of the C-sector as a whole. The lactose specific enzyme,
however, will only be produced when the concentration of glucose drops sufficiently.
Its expression level is therefore not proportional to that of the C-sector. The regulation

functions are given by

C 1 ou ou o
_ I gy 2
Xk ¢R+1+s((1+s)a¢m Yogc V)am)’

_ O L) o
XC_¢C+C<3¢C y3¢A a V)<1+5>3¢R>’
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Table 4 Parameters for E. coli taken from the literature

Parameter Description Value

)‘El = Yg*lkmax,gl Growth rate on glucose 0.91 (h—1)2
My = lekmax,]a Growth rate on lactose 0.95 (h— 1y
Dr0 Minimum ribosomal mass fraction 0.049%

VR Fitted parameter in growth law 11.02 (=12
Ac Fitted parameter in growth law 1.17 (h— 1y
& Pre-expression level of lactose specific enzyme 0.012%

Dmax Maximum mass fraction of growth dependent proteins 0.43b

K. ol Half saturation constant on glucose 0.04 (gL*1 )¢
Ks1a Half saturation constant on lactose 0.43 (gL*1 )¢
€ Constant relating uninduced sector to R-sector 0.914

2Data from Erickson et al. (2017)

bData from You et al. (2013)

¢Data from Doshi and Venkatesh (1998)

dCalculated using data from Wu et al. (2023) (see Appendix H)

Table 5 Fitted parameters

Parameter Description Best fit value
Yg*1 Log-phase yield on glucose ((OD600 X )/(g/L Sy1)) 0.24

Y Log-phase yield on lactose ((OD600 X)/(g/L Sa)) 0.192

$g.0 Minimum mass fraction of ®g 2.6 x 1072
Ky Constant in function regulating lactose uptake (g/L) 0.001

€ Constant in function regulating lactose uptake (g/L) 0.01

XEJa = Ma ({laPmax + xc (1 = {1a))

with C and y calculated as described in Appendix F.2. The point at which the lactose
enzyme switches on is modelled by setting

K? + gsgl

Mal=—7 5

’

1 1(ben 1
g‘a‘z(l tanh<e(¢c 2)))

where K7, & and € are constants.

The parameters in the governing equations whose values are taken from the literature
are given in Table 4. Where parameter values are given in Erickson et al. (2017) these
values have been used. Fitted parameters, shown in Table 5, were determined to give
a best fit to the experimental data.
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For the initial conditions we have taken initial values of variables from Erickson
etal. (2017): Sg1,; = 0.3 ¢g/L, S1a,; = 2.0g/Land X; = 0.20 OD600. The initial values
for ¢ and ¢¢ are obtained by substituting for the initial growth rate (A; = 0.92 h™!
calculated at the end of the next section) into Eq. (3) and the initial level of the lactose
specific enzyme is & P,y

G.2 Erickson Model

A description of all parameters and variables used is given in Erickson et al. (2017).
We have the following governing equations

dm o

— = 25t Myy(0),

dr o

d Mgy

T XRb(£)o (1) MRy (1),
dMc o
d—:‘“"’ = cat. gl max XCat ()0 (1) Moy (8),
dMc 1
— = Maxca (00 (O Mry(0).

with

Sg1(t)
1) = —alk e M. ¢ k M. / >7
o® MRb(;)a( max, gl (KM,gl + Sa1(0) Cat,g1 () + kmax,laMcat,1a(t)
®Rb,0
XRb(H) = —F—,
l—o@®/y
o (1)
XCat(t) =1— TXRb(t),
C
fort < tgy),
I (t) = X@Cat,la,max  TOr? < isy .
@Cat,la,max  fort > gy,

From the equations during log phase growth on a single substrate the relation akmax, j =
A%/@Cy ; 18 obtained, where A7 is the log phase growth rate on the substrate and
BCar, j is the value of the mass fraction during log phase growth. The equation for o ()
becomes

o(t)

)‘21 Sal
= ¥ MCat,gl(t)
Mgp(1) ¢Cat,gl,max(1 - )\gl/)LC) KM,gl + Sgl

A
+ o
ok
Jla, a
®cCat,1a,max (1 k] /)\C)

MCat,la(”) s

where we have substituted in for ¢éat,gl = ¢cat,glmax (1 — )»Zl /Ac) and ¢éat,la =
Pcat,la,max (1 — A;"a /Ac), from the growth laws. To tidy up the equations we rescale
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V\iith MCat,gl = aMMCat,gl/(a¢Cat,gl,max)s MCat,la = aMMCat,la/(a¢Cat,la,max) and
MRy = apy MRp /@ to give

dM -
—— =0 (t)Mrp (1),

dr
d Mgy -
BT XRb(1)o (1) MRy(2),
dMcag g1 _
d—t‘“g = Xca(1)o (1) My (1),
dMcala - -
— = MaXca o (O Myy (1),
with
A% S _ AX _
gl gl la
= — M, 1+ —a____ N,
o(t) Mgo () <(1 — )\z]/)\C) (KM,gl T Sgl) Cat,gl( ) (a1— )"ika/)\'c) Cat,la( ))
_ #Rbo
XRo(t) = T— /7
o(t)

XCat(®) = 1— TXRb(t),
C

x fort < tgy,
1 fort > tgy,

hia(t) = {

This system of equations is not closed as it does not include an equation for Sg;.
This equation is not given explicitly in Erickson et al. (2017) but we take it to be

ngl kmax,j ( Sgl )
. = — MCat,g1~
dr ag KM,g] + Sg]

We have introduced the constant «g to represent the conversion factor from imported
substrate to metabolic influx because in Erickson et al. (2017) this conversion factor
has been incorporated into the uptake rate (Jc = kg1 Mcat,gl + kia Mcat,1a)- In terms of
the rescaled protein concentration we have

B a1 (s,

=- Mcag.
dr (1= 25/hc) amas KM,g1+Sg1> o

Now )y is the conversion factor from carbon influx to biomass flux so the product
apyas gives the conversion from imported substrate to biomass flux (the yield of
biomass). The yield is assumed to be a substrate specific constant but its value is not
given in Erickson et al. (2017). We, therefore, fit the yield to match the results shown
in Erickson et al. (2017).

@ Springer



84 Page 54 0f 58 F.Bate et al.

The initial values of biomass and glucose are taken from Erickson et al. (2017),
Sg1,; = 0.3 g/l and M; = 0.20 OD600 and for the proteins we have

_ Al
Mgy, 1 = (¢Rb,o + 7) My,

MCat,gl,I = (1 - _> MI7
Ac

— )\‘1
MCat,la,I =x|1- )»_ M.

To ﬁrld initial growth rate A; we know that dM /dt = A(t)M (¢) so it follows that
o (1) Mgy (1) = AM)M (). As Mry (1) = ¢ro(1)Mp (1), where Mp (1) = (o/op) M (1)
is the total protein concentration, we have Mgrp(1) = ¢ro(t)M (7). The growth
rate is therefore given by A(t) = o ()¢rp(?). If we also note that Mcag,g(t) =

(¢Cat,g1(t)/¢Cat,g1,max)M(t) and MCat,la(t) = (¢Cat,1a(t)/¢Cat,la,max)M(’) we obtain

Al =

Mgl ( Se1(1) ) ¢Cat, gl (1) n Ay ¢cat,1a(1)
(- )‘zl/)‘C) KM,gl + Sgl(t) ¢Cat,gl,max (- )‘ika/)“C) ¢Cat,la,max '

Now Sg1,1 > K g1 S0 we have

_ )”Zl ¢Cat,gl,1 )\ika ¢Cat,la,[
(1- XZ]/XC) ¢Cat,gl,max (1- )\ika/)LC) ¢Cat,la,max

Al

and if we assume that initially everything is in steady state we can write ¢cat,gl,1 =

¢Cat,gl,max(1 — Ar/Ac) and ¢Cat,la,1 = x¢Cat,la,max(1 — Ar/Ac) (the x appears here
as the lactose metabolism is not yet switched on) giving

*

A
1— /A — (1 —A1/hc).
( 1/ C)+(1—?»Ta/?»c)x( 1/Ac)

*
)‘gl

A= —a
(I = 25/xc)

This can be solved to give

A aar —(1 +x)m
gl la AC
)‘zl)‘l*a ’
2

re

Al =

.
Ma

1—(1—x)kc —X

Appendix H: Governing Equations and Parameters Used in Simulation
2

In the following governing equations, subscripts | and » denote the mass fractions and
growth rates of strains X; and X; respectively. Subscripts ¢ and |, denote parameters

for growth on glucose and lactose respectively. The two strains are assumed to have the
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same parameters for growth on glucose. For both strains the glucose specific enzyme
will always be produced and its expression level is governed by the level of the C-
sector as a whole. The lactose specific enzyme, however, is never produced by the
mutant strain X, and will only be produced by X; when the concentration of glucose
drops sufficiently. Its expression level is not proportional to that of the C-sector. Our
governing equations are

ngl kmax ,el < )
L (Prg1 X1+ Prg2X
dr < H* Ks o + Sgl E.gl, 141 E.gl,2 2)

E gl
dSla kmax la ( )
=- " EJa,1X1,
dr d)E la K, la+Sla
dor.1 dor,2
a (xr.1 — dr.1) 11, m = (xr2 — ®r.2) 2,
doE 11 - dog g12
— = (xc.1 — dEg11) 11, £ = (xc.2 — PE.012) 12,
dt dr
doE 1a1 - -
dta = (XEda1 — PEga1) U1, PEI2 =0,
dX, X dX» X
T X1, T n2Xo.
where
i (fa®Eg1 + fuPre o) Po1Pr 1
1= - - = - ,
= Sa®PE g1 SiaPE a1 SaPE g1 Sa®PEa1 | &
q)g’]Q)R’l + < (};Cmax‘.ggl + OCmax,la ) CDR’] + < éAmaxjggl + O Amax,la ) P 3
Ly = (fa®E.g.2) Pg2Pr2
- fa®E g2 fa®ra2) -
DG aPro+ [ T2 | po + | 52 ) @gn
OCmax,gl O Amax, gl
with

1\ s
— (@ 1+6)d dco) Yik _ g ,
fat = (Pman + (1 +&)Pro + PG0) Yy ”““’g‘<q>>g ) (Ks,g1+Sg1

2
_ 1 Sla
= (P 1 P Dg o) Yiik = )
fia ( max + (1 +&)Pgo + Q,O) laftmax.la (@E,m) (KS,la + Sla)

Dr1=DPro+dr1, Pr2=Pro+oPr2,
Ppo1 =PEa1 =dc1, Prar=Pre2=dc2,
Ppral = PE g1, PEl2=PEmn2=0,

®g.1 = PG o+ Pmax — (1 + &)Pr,1 — PE 11,

®g o= DG 0+ Pmax — (1 +)pr2 — bE 12,
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and the constants

(Pmax + (1 +&)Pro + g ) Ygikmax. g1
(1 +8P%y
(Pmax + (1 +&)Pr o + Pg o) Ygikmax, gl
@Z%gl
(Pmax + (1 + )P0+ Pg.0) ¥ikmax.la
(14 6)®3,
(Pmax + (1 + )P0+ Pg.0) ¥ kmax la

k2
(D*g,la

O Amax,gl =

)

OCmax,gl =

)

O Amax,la = s

OCmax,la =

The regulation functions are given by

Ci 1 o oL Y
XR,1=¢Rr1+ (( ) - - =y )

1+e¢ l+e) 0dr.1 " a¢c.1 0da.1

a1 au < 1 > e )

1=gc1+C - ) ,
Xc.1 = ¢c.1 1<3¢c,1 V18¢A’] 71 T+ ) om

XE.la,1 = Mla (flaq)max + xc1 (1 — gla)) )
6)) 1 GJ%) 2 2
XR2=¢r2+ (( ) - — (=) ;

1+¢ 1+¢/) dpra o¢c 2 0pa2
o By 1 a2

Xc,2=¢c,2+C2( ) -1 - 2)( ) >
dpc2 v 0¢a2 WTve 0PR2

with C1, Ca, y) and y» calculated as described in Appendix F.2. The point at which
the lactose enzyme switches on is modelled by setting

K? + ssgl
K7 + Sg21 '

w=s (e (2 (50 -2)))
2 €\ ¢c1 2
where K, & and € are constants.

We keep the parameter values the same as in the diauxic-shift only simulation
(described in Appendix G with parameters shown in Tables 4 and 5) with the exception
of the log-phase yields, Y g*l and Y}? (fitted values for simulation 2 are Y, gl = 0.67 and
Y» = 0.536). This is because the yield depends on the ratio of OD600 to g/L of
biomass which will differ between the experiments. We do, however, keep the ratio
Y g*l : Y} the same in both simulations.

Initial values for Sgi, 1, and X1 = X, were taken from our experimental data at
t = 0. The initial value for ¢r 1 = ¢r 2 = 0.2 was determined using data from Wu
etal. (2023) assuming a doubling rate in Luria—Bertani broth of 25 min (Tao et al. 1999).

Na =
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The initial level of catabolic proteins was taken to be ¢g o1.1 = Pr o2 = CTDE a2
This is based on data from Wu et al. (2023) showing that the expression level of
glycerol uptake enzymes approximately doubles in the transition from rich to minimal
media. The anabolic proteins were initially assumed to be at their minimum value
s0 a1 = ¢a2 = 0. Using the initial levels of the protein mass fractions and the
constraint equation 2 we obtain the value of the constant relating the uninduced sector
to the ribosomal sector as ¢ = 0.91.
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