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ABSTRACT Many quantum technologies rely heavily on propagation of RF and microwave signals
through devices at cryogenic temperatures, and detailed understanding of materials and signal propagation
is therefore key to improving the performance of quantum circuits. The properties of dielectric substrate
materials used for transmission lines (TLs) such as their permittivity need to be precisely determined to
design high performance quantum integrated circuits. In this paper, we discuss a measurement technique
for determining the effective permittivity of a TL at mK temperatures. The technique utilizes S-parameter
measurements of multiple TLs to reliably extract the effective permittivity of the TL implemented in a
substrate material. The technique is demonstrated using measured S-parameters of grounded co-planar
waveguide (GCPW) at 296 K and 15 mK. The effective permittivity of the TL at 296 K and 15 mK
are determined from measurements and compared. We observed the effective permittivity determinations
at 15 mK to be approximately frequency independent and calculated the relative permittivity of Rogers
RO4350B material at 15 mK to be 3.64. There is no significant deviation from this relative permittivity
value with respect to manufacturer data and from measured data at 296 K.

INDEX TERMS Cryogenic temperatures, dilution refrigerator, effective relative permittivity, propagation
constant, quantum circuits, transmission line, TRL calibration, vector network analyzer.

I. INTRODUCTION
The continued growth of quantum technologies has created
an increasing demand for efficient and well-characterized RF
and microwave circuits operating at cryogenic temperatures.
The performance and materials of such microwave circuits is
important to understand because these can have a significant
impact on quantum circuits and the coherence time of
quantum bits. The signal propagation in such RF circuitry
must have good impedance matching, and spurious signal
reflection and loss must be minimized. For this purpose,
a detailed knowledge of substrate material properties such as
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permittivity at cryogenic temperatures is required in order to
design high performance circuits. When cooling to cryogenic
temperatures many electrical and physical properties of mate-
rials are likely to change, and hence precision measurements
must be conducted at low temperatures and ideally in-situ.

The propagation of signals in a transmission line (TL)
depends on its propagation constant which in turn is
related to the permittivity and permeability of the medium
containing the electromagnetic (EM) fields. TLs such as
microstrip (MS), and both grounded and ungrounded copla-
nar waveguide (CPW) are extensively used in integrated
circuit technologies, and also in quantum circuits. They
provide a low-cost and compact solution with simplicity of
fabrication for a dense high frequency system integrated with
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both passive and active circuit devices [1]. In such TLs,
EM fields lie partly in the air and partly in the dielectric
between the conductor and the ground. This complicates the
behavior of the EM fields and hence it is usually assumed
that the field propagates as a quasi-TEM mode owing to the
inhomogeneity in the dielectric medium affecting the EM
field distribution. The effective relative permittivity, εreff ,

characterizes the behavior of the MS/CPW TL propagation
with respect to a homogeneous dielectric medium.

Generally, permittivity characterization techniques can be
classified as either resonant or non-resonant techniques.
Resonant methods inherently offer higher accuracy owing to
the high-quality factors of the resonators being used, which
enable a precise determination of the material parameters
of a sample placed, for e.g., within a resonant cavity [2]
or a printed resonator [3], especially for low-loss materials.
By analyzing the variations in the resonator’s resonant
frequency and quality factor, the complex permittivity of
the material under test (MUT) can then be extracted. The
applicability of resonator methods is, however, limited to
single resonant frequencies of one or more (higher order)
modes excited within the resonator, thus offering measure-
ments at only discrete frequencies, while also requiring
higher-order mode identification [4], [5]. Often a special-
ized measurement cell and sample size is required. Such
techniques are also not suitable for characterizing dispersive
materials whose complex permittivity is highly frequency
dependent.

Non-resonant techniques mainly rely on analyzing
reflected and/or transmitted electromagnetic waves from the
MUT and are normally used to characterize materials over
a broad frequency range. A common non-resonant approach
is based on TL techniques which have been developed over
several decades [6], [7], [8]. Typically, the material is either
the substrate of the TL or situated on top of the TL [9], [10].
The propagation constant and characteristic impedance of the
TL can be dramatically changed after loading the material.
Therefore, by analyzing the variation in the S-parameters
of the TL, the change in the propagation constant and the
characteristic impedance can be calculated and finally a
highly accurate determination of the effective permittivity
across a broad frequency band can be obtained.

Generally, when operating and/or characterizing a
non-coaxial microwave device under test (DUT) in the
form of integrated circuits, the DUT is mounted on a TL
implemented on a printed circuit board (PCB) substrate.
Specialized TL-based calibration standards containing the
same substrate material utilizing the Thru-Reflect-Line cal-
ibration algorithm [11] are designed to de-embed calibrated
S-parameters of such DUTs. A significant advantage of using
a TL-based approach is that these TLs can be exploited to
characterize the DUT as well as the substrate material without
having to redesign a specialized setup to extract the material
properties. Such techniques would be useful in precisely
determining material properties at mK temperatures, where
material properties are currently not known precisely.

In this paper, a technique is presented to determine εreff of
a TL implemented on a non-magnetic (relative permeability,
µr = 1) homogeneous substrate material at temperatures
down to tens of mK. The technique requires S-parameter
measurements of TLs of different lengths. The TLs used
in this work have been previously designed to be used
as calibration standards to extract calibrated S-parameter
measurements of a DUT [12]. These can also be used to
extract the material properties of the substrate to which
the DUT is mounted. The technique does not require
prior knowledge (i.e., an initial or rough estimate) of the
propagation constant or relative permittivity of the substrate
material which is required for some techniques such as the
Nicolson-Ross-Weir Method [13].

The structure of the paper is as follows. Section II
describes the generalized equations for extracting εreff
from S-parameters of TLs. This section then describes the
design process for the GCPW TLs, which were used for
extracting εreff . The experimental setup to extract εreff of TLs
at 296 K and 15 mK andmeasurement results are discussed in
section III-A and section III-B, respectively. The uncertainty
sources associated with these estimations are discussed in
section III-C. Some conclusions derived from this work are
presented in section IV.

II. PRINCIPLE AND DESIGN
The generalized equations for extracting permittivity from the
S-parameters of the TLs along with the design methodology
of the PCB-based TLs are discussed in this section.

A. EFFECTIVE PERMITTIVITY FROM S-PARAMETERS
Signal flow graph theory [14] gives the following relations
between S-parameters and transmission (T ) and reflec-
tion (0) coefficients:

T =
(S11 + S21) − 0

1 − (S11 + S21)0
(1)

0 = K ±

√
K 2 − 1 (2)

where

K =
S211 − S221 + 1

2S11
(3)

The sign in (2) is chosen so that |0| ≤ 1, which is required
for causal, passive materials.

Assuming that there is a single transverse electromagnetic
(TEM) mode of propagation in the TL, the transmission
coefficient is given by,

T = e−γ l (4)

where l is the length of the TL.
The propagation constant can be calculated from (4) and is

given by:

γ = −
ln (T )

l
= −

1
l
[ln (|T |) + jφT ] (5)

where φT denotes the unwrapped phase, and j2 = −1.
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The following theory assumes a single TEM wave
propagating through the media with a homogeneous cross
section. This cannot be satisfied in a straight-forward manner
by a planar TL such as a GCPW, since the cross section
includes the dielectric substrate below the TL conductors and
an air section above the TL conductors. However, most lines
of this type can be assumed to support a quasi-TEM mode
with effective material parameters modeling a homogeneous
cross section, as long as a single mode of propagation
is maintained, and higher order modes are sufficiently
suppressed. Design rules and methods for avoiding higher
order modes in planar TLs such as GCPW and microstrip,
have been given by Seiler et. al. [15].
To derive the permittivity from the propagation constant,

we consider a quasi-TEMwave propagating through a homo-
geneous, nonmagnetic material. The propagation constant is
given as,

γ = j
ω

v
= jω

√
µ0ε = jω

√
µ0ε0ε′

r (1 − j tan δ) (6)

where v is the velocity of light inside the material, tan δ is
the effective loss tangent, and µ0 and ε0 are the vacuum
permeability and permittivity, respectively. The complex
permittivity is given by

ε = ε′
− jε

′′

= ε0εr = ε0

(
ε′
r − jε

′′

r

)
(7)

where εr is the relative permittivity of the material. The
primed and double-primed quantities denote the real and
imaginary parts of the relative permittivity, respectively.

Since the propagation constant is a complex-valued
quantity consisting of an attenuation constant α and a phase
constant β, it can also be written as,

γ = α + jβ (8)

Comparing real and imaginary parts in eq (8) with eq (5)
gives,

α = −
1
l
ln (|T |) (9)

β = −
1
l
[φT ] (10)

Squaring the propagation constant in (8) and separating it
into real and imaginary part results in,

Re
{

γ 2
}

= α2
− β2 (11)

Im
{

γ 2
}

= 2αβ (12)

Combining these equations with (6) and (7), expressions
for the real and imaginary parts of the relative permittivity
can be obtained as,

ε′
r = −

Re
{
γ 2

}
ω2µ0ε0

=
β2

− α2

ω2µ0ε0
(13)

ε
′′

r =
Im

{
γ 2

}
− ωµ0σc

ω2µ0ε0
≈
Im

{
γ 2

}
ω2µ0ε0

=
2αβ

ω2µ0ε0
(14)

where σc is the electrical conductivity, σc ≈ 0 for low-loss
dielectric materials. It is clear by comparing (9)-(10) and
(13)-(14), that the real and imaginary parts of the relative
permittivity can be estimated if the physical length of the TL
is known. However, in the case that the physical length of the
TL is not precisely known, there are infinite solutions for the
relative permittivity and length; hence, a different approach
is required.

In the case of planar TLs exhibiting quasi-TEM propa-
gation, the equations given previously for a homogeneous
material can be adapted using the effective permittivity
method by simply replacing the relative permittivity, εr ,
by the effective relative permittivity εreff of the TL’s cross
section [14], [15].

B. DESIGN OF TRANSMISSION LINE
The Thru-Reflect-Line (TRL) calibration technique can be
used to achieve calibrated S-parameter measurements of
non-connectorized devices such as RFICs [12], [16], [17]
without having the need to precisely characterize all the
standards, which is an advantage over techniques such as
Short-Open-Load-Thru (SOLT) calibration which requires
precise knowledge of all the calibration standards [18].
In [16] and [17], the calibration standards were designed
and implemented using GCPW TLs for device calibration at
mK temperatures using a 4-wave TRL calibration technique.
The propagation constant of the TL can be obtained as a
by-product of TRL calibration process. If the physical length
of the Line standard is known with respect to the physical
length of the Thru standard, then εreff of the TL can be
determined using equations (9)-(14). Utilising multiple TLs
of different lengths will enable a more reliable estimation
of εreff . The design process of the TLs used in this work is
described in this section.

In [12], the authors designed and implemented a GCPW
TL of length 50 mm as the Thru standard so that the middle
of the Thru standard was set as the calibration reference
plane for the 4-wave TRL calibration. The length of the Thru
was chosen to be long enough that the effects of the coaxial
connectors and the coaxial to GCPW transitions could be
considered to be minimal and for the reference planes to
be separated from the plane of interaction of these different
effects. The same GCPW Thru standard design is used in this
work and is named as ‘‘Line 0’’, as shown in Fig. 1.

The Reflect standard is realized as a short-circuit, with two
nominally identical short-circuits implemented on a single
GCPW PCB, thus providing Reflect standards for both test
ports. The reflection coefficient of these short-circuits should
be identical for a good quality calibration.

The Line standard consists of an extra section of transmis-
sion line that provides a change in the transmission phase,
with respect to the Thru connection. The generalized TRL
calibration scheme works optimally when the difference in
phase between the Thru and the Line standards is (2n+ 1)
λ/4 and fails completely when this phase difference is
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FIGURE 1. (a) Cross section of GCPW TL; (b) GCPW TLs designed to
extract εreff .

(2n) λ/4 (where, n = 0, 1, 2. . . ) [19]. Therefore, the line
lengths are chosen to prevent phase differences that are close
to these calibration failure points. The line standard (Line 1)
is designed according to the conventional 4-wave TRL
calibration technique, to provide a change in the transmission
phase, with respect to the Thru connection, of approximately
90◦ – i.e., 4-wavelength – at frequencies around the middle
of the frequency range of interest. The calibration failure
points will occur at phase changes of 0◦ and 180◦. Therefore,
when designing line standards for a 4-wave TRL calibration
procedure, phase changes are designed to be within 20◦ and
160◦, i.e., at least 20◦ greater than 0◦ and at least 20◦ less than
180◦ [19]. Therefore, a single line standard is designed to be
6 mm (4 of the GCPW wavelength at 8 GHz) longer than the
Thru standard and so is suitable for covering the frequency
range of 1.8-14 GHz.

Two additional transmission lines (Line 2 and Line 3) were
designed in [12] to be used as line standards to implement
a ¾-wave TRL calibration as an independent calibration
technique to validate S-parameter measurements at mK
temperatures. In this work, these additional TLs are utilised
as DUT TLs instead of line standards to provide redundancy
in the measurements allowing a statistical approach to be
applied for extraction of the effective relative permittivity as
will be discussed later. The detailed design parameters for the
length of both these transmission lines to use them as ¾-wave
TRL calibration standards are given in [12] and so will not be
discussed in this paper.

Rogers RO4350B with relative permittivity 3.66 and loss
tangent 0.0037 at 10 GHz at room temperature was used as
the PCB substrate for all the TL designs. The top and bottom
copper ground planes of 1.4 mil (≈ 36 µm) thickness are
connected by using metallized via holes of 0.5 mm diameter.
The initial dimensions of the GCPW structure (such as the
center conductor width, the gap width between the center
conductor and the two grounds, and substrate thickness) were

TABLE 1. Design parameters for the GCPW TLs.

estimated by solving the simplified frequency independent
analytical equations in [20] for a characteristic impedance
of 50 �.

Z0 =
60π

√
εreff

1
K (k)
K (k ′) +

K (k1)
K (k1′)

(15)

k =
s

s+ 2w
(16)

k ′
=

√
1 − k2 (17)

k1′
=

√
1 − k12 (18)

k1 =
tanh

(
πs
4h

)
tanh

(
π(s+2w)

4h

) (19)

εreff =

1 + εr
K (k ′)
K (k)

K (k1)
K (k1′)

1 +
K (k ′)
K (k)

K (k1)
K (k1′)

(20)

where Z0 is the characteristic impedance of the GCPW
transmission line, s is the track width of the GCPW TL, w
is the gap width, h is the height of the substrate material and
K (k) is an elliptical integral of the first kind and is calculated
using recursive equations in [21].

These initial dimensions were used to model and design
the GCPW TLs using CST Microwave Studio. Coaxial-
to-GCPW transitions were added to the ends of the PCB
standards to ensure radiation-free wave propagation, and
hence minimize any degradation in the calibration. The
optimised designs of the TL standards were simulated in
CST Design Studio and their S-parameters investigated to
ensure the simulated performance was acceptable in terms
of impedance matching and insertion loss. The final design
dimensions and parameters used for all the GCPW TLs are
given in Table 1.

C. TECHNIQUE TO EXTRACT EFFECTIVE RELATIVE
PERMITTIVITY
In practice, the TLs described in the previous section will be
fitted with coaxial connectors after fabrication to facilitate
connection to a Vector Network Analyzer (VNA) to record
the S-parameter measurements at 296 K and 15 mK. Coaxial
to GCPW transitions are therefore added to the PCB to
ensure adequate impedance matching between the GCPW
TL and the coaxial connectors, thus avoiding any unwanted
effects due to non-TL modes affecting the S-parameter
measurements. It becomes, therefore, necessary to apply a
calibration sequence, to de-embed connector effects from
the measured S-parameters of the TLs to extract the εreff
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precisely. This calibration sequence is described in this
section.

Combining (9), (10) and (13) for a GCPW TL gives,

ε′
reff (f ) =

[φT (f )]2 − ln (|T (f )|)2

l2ω2µ0ε0
(21)

For a well-matched TL, T → S21, (21) becomes,

ε′
reff (f ) =

[
φS21(f )

]2
− ln (|S21(f )|)2

l2ω2µ0ε0
(22)

Similarly combining (9), (10) and (14) gives,

ε
′′

reff (f ) =

(
φS21 (f )

)
× ln (|S21(f )|)

l2ω2µ0ε0
(23)

The technique will be illustrated by extracting the
frequency dependent real part of the effective relative
permittivity, ε′

reff (f ) . However, it can also be utilized to
extract the imaginary part, ε

′′

reff (f ). The designed TLs Line 0,
Line 1, Line 2 and Line 3 are used to generate three
independent equations as explained below.

The first equation is generated by utilizing Line 0 of length
L0 (as labelled in Fig. 1) as a Thru standard, Line 1 of length
L1 as a Line standard, Short as reflect standards. After the
application of TRL calibration, the calibrated S-parameters
with Line 1 as a DUT will correspond to a TL section of
physical length of approximately len1 = L1 − L0, i.e. the
difference in length between the DUT and the Thru standard.
The ε′

reff of the calibrated TL section of length len1 is given
as,

ε′

reff ,1(f ) =

[
φS21,1(f )

]2
− ln

(∣∣S21,1(f )∣∣)2
len21ω

2µ0ε0
(24)

For simplicity, we assign a1 = φS21,1(f ) and b1 =

ln
(∣∣S21,1(f )∣∣), which gives,

ε′

reff ,1(f ) =
a21 − b21

len21ω
2µ0ε0

(25)

where a1 and b1 correspond to the unwrapped phase and
magnitude of the transmission coefficient of the TL section
of length len1, respectively.
Two other equations can be generated in the same way by

utilizing Line 2 and Line 3 TLs as DUTs.
The resulting equations can be summarized as:

ε′
reff ,k (f ) =

a2k − b2k
len2kω

2µ0ε0
(26)

where k=1,2,3 indicate the respective Line k TL.
In (26), the ‘a’ and ‘b’ terms are known following the

above calibration processes from the measured S-parameters
of the TLs. The ‘lenk ’ for each of the TLs is determined
from dimensional measurements at room temperature. At mK
temperatures, a correction factor is applied to these room

FIGURE 2. Connectorized TLs.

temperature measurements to accommodate for thermal con-
traction. Based on the reported thermal expansion coefficient
of copper 11 × 10−6K−1 [22], we calculate the contraction
in the length of TLs to be 0.4% when cooling from 296 K to
15 mK using the below equation.

αL =
1
L
dL
dT

(27)

where αL is the coefficient of thermal contraction, dT is
the change in temperature from 296 K to 15 mK, dL is the
change in estimated length of TL from 296 K to 15 mK,
L is the measured length of TL at 296 K. Although the
thermal coefficient of expansion/contraction is likely to be a
non-linear function of temperature, in this case (27) provides
a linear, first order approximation.

ε′
reff =

∑k=3

k=1
ε′
reff , k (f )/3 (28)

The ε′
reff ,k is calculated using (26) and averaged to

determine the ε′
reff of the TL. We will limit the measurements

to 4-12 GHz for the discussions in this paper, since
the subsequent cryogenic measurements at 15 mK were
band-limited as a result of specialized narrowband amplifiers
and directional couplers used inside the dilution refrigerator
as discussed in section III-B.

III. ESTIMATION OF EFFECTIVE RELATIVE PERMITTIVITY
FROM MEASURED S-PARAMETERS
A. ROOM TEMPERATURE SETU
The TLs were fabricated using an Electroless Palladium
Autocatalytic Gold (EPAG) process with Copper coated
with Gold plating which is non-magnetic (Nickel free)
and suitable for wire bonding. Solder free contact based
3.5 mm edge-launch coaxial connectors were then connected
to both ends of all the TLs, as shown in Fig. 2, to facilitate
subsequent connection to a vector network analyzer (VNA).
The physical length of the TLs was measured using a
micrometer, by comparison with gauge blocks with SI
traceable calibration of uncertainty of 0.3 µm, as shown in
Fig. 3. The length measurement was taken on both the left and
right sides of each of the TL, along the longer edge, as shown
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FIGURE 3. (a) Illustration of dimensional measurements taken;
(b) calibration measurement using gauge blocks and (c) length
measurement of TL.

FIGURE 4. S-parameter measurement setup at room temperature with
one of the TLs connected to the VNA.

in Fig. 3(a) to account for imperfections in manufacturing
process and then averaged for each of the TLs as shown in
Table 3.
The fabricated TLs were then characterized at room

temperature using an Agilent E8364C VNA as shown
in Fig. 4. A Short-Open-Load-Reciprocal Thru (SOLR)
calibration was applied using the VNA firmware to bring
the reference plane of the measurements to the ends of the
test cables, as shown in Fig. 14, enabling the S-parameters
of the TLs to be determined. These room temperature
measurements were made to ensure that the performance
of the TLs was not compromised due to any fabrication
errors or issues due to the edge launch coaxial connectors.
The calibration standards were traceable, pre-characterised
Short-Open-Load standards from aMauryMicrowave 3.5mm
calibration kit, along with an ‘‘unknown reciprocal thru’’
adaptor.

TABLE 2. Physical length of TLs from dimensional measurements.

FIGURE 5. Extracted ε′

reff from measured data of TLs at 296 K.

In the next step, an offline TRL calibration was performed
to enable S-parameter measurements of the TLs, as discussed
in section II-C. This is to remove the effects of the coaxial
connectors and coaxial to GCPW transitions and generate the
equations in (26) to extract ε′

reff . In all these equations, the ‘a’
and ‘b’ terms are determined from themeasured S-parameters
of the TLs at 296 K. The ε′

reff was found to be approximately
independent of frequency and therefore, was averaged to be
2.51 at 296 K. The ε′

reff ,k calculated from each of the TLs
along with the averaged ε′

reff is plotted in Fig. 5. The ε′
reff

determined using Line 1 has the highest deviation from the
averaged ε′

reff due to the shorter length of the line.

B. CRYOGENIC TEMPERATURE SETUP
The fabricated TLs were deployed inside a dilution refrig-
erator for operation at mK temperatures, a schematic of the
cryogenic microwave setup is shown in Fig. 6. The TLs
were selected by two software controlled SP6T RF switches
driven at mK temperatures via DC wiring [12], [16], [17].
The TLs were connected to the RF switch port of each
of the RF switches using phase-matched 3.5 mm coaxial
cables. In this set-up, all four uncalibrated S-parameters are
obtained by activating and measuring the respective input
and output coaxial paths, connecting the TLs to the VNA
test ports through two SPDT switches operating at room
temperature. Attenuators were added in the input path at
different stages to thermalize cables and reduce incoming
thermal radiation to a level compatible with superconducting
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FIGURE 6. Block diagram of the cryogenic S-parameter set-up used to
extract εreff [12].

FIGURE 7. Cryogenic S-parameter set-up inside the dilution refrigerator
to extract εreff z of the TLs at mK temperatures.

quantum circuits [23]. The cryogenic directional couplers
operating from 4-12 GHz were connected as close to the
TLs as possible to bring the VNA receivers from room
temperature stage to mK temperature stage, closer to the
TL plane. The directional couplers limit the frequency range
of operation for mK measurements over which ε′

reff can be
extracted. However, wider bandwidth directional couplers
are commercially available if the material properties are
required over a wider frequency range. Low noise amplifiers
(LNAs) operating from 0.5-14 GHz were added to the output
paths to amplify the signal levels to an acceptable level for
VNA measurements. The S-parameter measurement set-up
containing the TLs inside the coldest stage (< 20 mK) of the
dilution refrigerator is shown in Fig. 7.
To extract ε′

reff at mK temperatures, in the first step,
the raw S-parameter data for all the TLs were recorded at

FIGURE 8. Comparison of ε′

reff from measurement results at room
temperature and cryogenic temperature.

TABLE 3. Comparison of calculated εrz.

mK temperature using the VNA by controlling the SP2T
and SP6T switches operating at room temperature and
mK temperature, respectively. Then a TRL calibration was
applied to the data recorded at mK temperatures using the
calibration standards as discussed in section II-C, to extract
the ε′

reff ,k using the same method as at room temperature. For
the mKmeasurement, we use the measured room temperature
TL lengths, lenk , with a 0.4% reduction in length to account
for thermal contraction [22]. The average ε′

reff obtained
at mK is plotted in Fig. 8 and compared to the room
temperature measurement. The ε′

reff was observed to be
approximately frequency independent and therefore averaged
across the frequency range to obtain a value of 2.52 at
15 mK. Hence, there is no detectable deviation in ε′

reff of TLs
implemented in Rogers 4350B at 15 mK compared to room
temperature.

The frequency independent ε′
reff values at 296K and 15mK

have been used to estimate the relative permittivity (εr )
using equations (16)-(20). The value of ε

′′

reff is calculated
to be negligibly small and therefore εreff ≈ ε′

reff in (20).
The value of TL dimensions (s, w, and h) at 296 K are
based on design dimensions. The value of TL dimensions
at 15 mK have been modified using the correction factor
to include contraction of dimensions as temperature goes
down from 296 K to 15 mK. It is to be noted that for all
these calculations, the coefficient of thermal contraction is
assumed to be uniform in all directions, although, in practice
there will be some minor anisotropy. The calculated εr values
at 296 K and 15 mK are summarised in Table. 3 along with
manufacturer’s εr value [24]. The estimated εr at 296 K and
15 mK deviates from the manufacturer’s data by about 1%
and 0.5% respectively.
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C. SOURCES OF UNCERTAINTY
The measurements at 296 K will have errors due to the VNA.
Although, systematic errors can be mathematically corrected
to a large extent by the calibration process, random errors
and drift errors cannot be eliminated. However, these can
be minimized by taking appropriate measures, for example,
averaging and reduced IF bandwidth can minimize random
errors due to noise and performing measurements in a
controlled environment can reduce drift errors. Another
potential source of error can be attributed to the movement
of test cables while connecting different TLs. This could
be reduced by using higher quality rigid cables with good
phase stability. An implicit assumption is that the material
properties of the substrate material used in all the TLs are
identical. However, they can in fact vary, especially if the
substrate materials were fabricated in different batches under
different conditions. There are also variations between the
edge launch coaxial connectors due to fabrication tolerances
as well as differences resulting from connection repeatability
to the coaxial-to-GCPW transitions on the TLs. One way
to minimize this is to carefully mount the connectors to the
TLs and check alignment using a microscope to ensure that
a similar connection is made between the connector pin and
the PCB for all TLs.

For the measurement setup at mK temperatures, all aspects
of the setup from the room temperature VNA down to
the low temperature RF switches is accounted for in the
error model during calibration. The cryogenic RF switch
ports and the cables connecting the RF switches to the TLs
need to be as identical as possible at mK temperatures to
minimize calibration errors. The RF switch ports can create
differences in transmission paths and return losses intrinsic
to the switches. The variability and repeatability of the RF
switch ports have been investigated in [17]. Reference plane
errors due to RF cables connecting the TLs to the RF switches
can be minimized by phase-matching the cables at room
temperature. However, the temperature related effects on each
cable may be different depending on the bending of the
cables which is dictated by the physical length of the TL to
which it is connected [17]. To estimate the variability and
repeatability of the RF switch ports and the variability of
cables at mK temperatures, the RF switches along with the
cables need to be characterized in detail. As the RF switches
are coaxial devices, an S-parameter measurement setup
employing coaxial calibration standards similar to [25] will
need to be utilized to measure the calibrated S-parameters
of RF switches. This is work that is on-going and will be
reported in a future publication.

During the extended period of the measurement cycle, any
drift occurring due to temperature changes inside and outside
the dilution refrigerator will introduce errors in calibration.
Cable movements at room temperature can also introduce
errors. The variations at room temperature can create drift
in the amplifier stage, cables, and the VNA. By regularly
re-calibrating the measurement system, these errors can be
reduced.

IV. CONCLUSION
This paper has introduced a measurement technique to
determine the permittivity of a TL using S-parameters
of multiple TLs of different lengths at mK temperatures.
This will prove beneficial for quantum technologies, for
example, for quantum computing systems operating at
cryogenic temperatures, where effective relative permittivity
of TLs is not precisely known. The technique has been
demonstrated using measured S-parameters of GCPWTLs as
an example at 296 K and 15 mK. Although the technique was
demonstrated using GCPW TLs, it can also be utilized for
other types of TLs such as microstrip, CPW, Goubau lines,
etc.
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