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ABSTRACT: Resonance effects in parallel fractured rock masses are investigated using 
equivalent material models. The mechanisms of spring resonance and superposition resonance 
are considered. Both of these resonance mechanisms give rise to resonant frequencies, which 
represent bands of high transmission. Three different representations of a fractured rock mass 
are adopted: discrete fractures using special elements in the finite difference mesh; 
a homogenous equivalent medium representing the weakening to the material caused by the 
fractures; and a localised equivalent medium applied in the vicinity of fractures. The models 
are excited by a wide-band source, the response measured and a transfer function generated 
from the results. Results are compared to the prediction of spring and superposition resonant 
frequencies calculated using analytical equations. It is found that the discrete and localised 
equivalent materials give similar results, which match the predictions from the analytical equa-
tions for both resonance mechanisms, while the equivalent homogenous medium does not 
show any resonance effects. Showing that this effect occurs in the appropriate equivalent 
material model helps future prediction of ground borne vibrations from underground sources, 
such as railway tunnels, as it gives a greater scope of models which can accurately model the 
propagation of stress waves through fractured rock masses.

1 INTRODUCTION

Fractured rock masses are common in nature and have been the subject of numerous studies 
in the past. Vibrations propagating through fractured rock masses are a subject area with 
a rich history. The motivation of this work is to study vibrations propagating through frac-
tured rock masses generated from trains running through tunnels (Figure 1). Trains in tunnels 
generate ground borne vibrations at a range of frequencies, typically up to 250Hz (Ouakka 
et al., 2022). Understanding the propagation of vibrations from train tunnels to receptors is 
a well researched subject (Avci et al., 2020; Forrest and Hunt, 2006; M. F. M. Hussein et al., 
2014; Ruiz et al., 2019; Sheng, 2019). However, studies of the transmission of stress waves 
through fractured rock masses and studies from stress waves generated by rail vibrations tend 
not to overlap, with few exceptions (Eitzenberger, 2012). Therefore, a gap does exist in the 
available literature for studying rail vibrations, generated within tunnels, propagating through 
fractured rock masses.
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Stress waves propagating through a fractured material are affected by differences in the seismic 
velocity of blocks and the presence of discontinuities. Propagation of stress waves can be refracted 
and reflected at interfaces between blocks. When two blocks are in contact and their seismic vel-
ocity is the same, refraction and reflection occurs if the two blocks are not perfectly bonded, 
giving a finite fracture stiffness. If the blocks are perfectly bonded the interface is effectively not 
there and no refraction or reflection occurs. In reality, fractures will not be perfectly bonded and 
will have a finite fracture stiffness due to roughness of the fracture walls, infilling of the fracture 
or a weathered annulus in the blocks on either side of the fracture (Bandis et al., 1983). This will 
be the case in a homogenous fractured rock mass, where the rock mass is composed of blocks of 
the same properties separated by fractures. Stress wave propagation through fractures has been 
widely studied in literature with analytical solutions being derived for a variety of situations (Cai 
and Zhao, 2000; Pyrak-Nolte et al., 1990), as well as more complex cases being investigated 
numerically (Deng et al., 2012; Fan et al., 2018; Hildyard, 2007; Holmes et al., 2022; Parastatidis, 
2019; Xu et al., 2022). For single fractures, the degree of reflection is related to the fracture stiff-
ness and the frequency of the incident wave. The degree of reflection increases as the stiffness of 
the fracture reduces; with a very low stiffness fracture reflecting all energy and a very high stiffness 
fracture transmitting all energy. Incident waves of a high frequency will also show a greater 
degree of reflection than low frequency waves. Cai and Zhao (2000) found that when there are 
multiple parallel fractures a relatively high transmission zone can develop at low frequencies. This 
only occurs at very specific ratios of fracture spacing to wavelength, but indicates that there are 
many factors to consider between fractured rock masses and wave transmission.

Holmes et al. (2022) investigated resonance effects within parallel fractured rock masses, 
finding that there are two mechanisms which allow high transmission. These are superposition 
resonance and spring resonance. Superposition resonance is generated through the construct-
ive interference of reflected waves, causing standing waves to develop within blocks. Spring 
resonance occurs when fracture bounded blocks oscillate like masses between springs. Equa-
tions to predict the frequencies of these resonance effects were presented, which are included 
in equations 1 and 2, for spring resonance, and equation 3, for superposition resonance. The 
superposition resonance effect has been identified previously by Li et al. (2019) and Nakagawa 
(1998). Due to the high velocity of intact rock material, superposition resonance typically 
occurs at high frequencies, often outside the range of train vibrations. The spring resonance 
effect has not previously been identified in fractured rock masses, despite its foundation in 
classical mechanics. However, it has been described in 1D monatomic phononic crystals 

Figure 1.  Train vibrations from embankments and tunnels in jointed rock masses.
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(Hussein et al., 2014). These tend to occur at lower frequencies, which can potentially affect 
the frequency of vibrations from railways. Knowing the resonant frequencies of a fractured 
rock mass, and as a consequence the frequencies which will be preferentially transmitted, it is 
possible to more accurately predict the frequency of vibrations incident upon a receiver and as 
such design mitigation measures to reduce these vibrations. 

Where, Km is the stiffness matrix, M the mass matrix, X a vector which satisfies equation 1, 
α and αn the eigenvalues and n’th eigenvalue of equation 1, Cp the p-wave velocity, n the res-
onant peak number and s the fracture spacing.

Holmes et al. (2022) generated models containing discrete fractures. However, the effect of 
different material models on these resonance mechanisms were not tested. Parastatidis (2019) 
analysed the effect of different fracture models on the propagation of stress waves. Discrete 
fractures, as used by Holmes et al. (2022), as well as equivalent transversely isotropic materials 
and localised equivalent materials were investigated. This study will model a fractured propa-
gation pathway using the equivalent material models of Parastatidis (2019) in order to deter-
mine whether these resonance effects still persist.

2 METHODLOGY

A numerical model is used to evaluate the effect of different equivalent material models on 
resonance effects. The numerical model is solved using the finite difference method (FDM) in 
the software WAVE2D (Hildyard et al., 1995). The model used is a two-dimensional (2D) 
model with plane wave boundaries, which approximates a one-dimensional (1D) model. The 
model has boundaries of 384 m and 166.4 m, with a square finite difference mesh with 
0.08 m edge lengths, chosen in order to allow transmission of high frequency waves given the 

Figure 2.  FDM Model showing finite difference mesh. Mesh fills entire model. Not to scale.
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velocity of the materials (Table 1). A unit velocity source is applied to the left-hand boundary 
of the model, which propagates from left to right, with the response recorded close to the right 
hand boundary. The model is shown in Figure 2 with the source and its frequency content 
shown in Figures 3a and b, respectively. The wave shown in Figure 3 is used as it generates 
a wide frequency band.

Table 1 shows the material properties used throughout this study, which are those of 
a sandstone with a high strength. The selection of this material is arbitrary, although it was 
previously modelled by Holmes et al. (2022). No damping is applied in any of the models, in 
order to isolate the effect of the fractures on the transmission of stress waves.

Fractures are shown in the model in Figure 2, although not all models in this study explicitly 
model fractures. Fractured materials can be modelled in a number of different ways, which tend 
to be split into the discrete representation of fractures and equivalent material methods. Parastati-
dis (2019) used three different methods, which can be split into these general areas, as shown by 
Figure 4. Using the FDM, fractures were represented as special elements in a discrete model, as 
described by Hildyard et al. (1995). Parastatidis (2019) also used two different equivalent material 
models. The first of the equivalent material models uses a localised equivalent material to repre-
sent the fractures. This model applies transversely isotropic properties to the finite difference grid 
points that the fracture occupies in the discrete model. The second equivalent material model uses 
a homogenous equivalent transversely isotropic material applied to the entire model. The effect of 
the fractures are averaged over the entire model, to give an equivalent material throughout. The 
effect of fracture orientation is ignored as the model used in this study is 1D.

Figure 3.  Source used in models. (a) velocity-time series, (b) frequency content.

Table 1. Model properties used for fractures and intact 
blocks.

Fracture Stiffness (kn) 1 GPa/m
Fracture Spacing (s) 2 m
Intact Material P-Wave Velocity (Cp) 3328 m/s
Intact Material S-Wave Velocity (Cs) 1922 m/s
Intact Material Density (ρ) 2600 kg/m3
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The appropriate material properties for the different equivalent methods shown in Figure 4 
are calculated using crack density (ϵ), which is incorporated into the stiffness matrix for the 
material (Parastatidis, 2019). Crack density is calculated as the volume of the equivalent 
material divided by the surface area of each fracture. The calculation of crack density is 
shown in equation 4, where A and B are the dimensions of the fracture surface, C is the length 
of the equivalent material and N is the number of fractures. For the homogenous equivalent 
medium, C is the length of the model, with N being the number of fractures in the entire 
model; while in the localised medium, C is the length of a single mesh element with N equal 
to one.

The fractures and the plane of isotropy of the equivalent materials are orientated perpen-
dicular to the direction of propagation of the wave which the model is excited by, as shown by 
Figure 2. Therefore, the waves will always propagate through the elements which represent 
the fractures. This allows these materials to modify the wave as it is transmitted. Velocity-time 
series are recorded in the same place in each model, which are located before and after the 
fractures. The time series are analysed using a transfer function, displayed in terms of trans-
mission coefficients (TC). TC is calculated using equation 5. This is achieved by taking the 
Fourier transform of the input wave, before the fractures, and output wave, after the fractures 
and comparing the amplitude of the frequency components of these. If the amplitude reduces, 
then the transmission coefficient will be less than 1 and if it increases then it will be greater 
than one. A reduction in amplitude shows that not all the energy from the incident wave is 
transmitted through the fractures.

3 RESULTS

The model presented in Figure 2, with two fractures, modelled with the different equivalent 
materials presented in Figure 4, has been solved using the FDM and the results analysed using 
a transfer function. The results from this are shown in Figure 5. It is clear that there is 
a similar profile to the transfer functions given by the discrete and localised mediums, with 
similar frequencies of localised maxima. In the discrete medium these occur at 96 Hz and 843 
Hz, while in the localised medium these occur at 92 Hz and 848 Hz. These occur at very simi-
lar frequencies to the analytical prediction of the spring resonance, occurring at 96Hz, and the 
superposition resonance, occurring at 832 Hz, from equations 1 to 3. This shows that the 
spring and superposition resonance mechanisms occurring in the discrete fractured model also 
occur in the localised medium, which has not previously been identified. Furthermore, the 

Figure 4.  Material models used in analysis.
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similarity in the frequency of the resonances show that the methodology of defining the 
equivalent medium properties using crack density in equation 4, gives an interface with a near 
identical stiffness to the discrete fractured model.

No resonance effects are visible in the homogenous equivalent medium, with the transfer 
function having a transmission coefficient equal to one at all frequencies. This is the expected 
result when an elastic wave is transmitted through a continuum without damping applied, 
such as that in the model outlined in Figure 2. This will still occur despite the transversely 
isotropic material properties being applied.

Figure 6 shows an extension of the model presented in Figure 2, with ten fractures at 
a spacing of 2 m, all with identical stiffnesses. The discrete and localised equivalent mediums 
show similar transfer functions, with localised maxima, representing the resonant frequencies, 

Figure 5.  Transfer functions of different representations of a model with two fractures.

Figure 6.  Transfer functions of different representations of a model with ten fractures.
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occurring at similar frequencies to one another. The analytical resonances are included in this 
figure, which are shown to be at similar frequencies as the numerical data. The homogenous 
equivalent medium still shows a transmission coefficient of one at all frequencies. This is des-
pite the increased number of fractures in the model and as such different material properties, 
as shown by equation 4, giving a different crack density. Therefore, Figure 6 shows that the 
resonance mechanisms are as relevant in a more complex model with ten fractures, as they did 
in the simplistic model with two fractures.

The velocity-time series recorded after the fractures for the two and ten fractured models 
are shown in Figure 7. Only results for the discrete and localised material models are shown, 
as the homogenous equivalent material model does not alter the wave as it passes through. 
The time series from the homogenous equivalent material model will be identical to the input 
wave, shown in Figure 3a. In Figure 7 it is possible to identify the two resonant frequencies 
which can be seen in Figure 5. Both the discrete and localised equivalent mediums show 
a clear long period oscillation, which appears to dampen as the time series progresses. This is 
caused by the spring resonance mechanism. This dampening is not a real effect in the model 
and is in fact caused by the passage of the finite-time wave pulse which is input to the model 
(Figure 3a). This dampening effect is not so evident in Figure 7b, as the larger number of frac-
tures will cause the wave to move slower through the model, and so spread the wave front out 
and cause the reduction in amplitude to occur at a later time. In Figure 7a, as the amplitude 
of the long period oscillation reduces, a shorter period oscillation can be identified in the data. 
This short period oscillation is caused by the superposition resonance mechanism. This, again, 
is not so evident in Figure 7b. This is because there are a lot more resonance effects occurring 
throughout the time series. The nine spring resonance peaks, are themselves very hard to iden-
tify in the data, with superposition of these effects occurring to mask each individual resonant 
frequency. In Figure 7a, the low period oscillation in the localised equivalent material model 
appears more pronounced than that in the discrete fractured model, which is evidenced by the 
greater amplitude of the higher frequency resonant peak in the localised equivalent material in 
Figure 7. There appears to be a slight difference in period between the discrete and localised 
material models for both the two and ten fractured models. The localised material model 
seems to have a longer period in both examples shown in Figure 7. This is evidenced in 
Figure 5, with the localised material having a spring resonance of 92Hz and the discrete 

Figure 7.  Time series of discrete and localised equivalent models for (a) two fractures and (b) ten 
fractures.
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fractured model with a spring resonance of 96Hz. Such effects are likely to occur due to 
rounding errors associated with the crack density calculation in equation 4.

4 DISCUSSION

Numerical models have been solved in the FDM to identify whether fractured rock mass res-
onance mechanisms can be identified in equivalent material models. Figures 5 and 6 show that 
the spring and superposition resonance effects are undoubtedly operating within the discrete 
fractured and the localised equivalent material models. This is shown by the agreement 
between the transfer functions of these models and the analytical prediction of the resonance. 
There are minor differences identified, such as in the slight difference in the spring resonant 
frequency in Figure 5, although this is likely to be due to rounding errors associated with the 
calculation of the crack density parameter using equation 4. On the other hand, the same 
cannot be said for the equivalent medium, which does not alter the wave form as it is transmit-
ted, shown by the transfer function with a transmission coefficient equal to one at all frequen-
cies in Figures 5 and 6. In a non-1D model this would not be the case, as the wave would 
spread out at different speeds in different directions; therefore, causing the waveform to alter. 
Despite this, the lack of agreement in this simple 1D scenario, suggests that using an equiva-
lent material for a higher dimensional scenario would not accurately simulate the problem 
either.

There is a model size related effect in the homogenous equivalent material model in its cur-
rent form, as used by Parastatidis (2019). Parastatidis (2019) used a small model, entirely 
populated by fractures, while the model used here is large with fractures only modelled in 
a small area. This was a necessary step in the models used in this study as they act to remove 
the effect of reflections form the model boundary. As the crack density calculation, shown by 
equation 5, uses the volume of the full model, a smaller model with the same number of 
cracks would have a different crack density. This could give very different material properties 
purely from a change in the boundary positions. Clearly the homogenous equivalent medium 
is not appropriate in its current form, requiring modification. However, even if the equivalent 
medium were applied over a more finite range, such as that which the fractures occupy, then 
resonance mechanisms are unlikely to develop. This is because the block would not act like 
a series of masses between springs, especially when the number of fractures is greater than 
two. Equally, the material velocity in this block would be lower than the material velocity 
within a block in the discrete model. This will cause the superposition resonance to occur at 
a different frequency, given by equation 3. Therefore, the use of a more localized homogenous 
medium will cause the superposition resonance to be altered. This will occur regardless of 
whether there are two fractures or multiple fractures.

The implications of this work is that, even when the wavelength of the transmitted wave is 
much longer than the fracture spacing, homogenous equivalent materials will not accurately 
represent the seismic response of a fractured medium. Therefore, for application to train 
vibrations in fractured rock masses, it is necessary to use a model that simulates fractures 
either discretely or by using a localized equivalent medium, in order to give accurate predic-
tions of vibrations. A more accurate prediction will give a better indication of the likely mag-
nitude of vibrations at a receiver allowing appropriate mitigation measures to be 
implemented.

5 CONCLUSION

Vibrations from railway lines are common in the modern built environment and can have con-
sequences for the use of buildings and the health of residents. Mitigation of such vibrations 
reduces their impact. Accurate prediction of the vibrations incident upon a receiver allows 
appropriate mitigation measures to be designed. This study has analysed the fractured rock 
mass resonance effects of spring and superposition resonance using equivalent material 
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models. This was achieved using a numerical model solved using the finite difference method. 
Fractures have been modelled discretely, using special elements within the finite difference 
mesh, as well as by using localized equivalent materials and homogenous equivalent materials. 
Transfer functions have been derived which show how the amplitude of different frequencies 
of waves transmitted through the model change. The homogenous equivalent material is 
shown to have a transmission coefficient equal to one at all frequencies; therefore, removing 
all resonance effects from the fractured rock mass. However, the discrete and localised equiva-
lent materials show resonances within the transfer functions that closely match the predicted 
frequencies from the analytical equations for the spring and superposition resonance effects. 
There are minor differences between the frequencies of the resonances in these cases, although 
these are identified as being caused by rounding errors in the crack density calculation, which 
is used to generate the material properties for the equivalent materials. Therefore, a localised 
equivalent material model has been shown to match closely with the response of a discrete 
fracture model, which gives scope to use more diverse models to predict such vibrations.
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