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Channel position finding is the task of determining the location of a single target channel amongst
an ensemble of background channels. It has many potential applications, including quantum sens-
ing, quantum reading and quantum spectroscopy. In particular, it could allow for simple detection
protocols to be extended to ones of measurement, for example, target ranging with quantum illumi-
nation. The use of quantum states and entanglement in such protocols have shown to yield quantum
advantages over their optimal classical counterparts. Here we consider quantum channel position
finding using sources specified by at most one single photon on average per mode, using the discrete
variable formalism. By considering various quantum sources it is shown through the derivation of
performance bounds that a quantum enhancement may be realised.

I. INTRODUCTION

Quantum hypothesis testing (QHT) [1, 2] is a fun-
damental tool of quantum sensing where the goal is to
distinguish between two alternate hypotheses with ap-
plications in quantum reading [3, 4], quantum illumi-
nation [5, 6] and spectroscopy [7]. These are problems
of quantum channel discrimination (QCD) [8] whereby
the different scenarios to be distinguished are charac-
terised by different physical processes modelled as quan-
tum channels of varying parameters. By employing
sources which are sensitive to these parameters as chan-
nel inputs, the outputs may be analysed in order to make
a decision. Determining the optimal strategy for such a
task becomes an optimisation problem over both input
states and output measurements, typically subject to en-
ergetic constraints on the total number of probings and,
in the bosonic case, mean number of photons employed.

Channel position finding (CPF) [9, 10] is a problem
in multiple channel discrimination whereby given an ar-
ray of quantum channels where all but one is different,
the task is to locate the dissimilar one. It allows for
QHT to be extended beyond well-studied binary prob-
lems. In the case of quantum illumination, one may be
certain that the target is located within a region of inter-
est but is interested in determining precisely where, as
in quantum target finding [9] (on a plane) or quantum
target ranging [11]. The protocol for such a task would
involve probing each of the pre-defined locations a fixed
number of times then collecting and performing suitable
measurements on the returning states. Within the CPF
framework, the differing pathways in terms of loss and
target reflectivity may be encoded within the quantum
channels under study.

Zhuang and Pirandola [9] formulated the general prob-
lem of CPF for the testing of multiple quantum hypothe-
ses providing upper- and lower-bounds on the error prob-
ability. This was given for a classical CPF protocol us-
ing coherent state sources (minimum uncertainty states
with positive P-representation, considered classically ‘op-
timal’) and compared to a specific quantum protocol em-

ploying maximally entangled two-mode squeezed vacuum
(TMSV) states. It was shown that by using the gener-
alised conditional-nulling (CN) receiver at the output a
quantum advantage could be achieved.

In this paper, we study the problem of CPF subject
to the constraint that the sources considered are com-
prised of at most one single photon. Remaining in the
discrete-variable setting, while works so far have been fo-
cused on continuous-variables, we study the potential of
quantum-enhanced CPF for various source specifications:
Single-photon (Fock) state, GHZ state exhibiting multi-
partite entanglement across the channel array, bipartite
(signal-idler) entanglement in a quantum illumination-
style setup, and biphoton (Bell) states. In Section II we
outline the problem of CPF describing the model and
mathematical tools used to quantify performances with
respect to the source. In Section III we consider the four
quantum sources previously described providing formu-
lae for fidelity and bounds on the CPF error probabil-
ity. These are compared to the classical benchmark of
a coherent state whose amplitude is α = 1. Finally, in
Section III F a simple receiver based on photon-counting
is outlined and applied to two cases: classical coherent
state source and single-photon (Fock) state source.

II. PROBLEM SPECIFICATION

A. Basic model

Consider the basic model of quantum CPF comprised
of N ≥ 2 input-output black boxes as shown in Fig. 1.
For i = 1, 2, . . .N , the ith box Bi contains either a ref-
erence channel R or some target channel E 6= R and the
task is to locate E . We assume the target channel only
occupies one box, such that joint probabilities of the form
P(Bi = E ,Bj = E) are all zero, and the target channel is
in one of the boxes with certainty, i.e., P(Bi = R∀i) = 0.
Identification of the target channel is a problem of sym-
metric quantum hypothesis testing where the task is to

http://arxiv.org/abs/2109.00432v2
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FIG. 1: Schematic diagram of channel position finding (CPF).
For i = 1, . . . , N we have an ensemble of boxes Bi and the
task is locate the single target channel amongst background
channels using copies of the source, ρ, which may be spec-
ified in several ways. In the classical (coherent state) and
single-photon strategies, the source is sent through the chan-
nel (black) with the output going straight to the receiver for
post-processing. In the quantum strategy two scenarios exist:
first, a maximally-entangled two-mode source comprising a
signal (black), sent through the channel, and an idler (grey)
which recombines with the output at the receiver; second,
there are no idlers however the source comprises of multi-
mode entanglement spanning the entire N-box array (red).
In each case, outputs from boxes are combined to yield a final
result, µ̃, giving the target’s location with some error proba-
bility.

discriminate between N hypotheses given by

Hi : Bi = E and Bj 6=i = R. (1)

To carry out this task we employ a quantum state ρ as
input into each of the boxes Bi. Such a quantum system
interacting with its environment unavoidably undergoes
the quantum dynamical process of decoherence. Such a
noisy process may be described by the CPT map B(ρ)
acting on the quantum state ρ using the Kraus represen-
tation

B(ρ) =
∑

µ

KµρK
†
µ, (2)

where Kµ are the Kraus operators satisfying
∑

µK
†
µKµ = 1. The output state is then clearly

dependent on the channel’s specification: whether
B = R, the reference channel, or B = E , the target
channel.
We model the contents of each box Bi as a purely dis-

sipative amplitude damping channel (ADC) with Kraus
operators [12]

KADC = {|0〉〈0|+
√

1− γ |1〉〈1| ,√γ |0〉〈1|}, (3)

where γ is the damping rate. Of course, in the case where
γ = 0 the channel reduces to the identity. Such a model

allows us to also consider inefficient detectors which may
themselves be modelled as ADCs with damping rate γ =
1− η, where η is the efficiency.
The classical output at each detector takes a binary

value µi ∈ {0, 1} corresponding to a decision on whether
Bi = R or Bi = E , respectively. All of these N outputs
must then be post-processed to give a final decision µ̃ on
the target channel’s position.

B. Quantum state discrimination

The task of quantum CPF may be reduced to one of
quantum state discrimination [1, 2]. Our aim is, for a
given input state ρ, to best distinguish between two pos-
sible channel outputs E(ρ) and R(ρ).
To determine whether or not a quantum advantage ex-

ists we must compute and compare the error probabili-
ties pN,M

err (ρ) for the N -box, M -use discrimination prob-
lem using a classical state ρC and quantum state ρQ as
input. Exact analytical forms of error probability are
difficult to compute but may be replaced by upper and
lower bounds [13, 14] such that for any input state ρ we
may write

L(ρ) ≤ pN,M
err (ρ) ≤ U(ρ). (4)

Then, establishing that the inequality U(ρQ) < L(ρC)
holds is sufficient to prove that pN,M

err (ρQ) < pN,M
err (ρC).

We assume equiprobable hypotheses, so that pi = N−1

for any i. Suppose that the overall input state has a
tensor product form over theN boxes such that ρ = σ⊗N ,
such that

EN
i (σ⊗N ) =

⊗

j 6=i

Rj(σ)⊗ Ei(σ). (5)

Of course, Eq. (5) does not hold for more elaborate quan-
tum systems such as GHZ states where multipartite en-
tanglement is distributed across the entire arrangement
of boxes (this will be studied in Section III C). Then,
we have the following upper- and lower-bounds [15–18],
respectively, for the error probability

pN,M
err (ρ) ≤ (N − 1)F 2M (E(σ),R(σ)) , (6)

pN,M
err (ρ) ≥ N − 1

2N
F 4M (E(σ),R(σ)) , (7)

where F is the Bures’ fidelity [19, 20]

F (ρ, σ) := ||√ρ
√
σ||1 = Tr

√√
ρσ

√
ρ. (8)

III. RESULTS

In the following, Eqs. (6), (7) and (8) are used to com-
pute the fidelity-based upper- and lower-bounds in error
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probability for the N -channel, M -use CPF protocol for
the various sources under consideration. Namely, and in
order of consideration, these are: the classical benchmark
using coherent states; the single-photon (Fock) state; the
GHZ state with multipartite entanglement; a two-mode
(signal-idler) state with bipartite entanglement. For the
final source type with bipartite entanglement an alterna-
tive, idler-free CPF protocol is provided. In all cases the
final performance bounds are computed and plotted in
Figs. 4 and 5 at the end of Section III D.

A. Classical benchmark

For our classical benchmark we consider the classical
input state ρC = σ⊗N

C with σC = |α〉〈α|. This is a coher-
ent state with Fock basis representation [21]

|α〉 = exp

(−|α|2
2

) ∞
∑

n=0

αn

√
n!

|n〉 , (9)

with complex amplitude α = |α|2eiθ where the magni-
tude |α|2 = n̄ is the mean number of photons and θ is the
phase. Under the action of an arbitrary ADC with damp-
ing rate γ, coherent state |α〉 → |√τα〉, where τ = 1− γ
is the transmissivity.
The squared-fidelity between the outputs of two ADCs,

parametrised by rates γ0 and γ1, respectively, acting on
|α〉 is given by

F 2 (|√τ0α〉 , |
√
τ1α〉) = exp

(

−n̄(
√

1− γ0 −
√

1− γ1)
2
)

,

(10)
yielding the classical lower-bound benchmark

pN,M
err (ρC) ≥

N − 1

2N
exp

(

−2M(
√

1− γ0 −
√

1− γ1)
2
)

,

(11)
where we have set n̄ = 1.

B. Single-photon state

The first quantum source we will consider is the tensor
product of single-qubit or single-photon states ρQ = σ⊗N

Q

with σQ = |1〉 in the computational basis. Under action
of the ADC we have that

σQ → γ |0〉〈0|+ (1− γ) |1〉〈1| . (12)

Computing the fidelity between two arbitrary ADC out-
puts we obtain

F (ρQ,0, ρQ,1) =
√

(1 − γ0)(1− γ1) +
√
γ0γ1, (13)

allowing us to write both the lower- and upper-bounds
for error probability as

pN,M
err (ρQ) ≥

N − 1

2N

(

√

(1− γ0)(1 − γ1) +
√
γ0γ1

)4M

,

(14)

and

pN,M
err (ρQ) ≤ (N − 1)

(

√

(1− γ0)(1 − γ1) +
√
γ0γ1

)2M

.

(15)

C. Multipartite entanglement

Of course one may consider a quantum source with
entanglement distributed across the N boxes. Such a
source could take the form of a GHZ state, an entangled
quantum state of N > 2 d-dimensional subsystems, given
by

|GHZ〉 = 1√
d

d−1
∑

i=0

|i〉⊗N
. (16)

In the case of qubits (d = 2), it reads

|GHZ〉 = |0〉⊗N
+ |1〉⊗N

√
2

. (17)

Consider now the action of an N -box system consisting
of ADCs with damping rate γ0 or γ1 (for one of the N
boxes) on the N -partite GHZ state Ψ = |GHZ〉〈GHZ|.
The resulting output state consists of all possible partial
decays of constituent states |1〉 → |0〉. Clearly, such a
state does not have a tensor product form across the N
boxes so the fidelity must be computed across the entire
N -partite system outputs

EN
i (Ψ) =

⊗

j 6=i

Rj ⊗ Ei(Ψ), (18)

such that the error probability upper bound reads

pN,M
err (ρ) ≤ (N − 1)FM

(

EN
i (Ψ), EN

k (Ψ)
)

. (19)

D. Bipartite (signal-idler) entanglement

An alternative, entanglement-based quantum source is
given by a tensor product over all the boxes (⊗N) where
each signal Si is coupled to an ancillary idler Ii. Only
the signal probes the box while the idler is sent directly
to the receiver to join the output. The total joint-state
ΦS,I forms a Bell pair in the case where the two modes are
maximally-entangled and the associated quantum chan-
nel takes the form

EN
i := ⊗j 6=i(RSj

⊗ IIj )⊗ (ESi
⊗ IIi). (20)

Consider as our two-mode source ΦS,I a generic state
with density operator given by

ρgen = a |00〉〈00|+
√

a(1− a) (|00〉〈11|+ |11〉〈00|)
+ (1− a) |11〉〈11| ,

(21)
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FIG. 2: Plots showing fidelity (upper) and trace distance
(lower) as a function of a for varying values of damping rate
γ0 = γ1+0.1 with (i) γ1 = 0.55, (ii) γ1 = 0.65, (iii) γ1 = 0.75,
and (iv) γ1 = 0.85. Lines appear in this order, top to bottom,
in the upper panel while the ordering is reversed in the lower
panel. Fidelity is always minimised for single qubit/photon
states where a = 0. The trace distance is maximised in most
cases by such a Fock state however the optimum value of a
resides somewhere in between the two extremes considered,
i.e., 0 < a < 1/2 in regions where damping rates are both
relatively high (& 0.75).

where a is a parameter quantifying how close ρgen is to
a Bell state. That is, when a = 1/2 the source is a
maximally-entangled Bell state while when a = 0 (or
a = 1) we have the single qubit/single photon state |11〉
(or vacuum state |00〉), which is clearly separable.
Upon action of an ADC with damping rate γ only on

the signal (S) mode while performing the identity on the
reference idler (I) mode our output joint state reads

ρgen → ρ′gen =a |00〉〈00|+ (1− a)γ |01〉〈01|
+
√

a(1− a)(1 − γ)(|00〉〈11|+ |11〉〈00|
+ (1− a)(1 − γ) |11〉〈11| .

(22)

Computing the fidelity between two output states under
differing ADCs with rates γ0 and γ1 we obtain

F
(

ρ′gen,0, ρ
′
gen,1

)

= (1− a)
√

(1− x2)(1− y2)

+ a+ xy − axy,
(23)

where we have defined x =
√
1− γ0 and y =

√
1− γ1.

FIG. 3: Schematic diagram of idler-free channel position find-
ing (CPF) for biphoton states exhibiting bipartite entangle-
ment for channel arrays consisting of even N boxes.

It is clear that the state ρgen achieving a minimal dis-
crimination error corresponds to that also minimising the
above fidelity. Performing this minimisation over a gives
the minimum fidelity:

Fmin

(

ρ′gen
)

=



















1 x = y

x x < y = 1

y y < x = 1

xy +
√

(x2 − 1)(y2 − 1) otherwise.

(24)
These minima are achieved for a = 0 corresponding to the
single qubit/photon Fock state |1〉. The trivial solution
of Fmin(ρ

′
gen) = 1 for all values of x = y is achieved for

both a = 0, 1/2.
The upper panel of Fig. 2 plots the quantum fidelity

given in Eq. (23) as a function of a for varying values
of γ0 and γ1, confirming that the minimisation occurs at
a = 0, corresponding to a Fock state. Thus, for use in
a signal-idler set-up CPF protocol, Bell states are sub-
optimal sources compared to Fock states. Another tool
for quantifying the distinguishability of quantum states
is the trace distance, where the minimum error may be
achieved through its maximisation. This function is sim-
ilarly plotted in the lower panel of Fig. 2.

E. Biphoton states via integrate quantum
photonics

A leading approach to generating bright and pure sin-
gle photon states on chip is through the use of micror-
ing resonators (MRRs) [24–26]. They comprise a waveg-
uide ring coupled to a bus waveguide that produces well-
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defined resonances when the ring’s circumference is an
integer number of wavelengths [27]. Further, when the
waveguide itself is made of a χ(3) material, such as sili-
con [28] or silicon nitride [29], photons can be generated
via the spontaneous four-wave mixing process. Specifi-
cally, pumping the ring with a bright laser at frequency
ωp can cause two photons to be absorbed from the pump,
generating a pair of photons at neighbouring frequen-
cies ωs and ωi such that energy and momentum are con-
served. The frequencies of these generated photons are
thus ωs = ωp + i × FSR and ωi = ωp − i × FSR where
FSR is the free spectral range of the rings and i indexes
a particular resonance. This state is typically referred to
as a ‘biphoton’ state and, assuming the weak pumping
regime, can be written as

|ψ〉 = 1√
n

n
∑

i=1

|ω−i〉 |ω+i〉 . (25)

Here |ωi〉 represents a single photon in the ith frequency
mode and n typically depends on phase matching con-
ditions for the MRR, which can reach up to n = 40
modes [30].

1. Use in a signal-idler protocol

When n = 2 the output is a Bell state in the frequency
basis given by

|ψ2〉 =
1√
2
(|ω−1〉 |ω+1〉+ |ω−2〉 |ω+2〉). (26)

We have seen in Sec. III D that such states, used in
a signal-idler type set-up for each box, are sub-optimal
compared to pure single-photon states. They are, how-
ever, relatively straightforward to generate on chip at
both visible and NIR frequencies, and can have a fre-
quency resolution of ∼ 1 pm (100’s MHz) [31].
Consider the biphoton Bell state (Eq. (26)) in a signal-

idler set-up for the task of quantum channel position find-
ing, subject to the quantum channel given by Eq. (20).
In such a protocol we send the first, −i, signal mode Si

into the box while retaining the second, +i, idler mode Ii
for later joint measurement. Computing the fidelity be-
tween the two two-mode output states under ADCs with
rates γ0 and γ1 we obtain

F (|ψ2〉〈ψ2|0 , |ψ2〉〈ψ2|1) =
1

2

(

√

1− γ0
√

1− γ1 + 1 +
√
γ0γ1

)

,
(27)

yielding the lower- and upper-bounds

pN,M
err (|ψ2〉〈ψ2|) ≥

N − 1

2N
F (|ψ2〉〈ψ2|0 , |ψ2〉〈ψ2|1)4M ,

(28)
and

pN,M
err (|ψ2〉〈ψ2|) ≤ (N − 1)F (|ψ2〉〈ψ2|0 , |ψ2〉〈ψ2|1)2M .

(29)

2. Use in an idler-free protocol

A CPF protocol may be devised in which the full entan-
glement exhibited in a Bell state may be exploited across
the multi-channel array in order to realise a quantum
advantage. Such an advantage may be readily demon-
strated due to the experimental availability of biphoton
states.
Consider the CPF protocol for an even number of

boxes N . Using as a source the two-mode biphoton state
of Eq. (26), label each mode as a signal, S1 and S2, to be
used as a probe between two adjacent boxes, as shown
in Fig. 3. Then for any CPF problem comprising N ≥ 4
individual channels, the global quantum channel acting
on the state is

EN/2
i := ⊗j 6=i(RS1,j

⊗RS2,j
)⊗ (ES1,i

⊗RS2,i
). (30)

Computing the fidelity between the two two-mode output
states under ADC pairs with rates (γ0, γ0) and (γ1, γ0)
we obtain

F (|ψ2〉〈ψ2|0,0 , |ψ2〉〈ψ2|1,0) =
1

2
√
2

√

α

β
, (31)

where

α = 2+4∆+2Γ+4∆Γ+4∆γ0−γ1+γ0(1+2Γ+γ0+5γ1),
(32)

β = (1 +∆)(1 + γ0), (33)

and we have defined

Γ =
√

1− γ0
√

1− γ1,

∆ =
√
γ0γ1.

(34)

Then, the even N idler-free CPF protocol has the follow-
ing lower and upper bounds on the error probability in
identifying the correct pair of channels of which one is
the target:

p̃N,M
err (|ψ2〉〈ψ2|) ≥

N − 2

2N
F (|ψ2〉〈ψ2|0,0 , |ψ2〉〈ψ2|1,0)4M ,

(35)
and

p̃N,M
err (|ψ2〉〈ψ2|) ≤

N − 2

2
F (|ψ2〉〈ψ2|0,0 , |ψ2〉〈ψ2|1,0)2M .

(36)
The task of CPF is to determine the location of the

target channel, not just the pair in which it is contained.
For the specific idler-free CPF protocol under consider-
ation, there are two ways in which an overall error may
be made. You may choose a pair of channels which does
not contain the target then, within that pair, you always
fail to identify the target. This happens with probability
given by Eqs. (35) and (36). Otherwise, you successful
choose the correct pair and then the task is to determine
which of those two channels is, in fact, the target. To
do this, since one knows the specification of the channels
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FIG. 4: Quantum channel position finding error probability
pN,M
err with N = 4 as a function of number of uses M for four

types of source: 1) Coherent state (blue), 2) Quantum single
photon state (red), 3) Bell biphoton state in both a signal-
idler (SI) (black) and idler-free (IF) (purple) set-up, and 4)
GHZ state (green). These plots show performance in locating
the target channel with damping rate γ1 = 0 (the identity
channel), amongst reference channels with (i) γ0 = 0.2, low
damping, and (ii) γ0 = 0.8, high damping. Lower and upper
bounds are indicated by solid and dashed lines, respectively.

under study, one could engineer a secondary CPF proto-
col through the addition of two further reference channels
on either side of the successfully located pair. Practically
speaking one would simply reconsider now-known refer-
ence channels within the pattern. This would effectively
realise a four-box CPF problem, in which after success-
fully determining the correct pair, one is certain which
specific box contains the target channel. To maintain our
energy constraint we choose to split our total number of
probes in two, yielding M/2 probings for each stage of
the overall idler-free CPF procedure.
Taking this two-stage approach into consideration, the

N -box idler-free CPF protocol’s error probability takes
the following form, where we can employ the relevant
lower and upper bounds as required:

pN,M/2
err (|ψ2〉〈ψ2|) = p̃N,M/2

err (|ψ2〉〈ψ2|)

+
[

1− p̃N,M/2
err (|ψ2〉〈ψ2|)

]

p̃4,M/2
err (|ψ2〉〈ψ2|).

(37)

The performance of such a biphoton state in both
signal-idler and idler-free protocols is plotted in Figs. 4
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FIG. 5: Quantum channel position finding error probability
pN,M
err with N = 4 as a function of number of uses M for four

types of source: 1) Coherent state (blue), 2) Quantum single
photon state (red), 3) Bell biphoton state in both a signal-
idler (SI) (black) and idler-free (IF) (purple) set-up, and 4)
GHZ state (green). These plots show performance in locat-
ing a single target channel with damping rate γ1 amongst
reference channels with non-zero damping rates such that
γ0 = γ1 + 0.01 where (i) γ1 = 0.2, low damping, and (ii)
γ1 = 0.8, high damping. Lower and upper bounds are indi-
cated by solid and dashed lines, respectively.

and Fig. 5 along with the coherent state lower bound
(Eq. (11)), single-photon lower (Eq. (14)) and upper
bound (Eq. (15)), and the GHZ state’s upper bound
(Eq. (19)). It can be seen that the biphoton Bell state’s
upper bound in a signal-idler protocol follows very simi-
larly the behaviour of the GHZ state’s upper bound. In
general, and particularly for low damping/high transmis-
sivity, entanglement-based protocols can yield a quantum
advantage in CPF. This is especially true for idler-free
protocols, as also described in Ref. [10] under the contin-
uous variable formalism. While a signal-idler protocol is
most advantageous, one may instead use an idler-free pro-
tocol, forgoing the need for a quantum memory, while still
retaining a quantum advantage provided channel losses
are not too high. Note, however, that such a scheme
as described here may only be applied to CPF problems
comprising an even total number of channels. While this
may appear constraining, this can easily be achieved in
an experiment by simply adding an extra channel when
required.
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FIG. 6: Quantum channel position finding error probability
pN,M
err with N = 4 as a function of number of uses M for

four types of source: 1) Coherent state (blue), 2) Quantum
single photon state (red), 3) Bell biphoton state in both a
signal-idler (SI) (black) and idler-free (IF) (purple) set-up,
and 4) GHZ state (green). In the latter three cases, we let
M → 2M to model the performances when the average num-
ber of photons used each use is equal to 1. These plots show
performance in locating the target channel in the low damp-
ing regime with (i) γ0 = 0.2 and γ1 = 0, and (ii) γ0 = 0.21
and γ1 = 0.2. Lower and upper bounds are indicated by solid
and dashed lines, respectively.

Note that in all entanglement-based CPF approaches
considered, namely, using the GHZ and biphoton (in both
signal-idler and idler-free setups) states as sources, the
average number of photons per channel use is equal to
1/2. One can adjust the protocol across these sources to
consider equal energetic distributions; letting M → 2M
means that the average number of photons per channel
use is equal to 1, matching that for the single photon
Fock state and the coherent state classical benchmark.
For completeness, Fig. 6 plots the associated error prob-
abilities for CPF arising from these changes in the low
damping regime where quantum advantages are greatest,
equivalent to modified versions of Fig. 4(i) and Fig. 5(i).
Both the upper and lower bounds on the error probability
in the signal-idler protocol almost coincide with those of
the single photon state, with those for the idler-free pro-
tocol closely following them.

F. Practical receiver for quantum channel position
finding based on photon counting

Attainment of bounds shown in Figs. 4 and 5 typically
requires optimal detection at the output, the specifics of
which is generally unknown. Even then they only provide
bounds for the absolute performance which is given by
the Helstrom limit [1, 22]. As a result, it is important to
consider practical receiver designs to harness the input
state’s potential at performing the task. When the in-
put and output states form a tensor product state across
the N boxes, as for the cases studied in Sections III A
and III B, we can employ a strategies based on photon-
counting at the receiver end of each box and use post-
processing to determine which hypothesis is true.
Consider the use of photon counting at the receiver.

Then for some generic state ρ with field operator â, the
measurement result is a classical random variable n with
distribution p(n) = 〈n| ρ |n〉, where |n〉 is the eigenstate
of the number operator n̂ = â†â with eigenvalue n.
The output of the ith box after M probes is the clas-

sical string of length M , µ⊗M
i , consisting of zeros and

ones corresponding to the absence or presence of photon
counts. Modelling our receiver as a threshold detector,
we know that the probability of detecting m ≡ Trµ⊗M

photons in M trials follows the binomial distribution

pdet(p,M,m) =

(

M

m

)

pm(1− p)M−m, (38)

with M trials and probability of success p.
In the case of coherent state inputs, whose initial pho-

ton distribution is Poissonian, we may compute the prob-
ability of detecting n photons at the output using their
Fock bases such that

pC(n) = | 〈n|τα〉 |2 = e−τ τ
n

n!
= eγ−1 (1− γ)n

n!
, (39)

where we have applied the constraint |α| = 1. Then
the probability of getting a single ‘click’ in the photon
detector is

pC(n = 1) = eγ−1(1 − γ). (40)

When our source consists of single qubit/photon states,
then with photon counting at the output we have that

pQ(n = 1) = 1− γ, (41)

and it is clear that

pQ(n = 1) > pC(n = 1) ∀ γ ∈ [0, 1] . (42)

Consider a relatively straightforward approach where
the total number of output photons at each individual
receiver are counted. Then the target channel is de-
clared by choosing the one with the highest or lowest
total photon count, dependent on the relative magni-
tudes of damping rates between the target and reference
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FIG. 7: Quantum channel position finding error probability
pN,M
err with N = 10 and M = 10 as a function of reference

channel damping γ0 with target channel damping γ1 = 0.
Shown is the performance of a photon-counting receiver “Rec”
(dashed) on coherent states (blue, upper two lines) and sin-
gle photon states (red, lower three lines). Lower “LB” and
upper “UB” bounds are indicated by solid and dotted lines,
respectively.

channels. Let the probability of measuring a photon at
the output of our target(reference) channel be given by
pT (pR). Then the decision rule becomes

{

argmaximi if pT > pR,

argminimi if pT < pR.
(43)

First consider the case where pT > pR. In such a sce-
nario the min/max receiver would determine that the
target channel is the one whose output has the highest of
photon count, and would do so perfectly when all refer-
ence channel boxes output fewer photons than the target
channel box. To account for the scenarios where any
number of reference channels output an equal number of
photons to the target channel, the decision is reduced to
choosing at random between those boxes. Such a receiver
design yields a total error probability

pmin/max
err = 1− pmin/max

succ , (44)

where the probability of success, p
min/max
succ , is given by

pmin/max
succ =

N
∑

r=1

M
∑

mT=0

pdet(pR,M,mR < mT )
N−r

1

r

(

N − 1

r − 1

)

pdet(pT ,M,mT )pdet(pR,M,mT )
r−1.

(45)

The index r is the number of boxes whose output total
photon counts are the same, thus requiring a random de-
cision between them. The probability that any given ref-
erence box yields an output lower than the target channel
is given by

pdet(pR,M,mR < mT ) =

mT−1
∑

mR=0

pdet(pR,M,mR), (46)
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FIG. 8: Quantum channel position finding error probabil-
ity pN,M

err with M = 100 as a function of the total number
of boxes N . Target channel damping γ1 = 0.2 with refer-
ence channel damping set to (i) γ0 = 0.8, and (ii) γ0 = 0.3.
Shown is the performance of a photon-counting receiver “Rec”
(dashed) on coherent states (blue, (i) upper two lines, (ii) sec-
ond and fourth lines) and single photon states (red, (i) lower
three lines, (ii) first, third and fifth lines). Lower “LB” and
upper “UB” bounds are indicated by solid and dotted lines,
respectively.

which, to allow for a random choice between all N chan-
nels in the event that all outputs are 0, is defined such
that

pdet(pR,M,mR < 0)0 = 1. (47)

The performance of such a photon counting receiver
on CPF outputs using single photon (Fock state) sources
and classical coherent state sources are shown in Figs. 7
and 8. Fig. 7 shows how the error probability changes
as a function of reference channel damping when the tar-
get channel is equal to the identity. Quantum-enhanced
CPF using single photon states may be achieved across
almost the entire range of damping values, with the sim-
ple receiver based on direct photon counting capable of
realising this for most of this range. Fig. 8 shows how
the performance of each type of source, with the use of
the photon counting receiver, changes with the size of the
CPF array. This behaviour is shown for the addition of
background channels of differing damping strength rela-
tive to the target channel of interest. It can be seen that,
in general, coherent state CPF capabilities are more ro-
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bust to increasing pattern size in that the performance re-
mains fairly constant compared to Fock states with added
reference channels. As one would expect, both classi-
cal and quantum sources’ performances are affected more
detrimentally when the background channels added are
relatively similar in specification to the target channel,
though this effect is greater for single photon states em-
ployed in conjunction with our proposed photon counting
receiver.

IV. CONCLUSION

This paper provides performance comparisons of vari-
ous types of source with respect to the problem of CPF
where the channels are of differing transmissivity. The
work is carried out in the discrete-variable setting under
the energetic constraint that each channel use (probing
of the entire channel array) is limited to use, at most,
one photon on average.
Considered in this work are the performances of vari-

ous types of discrete variable quantum sources, namely,
the single-photon (Fock) state, the GHZ state where en-
tanglement is evenly distributed across the CPF channel
array and the biphoton (Bell) state. In the latter case,

two protocols are considered: one considering signal-idler
(QI) role across the two modes and another where both
modes are used as a signal. In all cases, fidelity-based
bounds on error probability are derived.

While the signal-idler approach for biphoton states
tends to be sub-optimal compared to the use of Fock
states, it is the most optimal amongst the entanglement-
based approaches considered. Nonetheless, such a
method may be experimentally demanding since it re-
quires access to a quantum memory. Our idler-free proto-
col forgoes this need and still retains much of the desired
quantum advantage in cases where channel damping is
low. The biphoton state is one which may be readily
generated and employed using MRRs which could form
the basis of a proof-of-principle experiment for quantum-
enhanced CPF using single photon states.
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