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VERTEX REPRESENTATIONS FOR YANGIANS OF KAC-MOODY ALGEBRAS

NICOLAS GUAY, VIDAS REGELSKIS, AND CURTIS WENDLANDT

ABSTRACT. Using vertex operators, we build representations of the Yangian of a simply laced Kac-Moody
algebra and of its double. As a corollary, we prove the PBW property for simply laced affine Yangians.
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1. INTRODUCTION

Vertex operators originate from dual resonance models in theoretical physics. They were used by I. Frenkel
and V. Kac in their groundbreaking paper [FrKa| to build an explicit realization of the basic representation
of a simply-laced affine Lie algebra. Their work was later extended to non-simply laced affine Lie algebras
[BTM, GNOS], to quantum affine algebras [FrJi, Be, JiMi, JKM, Ji3, Ji4, ChJi], to twisted quantum affine
algebras and more general quantum Kac-Moody algebras [Jil, Ji2], to toroidal and quantum toroidal algebras
[MRY, Sal, and to Lie superalgebra (e.g. [KSU]).

In this paper, we address the problem of developing an analogue of the work of I. Frenkel and V. Kac for
Yangians of simply laced Kac-Moody Lie algebras. Yangians form an important family of quantum algebras
which originate from physics, but were first properly defined in general by V. Drinfeld in [Dr]. They can be
obtained from quantum loop algebras via a limit procedure [Gu] and it turns out that Yangians and quantum
loop algebras become isomorphic after passing to certain completions [GTL1]. The first goal of this paper
is to construct representations of Yangians, via their centrally extended doubles (see Definition 3.1), using
vertex operators which act on a tensor product of a Fock space with a twisted group algebra (see Theorem
5.5). In the case of the Yangian associated to sl,, and gl,,, this was done in [IoKo, Io, Kh]. It should be noted
that our construction is not a direct consequence of the work of I. Frenkel and N. Jing [FrJi, Ji2] on vertex
operator representations of quantum affinizations associated to symmetric Kac-Moody algebras. Indeed, our
construction differs in at least one essential way from the one in [FrJi, Ji2], namely that we use a different
lattice to build the underlying Fock space.

The second goal of this paper is to prove a version of the Poincaré-Birkhoff-Witt Theorem for affine
Yangians of simply laced type (Theorem 6.9) using the vertex representations of Theorem 5.5. For Yangians
associated to simple Lie algebras, this theorem was proved in general in [Le], and for classical Lie algebras, a
version of the PBW Theorem stated in terms of the RTT-presentation of the Yangian can be found in [Mo]
and [AMR]; for affine Yangians, only the type A(!) has been considered before [Gu]. A separate proof of
the PBW property for simply laced affine Yangians has been announced in [YaZh2]. The argument in loc.
cit., which is of independent interest, uses the existence of a morphism from the Yangian of g to the reduced
Drinfeld double of the spherical subalgebra of a shuffle algebra associated to g [YaZhl, Cor. 3.4].
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Our paper is structured as follows. Section 2 presents the definition of the Yangian Y (g) associated to a
symmetrizable Kac-Moody algebra g and describes its classical limit as the enveloping algebra of a certain
Lie algebra s (Proposition 2.7) which coincides with the current algebra g[t] when g is finite-dimensional. We
also recall results of Section 6 from [GN'W] about a certain parameter dependent coproduct (Theorem 2.10)
which will be needed in Subsection 6.2 in order to build a faithful representation of Y'(g). It is possible to
repeatedly apply this coproduct, but since it is not coassociative, one should proceed with care, as explained
at the end of Section 2.

In Section 3, we give the definition of the centrally extended Yangian double DY*<(g) of g and study
its basic properties. When g is a finite-dimensional simple Lie algebra, a definition of DY (g) was given
over twenty year ago in [Kh], where it was conjecturally described as the Hopf algebra double of a central
extension of Y(g). Although this interpretation seems to be limited to that setting, a general definition
can be obtained by inserting an arbitrary Cartan matrix into the explicit definition of DY(g) provided in
[Kh, DiKh]. This procedure leads to Definition 3.1.

After giving the definition of DY “(g) (Definition 3.1, Lemma 3.4), we relate its classical limit to the
enveloping algebra of a certain Lie algebra t (Proposition 3.6), which in the finite-dimensional setting is just
the affine Lie algebra g[t*!'] @ CK associated to g. We conclude Section 3 with Proposition 3.8, which makes
precise how the Yangian maps into the centrally extended Yangian double.

The aforementioned Lie algebras s and t can also be described more explicitly when g is an untwisted affine
Lie algebra: in this case, they are isomorphic to the universal central extensions of two loop algebras. This
fact was proved in [MRY] and Section 4 serves to recall this description. In Proposition 4.7, we show that s
and t can be equivalently characterized as the universal central extensions of g/[t] and g'[t*!], respectively,
where g’ = [g,g] is the derived subalgebra of g. This description of s and t is also valid when g is finite-
dimensional. Our PBW Theorem for Y (g) (namely, Theorem 6.9) is stated as providing an isomorphism
between the associated graded ring of Y'(g) (for a certain filtration) and the enveloping algebra of s, so the
results of Section 4 are relevant for our second main theorem.

The main section of this paper is Section 5. Assuming that g is a simply laced Kac-Moody algebra, we
construct a representation of the Yangian double DY <(g) (and thus of the Yangian Y'(g)) which is given
by vertex operators and which factors through the Yangian double at level one (see Theorem 5.5 and also
Proposition 5.9 and Corollary 5.10 for slightly different versions of that theorem). This representation can
be realized in a space built from the tensor product of a Fock space with the twisted group algebra C.[Q)]
of the root lattice @Q: see Definition 5.3 and (5.3). Its construction generalizes, and has been motivated
by, the results of Iohara [Io] for g = sly, as well as the results of [Kh] and [IoKo] which were stated for
g = sl and g = gly, respectively. By considering carefully a certain filtration, our construction leads to
a representation of the Lie algebra t (Corollary 5.11) which is related, but not always isomorphic, to the
representation of t obtained from the classical vertex representation construction [FrKa, MRY]: this is made
precise in Proposition 5.17.

The last section contains a proof of the PBW Theorem for affine, simply laced Yangians: see Theorem
6.9. We prove that the associated graded ring of the Yangian Y'(g) (for a certain filtration) is isomorphic
to the enveloping algebra U(s) of s. As a consequence, we obtain in Theorem 6.10 that the C[h]-algebra
version of the Yangian Y3 (g) (see Definition 2.1) is a flat deformation of the enveloping algebra U(s) of s.
The main point of the proof of Theorem 6.9 is to show the injectivity of the natural epimorphism from U (s)
to the associated graded ring given in Proposition 2.9: this is accomplished by taking tensor products of the
vertex representation of Y'(g) constructed in Section 5 (actually, it is necessary to consider a slightly larger
Kac-Moody algebra) and, by using a carefully chosen filtration, reducing the proof to the question of the
faithfulness of the corresponding vertex representation of s, which was addressed previously in [MRY].
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of their proof of the Poincaré-Birkhoff-Witt Theorem for simply-laced affine Yangians using the shuffle
algebra approach. The first and third named authors gratefully acknowledge the financial support of the
Natural Sciences and Engineering Research Council of Canada provided via the Discovery Grant Program
and the Alexander Graham Bell Canada Graduate Scholarships - Doctoral Program, respectively. The
second named author acknowledges the financial support of the European Social Fund via grant number
09.3.3-LMT-K-712-02-0017.
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2. THE YANGIAN OF g

In this section we recall the definition of the Yangian and give some of its basic properties. Let g be
a symmetrizable Kac-Moody Lie algebra associated to an indecomposable Cartan matrix A = (as;)i jer,
where [ is the set of vertices of the Dynkin diagram of g. We assume that A satisfies the condition

(21) min{|aij|, |aji|} <1 Vi jel with i#j.

Though this constraint will not play a role until Section 4, the results of [Ji2, Na], together with Lemma
4.2 and Remark 5.15, suggest that the definition of the Yangian (and its centrally extended double) must
be modified in order to extend the vertex representation construction of Section 5 beyond the simply-laced
case. Let (, ) be a fixed non-degenerate invariant symmetric bilinear form on g. We denote by {c;}icr the
set of simple positive roots. Set

dij = %(ai,aj) Vi, jel

2.1. Definition of the Yangian.

Definition 2.1. The Yangian Yy (g) is the unital associative C[h]-algebra generated by the elements

h’iT
wr? ’
Jor Z S I and r e Z>0, Subject 150 the 761(11&7;0”8

(2.2) [hir, hjs] = 0,

(2.3) [hio, ] = +2dia,

(2.4) [, 25, = dijhirts,

(2.5) (i1, 2] = [hi oy ] = £hdyg (hietd, + 2 i)

(2.6) [;Efr+1,xi] - [‘riir?x;%erl] +hd;; (xzrxjs + ;vj[s;vf;) )

(2.7) Z [:Eiira(l), [xij;U@) s [,Ti:ra(m) , :Ejis] =0 fori#jandm=1-ay.

0ESm

Remark 2.2. In the notation of [GNW], the above algebra is equal to Yy (g") where g’ is the derived subalgebra
[g,9]. For the definition of the full Yangian, see Definition 2.1 of [GNW]. For A of finite or affine type,

the condition (2.1) only excludes type Agl). In this case the appropriate definition of the Yangian is given in
[BeTs, §1.2] and [Ko, Def. 5.1].

Note that Y5 (g) is generated, as a C[h]-algebra, by z, iy, for i € I and 0 < 7 < 1: see [GNW, (2.10)].
We also observe that Y3 (g) is equipped with a Zx>(-grading determined by
degh=1 and degxﬁ =degh,=r Viel,r>0.

We now give an equivalent definition of Yj(g) in terms of generating series which will prove useful in
Section 3. The following result is a translation of [GTL2, Prop. 2.3].

Proposition 2.3 (Prop. 2.3 of [GTL2]). Let 2 (z) = > >0 271 and hi(z) = >0 hirz ™" for each
1 € 1. The defining relations of Yy (g) are equivalent to

(2.8) hi(z)hj(w) = hj(w)hi(z),

(2.9) (z — w F hdi;)hi(z ):Ej[(w) =(z—w= hdij)xf(w)h-(z) + 2dijx;[ (w) — [hi(2), xj[o],
(2.10) (2 — w F hdyg)af (2)x} (w) = (2 — w + hdyg)af (w)af (2) + [2;0, 27 (w)] = [z (2), @3],
(2.11) (z = w)lz] (2), 25 (w)] = 65 (hi(w) — hi(2)),

(2.12) D 2 (2o, [xit(za(z))w" (2 (Zom))s 27 (w)] -] =0,

0ESm

where in the last relation i # j and m =1 — a;;.

Remark 2.4. Multiplying (2.9) by z~! and taking the residue at z = 0 gives
[hio, x;t (w)] = :|:2dij,’E;-t (w)
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Multiplying the relation (2.11) by z~! and taking the residue at z = 0 yields
(2.13) [z, 25 ()] = dizhi(w) Vi, jel.
Conversely, we have the following:

Proposition 2.5 (Prop. 3.3(3) of [AG]). The relation (2.11) is a consequence of (2.8), (2.9) and (2.13).

For each ¢ € C, let Y:(g) be the C-algebra generated by {z:, hir }ics >0 subject to the defining relations
of Definition 2.1 with 7 replaced by (. Equivalently,

Ye(g) = Ya(g)/(h — ¢)Yn(g)-
For the remainder of this paper our focus will primarily be on the Yangian Y (g) = Y1(g). The emphasis on
the single choice ¢ =1 is justified by the fact that the assignment
(2.14) hir €Y(g) — ¢ ", CThy € Ye(g)

extends to an isomorphism of algebras Y (g) — Y:(g) for each fixed ¢ € C*. Note that Y(g) is no longer a
Z>o-graded algebra, but rather a filtered algebra with ascending filtration {Fy } > determined by assigning
filtration degrees r to x and h;, for each i € I and r > 0.

l’l’" r?

2.2. The classical limit.

Definition 2.6. Let s be the Lie algebra generated by {X Hi Yier,r>0 subject to the defining relations

)

(2.15) [Hir, Hj] =0,
+ +

(216) [HiTaX‘ ] :l:2d X] r+s?
(2.17) (X, X5 = 0ijHi s,
(2'18) [XzirJrlei] [Xz%ngierl]
(2.19) ad(X5)' ™" (X5) =0 for i+#j.

Note that s is a Z>¢-graded Lie algebra with deg Xif =degH; =r foralli el andr > 0.

In addition, s is always an extension of the current algebra g [ ]. Indeed, if {z, h;}ics denote the Chevalley
generators of g’, normalized so that (z;,z;) = 1 and h; = [z, 2] ], then the assignment

(2.20) X5 Hy = asfot' hyot” Yiel and r>0

r?
determines a surjective Lie algebra morphism s — g'[t]. This is an isomorphism when g is finite-dimensional,
but in general this is not the case. We will consider the situation where g is of affine type in more detail in
Section 4.
The next proposition illustrates that Y3 (g) is a graded deformation of the enveloping algebra U (s).

Proposition 2.7. The assignment
(2.21) XE Hypos 2t

) i

hy Yiel and >0
extends to an isomorphism of graded C-algebras U(s) — Yy(g).

Proof. That (2.21) extends to an epimorphism of algebras U (s
ing relations of Yy(g) are of Lie type, it is isomorphic to U(s’)
{&£, hi Yier »>0 subject to the defining relations (2.15), (2.17), (

) — Yo(g ) is immediate. Since the defin-
, where s’ is the Lie algebra generated by
2.18), in addition to the three relations

(2.22) [hio, 23,] = £2diaT,,  [hips1, 23] = [hir, 25, 4],
(2.23) Z [Iz‘irau)’ [‘Tij:g(z) T [‘Ti[rg(mﬂ‘rj[s] o] =0 fori#jandm=1-ay
o€ESm

To conclude that the assignment z3, h;,. — X, H;, extends to Yp(g) — U(s) which is the inverse of the
morphism U (s) — Yy(g) defined by (2. 21), it suffices to show that the relations of Definition 2.6 imply (2.22)
and (2.23).

Since (2.16) implies (2.22), we are left to deduce (2.23) from Definition 2.6. We will prove the stronger
result that (2.16), (2.18) and (2.19) imply
(2.24) (XE L [XE X

i,7r1)? R R [ T ?

Xz =0
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for all s,71,...,7 >0and i #£ j € 1.
From (2.18) and induction we obtain

(2.25) (X: ., XE =[x x*

ol JﬁSJrk] Vr s, k>0 and 4,5 € I.

i,r+k’“ js
This implies that for any fixed n > 0 and k, s,71,...,7r, € Z>0, we have
ad(X[, pad(X)) - ad(X) (X))
+ + + +
= ad(Xi,rl)ad(Xi,r2) e 'ad(Xi,rm)(Xj,erk)-
This relation implies that if k1, ..., k, > 0 satisfy >."'_, k, = k, then
(2.26) [Xi’ad(Xfo)nfl(Xjﬂ;)] - [kal’ [kazv e {kaanjﬂ ” '

Now let s,71,...,7m > 0 be arbitrary and set k = >."" | r,. Applying ad(H;x) to (2.19) and using (2.16)
together with (2.26) twice gives (2.24). O

Remark 2.8. When g is finite-dimensional, it is known that Yy (g) is a flat deformation of U(s). We will
prove the analogous result for g of simply laced affine type in Theorem 6.10.

Recall the filtration {Fj}r>0 on Y (g) defined at the end of Subsection 2.1. Let :Ef; and h;, denote the
images of :zrzj; and h; in F,./F,._1 C grY(g), where F_; = {0}. The following result is immediate from the
defining relations of Y'(g).

Proposition 2.9. The assignment
x*

)

+ hir Vi€l and r>0

)

H;,— T
extends to an epimorphism of algebras ¢ : U(s) — grY (g).
The statement that ¢ is injective is equivalent to the Poincaré-Birkhoff-Witt Theorem for the Yangian.

For g of finite type this was proven in the early 1990’s by Levendorskii [Le], but in the general setting this
remains a conjecture. We will prove the injectivity of ¢ for g of simply laced affine type in Section 6.

2.3. The coproduct A,. The Yangian of a finite-dimensional simple Lie algebra is well-known to admit
the structure of a Hopf algebra. In particular, it is equipped with a coassociative algebra homomorphism
A:Y(g) = Y(g) ® Y(g), its coproduct. When the underlying simple Lie algebra is replaced with a more
general Kac-Moody algebra, the formulas used to define A are no longer well-defined. However, it was shown
in [GNW] that, when g is affine, there is an algebra homomorphism A, : Y(g) — (Y (g) ® Y(g))(w)) which,
in a strictly formal sense, has limit at « = 1 which is in agreement with A. The definition of A,, is contained
in the following theorem. Set h;; = hy — ih forallie I and O(a) =a® 1+ 1®a for all a € Y(g).

Theorem 2.10 (Thm. 6.2 of [GNW]). Assume that the Cartan matriz A of g is of affine type, but not of
type Agl) or Ag2). Then there is an algebra homomorphism
Ay :Y(g) = (Y(g) @ Y(g))(w)

uniquely determined by

Au(ac%) = JJ?(:) R1+1® x%uil, A(hlo) = D(hio),
(2.27) Ay(hi) = O(hy) — Z (a, o) ® zub™ @)

aEAT?

for all i € I, where A¢ is the set of positive real roots, ht(}
that (zF,x;) = 1.

(o'} «

— +
icl ”iai) = Ziel n;, and T, € g+ are such

The morphism A,, is not coassociative in the traditional sense, but it satisfies the “twisted” coassociativity
relation

(2.28) (A, ®id) 0 Ay = (Id® Ay) 0 Ay,
By repeated application of A, it is possible to obtain an algebra morphism A : Y(g) — (Y(g)®*+D)((u))

for each k > 0. However, due to the presence of the parameter v and the twisted coassociativity property
(2.28), this must be handled carefully.
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Given an associative unital C-algebra A and a fixed k > 1, we denote by A((ug,...,u1)) the localization
of Afug, ..., u1] at the multiplicative set

S ={u™ - -ui" : my >0}

Equivalently, A((ug, . .., u1)) can be realized as the subspace of A[uif!, ... uf'] consisting of elements
Z gy UgE Ul

01, Lk EL
for which there exists NV > 0 such that ay, . ¢ = 0 whenever ¢, < —N for any 1 < m < k, with product
obtained by extending the usual multiplication of formal series in Afuy,...,u1]. The key feature of this
algebra we will exploit is that
(2.29) evur: [(ug, ... u1) = flu,...,u) Y f(ug,...,u1) € A(uk, ..., u1)).
determines an algebra homomorphism evy, 5 : A(ug, .. ., u1)) = A(w).

To define A¥ we will make use of auxiliary morphisms

Aug o 2 Y () = V(@)D () (1)) - ()

which are defined recursively as follows: id®*-1 @ A,, extends to a morphism

(Y (@) %) (ur-1)) -+~ (w1) = (Y (@ ") (wr)) (k1) -~ (1),

and the composition of this morphism with A, . ., , is precisely Ay, .. . .,. Inductively, we find that

k+1 k+1
Au17~~~7uk (hio) = Z(hio)av Au1;~~~;uk (‘T?(:)) = Z(‘T?(:))auitl o 'uzzzt—llv
a=1 a=1
(2.30) -
Ay (i) = 3 (hin)a = 3037 (@) (@ ol ypult@ @),
a=1 a<ba€A?

where (X), = 120¢=D ® X ® 12¢++1-9) and the product ui’---uX!, with a = 1 is understood to equal 1.

a—

Consequently, Tmage(Ay, ) C Y(g)2* ) (uy, ... u1)), and we may therefore set
(2.31) Af =evyp oy, 1Y () = V(@) () VE>1,

where ev, j is as in (2.29) with A = Y (g)®*+1),
The explicit formulas (2.30) imply that AF is filtered in the sense that
(2.32) AL(Fo) € (Fe(Y ()" D)((w),
where Fy (Y (g)®*+1) = > it tans—t Fay ® - @Fq, . By (2.30), the associated graded morphism gr AF
has image contained in gr Y (g)®*+Y [u*] for each k:

(2.33) gr AZ cgrY(g) — gr Y(g)®(k+1)[uil].

The family of filtered morphisms {A¥},~; will play a decisive role in the proof of the Poincaré-Birkhoff-Witt
Theorem in Section 6, as will the analogous morphisms {A¥ 1.1 for the enveloping algebra U(s), which
we define now.

Let Ag denote the standard coproduct on U(s). The assignment Xij; — uilXij;, H;. — H;. foralliel

and r > 0 extends to an algebra morphism s, : U(s) — U(s)[u™!] of U(s), and we may set
Agy = (id®sy,) 0 Ay : U(s) = (U(s) @ U(s))[uT!].

The morphisms A¥ | : U(s) — U(s)®**+D[u®!] are now constructed in exactly the same way as AF (see
(2.32)). On generators, we have

.....

k+1 k+1
Alg,u(HiT) = Z(Hir)aa Aifu(ijr:) = Z(Xiﬂr:)aui(a_l)-
a=1 a=1

In particular, we have the following commutative diagram:
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Ak
U(s) ’ U(5)®(k+1)[u:|:1]

(2.34) ¢l l¢®<k+1)
grY(g) gy (g)® D ut]

grAl

The map ¢ is the one given in Proposition 2.9.

3. THE CENTRALLY EXTENDED YANGIAN DOUBLE OF g

In this section we introduce the centrally extended Yangian double associated to g and study its basic
algebraic properties.

3.1. Definition of the Yangian double. Let (w,z) = > ., w2z~ ""' € C[w*!, 2%!] denote the formal
delta function. Equivalently,
-1 -1

z w
3.1 1) = h
(3.1) (w, z) T + o1y Where  T—— p—— ;Oy x”

Definition 3.1. The centrally extended Yangian double DYS(g) is the Clh]-algebra generated by the coeffi-
cients {hr, W}zel rez of

=Dk R =14 R Y hir T B (2) = 1= Ry e

rez r€lx>o rel<o

for all i € I, together with an element c, which are subject to the defining relations

(3.2) [, 1 ()] = 0= [ (), ],

(3.3) hi (2) b (w) = b5 (w) b (2),

(3.4) 7z (2 = w)? = (c53)%) b (2) b5 (w) = ((z = w)* = (c3)?) hy (w) b (2)) =0,
(3.5) % ((z —wF c;) hj‘(z) x;t(w) - (z —w+ c;;) xj[ w) h;"(z)) =0,

(3.6) + ((z = w F hdij) h; (2) x;t(w) — (2 —w % hd;;) x;t (w) hy (2)) =0,
(3.7) (z — w F hdij) x(2) xj[(w) = (z —w =% hd;j) xji(w) zE(2),

(3.8) [ (), 27 (w)] = 22 (8(w + he, 2)hi (w + B) — 8(w, 2)h; (),

(3.9) ZS: [ (zo)s [27 (202) - (25 (Zo(m)), 25 (w)] -+ ]] = 0,
where ¢i; = hd;; + % and in the last relation i # j and m =1 — a;;.

For each k € C, we define the Yangian double at level k to be the C[fi]-algebra
DYy (g) = DYj(g)/(c — #) DY (g)-

Remark 3.2. Even though the relations (3.4)-(3.7) and (3.8) involve negative powers of h, this is not the
case for the corresponding relations among the generators. (See Lemma 3.4.)

Remark 3.3. The practice of calling DYF(g) the “Centrally extended Yangian double” is explained by the
following: when g is finite-dimensional, DY (g) has been conjectured to be equal, after completion, to the
Hopf algebra double of Y5 (g) [KhTo|, whereas DYS(g) has been conjecturally described, also after completion,
as a quotient of the Hopf algebra double of Y (g) ® C[c] by a derivation [Kh]. These conjectures have been
proven for g = sly: see [KhTo, Prop. 2.1 (ii)] and [Kh, Thm. 3.1].

Although this interpretation of DYS(g) does not extend beyond the finite case, Definition 3.1 is a natural
extension of the definitions found in the literature (see in particular [DiKh, §6] and [lo, Cor. 3.4]).
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Lemma 3.4. Foreachi € I, set Ef:( )= %(hi( )—1). Then the relations of Definition 3.1 are equivalent

to
(3.10) e, b (2)] = 0 = [z (2), ],
(3.11) R (2) 1 (w) = 1 (w) hi< )
(3.12) ((z = w)* = (c)?)h; (w) b (2) — ((= (C D7) b (2) By (w)
= —2d;¢ + 2hdy; (hy (w ) hi (2))e,
(3.13) (z—w$c-) F2)x 7(w) (z—w:l:cj'j) £(w) Z(2) :l:2du:1c (w),
(3.14) (z—w=+ hdu) ( ) T (2) = (z —wF hdyj) h (z )xj[(w) = :|:2dijxj (w),
(3.15) (z — w F hd;;) a:zi(z) f(w) (z —w % hd;;) xf(w) xj[ (2),
[z (2), 27 (w)] =0i55 (6(w + he, z) — 6(w, 2))

(3.16) _

+ by (8w + he 2 (w + 5) + 8w, 2)1; (2))
(3.17) > (o) [2 (Za@)s - 5 27 (Zamy) 25 (w)] -+ 1] =0,

og€ESm
where in the last relation i # j and m =1 — a;;.

It is not difficult to deduce from these relations that DY (g) is a Z-graded algebra with grading determined

by
degh=1, degc=0 and degazi =deghiy =7 Vielrel.
Next, for each ¢ € C we introduce a C-algebra
DY{(g) = DYy (g)/(h— () DYy (g),

and we abbreviate DY(g) = DY°(g). Note that, analogously to Y¢(g), DY(g) for ¢ € C* is precisely
the C-algebra generated by {xf;, hir}ierrez and ¢ subject to the defining relations of Definition 3.1 with &
replaced by (. For each ¢ € C*, the assignment
zE hir,c € DYS(g) = (T

zr’

“"hir,c € DYE(g),

or equivalently xj[(z),iNLi( ),¢ = (i (¢2), Chi (z),c, extends to an isomorphism of algebras. With this in
mind, we will henceforth focus primarily on the C[A]-algebra DYf(g) and the C-algebra DY *(g).

The degree assignments degc = 0 and deg xi = deg h;, = r determine a Z-filtration (but not gradation)
on DY*<(g). For each k € Z, let F£ denote the subspace of DY (g) spanned by monomials of degree < £,
and let

g1, DY, (g) = D F7 /Fy-
kEZ
denote the corresponding associated graded algebra.

3.2. Classical limit.

Definition 3.5. Define t to be the Lie algebra generated by an element C together with the coefficients
{X?;aHir}iEI,TEZ Of
XF(z)=> Xgz""" and Hi(z) =) Hyz ¥ Viel,
kez kEZ
which are subject to the defining relations

(3.18) [C, Hi(2)] = 0 = [X"(2), C],

(3.19) [Hi(2), Hj(w)] = —2d;;6,(z,w)C,

(3.20) [Hi(2), X3 ()] = £2d;;6(z, w) X (w),
(3.21) [Xi"(2), X (w )] dij (6(z, w)Hi(z) = 6:(2,w)C)
(3.22) (z —w)[X;"(2), X, (w)] =0,
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(3.23) ad(X3)' ™" (X5 (2)) = 0,
where 6. (z,w) = L6(z,w) =Y, cprz" tw L
Note that the degree assignment
degC =0 and degXﬁ =degH;y =17 VielrelZ

makes t into a Z-graded Lie algebra. Additionally, just as s is an extension of the current algebra g'[t], the
Lie algebra t is an extension of the loop algebra g’[t*!]. In the notation of (2.20), the assignment

X5 Hyp o af @t" b @t Yiel and r€7Z

ir?
t:tl]

defines a surjective Lie algebra morphism t — g'[t*!]. We will return to this observation in Section 4.

We now give the analogue of PNropositign 2.7 f0£ the Yangian double. Let ﬁf (2) be as in Lemma 3.4 (now
viewed in DY§(g)[z*']) and set hi(z) = b (z) + h; (2) =3, cphirz "L
Proposition 3.6. The assignment
(3.24) X (2), Hi(2),C = 25 (2), hi(z),c Viel
extends to a graded isomorphism of C-algebras U(t) — DY (g).

Proof. By definition, DY{(g) is the C-algebra generated by the coefficients of z(2), hi(z) and the central
element c, which are subject to the relations of Definition 3.1 with & replaced by 0. Lemma 3.4 implies that,
in addition to the centrality of c, these relations are

(3.25) hE(z) B (w >=7Li<w>ﬁf<z>,

(3.26) (z = w)*[h} (w), b (2)] = —2dijc

(3.27) (2 — w)hf (2), 25 (w)] = £2d;;a7 (w),

(3.28) (2 — )z (w), by (2)] = £2d;27 (w),

(3.29) (2 —w) [z (2), 7} (w)] =0,

(3.30) [ (2), 5 (w)) =035 Jim & (8(w + he, z) - 5(w, 2)) 4 6i;0(w, 2)hi(w),

(3.31) > [ﬁ(%u))a [ﬁ(%(z))w“ (2 (Zomy)s 25 (w)] -+ ]] = 0.
c€ESm

It therefore suffices to show that these relations are equivalent to the defining relations of Definition 3.5
(with (Hj,, X:2) replaced by (hi,,zE) and C by c).
Step 1: ((3.25),(3.26)) < (3.19).

Multiplying (3.26) by Zkzo(k + Dwkz k2 = (

2
) yields the relation

lzl'w

[ (w), hf (2)] = —2d;; — _1w>

Combining this with (3.25) and using h;(z) = hi (z) 4+ h; (z), we obtain
2

o), ) = ~2d ((#) - (ﬁ)> ¢ = 28z )

where we have used the identity (3.1). Switching ¢ +> j and z +> w yields (3.19).

Conversely, taking the 27"~ tw™*~1 coefficient of (3.19) gives
(332) [hi’l‘7 hjs] = 27‘dij6T’_SC.
Multiplying both sides by z="~1w~*~! and taking the sum separately over r,s > 0 and r, s < 0 gives (3.25).

Switching i and j in (3.32), multiplying both sides by w=""1z=s~!

Z<0 X ZZO y1elds

and taking the sum over (r,s) €

s (), Bt (2)] = —2ds (ﬁ)
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Multiplying both sides by (z — w)? gives (3.26).
Step 2: ((3.27),(3.28)) <= (3.20).

Multiplying (3.27) by > .+, w?z~*=1 and (3.28) by > k>0 2Pwk=1 gives
~ + 2dijZ_1 + > +
(R (2), 25 (w)] = e (w) and [h; (2),2; (w)] =+
Adding these two relations together gives (3.20). Conversely, taking the z="~tw™*~1 coefficient of (3.20)
yields

2d; -1
20 E ().

1—w-1lz77

[hir, @ ]S] :|:2dw:1c

7, r+s
Multiplying both sides of this equality by (z — w)z~""lw=*~! and taking the sum r > 0 and s € Z gives
(z = )b (2), 2 ()] = £2di5 Yy (7w = 27T ) = 2dya (w),
r>0,5€7

which is precisely (3.27). The proof that (3.20) implies (3.28) is similar.
Step 3: (3.30) < (3.21), and (3.29) <= (3.22).
The equivalence of (3.29) with (3.22) is immediate. To prove the (3.30) <= (3.21), it suffices to show
that
lim + (8(w + he, z) — 6(w, 2)) = 6w (w, 2)c = —6.(z, w)c,
h—0

which can be verified directly.
Step 4: (3.31) = (3.23), and ((3.20),(3.22),(3.23)) = (3.31).

The first implication is obvious. The second implication is proven in the same way as its s-analogue in
Proposition 2.7. g

hi, denote the images of

i

Recall the filtration {FP}xcz defined at the end of Subsection 3.1. Let Z7
xﬁ, hi in FP/FP | and ¢ denote the image of ¢ in FY /FP,.

Similar verifications to those carried out in the proof of the previous proposition allow us to deduce the
following analogue of Proposition 2.9.

Proposition 3.7. The assignment
X+ H;,, Cw— 7

)

hip,€¢ Yiel and r€Z
extends to an epimorphism of algebras ¢p : U(t) — gr, DY (g).

ir’

Like the epimorphism ¢ : U(s) — grY(g) of Proposition 2.9, we expect ¢p to be an isomorphism for
general g. However, the injectivity of ¢ p will not be considered in this paper.

3.3. From the Yangian to its double. We conclude this section by offering a more precise relation
between Y(g) and DYS(g). Let x(z) = > >0 zt27""1 € DY(g)[z~'] for each i € 1.

Proposition 3.8. The assignment

(3.33) ih i (2), hiz) > (z+ hc) (2) Viel
extends to a morphism of C[h]-algebras v, : Y(g) — DY (g) The composition of iy with the projection
g) = DY(g).

h
DY (g) - DY *<(g) induces a morphism of C-algebras v : Y (
(

Proof. To distinguish between the generating series of Y;(g) and DY:(g), we will temporarily denote the
series 7 (2) € Yu(g)[z~"] from Proposition 2.3 by X¥(z). We will prove that ¢; preserves the defining
relations of Yj(g) provided by Proposition 2.3.

It is immediate that the relations (3.3) and (3.9) imply that ﬁj(z) and @i(z) =x; (z + hc) satisfy the
defining relations (2.8) and (2.12), respectively, of Y (g) (with h;(z) replaced by hj( ) and X*(2) replaced
by &; (2)).

Multiplying (3.5) by 27! and taking the residue at z = 0 gives [ho, x]i(w)] = :|:2dija:§E (w), and thus
(3.34) [hio, & (w)] = £2d;;&; (w).

r—1,,—s—1

Taking instead the z7" w coefficient of (3.5), we obtain

(hiyr g1, Iﬁ] — [hir, Ifsﬂ] +(c;; hwx + Cuxjshw)



VERTEX REPRESENTATIONS FOR YANGIANS OF KAC-MOODY ALGEBRAS 11

=l =571 taking the sum over r, s > 0, we obtain

(z = wF )b ()a(w) — (2 —w + cf)aF (W) (2) = [hio, xF (w)] — [1] (2),2%].

Multiplying both sides by 2z~

Substituting in the relation (3.34) and applying w — w + % yields (2.9).

The proof that (3.7) implies (2.10) with X(z) and in(w) replaced by #; (z) and iji (w), respectively,
is similar and will be omitted.

It thus remains to see that the assignment (3.33) preserves the relation (2.11). By Proposition 2.5, it
suffices to prove

(3.35) 235, % (w)] = 85k (w) Vi, jel
Taking the residue of (3.16) at z = 0 gives
(3.36) (w27 (w)] = b (bF (w+ %) + B (w))

where we have used that §(z, w)h; (z) = 0(z, w)h; (w). The relation (3.35) follows directly from this identity.
The proof is concluded by noting that the second statement of the proposition is an immediate consequence
of the first. g

Observe that ¢y (resp. ¢) is a graded (resp. filtered) homomorphism. We conjecture that both ¢; and ¢
are injective.

4. THE LIE ALGEBRAS 5§ AND t AS CENTRAL EXTENSIONS

In Sections 2 and 3 it was noted that the Lie algebras s and t (see Definitions 2.6 and 3.5) are always
extensions of g'[t] and g'[t*!], respectively. In this section we employ the results of [MRY] to deduce that,
when g is of untwisted affine type, s and t are in fact isomorphic to the universal central extensions of g'[¢]
and g'[tT!], respectively.

Let go be the underlying finite-dimensional, simple Lie algebra of the untwisted affine Lie algebra g. We
specify the indexing set I to be {0,1,...,¢}, the extending vertex of the Dynkin diagram of g being labeled
by 0. Let A be a commutative, associative C-algebra. Then gy ®c A is a Lie algebra in a natural way.
Denote by Q'(A) the module of Khiler differentials of A, and let d.A denote the subspace of exact forms
(see, for instance, [MRY, §2]).

Theorem 4.1 ([Kl], Theorem 3.3). The Lie algebra go®c.A admits a universal central extension uce(go®c.A)
defined by

uce(go @c A) = (go @c A) © Q1 (A)/dA
as a vector space, with Lie bracket such that Q'(A)/dA is central and

[X1®a, Xo®b] =[X1,Xo]®ab+ (X1, X3) - b(da) VX;,X2 €g0 and a,be A.
We will be interested in the choices A = C[t{!, 5] and A = C[t1,t51]. Set
goltit ta] = go @c Clti' ta]  and  golti',t3'] = go ®c C[tF, 5.
As in [MRY, (3.1)], we let t(A) denote the Lie algebra obtained from Definition 3.5 by replacing the defining
relation (3.22) with
(4.1) [(XE(2), XE(w)] =0 Viel.

It was proven in [MRY] that, in fact, t(A) = uce(go[ti',t5']). The following lemma asserts that t(A)
coincides with t, and hence that t can also be identified with uce(go [tlil, t;tl]), as will be stated more precisely
in Proposition 4.4.

Lemma 4.2. Assume that g is a symmetrizable Kac-Moody Lie algebra with indecomposable Cartan matriz
A = (a4j)ijer satisfying the condition (2.1). Then, in the Lie algebra t, the relation (3.22) implies the
relation (4.1). Conversely, the relations (3.20), (3.21), (3.23) and (4.1) imply that (3.22) holds for all
1,7 € I. In particular, if g is of untwisted affine type (excluding Agl)), t=t(A).
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Proof. We first prove the implication (3.22) = (4.1). The relation (3.22) with ¢ = j implies that there is
Ai(w) € tfw*] such that
[XE (), XE(w)] = 5(2, w) As(w).

Since the right-hand side is symmetric in w and z and the left-hand side is antisymmetric, both sides must
be zero, and hence (4.1) holds.

To prove that ((3.20), (3.21), (3.23), (4.1)) = (3.20), we make a few preliminary observations. By taking
the residue at w = 0 of (3.20) and then also of the relation obtained from (3.20) by exchanging z and w, we
arrive at the identity

(4.2) [H;(2), X35] = +2d;; X (2) = [Hio, X;(2)] Vi,jel
Similarly, from (3.21) we obtain
(4.3) (X35, X5 (w)] = F6;;Hi(w) Vi, jeL
Now fix i, j € I with i # j. If a;; = 0, then (3.23) is the relation [X7, X3"(w)] = 0. After applying ad(H;(z))
to this equation and employing (4.2) and (3.20), it becomes
£2d;5[ X7 (2), X (w)] £ 2d3;0 (2, w)[ X5, X (w)] = £2du[ X (2), X (w)] = 0,

which gives (3.22).
If a;; # 0, then without loss of generality we may assume that a;; = —1. The Serre relation (3.23) then
reads as [X 5, (X5, X]i(w)]] = 0. Applying ad(H;(z)) to both sides of this equation, we find that

+4d;i[X55(2), [ X6, X" (w)]] £ 2di;6(z, w)[ X5, [Xi5, X (w)]] =0,
where we have used (3.20), (4.1) and (4.2). Hence, we have
(X" (2), [Xi6, X (w)]] = 0.
Acting on this identity by ad(X;;) and employing (3.20) together with (4.2) and (4.3), we deduce that
2(dii + dij)[ X[ (2), X5 (w)] = —2di;0(z,w)[ X5, X5 (w)].
By assumption, —1 = a;; = 2%, and hence d;; # —d;;. Multiplying the above equation by (2d;;+2d;;) ! (2 —
w) therefore produces the relation (3.22). O

Remark 4.3. The generators Xif, H;, and C of t are related to the generators x,(fw;), o) (r) and c of
t(A) given in [MRY, (3.1)] by
Xt = d;l/zxr(:lzai), H; =d;'a)(r) and C=c.

In order to describe the isomorphism t 2 uce(go[tE!, t2']) and its s-analogue, we will need a more explicit
description of Q'(A)/dA when A = C[t{', 5] or C[t',t5]. By [MRY, §2], QY (C[t5Y, t21]) /d(C[tE!, t51])
has basis

By = {ty dty, ththdty, tity Ydty - k€ Z,0 € 7).
Similarly, one finds that Q(C[t{!, t2])/d(C[tE?, t5]) has basis Bs C By given by
B = {ty  dty, thtsdty : k € 2,0 € Zug}.
Note that these observations, coupled with Theorem 4.1, imply that uce(go[ti', t2]) C uce(go[ti*, t3']) as a
Lie subalgebra. Let {X:, H;}{_, be the Chevalley generators for gy normalized so that (X;7, X;) = 1 and

H; = [X;", X]. Let X414 be root vectors of gy for the roots 0 normalized so that (Xg, X_g) = 1, where 0
is the highest root of go. Set Hyp = [X_g, Xy].

Proposition 4.4 (Prop. 3.5 of [MRY]). The assignment {XE, Hi., C}icrez — uce(go[t', t51]) given by
C — t; tdls,

Xt Xttty i=1,...,4

X5 Xqo @ 1515,

Hy = Hi®ty, 1 =1,...,4,

Hy, — Hy @ t5 + t5t7 Ndty,
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extends to an isomorphism of Lie algebras t — uce(go[tit, t1]). Moreover, we have s = uce(go[ti', t2])
with an isomorphism s — uce(go[ti-!, ta]) given by the above assignment with r taking values in Zso and C
omitted.

Remark 4.5. Although the second part of the above proposition (concerning s = uce(go[ti,ta])) was not
stated in [MRY, Prop. 3.5], it can be proven in the same way as the first part.

Corollary 4.6. Assume that g is of untwisted affine type (excluding Agl)). Then the natural morphism
s—t XTI Hy,w— Xt H, Viel and r>0

r? wr?

is an embedding of Lie algebras.

Because of the following proposition, it is also possible to interpret s and t as universal central extensions
of g'[t] and g'[t*'].
Proposition 4.7. We have isomorphisms of Lie algebras

uce(go[ty !, ta]) S uce(g't])  and  uee(golty, t51]) = uce(g/[t]).

Proof. We begin by noting that, since g'[t] and g’ [tT!] are perfect Lie algebras, the universal central extensions
uce(g'[t]) and uce(g'[t*!]) do in fact exist (see [Ne, Thm. 1.14]).

Since g is an untwisted affine Lie algebra, g’ = go[ti'] ® CK with Lie bracket determined by [K,g'] = 0
and

(X1 @1, Xo®@t5] = [X1, Xo] @ 175 4+ 16, _s(X1, X2) K

for all X1, X5 € go and r,5 € Z. Tt follows that g'[ta] = go[ti',ta] @ C[ta] K is a central extension of
go[ti!, t2] with natural projection 7 : g'[t] = go[ti,ta]. Let 1) denote the projection uce(g'[ta]) — @'[ta].
Then, by [Ne, Cor. 1.9], uce(g[t2]) is a universal central extension of go[ti!,ts] with projection 7 o :
uce(g'[ta]) — go[ti',t2). This proves that uce(go[ti',ta]) = uce(g/[tz]). Replacing ty by ti', we obtain
instead uce(go[ti', t5]) = uce(g'[t3]). O

5. LEVEL ONE VERTEX REPRESENTATIONS

We now fix g to be a simply laced Kac-Moody Lie algebra, and we let Q = @, ; Za; denote the root
lattice associated to g. In addition, we normalize the invariant form (, ) so that (a;, ;) =2 for all ¢ € T.

In this section, we construct representations of DY;$(g) and DY “(g) which are given by vertex operators
and which factor through DY}!(g) and DY!(g). The main results pertaining to this construction are given
in Subsections 5.1 and 5.2.

The vertex operators which define these representations are themselves built from operators arising from
the action of a Heisenberg Lie algebra on its Fock space representation. Accordingly, we begin by introducing
the appropriate Heisenberg algebra, its Fock space representation, as well as the auxiliary operators which
play a central role in our construction.

Definition 5.1. The Heisenberg algebra $ is the Lie algebra with basis given by the elements H;,,C for
iel,reZ\{0} and with the bracket given by

[Hir,C]=0,Viel, VreZ\{0}, [Hir,H;—s] =716r50;;C, Vi, j eI, Vr,seZ\{0}.
Remark 5.2. This is not the usual definition of the Heisenberg algebra associated to Q (see Definition 5.13):

rather, it is the Heisenberg algebra associated to the trivial lattice ZI1!.

The polynomial ring C[H; _r]icrr>0 can be equipped with the structure of an $-module by defining
0
Hj—s(f) =Hj—sf, CUH)=1F His(f) =575
OH;j —s
yielding the so-called Fock space representation of §.
Next, fix a bimultiplicative function € : Q x Q — Z/2Z = {1} satisfying the condition

(5.1) e(a, ) = (—1)%(0"0‘) Vae@.
The bimultiplicativity of € implies that e(a,0) =1 for all « € @, while (5.1) implies that

(5.2) e(a,B) = (—1)(0‘”8)5(6,04) Va,BeQ.

(f) A f S C[’Hiﬁr]ig[ﬂ«>o, j €l and s> O,



14 N. GUAY, R. REGELSKIS, AND C. WENDLANDT

The bimultiplicativity of € also implies that it is a 2-cocycle of @ with values in Z/27Z, and thus it determines
a central extension Q = Z/27Z X. Q of Q by Z/2Z which is equal to Z/27 x @ as a set, and has product

(€a, ) (€n, B) = (e(c, B)eaer,a+ B) Va,B € Q and e€,,€, € Z/27Z.

Definition 5.3. Let Z be the two-sided ideal of(C[Cj] which is spanned by e(¢e® — e for all a € Q and
€q € ZJ2Z. The twisted group algebra C.[Q)] is defined to be the quotient C[Q]/Z.

Since the C-linear projection (C[@] — C[Q], el i e, induces an isomorphism of vector spaces
C.[Q] — C[Q], C.[Q] can be equivalently defined as the C-algebra with basis {e®}q,ecq and multiplication
given by

¢ =e(a, B Va,feQ.
Remark 5.4. By [FLM, Proposition 5.2.3], the condition (5.2) determines € up to equivalence of cocycles,
and hence it determines the central extension @ of Q by Z/2Z up to isomorphism. In particular, this implies
that any two bimultiplicative functions e,&’ satisfying (5.1) will determine the same twisted group algebra up
to isomorphism.

The ezistence of € : Q X Q — Z/27 satisfying (5.1) can be established in various ways: see for instance
[Ka, §7.8].

Viewing C.[Q] as a left-module over itself, we can form the U($)) ® C.[Q]-module
(5.3) V = C[Hi,—rlicr,r>0 ® C.[Q].
We also define an auxiliary family of operators {0s }acg C EndcV by
da(f@eP)=(a,B)f @e® V feC[Hi_r]icrrso and a,f € Q.

5.1. The DY (g)-module V[h]. We first construct a vertex representation of DY, (g) on the topologically
free C[A]-module V[#]. The actions of U($)) ® C.[Q] and of d, on V defined above naturally extend to V[A].

For each i € I, let N(i) denote the set of vertices to which ¢ is connected, i.e. the set of neighbours of the
vertex i. Define AF(z) and B (z), for each i € I, by

O B S R e DI D= CE )

>0 r>0 jEN(7)
U,
BT _ ir —r |
o)
>0

Inspired by [lo], we define the vertex operators X (z), H: (z) € (Endeguy VIR [2%], for each i € I, by
54) XE(z) = & AF(2)BE(2)ete 0,

14 k-1

1-— 5271
(5:6) H; () = A7 ()47 (2).

where, for each a € Q, 2%» € (EndcpV[A])[2%'] is defined on V by
(foef)=2Pfee’ VEeqQ and feCH ricrro.
Equivalently, z% = > wez Paiz® with Pop(f ® ) = Ok,(a,8)f @ el
+hzil>8%, and thus H; (2), belongs to (EndcyV[h])[z~']. For each invertible

Let us explain why ( o
2

series g(z) € (C[A])[z~], the operator g(z)% (defined on V by g(2)% (f @ €?) = g(2)(*P) f @ e?) can be

viewed as an element of (EndCHhHV[[h]])[[z_l]]. To see this, first write

Zpa,kg Zpakg +ZP —

keZ k>0 k>0

For each r > 0, the 27" coefficient of Zkzo P, 1g(2)* is an infinite sum of the form Zkzo ay(R) Py ), with
ax(h) € C[A]. The sum ), -, ax(h) Pk is a well-defined element of EndcpaV[7] since, for any fixed 3 € Q,
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Pa1(e?) = 0 for all but at most one value of k. This implies that 2 k>0 P rg(2)* € (EndeppVIAD [z~
The same reasoning can be applied to >, - Pa,—x(g(z) ).

With the vertex operators { X (z), H(2)}ies at our disposal, we can now state the main theorem of this
section.

Theorem 5.5. The assignment
(5.7) i (z) = XE(2), hE(z) = HE(2) Viel, c—1
extends to a homomorphism of C[h]-algebras pp : DY;S(g) — EndcprpV[A].

The next lemma will be employed to prove this theorem. Let

Hi +r
:.t = Rl L FT
I (z) = exp ($ E p— ) .

r>0

Lemma 5.6. Let x; : I — {0,1} denote the indicator function of N (i), i.e. xi(j) =1 if j € N(i) and
Xi(j) = 0 otherwise. Then, for each pair of indices i,j € I, we have

(53) O ) =Ty () (1- 2)
(5.9) [4F(2), A7 (w)] = [AF(2), AT (w)] = 0 = [B*(2), B ()] = [Bf (2), B} (w)],
+ A (w _(1—2_1“))6”(1—21(w¥h)) + )\ BE (2
(5.10) B (2)Af (w) = (I—zYwF L)) A5 (w) B (2),
(1—zt(w=+ g))X](l

(5.11) B (2)Af (w) = AT (w)BF (2).

(1 — z=tw)% (1 — 2= H(w £ k)%

Proof. Relations of the form (5.8) appear often in the literature: see for instance the proof of Theorem 14.8
in [Ka] and the proof of Proposition 2.9 (a) in [FrKal. It follows from the fact that

exp(A) exp(B) = exp(B) exp(4) exp([4, B])
for any two operators A and B such that [4, [A, B]] = 0 = [B, [A, B]], together with the relation
Hiy*T s Hj,s —s| _ [HL*T?HLS] T, —S5 __ . 1 Z\* 5. Z
>y e | = Y e =6y 3 () = (1= 7).
>0 s>0 r,s>0 s>0

The relation (5.9) is immediate from the definition of the operators Ai(z) and Bi(z), while (5.10) is a
straightforward application of (5.8). The relation (5.11) is a consequence of (5.10) since B (z) = B (2)~*

We will also need the following identity, which can be deduced immediately from the definition of g(z)%
g(2)%eP = ePg(2)@Pg(2)% Va,BeQ and g(z) =z or g(z) € (C[R])][z"1])*.

Proof of Theorem 5.5. The proof is achieved using standard vertex operator calculus. We will prove that
the relations of Definition 3.1 are preserved by the assignment (5.7). This is immediate for (3.2), and for
(3.3) this is a consequence of the relation (5.9) of Lemma 5.6. The other relations require more elaborate
use of Lemma 5.6 and we will treat them independently. Set

zi:z:lzg”.

The relation (3.4). Let c?;- = 2((o, ;) £ 1) denote the image of cjtj under (5.7). Then

2\ 2
HY () () = BY (24) By (=) A (w) A (u) (—*)

Z_
_ -1 x;(2)
(1 z w_)

aai
TR By (1 T (w ) B (z4) A7 (w)B] (2-) A (w) (Z—J_r)

(=) (= ) (1= 2w — )
(1— 22 w)%6 (1 — 22" (w — )% (1 — 25 'w_)xi ()

zZ_

a8} 0B 45w (2)
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On the other hand, we have
J J P

2\ %
H (w)HT () = AT (w) A7 () B} (22) B (=) (—*)

_ 271w dij _ 271 w 5ij . .
- e L e B (o) ) (20) (22
+ —

1— 27 hw)0is (1 — 271 A% (1 — 2~ L, ) (@) D
S e e A (B ()4 () (2)
(1= 23w O (1 — 22 w)o (1 — 2= (w + h))oo S
Therefore, since V[#] is torsion free, the assignment (5.7) will preserve (3.4) provided
(1- z:lw_)Xj(i) (1 — 27 w)%s (1 — 2z (w — k)%
(1 — 22 w)%6 (1 — 22" (w — )% (1 — 25 'w_)xi ()
1 — 27 )0 (1 — 27t A% (1 — 2z~ L )X (@
_ ((Z _ w)2 _ (C:,-)2)( Ztlw) ( : 4 (3}1—’_ )) ( _ff w+) ]
P01 = 2w ) O (1 = 22 w)%u (1 — 220 (w + h))%a
for all 7,7 € I. This can be checked directly using
+2 if i # j, x;(i) =0,
(5.12) E=0 -0l g x) =1,
h+?l if i = j.

((z = w)* = (c;;)")

The relation (3.5). Making use of (5.1) together with Lemma 5.6, we deduce that
HY (2)X5 (w)
e,
= 4B (24)B; (2_)Aj-[ (w)BE (w) (z_+) et Pt

J Z_

(1 — 27ty )2 ) (z—+

D
— 4 - BF (2. )AT (w) B (2 ) B (w)eF®i wd*es [ ZE
(1 — 22 tw) 06 (1 — 22 (w F B))Fou ()47 () By (z-) By (w)e™* v Z_

(=Tt o0 — ) (1 — 7w F ) <Z—+)i(ai’%) X (w)H (2)
(1= 2= w) B0 (1 — 2= (w T 1)=00 (1 — 25 T )00 \ 2 A
Therefore, the assignment (5.7) will preserve the relation (3.5) if the following identity holds:
(1- Z:lw:F):th(i)(l _ Z;lw)ﬂ:éij (1— Z;l(w T h))* (Z+>i(m,aj)
(1= 2zZtw)*0 (1 — 22 (w F )00 (1 — 27 wg ) B0 O '

This is easily verified using (5.12). If ¢ # j and x;(¢) = 0 then this is clear. If i # j and x;(¢) = 1, then the
right-hand side equals

+1 +1
1— -1 B +1 _ _Eiﬁ
(z—wxh) # <Z—) =(z—w=xh) H}% =z—w,
1—2’+ij 24+ Z_w+§:l:§

which is the left-hand side. If i = j, then c:rj = %h and ¢;; = %, and the right-hand side of the equality is

(Z_w:F%)((z+—w)(z+—wj:h))il_(z_wq:%)((z—w—i—%)(z—w—i—%j:h))ﬂ_Z_wi%h'

):t(ai,aj)

(z—w:l:c;rj):(z—wq:c;j) =

(zo —wxh)(z— —w) (z—w—-2Ln)(z—w-1)

Note that in neglecting the factor of A~ which appears in (3.5), we have made use of the fact that V[h] is
torsion free.

The relation (3.6). Applying again the relations of Lemma 5.6, we obtain

H; (2)X5 () = 245 (w)Af (2) A7 (2) Bf (w)e=u=

? J
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(1 —w™2)®0%u (1 —w™ (2 + k)0
(1 — w_lz_,’_)in(i)
=1 +68i5 (1 _ opy—1 +x; (1)

e e B - (e R
1 —w ! (z:l:hdij) B
B (1 —wl(zF hdij)) X (w)H; (2).

(The last equality is obtained by considering the two cases x; (i) = 1 and ¢ = j.) Multiplying both sides by
(w — z + hd;;) and using the fact that V[A] is torsion free, we find that the relation (3.6) is preserved by the
assignment (5.7).

==+

+ + —(\ptay, Ota,
Aj (w)A;r(z)Bj (w)A; (2)e= M w

To prove that the remaining three relations of Definition 3.1 are satisfied by {XF(2), HE (2)}icr, we
introduce the following normal ordering: given a finite integer n € Z~( together with collections i, € I and
€q € {£} for each 1 < a < n, set

- Oy, Berers
X (1) -+ X0 (20) i (H ) A9 (1) e A (o) B (1) - B (et T Fenan, 2 Pene,
b=1
Note that with this definition, (5.9) implies that : X{'(z1) - - X§" (2,) :=: X::((ll)) (Zo(1)) - X::((Z)) (Zo(ny) : for
each permutation o € S,,.
By (5.1) and Lemma 5.6, we have

N B (1— z_lwi)Xj(i) _—

(5.13) X5 (2)XT (w) = e(ai, ay) 0= T (I 2 (w ) ae) X5 ()X (w)
+ £, _ (1—ztw) (1 -z Y (wFh)’ 00N,

(514) Xl (Z)XJ (w) - E(ai’aj) (1 _ Z—lwq:)Xj(i)Zf(ai,aj) 'Xi (Z)XJ (w)7

where we have used the fact that e(+a, F8) = (e, 8) = e(£a, £8) for all o, 5 € Q.

The relation (3.7). By (5.14), the equality
(z — w F hdij)XF (2)XF (w) = (2 — w + hdij) X5 (w) X (2) Vi,jel
will be satisfied provided the following identity holds:

(1 — 2z~ tw)% (1 — 2= (w F h))%
(1 — 271wz )X (1) z—(@isay)
Using that (o, oj) = 20,5 — x; (%), we may rewrite this as
(z — w)%i (2 —w £ h)%i
(z—w+ 2@

If i # j, both sides are equal to 1, and if 4 = j both sides are equal to the polynomial

(z—w=xh)(z—wFh)(z—w).

(1 —w™12)% (1 —w (2 F h))%u .

—(_ (ai,a') _ ..
(1) iIN(z—w=xhd;;) (1 — wLzg )X Dy (@505

(2—w$hdij)

(w — 2)% (w — z & h)%
(w — 2z :l: %)Xj(i)

(z —wF 0+ Y1) = (=190 (z —w + §;h 7 20

To prove that the relations (3.8) and (3.9) are preserved by (5.7), we employ the following well-known
property of the formal delta function §(z,w) which can be found in [Ka, Lemma 7.7] and [LeLi, Proposition
2.1.8 (b)]: given a vector space V and f(z,w) € V[z*1, w*!], we have

provided both sides of this equality are well-defined elements of V [z, w*!].

The relation (3.8). From (5.13) we obtain the equality of operators

(5'16) [X;F(Z),X;(’w)] = E(inaj)Fi,j(va) X:F(Z)X;(w)v

where F; ;(z,w) is given by
(1 —_ 271w+)xj(i)zi(aivaj)

— (—1) (i)
(1 — z71w)% (1 — z=Y(w + h))% (=1)

(1 — w1tz )Xi@gy=(aiay) >

(5.17) F j(z,w) = ( 1 —w 12)% (1 —w L(z — h))u
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If i # j and x;(¢) = 0, then it is clear that F; ;(z,w) = 0. If i # j and x;(¢) = 1, then we again obtain
Fii(z,w)=(1-ztwg)z+ (1 —wtz)w=0.

Hence, we have shown that the assignment (5.7) preserves the relation (3.8) when i # j. If i = j, we have

272 w72

Falew) = o= w v Ry (- S —w = h)

ozt 27t n (w—i—h)
S l—zlw \l—2zYw+h) 1—(w+h)1z

B 27t (w+h)~1 B w2
l—zlwl—(w+h)1z (A-wlz)1-wl(z-h)
271 w_1
(w+h)~*

o )Tz = Towe ;(z ) . Substituting the above expression for

F, i(z,w) into (5.16) and using that e(ay, 045 =—1, we obtaln
(5.18) (X (2), X; (w)] = —0(w + A, 2) 7 ZZ X (2)X; (w): + 6(w, z)m X (2)X; (w):
By (5.15),
8w+ h, 2) 2y X[ ()X (w): = 8w+ B, 2) o X ()X (W) s
= —15(w + R, 2) A (w + B A7 () B (w + B)B; (w) (2t 7
—%5(10 + h, 2)H (w + %),
since A (w + h) = A; (w)~! (see (5.5)). Similarly, (5.15) implies that
d(w, 2) _ Xj'(z)Xl_(w) = %5(w,z) Xj(z)XZ_ (W) w2
= —#0(w, 2) AT (2)A7 (2) B (2)B; (2) = —30(w, 2)H; (2),

l—wvfl(z—h)
where we have used (5.6) and that B (2) = B; (2)~!. Substituting these identities back into (5.18), we find
that

where we have used the identities (3.1) and

Tw -

X (2), X5 (w)] =  (8(w + h, 2)H (w + §) — 6(w, 2)H (2)) ,
as desired.
The relation (3.9). Observe first that if («;, ;) = 0 then (o, oj) = e(a;, «;) and (5.14) implies
XE(2), XE(w)] = 0.
Hence we only need to verify that (3.9) holds when (a;, ;) = —1. By (5.14), we have

—1 -1
2y w

(5.19) [Xf(zz),XjE(w)] = e(w, o) ( ) :X,?:(ZQ)X;!:(U)):,

1—z'we  1—w(22)f
while repeated application of (5.10) gives
21(1— 27 20) (1 — 27 (22 F 1))

X (21) 5K (2K (0): = —e(avr0) 2o XE (1) X (22X (),
XE (X (0)s X o1) = el 2 2= T o)X )X )

Combining these last two identities with (5.19) gives
[Xzi (Zl)v [Xzi (22)5 X;E (M)H = _f(zla Zva) Xzi (Zl)Xzi (ZQ)XJi(w) )

where

f(z1,22,w) = <

z;l w™t ><w1( 2—z1)( 2—z1:|:h)+z11(zl—22)(zl—22:|:h))'
1—2y w; 1- w_l(Zz):F 1- (Zl)q: 1-— zfluq
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Thus, the identity
(520) f(Zl,ZQ,w)—Ff(ZQ,Zl,T.U) =0
will imply [X:(z1), [x;t(ZQ),XjE (w)]] + [XF(22), [x;t(zz),xjt(w)]} = 0. Since

2’2_1 w ! hw—2

=0(20,wx) F and
ey 1w s T ) (- e ()
-1 1
e w
—— = 0(z1, -
1— 2z 'we (21, 0) 1—w(z1)+

the property (5.15) of the formal delta function implies that

w22 — 21)(22 — 21 £ h) zl_l(zl —29)(21 — 22 £ h)
F(z1, 22, w) =0(22, w3) ( 1—w(z1)s * 1— 2 tws )

hw=2(z1 — 22)(21 — 22 £ h)

F 0(21,ws) (I —w 1 (z0)1) (1 — w ' (22)x)
. hw ™2 (w1(22 —21)(2z2 — 21 £ h) _ w21 = 22) (21 _Z2ih)>
A—w (z2)r)1 —w (z2)2) I wi(z)s L—w ()

2w (29 — 21)(22 + 21 — 2w)
(1 —w™(z2)£)(1 —w(z2)x) (1 —w ™ (z21)5)(1 —w™l (z1)x)
As this expression is antisymmetric in z; and z2, we may conclude that (5.20) holds, and thus that the vertex
operators {X:(2)}ier satisfy the Serre relations (3.9). O

=+ hd(z2, wg) F hd (21, we) +

Remark 5.7. Taking the coefficient of z=2w in the relation (3.8) with i = j yields
[z}, 27 _1] = c+ hio.

Combining this with the relation [z}, z; (w)] = ﬁ:‘(w + k) —l—ﬁi_ (w) (see (3.36)), we deduce that DYE(g) is
generated by {x}icr ez Moreover, in the Yangian double DY (g) at level k € C*, the series hi(z) are
uniquely determined by the relations

(5.21) Nz —w)[z] (2), 27 (w)] = 0(w + he, 2)h (w+ 2£)
(5.22) KNz —w — he)[z] (2), 25 (w)] = §(w, 2)h; (2).

i \#) T
In particular, the representation pp of Theorem 5.5 is entirely determined by xf (2) = Xf[(z) foralliel,

and the formulas (5.5) and (5.6) for H (2) may be deduced from (5.21) and (5.22), as was essentially done
below (5.18).

5.2. The DY<(g)-module V. As the coefficients of the vertex operators X*(z) and HE(z) are elements of
EndcpsV[R], it is not clear that they can be specialized at & = ¢ € C* to produce a DY¢ (g) representation.
In this subsection we exploit the existence of a (Z x @)-grading on V to show that this can indeed be
accomplished after modifying the representation space appropriately.
The (Z x Q)-grading on V = C[H;,—|icr,r>0 ® Cc[Q)] is given by
degMi—r = (—7,0), dege* = (—3(a,a),a) Viel,r>0 and a€Q.

Note that this choice of grading is different from the more familiar grading on Fock spaces obtained by

setting deg H; — = (r,0) and dege® = (%(a, a), a). Let V,, s denote the subspace of V spanned by elements

of degree (n, ), so that V = @, 5)czxq Vn,8- We note the following useful observation:

Lemma 5.8. Setting P = {(n,8) € Zx Q : n < —1(B,8)}, we have
V= Vs
(n,B)eP

Equivalently, V, 5 = {0} for all n > —3(8, ).
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Next, for each 8 € Q we set n(3) = —%([3, B), so that
Vs=Vos= P Vos VBeEQ.

neL n<n(B)

Let 17/3 = Hngn(ﬁ) Vn,s be the completion of Vg with respect to this grading, and set
P - @V
AsVy = ®n§0 Vo is precisely the Fock space F = C[H;,—|ic1,r>0, we have the equivalent characterizations
17g ~ F@Ce? and V = F @ C.[Q], where F = V.
Now set
Frn = (C[A)[Hi,—r]icrr>0 = ClA] @ F.
The (Z x @Q)-grading on V extends to a grading on V; = Fr ® C.[Q)] after imposing degh = (0,0). We use

the same notation as above to denote its graded pieces and Z-completion:

Vi= @ Wnus=PWn)s with Vas= @ Vins,

(n,B)eP BEQ n<n(p)
]75 = @ (Vﬁ)ﬁ = ﬁh®CE[Q]7
BEQ

where (VA;;)IB = [l.<n(s)(Vn)s and Fn = (/V;)O.
Recall that XF(z) = S rez Xi[k]2F1 are the vertex operators which determine the action of DY;(g)
on V[Ah] (see (5.4)).

Proposition 5.9. For eachk € Z and i € I, Xzi [k] admits an expansion

(52 XE[H] = S0 X [k, alne,

a>0
with X[k, a] € EndcV of degree (k — a, +a;). Consequently, X (z) € (Endc[hﬂjh)[[zil]] and the assignment
(5.24) i (z) = XE(2) Viel,

also determines an algebra morphism py : DYS(g) — Endc[h]f/h.

Proof. The first part of the proposition is proven directly by expanding Xzi (z) as a formal series in fi. To
see that XF[k] € End(c[hﬁ/h for each k € Z, it suffices to prove that X [k]gg C ]N/ﬁiai for each 8 € Q. This
is a straightforward consequence of Lemma 5.8 and (5.23).

One may prove the analogous statements for H;t(z) in the same way, but as noted in Remark 5.7 the
coefficients of 3 (z) generate DY (g) (with H(2) uniquely determined by (5.21) and (5.22)), and hence
this is not necessary and we may conclude that (5.24) determines an algebra morphism ps : DY$(g) —

Endcp Vi O
Proposition 5.9 implies that X;t (z) can be evaluated at h = ¢ € C to produce a well-defined element
XE(2,¢) = XF(2)noe € (EndeV)[2H].

We will write X; (k] for the evaluation of X [k] at /i = ¢, so that X (2,¢) = 3, X [k]2 L.

Let End,,V denote the subspace of EndcV spanned by operators of degree a € Z. (Here we consider only
the Z-grading on V = @, ., V» induced by its (Z x Q)-grading.) Consider the direct product [, ., End,V.
The subspace

Endc) = {ZAm : Ay =0 Vm>>0} c [ End.v
meZ meZ
is an algebra with multiplication given by the usual product of formal series.
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Corollary 5.10. For each ¢ € C, pp induces a homomorphism of C-algebras
pc: DYE(g) — EndcV, zE(2) = XF(2,) Viel

Moreover, for each k € Z we have

(5.25) Xk € | ] BndmV | NEndcV € Ende,

m<k
and hence pc may be viewed as a morphism p¢ : DYCC(g) — E;lacV.

Henceforth, we will adapt the viewpoint that p; has codomain Eﬁ&cv, and we will focus almost exclusively
on the case where ( = 1, in which case we shall write p = p;.
By composing p with ¢ : Y(g) = DY (g) from Proposition 3.8, we obtain an algebra morphism

(5.26) 0=pov:Y(g) = EndcV.
The algebra EndcV admits a Z-filtration {Fr(V)}rez given by
Fi.(V) = [] Endn,
m<k
and we have .
grzEndeV = @ Fon(V)/Fr1(V) = @) End,,V € EndcV.
meZ meZ

Set XF(2) = Ypcp XE[, 0]27F~1 € (EndcV)[2+'], where X[k, 0] is as in (5.23). Explicitly,

. H_ H,i
+ _ ,=T _r Ttwr —r tai, O0ta;
(5.27) X (z)-:l:exp(:l:Z—r z )exp(:[:z — )e z
r>0 >0
with H; _, = > jer(ai,a)M; ., for each i € I and r > 0. Since ¢ is a filtered morphism, the relation (5.25)
of Corollary 5.10 together with the expansion (5.23) implies the following.

Corollary 5.11. p and g are Z-filtered morphisms, and the composition of grp : gr, DY “(g) — EndcV with
the morphism ¢p : U(t) — gr, DY <(g) of Proposition 3.7 is the representation

(5.28) po:U®) = EndeV, XF(z) = XE(z) Viel

Remark 5.12. Here it is understood that the Zso-filtration {Fy}r>0 on Y (g) is extended to a Z-filtration
by setting F, = {0} for all k < 0. The representation of t given by (5.28) can be obtained directly from py,
(see (5.7)) by specializing h— 0, or from p¢ (see Corollary 5.10) by taking ¢ = 0. However, the Z-filtration

on EndcV will play a crucial role in Section 6.

5.3. The t-modules V and Va. By Corollary 5.11, V admits the structure of a t-module with action
encoded by the vertex operators Xzi (z) defined in (5.27). When the Cartan matrix A is not invertible, this
representation differs from that obtained from the classical construction of vertex representations [FrKa,
MRY]. In this subsection we explain the relation between the two constructions.

We begin by recalling the classical setting. By (3.19), the Lie subalgebra of t generated by the coefficients
of the series { H;(2) }ies is @ homomorphic image of the following Heisenberg algebra.

Definition 5.13. The Heisenberg Lie algebra $Ha associated to the Cartan matriz A (equivalently, to the
root lattice Q) is the Lie algebra over C with basis {Hir}icrrez U {C} subject to the defining Lie bracket
relations

[Hir,C]=0 and [Hi, Hjs) =r(ai,0;)0,-sC Yi,jel and r s € L.

For each fixed A € @, their is a natural action of $Ha on the polynomial algebra C[H; _,]ics r>0 given by
Hy olf) = Hiofs CU)=f Hpolf) = (@ NF. Hyu(f) = 05u(f)
for all f € C[H; _rlicr,r>0, j € I and s > 0, where 9;, is the derivation defined uniquely by
0js(Hi,—y) = s, j)0s,—p Vs>0 and i€ l.
We denote C[H; _,]icr.r>0, equipped with this module structure, by Fa.
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Now define the vector space Va by
Va = (C[Hi,fr]iel,r>0 ® CE[Q]

After identifying C[H;,—]ic1,r>0®Ce* with Fy, the space Va becomes an $-module isomorphic to Do Fa.
To extend this to a t-module structure, define for each v = >, _; n;a; € Q operators {Hy r}rez on Va by
Hoc,r = Eie] niHiﬁr. We then set

HO( T
I'E(2) = exp (:FZ T’iz;T) YVaeQ@,

r>0

iel

and introduce vertex operators H, (2), X4 (2) € (EndcVa)[2%!] by
H,(z) = ZHOMZ_T_l and X, (2) =T, (2)TE(2)e*2% VaeQ.

TEL
Proposition 5.14. Set Xi(z) = +X,,(2) and H;(z) = Hy, (2) for all i € I. Then the assignment
(5.29) XE(2) = XE(2), Hi(z) = Hi(z) Viel, C1

extends to a homomorphism of algebras pa : U(t) — End¢Va.

Proof. Although, to the best of our knowledge, the statement of the proposition has only been written down
explicitly for A of finite and of affine type [FrKa, MRY], the argument used to prove the above proposition
for t associated to the Cartan matrix of an arbitrary simply laced Kac-Moody Lie algebra is the same, and
analogous to the proof Theorem 5.5. We refer the reader to [Ka, Thm. 14.8], [MRY, Prop. 4.3] and [LeLi,
§6.5] for complete details. The result may also be deduced from [Ji2, Thm. 3.1]. O

Remark 5.15. Suppose now that A is the Cartan matriz of an arbitrary symmetric Kac-Moody Lie algebra
(not constrained by the condition (2.1)), and let ta be the Lie algebra defined identically to t (see Definition
3.5), but with (3.22) replaced by

(z —w)~ % [Xzi(z),XJi(w)] =0 Vi,jel.

Then the assignment (5.29) determines an algebra homomorphism U(ta) — EndcVa. The added difficulty
in proving this statement is verifying that (5.29) preserves the Serre relation (3.23) when a;; < —1. This
can again be deduced from [Ji2], although it may also be proven directly using elementary properties of the
formal delta function §(z,w) and its partial derivatives.

We now turn to relating Va with the t-module V from Corollary 5.11. Recall from Definition 5.1 that $
is the Heisenberg Lie algebra associated to the trivial lattice Z!!l. For each k € Zy, set

% =@CHx and  §* = P CHa.
iel i€l
Similarly, we set .653) =@;c;CHio @ C-C and HO =C-C. Let s = [Ha,Ha] be the derived subalgebra
of f)A:
Ny = @ﬁg) @C-Cz@ﬁy), where ﬁgk) zﬁgf) N$Hy.

k0 keZ
In addition, we denote ®k20 ﬁgk) by Sﬁjg and @, _, ﬁgk) by $4, and define $H* analogously.
Lemma 5.16.
(1) The assignment

> jerlai aj)H, if <0,

SCHC, Hir’_)ﬁirz
oA {H if >0,

extends to morphism of graded Lie algebras oa : $H'sx — 9.
(2) For eachr <0, cpA|ﬁ<T) : 535() — 9 has matriz equal to A with respect to the bases { Hi, Yie1 C 535()
A
and {H;r}icr C ﬁx). Consequently,
<PA|5; i DA H

is an isomorphism if and only if A is invertible, and the same is true for pa.
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By the lemma, @a | B Ha — H~ induces an algebra morphism

Op:U®H,) 2 UM®)

which is invertible precisely when A is. After identifying U($), ) and U($)~) with the Fock space represen-
tations C[H; _,]icr,r>0 and C[H;, —,]icr,r>0 of H’y and 9, respectively, and equipping C[H; —r]icr r>0 with
the structure of a ﬁfA—module via oA, Pa becomes a morphism of Sﬁj&-modules. This discussion leads us to
the following result.

Proposition 5.17. The C-algebra morphism

Pa ®id: ClHi —rlier,r>0 ® Ce[Q] = C[Hi —r]icr,r>0 ® C[Q)]
is @ morphism of t-modules Vo — V. It is an isomorphism precisely when A is invertible.
Proof. Lemma 5.16 and the discussion following it prove that ® o ® id will be invertible exactly when A is.
By comparing the definitions of the vertex operators X (z) and X (2) (see (5.27) and Proposition 5.14), we
find that ® 4 ® id will be a morphism of t-modules provided ® 4 is a morphism of £/, -modules in the sense

described before the statement of the proposition. As this has already been established, the proposition is
proved. O

6. THE POINCARE-BIRKHOFF-WITT THEOREM

We now fix g to be a Kac-Moody Lie algebra associated to an indecomposable Cartan matrix A which is
of affine type, and whose associated Dynkin diagram is simply laced with £+ 1 vertices. As in Section 4, we
set I ={0,1,...,¢} with {1,...,/¢} labeling the Dynkin diagram of the underlying finite-dimensional rank ¢
simple Lie algebra go.

In this section we will prove that the epimorphism ¢ : U(s) — gr Y (g) of Proposition 2.9 is an isomorphism:
see Theorem 6.9. By Propositions 4.4 and 4.7, this will imply that gr Y (g) = U(uce(g'[t])). As a corollary,
we prove in Theorem 6.10 that Y (g) is a flat deformation U(s) 2 U(uce(g’[t])) (see Remark 2.8).

6.1. A faithful representation of s. Our first step in proving the injectivity of ¢ is to use the results of
Section 5 to produce a representation of Y'(g) which specializes to a faithful representation of s = uce(g'[t]).
To accomplish this, we first enlarge A to an invertible Cartan matrix.
Set I =T U{-1}, and extend A to a Cartan matrix A = (a;;); ;c; by imposing
a_1; = Q-1 = 257171' — 51'70 Vie IO
Definition 6.1. Define g to be the simply-laced Kac-Moody Lie algebra with Cartan matriz A.

We fix an invariant symmetric non-degenerate bilinear form (, ) on § extending (, ), and assume that it
is normalized so that (a;,a;) = 2 for all —1 <4 < £. In particular a;; = (o, ;) for all —1 < 4,5 < ¢. Let
Q= @71952 Zoy; = Za—1 @ @ denote the root lattice of §. The following lemma can be easily deduced.

Lemma 6.2. The Cartan matriz A is invertible. In particular, (, Nexg 18 non-degenerate.

Henceforth, we will use the notation V to denote the space (5.3) corresponding to the above data:
V = C[Hi—rl;cim0 ® ClQ].
By Corollaries 5.10 and 5.11, we have a Z-filtered morphism of C-algebras
p:DY(§) = EndcV, a7 (z)— XF(z,1) Viel
Observe that the assignment
i:af(2),hE(2),c— 2t (2),hE(z),c Viel
extends to a filtered algebra homomorphism ¢ : DY<(g) — DY (g). We set
p=poi:DY(g) — Endc).
Define a representation pg of t on v by setting

(6.1) po=gr(poi)oop: Ut) = ) End,V C EndcV,
meZ
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where ¢p is as in Proposition 3.7.
Lemma 6.3. The t-module f), equipped with action given by po above, is a faithful module.

Proof. Let  be the Lie algebra from Definition 3.5 corresponding to A. By (5.17) and Lemma 6.2, the
morphism ®; ®id : Vi — V is an isomorphism of t-modules. By pulling back via the natural morphism
t — {, we obtain an isomorphism of t-modules, and the induced t-module structure on VY is precisely that
given by po. That this is a faithful t-module now follows from the fact that Vj is precisely V(@,.V)i&) from
[MRY], and by [MRY, Prop. 4.3], this is a faithful t-module. O

Now set 9 =por:Y(g) — EndcV, where ¢ : Y (g) — DY*“(g) is as in Proposition 3.8, and define
bo=gréod:U(s) > €P End,V C Endc,
mEZ
where ¢ : U(s) — grY(g) is as in Proposition 2.9.
Corollary 6.4. The s-module lo), equipped with action given by oy above, is a faithful module.

Proof. The representation gy is equal to the restriction of po to U(s) via the embedding of Corollary 4.6, so
the result follows immediately. 0

We will use this faithful module, together with the coproduct A, , from Subsection 2.3, to construct an
embedding of U(s) into a large algebra built by gluing together endomorphism rings associated to V. We
begin with the following general result.

Let a be an arbitrary complex Lie algebra and let A, and €4 be the coproduct and counit, respectively,
of the enveloping algebra U (a).

Proposition 6.5. Let V be a faithful representation of a with py : U(a) — EndcV the corresponding mor-
phism. For each k >0, set pg = p2* oA((lkfl), with pq,o0 = €4. The universal property of HmZO Endc(V®™)
dictates that there is a unique morphism
®:U(a) > [ Ende(VE™), mpo®=pam Ym>0,
m>0

where Ty, [ 1,50 End(VE™) — End(V®™) is the natural projection. Then ® is injective.

Proof. The result follows from a modification of the argument given in the proof of [AMR, Lemma 3.5]. O
We would now like to imitate Proposition 6.5 with Agkfl) replaced by Aify_ul. Let V be a faithful s-module
with corresponding morphism ps : U(s) — End¢V, and for each k > 1, set
Pow = P2 0 AT U(s) = Ende (VO [wt).
We also set p?, = &5 : U(s) = C C C[u*']. Then there is a unique morphism
(6.2) O, :U(s) = ] Endc(VE™)[ut'], o @y = pll,
m>0

where T, : [],,50 Ende(VE™)[u®!] = Endc(VE™)[u*!] is the natural projection.

Vm >0,

Proposition 6.6. The morphism ®,, s injective.
Proof. The evaluation v — 1 induces a morphism
ev: [ Ende(VE™)[ut'] = ] Endc(VE™).
m>0 m>0
The composition evo @, : U(s) — [[,,5, Endc(V®™) agrees with the morphism @ associated to V from

Proposition 6.5, and hence is injective. This implies that ®,, is also injective. g

Applying Proposition 6.6 with V' the faithful s-module V from Corollary 6.4, we obtain the following
corollary.

Corollary 6.7. The morphism of C-algebras ®,, : U(s) — [[,,>¢ Endc(VE™)[ut!], defined by (6.2) with
pPs = 0o, 18 injective.
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6.2. Statement and proof of the main result. We now construct the Yangian version ¥,, of the embed-
ding ®,, from Corollary 6.7, using the morphism ¢ : Y (g) — E;lacfj. The injectivity of ¥, is closely tied to
the Poincaré-Birkhoff-Witt Theorem for Y (g), as we shall explain shortly.
For each k > 1, $®F extends to a homomorphism Y (g)®*(u)) — (EndcV)®* (). Composing with Ak=1
from (2.31), we obtain a morphism
8 V(@) > (BndeV)®* (w).

As in the U(s)-case, we set 90 to be the counit.
For each a € Z, set
End, (V%) = € (Endalf/ ® - ® Endakf}) C Endc(V®H).
ai1+...+ar=a
We let Endg(V®F) denote the subspace of | End, (V®*) consisting of summations 3

for all m > 0. This is an algebra with multiplication extending that of €
F,(V¥") = [[ Enda(V®*) VieZ

a<t

mez Am with A, =0

wcz End, (V). Setting

equips ﬂi@(V@“) with the structure of a Z-filtered algebra. Recall that {F,},>o denotes the Zx(-filtration
on Y (g) defined above Proposition 2.9, which is extended to a Z-filtration by setting F_, = 0 for £ > 0.

Lemma 6.8. The image of oF embeds into mC(V®k)((u)) Moreover,
oE(Fy) CcFi(VER)(u) VLeZ

Proof. By (2.32), AK=Y(F,) C Fo(Y (g)®%)(u)), where F(Y (g)®*) = Yarttar—tFay @@ F,, . Since §
is also filtered (see Corollary 5.11), we have ok (F) C F,(V®F)((w), with

F (V%) = Y F,(V) @ @F, (V).
ar+...+ap=~
As F,,(V) = [lo<m End,(V), ®r_, Fa, (V) naturally embeds into the space Fy(V&F) = [.< End, (V®),
provided Zle ap = £. This proves the assertion. O

Consider the algebra
End, (V%) = | (Fe(V®*) () ) € Ende(V®*)(w).
LeZ
It is Z-filtered with F¢(End, (V®*)) = F,(VE*)(u)) and
grEnd, (Vo) = @ End,(V¥*)((u) C Ende (V) ((u).
LeZ
Lemma 6.8 implies that ¢* can be viewed as a Z-filtered morphism
oF 1 Y (g) = End, (V).
After forming the direct product of algebras [], - End,, (V®™), we obtain an algebra morphism
(6.3) v, :Y(g) — H End, (VE™"), mmoWl, = o ¥Ym >0,
m>0
where 7, 1 [],,50 End, (V®™) — End,(V®™) is the m-th projection morphism. We are now prepared to
state and prove the main result of this section:
Theorem 6.9. The morphism V., defined in (6.3) is an embedding of algebras, and the epimorphism
¢:U(s) = Uluce(g'[t]) - gr Y (), Xji, Hir = Ty hir

of Proposition 2.9 is an isomorphism of algebras.



26 N. GUAY, R. REGELSKIS, AND C. WENDLANDT

Proof. As, for each k > 0, ¢F is a filtered morphism Y (g) — End, (f)®k), we may form the associated graded
morphisms )
grdy : grY (g) = Ende(VE")(w)).

By (2.33), the image of gr §* in fact lies in Endc(V®F)[u*!]. We therefore obtain an algebra morphism
W, :grY(g) — H Endc(VE™)[u™], oW, =grg™ Vm >0,

m>0

where now 7, is the m-th projection morphism for [, -, Endc(VO™)[u®].
By definition, gg = grd o ¢ (see (6.1)), and hence the commutativity of the diagram (2.34) implies that

(6.4) T,0¢=>,,

where @, : U(s) = [],,>0 Endc(V®*)[u*!] is the embedding of Corollary 6.7. This implies that ¢ is also
injective, and hence an isomorphism of algebras.

The relation (6.4) also implies that ¥, is an embedding, from which it follows that W, is injective using
a standard argument. Indeed, given a nonzero element X € Y(g), we may take ¢ > 0 minimal such that
X € Fy. Let X € grY(g) denote the image of X in Fy/F,_1, which is nonzero by assumption. If ¥, (X) = 0,
then gr ¢™(X) = 0 for all m > 0 and hence ¥, (X) = 0, which is impossible. O

Recall that if A is a Zx>o-filtered algebra with ascending filtration {Fj(A)}r>0, then the Rees algebra
associated to A is
Ry(A) = @ r*Fi(A) C Alh).
k>0
The Rees algebra R;(A) always satisfies Rz (A)/(h — 1)Rr(A) = A and Ri(A)/hRr(A) = gr A. The next
theorem employs the Rees algebra construction to characterize Y (g) in terms of Y (g).

+ +
i hir — thir,

Un: Yi(g) = Ru(Y(9)) C Y(g)[R].
Consequently, Yr(g) is a flat deformation of the algebra U(s) =2 U (uce(g'[t])).

Proof. That the assignment TE Ry thﬁ, h"h;, extends to a homomorphism ¥y, of C[A]-modules is verified

directly (cf. (2.14)). Since {h"z, i hi bier.r>0 generate Ry(Y (g)) as a C[hi]-algebra, Uy is surjective.

The composition 7 of the isomorphism Ry (Y (g))/hRx(Y (g)) — grY (g) with the quotient homomorphism

Ri(Y(g)) — Rin(Y(g9))/hRir(Y (g)) satisfies

REak BFh s 75, hae Vi€ T and k> 0.
Moreover, m o ¥y sends the ideal AYj(g) to zero and thus factors through the quotient Yi(g)/hYx(g) to
give Uy : Yo(g) — grY(g). After using Proposition 2.7 and Theorem 6.9 to identify both the domain and
codomain of ¥y with U(s), Uy becomes the identity map.

Now suppose that there is a nonzero X € Ker¥y. Let m be the maximal non-negative integer such that
X = ™Y for some Y € Y (g) (that m is finite follows from the fact that Y, (g) is graded with degh = 1).
Since Uy, is a C[A]-algebra morphism and Ry (Y (g)) is torsion free, Y € Ker®j,. By maximality of m, the
image Y of Y in Yy(g) is nonzero. Since W¥q : Yo(g) — grY(g) is an isomorphism, Wo(Y) # 0. This is a

Theorem 6.10. The assignment x h"hiy extends to an isomorphism of C[h]-algebras

contradiction as ¥o(Y) = ¥,(Y) = 0. Therefore ¥y, is injective, and thus an isomorphism. O
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