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The formation of Earth’s solid inner core is thought to mark a profound change in the evolution of the
deep Earth and the power that is available to generate the geomagnetic field. Previous studies generally
find that the inner core nucleated around 0.5-1 billion years ago, but neglect the fact that homogeneous
liquids must be cooled far below their melting point in order for solids to form spontaneously. The
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classical theory of nucleation predicts that the core must be undercooled by several hundred K, which is
incompatible with estimates of the core’s present-day temperature. This “inner core nucleation paradox”
therefore asserts that the present inner core should not have formed, leaving a significant gap in our
understanding of deep Earth evolution. In this paper we explore the nucleation process in as yet untested
iron-rich systems which may comprise the Earth’s early core. We find that 1 mol.% Si and S increase the
supercooling required to freeze the inner core compared to pure iron by 400 K and 1000 K respectively.
10 mol.% O reduces the required inner core nucleation supercooling to 730 K and 3 mol.% C to only

612 K, which is close to resolving the paradox but still requires that the inner core formed recently.
Crown Copyright © 2023 Published by Elsevier B.V. This is an open access article under the CC BY

license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The Earth’s magnetic field is produced by the geodynamo in
the liquid outer core. The majority of the convective power which
drives the present dynamo is from inner core growth (Labrosse,
2015; Nimmo, 2015a; Davies, 2015), where light elements parti-
tioned to the liquid create a positive buoyancy anomaly at the in-
nermost outer core. This field shields the Earth’s surface from po-
tentially harmful space weather events and solar radiation. Palaeo-
magnetic records suggest that the geodynamo could have been
extant for at least the last 3.4 Gyrs (Tarduno et al., 2010). Prior
to inner core growth, the geodynamo must have been powered by
other means such as secular cooling, radiogenic heating or pre-
cipitation of light elements (O’'Rourke and Stevenson, 2016; Hirose
et al., 2017; Badro et al., 2018; Wilson et al.,, 2022). Because it
presents such a fundamental change in regimes, the nucleation of
the inner core is perhaps the most important event in the thermal
history of the core and might present an observable signature in
the palaeomagnetic record (Biggin et al., 2015; Bono et al., 2019;
Zhou et al., 2022; Davies et al., 2022). Despite this the age of
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the inner core is unknown and controversy over the thermal con-
ductivity of the core has led to a wide range of inner core age
estimates (e.g. Nimmo, 2015b; Labrosse, 2015; Driscoll and Davies,
2023) from 1 Ga to 500 Ma.

Adding to the controversial timing of inner core formation,
a more recent problem has come to light. Theory and atomic scale
simulations predict that there is a substantial barrier to the for-
mation of new solid in liquid iron under core conditions (Huguet
et al., 2018; Davies et al.,, 2019; Wilson et al.,, 2021) that means
substantial supercooling is expected to be needed before inner core
formation. Such large supercooling has consistently be found to be
required for nucleation in metallic systems both in extremely large
simulations and experiment (e.g. Shibuta et al., 2017; Kelton et al.,
2006).

Classical nucleation theory (CNT, e.g. Christian, 2002) describes
the thermodynamics of nucleation and states that for a liquid to
freeze it must be supercooled. This is because whilst the liquid
will be thermodynamically unfavourable compared to the solid for
a system below its melting temperature, the interface between
the first solid and the remaining liquid comes with an energetic
penalty. Only when a critical nucleus size is exceeded will the
energetic preference for the solid phase outweigh the energetic
penalty due to the interface. Nuclei which grow larger than this
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will become increasingly likely to continue to grow, leading to the
system freezing. Huguet et al. (2018) used CNT to describe the su-
percooling needed to freeze liquid iron in the core. Applying exist-
ing calculations of interfacial energy and enthalpy of fusion of iron
(Zhang et al., 2015) to define the balance of energies, the authors
found that a supercooling on the order of 1000 K was needed for
spontaneous nucleation. Huguet et al. (2018) estimated the maxi-
mum permissible supercooling to be 220 K by finding the largest
feasible present-day separation of isentrope and melting curve at
the centre of the Earth whilst preserving an intersection at the in-
ner core boundary (ICB). Even satisfying this supercooling would
imply that the inner core froze rapidly and recently, raising addi-
tional problems for the thermal evolution of the deep Earth. It is
this mismatch between the predicted and allowed supercooling of
the core which is the inner core nucleation paradox.

CNT is the most commonly applied framework for defining nu-
cleation, but does not match observations completely. CNT predicts
that the most stable solid phase should form from the supercooled
liquid, but theoretical and experimental studies of metallic systems
at ambient pressure have shown that local ordering in the lig-
uid produces quasi-crystals first (Schenk et al., 2002; Kelton et al.,
2003, 2006; Shibuta et al., 2017). These observations are predicted
by the Frank hypothesis (Frank, 1952) which suggests that these
structures nucleate more easily than the pure crystal predicted by
CNT and act as a catalyst to nucleation in general. Wilson et al.
(2021) and Sun et al. (2022) examine the nucleation of pure Fe in
the core and both conclude that an intermediary phase precedes
the formation of the thermodynamically stable hexagonally close
packed (hcp) phase. This shows that the Frank hypothesis applies
to high pressure and temperature systems as well. In our previous
study (Wilson et al., 2021) we test the application of CNT at large
supercooling at to supercooling relevant to inner core nucleation.
We found that whilst some of the assumptions of CNT are not valid
and can be discarded, pseudo-classical nucleation theory (so called
for the inclusion of the Frank hypothesis) is sufficient for describ-
ing nucleation under core conditions. Because of this, we continue
with this approach here.

Following the discovery of the inner core nucleation paradox,
several different approaches using atomic scale simulation have
been used to examine the problem in hopes of a resolution. Davies
et al. (2019) directly observed homogeneous nucleation in molec-
ular dynamic simulations of Fe and FeO systems at extreme super-
cooling and extrapolated results to Earth-like conditions, confirm-
ing the existence of the paradox. Others have probed the relevant
conditions with molecular dynamic simulations of pure Fe to char-
acterise the size distribution of sub-critical (those which re-melt)
nucleation events (Wilson et al., 2021). Both approaches, find that
these simple systems reproduce the original prediction of Huguet
et al. (2018) with a 675-807 K supercooling requirement for spon-
taneous homogeneous nucleation of the inner core. A metady-
namic approach has suggested that metastable iron phases may
lower the nucleation barrier in a two-step nucleation process. Sun
et al. (2022) show that a nucleus of body-centred cubic iron with
low interfacial energy could produce a smaller free energy barrier
than hexagonally close packed, although this metastable phase has
not been reported in molecular dynamic studies of the same sys-
tems (Davies et al., 2019; Wilson et al., 2021).

All prior studies have focused almost exclusively on pure iron
systems with the exception of Davies et al. (2019) who found
Fegg90p1 had little effect on the required supercooling due to al-
most equal but opposite effects of reducing the nucleation barrier
and melting point. The composition of the core is to be expected
far more complex, with an overall density deficit of ~ 10% at-
tributed to dissolved light elements (Anderson, 2002) and the den-
sity contrast between outer and inner core requiring compositional
variation within the core (Davies et al., 2015). Silicon, sulphur, car-
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bon and oxygen are all candidate light elements in the core (Hirose
et al., 2021) due to their solubility in liquid iron at high temper-
ature and their abundance in the mantle, although their effects
on nucleation are unlikely to be similar. For example, because sil-
icon and sulphur do not strongly partition to the solid (Alfé et al.,
2002b, 2000), they are expected to depress the melting curve of
Fe less than carbon and oxygen, which do (Li et al., 2019; Alfé
et al., 2007). The exact proportion of light elements in the core
is disputed, but geophysical and geochemical constraints suggest
likely abundances of Si, S, C and O to be in the range of 0-10, 0-3,
0-5 and 0-13, respectively (Badro et al., 2015; Davies et al., 2015;
Dreibus and Palme, 1996; Bajgain et al., 2021).

This study will examine whether iron-rich binary alloys with
compositions thought to be relevant to Earth’s core are capable
of spontaneous homogeneous nucleation at supercooling, which
would resolve the inner core nucleation paradox. We only consider
homogeneous nucleation because there are no obvious solid sur-
faces on which iron can first nucleate at the centre of the core.
We will first describe the methods used to simulate supercooled
liquids and characterise nucleation within them following our pre-
vious work (Wilson et al., 2021). We will then present predictions
of critical nucleus sizes for FeyO1_x, FexCq_x, FexSii;_x and FexSi_x at
x=1 and 3 mol.%. Finally, we will compare the rate at which the
critical events are achieved to a revised estimate of the geophysi-
cally viable supercooling in the core.

2. Methods

This study aims to define the supercooling required to freeze
iron-rich systems under the conditions of Earth’s core. CNT is ap-
plied to describe the thermodynamic process of supercooled lig-
uids freezing. In order to characterise nucleation, we require mod-
els which accurately describe molecular dynamic behaviour whilst
having the computationally efficiency to perform simulations of
many thousands of atoms running for long periods of time and
thus generate useful statistics. Embedded atom models (EAMs) are
used for these simulations and first principles calculations define
the parameters of these models. To frame these calculations at
relevant pressure and temperatures, equations of state and melt-
ing curves must also be calculated for these models. We use the
methodology of Wilson et al. (2021) expanded to binary systems
to identify nuclei, calculate nucleation rates and predict waiting
times for systems to freeze.

2.1. Classical nucleation theory

The rate per unit volume at which nuclei spontaneously form
(I) in a supercooled liquid is

—AG(r)
I(BT )’ (1)

where r is the radius of the nucleus, Iy is a prefactor scaling the
kinetics of the system, AG is the free energy associated with form-
ing the nucleus, kg is the Boltzmann constant and T is tempera-
ture. As discussed earlier, AG is comprised of a favourable term
associated with converting liquid to solid and an unfavourable
term associated with forming an interface between the states. For
a sphere

I(r)=10exp<

4
AG(r) = gnr3g5’+4nr2y, (2)

where y is the interfacial energy and g% is the difference between
the free energy of the solid and the liquid (g% = g° — g!). g¥ can
be approximated through the enthalpy of fusion, hy and an ac-
commodation for second order non-linearity in the temperature
dependence, h,
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ST
gsl=th(1 — hesT). (3)

g% varies with temperature and supercooling (T = T — T,,) whilst
y is constant to a first approximation. This means that under CNT,
the scaling of g with T is what drives the exponential relation
of nucleation rate with temperature in Eq. (1). Liquids must be su-
percooled to freeze because no part of AG is favourable otherwise.
Furthermore, Eq. (1) shows that at the melting temperature, the
nucleation rate of all nuclei is infinitesimally small.

The nucleation barrier (Eq. (2)) is dominated by y at small r
because of high surface area to volume ratio. All nuclei must grow
from a single atom through all smaller nuclei sizes before a system
can be completely frozen. The value of AG increases with r to a
peak at which point the probability of continued growth is equal
to that of remelting. This is the critical size, r¢, beyond which, the
continued growth of a nucleus becomes exponentially more likely
and so will usually result in the system freezing. r. is found by
evaluating the peak of the barrier, where the gradient of AG with
respect to radius is zero

SAG
Sr )
gives
-2
e = gsly . (5)

Combining Eq. (1)-(3) with Eq. (5) then gives the rate at which the
critical event occurs, the inverse of which is the average waiting
time between critical events

AG
Tw = To exp < (rC)> , (6)
kBT
where
z
- 7
o=y (7
and
43 s\ ~1/2
o (2TreE (8)
kgT '

Here, S, N and z are the rate of nuclei growth, number of avail-
able nucleation sites and Zeldovich factor, respectively. With this
formulation, once we know the thermodynamic properties of the
system we can evaluate the value of §T compatible with the avail-
able incubation time for the inner core. We use classical molecular
dynamic (CMD) simulations to observe sub-critical (r < r¢) nuclei
and record I, the distributions of which inform the thermodynamic
quantities in Eq. (2) (see section 2.4 for details).

2.2. Molecular dynamics

Simulations must contain tens of thousands of atoms and be
observed for several nanoseconds in order to provide useful statis-
tics (many orders of magnitude larger and longer than possible
with first principles calculations) because larger nuclei are sig-
nificantly more rare than smaller ones (Eq. (1)). Embedded atom
models define these large scale CMD simulations and are fit to first
principles molecular dynamics simulations for high accuracy. First
principles calculations provide trajectories, energies, and pressures,
which are fit using embedded atom models. We follow the work
of Davies et al. (2019) and Wilson et al. (2021) using existing EAM
parameters for pure iron (Alfé et al., 2002a) and fitting for the ad-
ditional components (Egs. (9)-(15)).
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EAMs define the total energy of a system (E) through the sum
of energies contributed by each atom (i) from the pairwise inter-
action with other atoms (j)

NFe NX NFeX

E=Y Ef*+> EX+ Y Ef* (9)
i=1 i=1

i=1

For the binary systems considered here this consists of iron-iron,
iron-solute and solute-solute interactions. Each of these energies
includes a repulsive term (Q ), which depends on the separation of
the pair (rj;), and an embedded term (F) which depends on the
electron density between the pair (p;j)

NFE Fe
n
EiFe — QiFe + FFe(piFe) — Z efe <aFe/rU) —FeckFe /piFe,
j=1,#i
(10)
NX nX
Ef=qf+FX(p}H= > & (ax/rij) —eXcX o, (1)
J=1,j#i
FeX FeX 1 - Fex [ FeX neX
Eie :Qie :iz'z‘ee (ae/rij) , (12)
i=1 j=1,i#j

where €, a, n and C are free parameters specific to each interac-
tion. The electron densities are also defined in terms of a radial
separation

F
NFe F

m e
phe="3 (a"/my)  +pf, (13)
j=1,j#i
N¥ .
m
o= (@/m)" +pf, (14)
j=1,j#i
N¥ mFex
pheX =3 () (15)
j=1,j#i
and include an additional parameter mf¢, mX and mféX for each

class of interaction. Details of first principles calculations, fitting of
EAMs and subsequent validation can be found in the supplemen-
tary information.

Davies et al. (2019) present a model for the FeO system which
we adopt here, negating the need for fitting this system. EAMs
were further validated through the mean square root of the fluc-
tuations in energy differences between configurations evaluated
through EAM potentials and independent DFT simulations (not
used for the fitting procedure). For Fepg7Sigo3, Feog7S003 and
Fep97Co03 at 6000 K these are 0.245, 0.325 and 0.360 eV per cell
respectively, which is less than kgT (0.517 eV).

CMD simulations were conducted using the LAMMPS package
(Plimpton, 1995) within the canonical ensemble. Systems contain
21296 atoms with periodic boundary conditions and trajectories
calculated via the Verlet algorithm. Uniquely random initial config-
urations of iron atoms interspersed with each impurity are evolved
for 2 ps at 10000 K to remove any pre-existing structure in the
liquid. The system is then cooled to the desired temperature over
1 ps and then evolved for 1 ns, recording atom positions every 100
steps. Volumes are adjusted for each temperature and composition
according to Birch-Murnaghan 3™ order equations of state (Birch,
1947) also calculated using the EAMs.
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Table 1
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Thermodynamic parameters fit to r.(T) for each composition tested where all evaluations for this study
were carried out at 360 GPa. tp varies with temperature but is given here as the value at the tempera-
ture which coincides with the supercooling required for inner core nucleation. "Melting temperature is
adjusted from the value at 323 GPa to agree with the pure Fe result of (Alfé et al., 2002a). *Wilson et al.

(2021), PDavies et al. (2019).

T hy he y 70 ICN 8T
K (Jm3 x108) gm?) (sm3) K
Feg.99Si0.01 6439 9.8 3.1x1073 12 2.69 x 1022 1230(346)
Feg.97Si0.03 6362 3.7 9.6x 1073 14 6.43 x 1020 2040(233)
Fe.9950.01 6441 478 1x10°6 11 1.64 x 10%! 1837(1125)
Fe0.9750.03 6347 319 1x10™% 1.1 4.29 x 1020 2131(786)
Fe.99Co.01 6444 57.0 1x1073 1.005 2.93 x 105 711(55)
Feo.97Co.03 6348 130.0 1x10°6 1.005 4.63 x 1023 612(139)
Fe? 6522 7.119x 10" 6.069 x 107> 1.02 5.742 x 10% 807
Feoo00o10® 5987 9.8 x 10° 7.05 x 1073 1.02 1.26 x 10% 730
pling I. Solid-like arrangements of atoms are identified within the
6600 - supercooled liquid as in our previous study (Wilson et al., 2021)
which in turn uses a previously developed method for categoris-
6500 - ing local bonding environments via local order parameters (Van
Duijneveldt and Frenkel, 1992; Rein ten Wolde et al., 1996; Pers-
¥ 6400 - son et al,, 2011). Nuclei are comprised of solid like atoms within
o bonding distance of one-another (as defined by the full width of
42 6300 - the first peak of the radial distribution function). Nuclei sharing at
o least half of their atoms with another in an adjacent timestep are
g' 6200 - considered to be a time evolution of the same nuclei. This infor-
2 —— FeSi mation allows the frequency and growth rate of each nuclei size to
61001 __ peg be recorded.
—— FeC 1 Following Wilson et al. (2021), we use I recorded from CMD
6000 ~ Davies et al., 2019 FeQ simulations to predict r¢. By considering a single T, Eq. (1) can be
59001 A Alfeetal, 2002 Fe expressed as

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Solute concentration (x, frac.)

Fig. 1. Melting temperatures of FeSi, FeS, and FeC (maroon, purple and green circles
respectively) systems calculated via coexistence simulation at 360 GPa. All systems
take a pure Fe melting temperature from Alfé et al. (2002a) (black triangle) which
also provides the same Fe EAM used here. Davies et al. (2019) is shown for compar-
ison (grey triangles and line) and is adjusted to match the pure Fe 360 GPa value.
Lines are polynomial fits of melting points.

2.3. Melting temperatures and equations of state

Melting temperatures are necessary to evaluate Eq. (3) and
frame the supercooling of a system more generally. We calculate
self-consistent melting temperatures for the systems studied here
through coexistence simulations. These involve simulating condi-
tions close to a point on the melting curve with regions of both
solid and liquid within a single system. When the system is al-
lowed to evolve under the microcanonical ensemble some portion
of either phase will convert to the other in order to establish an
equilibrium whilst maintaining constant energy and the tempera-
ture of the system will adopt a point on the melting curve. Melting
point depression for Si, C and O is presented in Table 1 and Fig. 1.
The value of O is taken from Davies et al. (2019) and other systems
are polynomials fit to our coexistence simulation results.

2.4. Nuclei identification

The conditions of interest for nucleation the Earth’s inner core
involve a maximum volume of 17.62 x 10'® m3 and a maximum
waiting time on the order of 1 Gyrs. These are not volumes or
waiting times which are accessible to molecular dynamic simu-
lation and so the critical event cannot be observed. Instead we
record sub-critical nuclei, the frequency of which is directly sam-

—In(7 () x AGT(r). (16)

Using this approach we can interpret nucleation rates as the por-
tion of Eq. (2) where r < r. (because the critical event will never
occur within practical durations). The absolute magnitude of AG
remains poorly constrained, meaning that g%,  and Iy cannot be
calculated yet. Instead, we fit this distribution via

AGr(r)=4/3nr3A + 4nr?B, (17)

where A and B are variables at each T. Once fit, this distribution
then predicts r. = —2B/A in the same way as Eq. (5). Once r is
known at all temperatures, the temperature dependence of r. is
described by combining Eq. (5) and (3) to give

re(M=—— "
o hp 3L (1 —hesT)

(18)

Predictions of r.(T) are fit with hy, h. and y being free param-
eters. This leaves only 7p remaining to populate Eq. (6), where N
and S are recorded directly from simulations and z is calculated
from hy and h¢ (Eq. (7)).

3. Results

CMD simulations were used to calculate melting curves, equa-
tions of state and to characterise nucleation rates. Coexistence
simulations of liquid and solid were preformed at 13 volumes (cor-
responding to 200-400 GPa), 10 temperatures (5000-7000 K) and
4 solute concentrations (1-7 mol.%) for each system (Si, S and C). O
bearing systems were analysed at 10 mol.% for direct comparison
to Davies et al. (2019), who used the same EAM, in terms of criti-
cal radius. Calculation of melting temperature (Fig. 1) is necessary
due to the lack of relevant published melting curves (in terms of
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Fig. 2. Nucleation rates of sub-critical nuclei for 1 mol.% Si, S, O and C systems (or-
ange, magenta, grey, light green) at similar supercooling. Size is shown as notional
radius (Eq. (19)). Si and S bearing systems nucleate slower than those containing O
and C for all nuclei sizes.

precise composition) and the requirement to frame sub-critical nu-
clei information in terms of supercooling. For the FeO system we
adapt the result of Davies et al. (2019) at 323 GPa, extrapolating all
points such that the pure Fe result agrees with the 6490 K value of
Alfé et al. (2002b) at 360 GPa (from which the Fe EAM originates).
Results in this study are evaluated at 360 GPa because the centre
of the Earth will have experienced the longest incubation time for
nucleating the inner core.

Fig. 1 shows melting temperatures calculated from coexistence
simulations. At low solute concentration (1 mol.%) all systems see
a melting point depression of ~ 50 K. At 7 mol.% concentration,
FeSi and FeS systems have a similarly small ’%’f whilst FeO and
FeC remain approximately linear over this compositional range.
This is because Si and S are partitioned equally between solid and
liquid (Alfé et al., 2007), meaning the effect on free energies of
solid and liquid is similar and balanced. The opposite is true of O,
which is strongly partitioned to the liquid (Alfé et al., 2002b) im-
plying greater melting point depression. The intermediate result of
C suggests that it is favourably partitioned to the liquid but not as
strongly as O (Li et al., 2019). Melting point depression for O bear-
ing systems found by Davies et al. (2019) is greater than the effect
we find for systems with C. We do not use results from concentra-
tions above 3 mol.% in this study (more details below).

To characterise nucleation we perform CMD calculations of su-
percooled systems at 5-10 temperatures and 1-3 solute concen-
trations in order to record the properties of sub-critical nuclei. For
sufficient statistics to be gathered, we run these calculations with
between 80 and 200 random initial configurations per temperature
and composition, resulting in ~ 6000 calculations totalling more
than 50 million cpu hours.

Fig. 2 shows nucleation rates in systems containing Si, S, O
and C. Whilst the functional form of these results is not important,
a first order observation is that systems with C nucleate faster than
others at the same concentration and those containing 10 mol.% O
nucleate fastest. Those with C produce nuclei ~ 20% faster than
those containing Si and S for similar supercooling, suggesting that
the nucleation barrier is lower (AG is smaller) whilst being com-
parable to that of systems with a higher concentration of O. It is
helpful to express these results in terms of a notional radius
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4.0 1 .
0 Feo.97Si0.03
35 s ® Feo.9750.03
Feo.97Co.03
® FepoO
3.0 0.900.1

=== Spherical

Surface Area : Volume (A°1)

0.0 -

Radius (¢, A)

Fig. 3. Surface area to volume ratio for sub-critical nuclei at ~ 400 K supercooling
(rc > 20 A). Systems containing 3 mol.% Si, S, O and C (orange, pink, grey and green
circles) are shown as well as the spherical case (black dashed line, 3r) for compari-
son. Also shown are example nuclei from the C bearing system for reference. Surface
area to volume ratios are similar for all systems and approach spherical before the
critical size.

NHUCV r 1/3
o () (19)

where Vpgr = V /NS V s the volume of the system, N%o™s s
the number of atoms in the system and N™¢ is the number of
atoms in the nuclei. Whilst 7 is framed in terms of spherical nuclei,
shapes can vary from this significantly as we discuss below.

Simulations containing > 5 mol.% Si, S and C often produced
liquid regions enriched in the solute. This means that the system
then contains at least two liquids, one Fe rich and another solute
rich. The formulations of CNT and free energy differences applied
here are not appropriate to describe these conditions. Addition-
ally, our EAMs were not trained or validated with this phenomena.
Because of this we choose not to include these concentrations
here and focus on the cases where the liquid compositions remain
consistently homogeneous. Despite not including these results, we
observe the same phenomena of liquid phase separation in first
principles calculations of smaller systems at the same conditions,
suggesting that liquid-liquid immiscibility may occur in these sys-
tems.

All simulations see non-spherical nuclei at small sizes (Fig. 3).
CNT typically assumes a spherical geometry (e.g. Christian, 2002)
despite this formulation being intended for vapour-liquid systems.
Spheres are energetically preferred due to a minimisation of sur-
face area compared to other geometries. Many solids exhibit pre-
ferred growth directions in crystal lattices where the energetic
benefit of forming a non-spherical crystal can outweigh the min-
imised surface area of a spherical nucleus. The anisotropic nature
of these situations can largely be ignored (Christian, 2002) pro-
vided that a consideration of geometry is still applied. In a previ-
ous study, we retained the spherical treatment of CNT equations,
however, the distributions produced here via Eq. (16) from CMD
simulations produce greater % at small r compared to spherical
geometry which is assumed by standard CNT.

Whilst small non-spherical nuclei were apparent with the pure
Fe system, we find the departure from sphericity to be more pro-
nounced in impure systems. Despite this, as nuclei grow, they in-
corporate a greater number of defects, randomising the preferred
growth direction and becoming spherical before reaching the crit-
ical size. This is true in both pure and light element bearing
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Fig. 4. Critical radii sizes predicted at different §T from distributions of nuclei sizes
in CMD simulations. Coloured points are the results of this study and the fits are
shown as solid lines. The pure Fe results of Wilson et al. (2021) (thick black line) are
shown for comparison as well as the results of Davies et al. (2019) (dashed lines).
Larger critical radii than the pure Fe system are found in Si and S bearing systems,
which represents a reduced nucleation rate and an increased barrier to nucleation.
0 and C bearing systems present reduced critical radii relative to the pure system.
Davies et al. (2019) and Wilson et al. (2021) are shown for comparison where the
latter uses the same methods applied here.

systems, where the pure Fe systems which freeze are best de-
scribed as defect rich hcp structure (Wilson et al., 2021). These
defects are randomly distributed and disrupt the structure of the
nuclei but are able to relax from the structure to form the ener-
getically favoured phase given time. When nuclei first form, they
contain few defects and so are most likely to have a single pre-
ferred growth in the direction of the basal plane as platelets, as
is generally the case with hcp metals and alloys (Bergman et al.,
2003). This is the mechanism which promotes dendritic growth in
hcp structured materials and leads to small nuclei becoming elon-
gate here.

For completeness we include a description of non-spherical ge-
ometries. The surface area to volume ratio of these geometries fol-
lows a power law decay, the same as a sphere, only with a greater
initial gradient. We therefore apply Eq. (16) with AG=VA+wVB
in place of Eq. (2), where V is volume of the nuclei, A and B
are proxies for the free energy contributions and w is the sur-
face area to volume ratio w = 3 = «V /3, using & and B as
fitting parameters. All results here include this modification. De-
spite this accommodation, the geometry of larger nuclei becomes
increasingly spherical towards the critical size and the temperature
dependence of r. remains appropriately described by Eq. (18).

Through Eq. (16), nucleation rates recorded from MD simula-
tions allow the prediction of critical radius (Fig. 4) following the
methods of Wilson et al. (2021). For Si and S systems, the critical
nuclei predicted are 10-100% larger than in the pure case at the
same supercooling. The O bearing system matches the extrapolated
result of Davies et al. (2019) where nuclei are ~ 10% smaller than
the pure Fe case for 10 mol.% O. This further confirms the result
of Wilson et al. (2021), where the methods here agree with direct
observation of nucleation in molecular dynamics simulation. C is
more efficient at producing smaller nuclei than O. 1 mol.% C gives
a similar result to 10 mol.% O for moderate supercooling, but is
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Fig. 5. Prefactor to critical event waiting times calculated from values in Table 1
and the growth rate (S) and number of nucleation sites (N) recorded from CMD
simulations. Temperature dependence is a linear fit (grey line) of all data and the
shaded region captures the uncertainty of this fit.

less efficient at small supercooling. Extrapolation of these results
to 200 K supercooling (where Huguet et al. (2018) proposed the
paradox would be resolved) suggests that the small C concentra-
tions would not reduce the barrier to nucleation compared to Fe.
3 mol.% C provides smaller critical nuclei over the 10 mol.% O case
at all T studied, being ~ 20% smaller than the pure Fe case. Be-
cause the results here for O confirm those of our previous study
(Davies et al., 2019), we do not perform calculations to complete
further analysis and include our previous results subsequent com-
parisons.

Fits to the temperature dependence of r. using Eq. (18) give
the thermodynamic quantities for each system, shown in Table 1.
Fig. 5 shows 79 where these quantities are used to evaluate z. The
remaining components of z are the rate at which nuclei grow (S)
and the number of nucleation sites present at any given time (N,
unrelated to terms in EAM models). It should be noted that 7g
is a poorly known quantity (Christian, 2002), but the exact value
is unimportant due to the scale of the exponential term in t,.
The variability across compositions and the temperatures relevant
to inner core incubation is within several orders of magnitude,
and far less than the variance between values applied by previous
studies (Christian, 2002; Huguet et al., 2018; Davies et al., 2019).
Holding 7¢ constant (as a mean of all systems and temperatures)
does not greatly impact the waiting time results presented here
and has been the approach of most applications of CNT previously.
For completeness, and to illustrate that the variance in Fig. 5 is
unimportant, we choose to include a temperature dependence in
our calculation of Eq. (6). This is a linear fit to the exponent of all
0 (TO(T) — -100.02><5T+24.89).

The difference in free energy between solid and liquid defines
the energetic benefit to freezing the liquid. A more negative g is
seen for C bearing systems compared to the pure Fe system and
those containing Si and S (Fig. 6). 1 mol.% C produces a similar g*!
to 10 mol.% O (Davies et al., 2019) albeit with greater non-linearity.
S and Si see a smaller free energy difference at all temperatures
when compared to other systems (Fig. 6), agreeing with previous
finding that partitioning is approximately evenly between solid and
liquid iron (Alfé et al., 2007).

4. Discussion

Our results shown that nucleation rates in Fe rich liquids con-
taining C and O are faster than those containing Si or S (Fig. 2).
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of nucleating material and the composition of the liquid are largely responsible for
differing nucleation behaviour.

Compared to the pure Fe system, critical nuclei sizes are larger
in systems containing Si and S and smaller in those containing C
and O (Fig. 4). These findings suggest that systems containing C
and O should freeze at higher temperatures (lower supercooling)
than a pure Fe system. We find that the methods employed here,
which allow interpolation of the relevant supercooling for the core,
validate the results from Davies et al. (2019) for Fegg9Ogp; where
extrapolation was required.

To assess whether the systems studied here might resolve the
nucleation paradox, we must compare the time taken to nucle-
ate (ty) with the available time to nucleate in the core, the in-
cubation time (t; = Vjctic, where vj. is the volume of the inner
core which spontaneously freezes and t;. is the supercooled time).
Huguet et al. (2018) estimated a maximum allowable supercooling
of the core as t; ~ 200 K by calculating the separation between the
isentrope and melting curve at the centre of the Earth whilst pre-
serving the intersection of melting curve and temperature profile
at the present inner core boundary. To do this, the authors defined
a melting curve with Lindemann’s law and the result of Anzellini
et al. (2013), and isentrope from Labrosse (2003), both populated
with material properties of the core. By varying the parameters of
these functions within their uncertainty, the authors found that the
maximum supercooling at the centre of the core is ~ 200 K. This
would translate to a 7; of 2.4 x 10%° sm?3 if the core is cooling at
~200 KGyr!.

We consider two cases, the extreme case riE and a more mod-
erate version riM. In the extreme case, the inner core grew in-
stantaneously to its current size, whereas for the moderate case,
the core grew to half of its current radius instantaneously and
then grew slowly. For the extreme case we take a similar ap-
proach to Huguet et al. (2018) (blue lines, Fig. 7) but explore
alternative melting curves and temperature profiles. If the ther-
mal conductivity of the core is both high and depth dependent
then the centre of the core can become thermally stratified (Gomi
et al.,, 2013). In this case the temperature profile of the core would
not be isentropic and could be isothermal at an extreme. We vary
the parameters of the adiabat and the effect of melting point de-
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Fig. 7. Melting curves (solid lines) and core temperature profiles (dotted and dashed
lines) with radius. Dotted (dashed) lines represent isentropic (isothermal) regions
of the core. Temperature profiles are obtained by varying the material properties of
the core used by Huguet et al. (2018) within uncertainty and also considering ther-
mal stratification of the innermost core. Melting curves from Huguet et al. (2018)
(blue, cyan), Alfé et al. (2002a) (red, pink) and Sinmyo et al. (2019) (brown) are
also applied (with varying degrees of melting point depression, causing the appar-
ent separation) to find the largest plausible separation of temperature and melting
point, and therefore supercooling, at 360 GPa whilst preserving an intersection at
the ICB (solid black line). Also shown are the numerical 8T for each case.

pression on the melting curves of Alfé et al. (2002c) and Sinmyo
et al. (2019). These melting curves are chosen to explore differ-
ent predicted gradients at the ICB. Fig. 7 presents some of these
combinations, including a case showing the maximum permissi-
ble supercooling of 419 K (red lines, Fig. 7). This means that the
extreme case 7 =5.04 x 10%° sm?, more than double that used
by previous studies. For a moderate case, which might offer a res-
olution to the paradox whilst being plausible to incorporate into
thermal histories of the core, we begin by taking the extreme case
without exploring the uncertainties or melting point depression.
With an isothermal inner core the maximum permissible super-
cooling is 405 K (pink lines, Fig. 7). Most importantly, we consider
that the incubation volume is half the radius of the present inner
core, implying that the remaining half (87.5% of volume) of the in-
ner core froze slowly as the core cooled. For this moderate case,
M =3.1x10% sm?, and represents the time available to not just
resolve the paradox, but do so with the inner core age being com-
patible with thermal history models of the core.

The duration before a supercooled system will produce a crit-
ical event and freeze is presented here as waiting time (Fig. 8).
As predicted by a lower nucleation rate, larger critical nuclei and
less favourable thermodynamic properties, Si and S bearing sys-
tems require significantly greater supercooling than the pure iron
system. In reality these systems would simply freeze via alternate
mechanisms; the fluctuations of composition we observe in high
solute concentration systems would produce Fe rich regions spon-
taneously. This would result in an elevated nucleation rate due to
a more pure Fe system, meaning that freezing would occur at su-
percooling closer to that described by the pure Fe case. In the case
of the FeggOp1 systems, our results of r. confirm those of Davies
et al. (2019), where 730 K of supercooling is needed to nucleate
the inner core.

Compared to all other cases considered so far, the FeC sys-
tem shows a far more efficient reduction of the nucleation barrier,
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partly due to a smaller depression of the melting curve compared
to 0. 1 mol.% C requires 711 K (£55 K) of supercooling and is com-
parable to the effect of 10 mol.% O (730 K found by Davies et al.,
2019, and confirmed by our results). 3 mol.% C requires cooling to
612(+139) K below melting in order to nucleate the inner core for
the extreme case, close to the 419 K of permissible supercooling of
core to avoid a nucleation paradox. For the moderate case, where
incubation time accounts for the core being several hundred mil-
lion years old, this system requires 615(+148) K of supercooling.
We find a corresponding moderate value for the maximum super-
cooling permissible in the core to be 405 K.

5. Conclusion

This study examines the effect of Si, S, O and C on the nucle-
ation of the inner core, using CNT as an already proven theoretical
framework for these conditions (Wilson et al., 2021). Both oxygen
and carbon can make a reduction to the supercooling required to
produce the first solids in the core. The best conceivable solution
from the binary systems tested here is within ~ 50 K of resolving
the most optimistic rendition of the paradox. Other higher concen-
tration or ternary systems may surpass these results and present
possible resolutions to the paradox but testing of these scenarios
is beyond the capability of the methodology applied here. Com-
binations of Si or S and O or C might have a neutralising effect
whilst O and C together could offer a low concentration resolu-
tion to the paradox, although complex, non-linear interactions are
likely. It should also be noted that a minimum viable resolution
to the paradox still presents significant challenges for the thermal
history of the core as it implies a very young inner core which is
incompatible with a high thermal conductivity core and consistent
geodynamo output. We find that for a more reasonable case, where
half of the present inner core radius grew slowly, the paradox is

Earth and Planetary Science Letters 614 (2023) 118176

~ 20 K more difficult to resolve than our extreme case where the
entire inner core grew instantaneously.

There remains the possibility that CNT and the processes ex-
plored here are less favourable than others which might revolve
the paradox. Ternary systems will involve complex chemical in-
teractions where unfavourable elements studied here could form
beneficial quasi-crystals or chemical heterogeneities. Such inter-
actions may not fit within the confines of CNT and would likely
require explicit chemical potentials to define the free-energy bal-
ances at play.

The presence of compositionally distinct regions in our simula-
tions means a breakdown of the thermodynamic theory we apply
here. If explored appropriately, these may provide alternate reso-
lutions to the paradox; for example, through local enrichment in
elements which reduce the nucleation barrier.
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